Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 12, Number 3, June 2022, 1104-1117 DOI:10.11948/20220143

AN UNBOUNDED CRITICAL POINT THEORY
FOR A CLASS OF NON-DIFFERENTIABLE
FUNCTIONALS AND ITS APPLICATION*

Ziqing Yuan', Xiaoping Wang?! and Qinqin Zhang®
Dedicated to Professor Jibin Li on the occasion of his 80th birthday.
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1. Introduction

Many practical problems can be transformed into ordinary or partial differential
equations with discontinuous nonlinearities. The problem of mosquito population
suppression by releasing sterile males can be changed to piecewise continuous or-
dinary differential equations [1,15-17,20-22]. Some obstacle problems and free
boundary problems may be reduced to Dirichlet boundary value problems with
discontinuous nonlinearities which have been studied in recent years. The area
of nonsmooth analysis is closely related with the development of critical points
theory for non-differentiable functionals, in particular, for locally Lipschitz contin-
uous functionals based on Clarke’s generalized gradient [4]. In 1981, Chang [3]
extended the variational methods to a class of non-differentiable functionals, and
directly applied the variational methods for non-differentiable functionals to prove
some existence theorems for PDE with discontinuous nonlinearities. It provides
an appropriate mathematical framework to extend classic critical points theory for
C'-functionals in a natural way, and to meet specific needs in applications such as
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in nonsmooth mechanics and engineering. For a comprehensive understanding, we
refer to references [7,18,19] and monographs [12,13].

The main purpose of the present paper is to establish a nonsmooth version of
multiple critical points theorem by adopting the framework of nonsmooth analysis
theory. Let E be a real Banach space and let B, = {x € E : ||| < r}(r > 0) and
S, = 0B,.. Assume h € C(E,R"), and set h*) = {z € E : h(z) > 0}. We make the
following hypotheses on h:

(H1) h(0) = 0 and there exist p, @ > 0 such that B, C h(®) and h(z) > o, Yz € S,;
(H2) For any finite dimension space Ey C E, EyN h©) is bounded.

Our main result is the following theorem:

Theorem 1.1. Assume that E is an infinite dimensional real Banach space, K
is compact and symmetric, K C E, h: E = R! is an even and locally Lipschitz
functional, and satisfies the nonsmooth C-condition. Hypotheses (H1) and (H2)
are satisfied. For any positive integer m, set

b = Klenff‘m max h(z). (1.1)

Then

(i) 0 < a < by <400 and by, is a critical value of h(m=1,2,...);

(ii) by = bmy1 = -+ = bygr—1 = b(r > 1) = y(Kp) > r, where K = {z € E :
h(z) =b,0 € Oh(x)};

(iii) by < bpr1(m =1,2,...), and b,, — 4+o0o(m — 00);

(iv) h has infinitely many critical points and infinitely many critical values.

Remark 1.1. In [4] Marano also obtained an infinitely many critical points theory
for non-differentiable functions. Compared to their conditions in Theorem 1.1, our
conditions in this theorem are very simple, and it is very easy to verify.

We next present an application of the following discontinuous quasilinear Schréd-
inger equation and extend the corresponding result of [5] into the discontinuous case.

{ — div(g?(u)(Vu)) + g(u)g' (u)|Vul* + a(z)u € OF (z,u) a.e. in Q, (1.2)

ulaq = 0,

where N > 3, g : R — R* is an even differential function,  is a bounded region
with smooth boundary in RY, 0F (z,u) is the partial generalized gradient of F(z, -)
at the point w, ¢’(t) > 0 for all t > 0, a(x) is a continuous function in . Such
equations arise in various branches of mathematical physics and are related to the
existence of solitary wave solutions for quasilinear Schrodinger equations

10z = —Az + W(x)z — k(x, 2) — Al(]2]2)1(|2*) 2, (1.3)

where z : Rx RV — C, W : RV — R is a given potential, [ : R — R and
k: RN x R — R are suitable functions. (1.3) is used to describe various physical
phenomena corresponding to various types of nonlinear term [. Such as plasma
physics, condensed matter theory and fluid mechanics. Some related results can be
found in [2,8,10,11] and references therein.
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Since the energy functional of problem (1.2) is non-differentiable, it will raise
some essential difficulties. In order to state our results, we give the following hy-
potheses:

(F0) For all w € R, & 5 x — F(z,u) € R is measurable and for all z € Q,
R > u+ F(z,u) is locally Lipschitz;

(F1) g € C1(R) is positive and even, ¢’(u) > 0 for all u > 0 and lim,_,~, g(u) = A;

(F2) 0<a(z) € CY(), a1 = infreqa(x) and az = sup,cq a(z);

(F3) F?e;r exists |2 |< g < 2 =1 = {£2 such that for all {(u) € OF(z,u),
E(u)| <a+blul, a>0,0>0;

(F4) There exist 2 < Sand M > 0 such that for all £(u) € OF (z,u), Bg(u)F(x,u) <
G(u)é(u), Yu = M;

(F5) (i)limy,—o F(fgu) =0 for a.e. z € Q, (ii)limy— 400 F(Z’zz“) = +oo for a.e. v €

(F6) F(z,—u) = F(z,u), Ve, ueck.

Based on Theorem 1.1 and the above hypotheses, we have the following two
theorems.

Theorem 1.2. If hypotheses (F0) — (F4) and (F5)(i) hold, then problem (1.2) has

at least one nontrivial solution in H}(Q) .

Theorem 1.3. If hypotheses (F0)-(F6) hold, then problem (1.2) has infinitely many
solutions in Hg(S2).

This paper is organized as follows. In section 2, we present some necessary
preliminary knowledge and use the genus theory, nonsmooth deformation lemma
and minimax theory to prove Theorem 1.1. In section 3, Theorems 1.2, 1.3 are
proved.

2.Proof of Theorem 1.1

In order to prove Theorem 1.1, we firstly give some preliminaries. (X, ||-||) denotes
a (real) Banach space and (X*,||-||.) denotes its topological dual. ¢, ¢;, C, C; denote
estimated constants(c, C' may be different from line to line). 6 represents the origin
of coordinates.

Definition 2.1 ( [6]). A function I: X — R is locally Lipschitz if for every u € X
there exist a neighborhood U of u and L > 0 such that for every v, n € U
[(v) = I(m)| < Lilv = |-

Definition 2.2 ( [6]). Let I : X — R be a locally Lipschitz function. The gener-
alized derivative of I in u along the direction v is defined by

I -1
Io(u; v) = limsup (n+7v) (77)7

n—u, 7—0+ T

where u, v € X.
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It is easy to see that the function v + I°(u;v) is sublinear, continuous and so
is the support function of a nonempty, convex and w*-compact set 9I(u) C X*,
defined by

OI(u) = {u* € X*: (u*,v)x < I°(w;v) for all v € X}.

If I € C1(X), then

OI(u) = {I'(u)}.
Clearly, these definitions extend those of the Gateaux directional derivative and
gradient.

Definition 2.3 ( [6]). I satisfies the nonsmooth C-condition if every sequence
{un,} C X, satistying I(u,) — c and (1 + |lu,|)m!(u,) — 0 as n — oo, has a
strongly convergent subsequence, where m! (u,) = infyx corqu,) [l x--

Definition 2.4. Let E be a Banach space and let A.(E) = {A C E : A is closed
and A = —A} (ie., Acs(F) is the family of all closed symmetric subsets of F).
A nonempty subset A € A, (E) is said to have Krasnoselskii’s genus &k (write
v(A) = k), if k is the smallest integer with the property that there exists an odd
continuous map h : A — R¥\ {0}. If no such k exists we set v(A4) = +oco and if
A =10, weset y(A) = 0.

The following deformation lemma plays a very important role to obtain minimax
characterizations of critical points for locally Lipschitz functionals.

Lemma 2.1 ( [6]). If I : X — R satisfies the nonsmooth C-condition, then for any

g0 > 0 and for any neighborhood U of K! (if KI = &), there exist € € (0,¢0) and

a continuous map n : [0,1] x X — X such that for all (t,z) € [0,1] x X, we have
@
(ii

) lIn(t, ) —zllx < (1+e)(1+ =]l x)t;

) if [I(z) — ¢| > &0 or m!(z) =0, then n(t,z) = x;
(iii) n({1} x I¢Te) Cc [°*NU;
(iv) I(n(t,2)) < I(z);
(v) if n(t,x) # x, then I(n(t,x)) < I(x);

)

(vi) n satisfies the semigroup property, i.e.,
n(s,.)on(t,.)=n(s+t,.) Vs, t€[0,1], s+t<1;

(vii) for anyt € [0,1], n(t,.) is a homeomorphism of X ;
(viii) if I is even, then for any t € [0,1], n(¢,.) is odd.
Lemma 2.2 ( [6]). Let A,B € A.s and h € C(Y;Y) be an odd map. The following
hold:
(i) v(A4) >0 and v(A) =0 if and only if A= o;
) if h(4) C B, then 4(4) < (B);
(iii) of A C B, then v(A) < v(B)(monotonicity);
)

V(AU B) < y(4) +(B) and if v(B) < +o0, then v(A\ B) > 7(A) -
~(B) (subadditivity);

(v) v(A) < v(h(A)) (supervariance);
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(vi) if A € Acs is compact, then y(A) < +oo and there exists 6 > 0 such that
v(A4) = v(As), where As ={y €Y : dy(y,A) <8} (continuity);

(vii) for anyt € [0,1], n(t,.) is a homeomorphism of X ;

(viii) if u is a bounded symmetric neighborhood of the origin in R, then v(0U) = k;

(ix) if there exists an old homeomorphism mapping between A and B, then v(A) =
V(B).

Let I' = {f|f : E — E is an old homeomorphism mapping, f(B;) C h(O}. Tt is
easy to see that if h satisfies (H1), then I' # @. Set I',,, = {K C E|K is compact
and symmetric on 6, and for each f € T',v(K N f(S1)) > m}, where m is an integer
for f € T'. Since f is an old homeomorphism mapping, we have f(0) = 0. Then the
closed set f(S1) is symmetric on § and 0 & f(S1).

Lemma 2.3. Let dimE > m and the functional h : E — R satisfies (H1) and
(H2). Then

(11) Fm-‘,—l C Fm;
(iii) K €y, A€ Ais(E), v(A) <r<m=K-Ael_,;
)

(iv) If ¢ : E — E is an odd homeomorphism mapping and satisfies o~ (h(?)) C
R, then o(K) € Ty, VK € T,,.

Proof. (i) Take a m dimensional subspace Fy satisfying Ey C E. Since h satisfies
hypothesis (H2), we can choose sufficiently large R such that Eg N Bg D EyN RO,
Set Kr = Ey N Bg. Obviously, Kr is compact and symmetrical on 6. For any
f €T, there exist Eyg D K D EgNh©® > Eyn f(S1). Consequently, KrN f(S1) =
Ey N f(S1). Noting that f is an odd homeomorphism mapping and 6 € f(B;),
f(B1) is an open set in F, and is symmetric on §. Thus Ey N f(B1), containing
0, is a symmetric open set on #. It follows from O(f(B1)) = f(0B1) = f(S1),
O(FoN f(B1)) C EgNA(f(B1)) = EpN f(S1) and Lemma 2.2 (vii) that

m = dimEy = vy(0(Ey N f(By)))

<(Eo N f(S1)) =v(KrN f(51)),

ie., Kr € I';,. Hence Iy, # @.

(ii) is obvious.

(iii) It is easy to see that K \ A is a compact set and is symmetric on 6. For
f €T, one has

\VANF(S1) D (KN f(S1))\ (AN f(51))
= (KN f(S51))\ A
Since y(K N f(S1)) > m, Lemma 2.2(iv) deduces that

(KN f(S1)\A
(KN f(S1) —v(A) >m—r.

YK\ AN f(S1))

Thus K\ AeTl,,_,.
(iv) It is obvious that ¢(K) is a compact set and is symmetric on 6. Since
¢ : E— E is a homeomorphism mapping,

(A1 N Ag) = (A1) Np(As), VA, Ay CE.
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For any f € I we have

(KN ' (f(S1)) = e(K) N f(S1), (2.1)

which implies 0~ 1(f(S1)) € Aes(E), thus K N~ 1(f(S1)) € Aes(E). Tt follows
from Lemma 2.2 (ix) that

YK N~ (f(51))) = v(e(E N~ (f(S1))))- (2.2)

Recalling that ¢~!(h(?)) € A(®) and f(B1) € b, one has ¢~ !(f(B1)) C h® and
¢~ f € T. Consequently,

YE N7 (f(S)) = m. (2:3)
From (2.1)-(2.3) we derive y(¢(K) N f(S1)) > m, which means ¢(K) € I';;,. Thus
the proof is completed. O

Proof of Theorem 1.1. If K € T, then K is a compact set. Hence h(z) can
attain its maximum value on K, which implies b,, < 400. On the other hand,
setting fo(z) = px Vo € E, we have fy € I" and fy(S1) = S,. Consequently, for
K eTl,, v(KNS,) > m, and so KNS, # 0. From hypothesis (H1), one has
by > a. If (ii) is true, then by, is a critical value of h. Therefore (i) is proved. (In
(ii) setting » = 1, we have v(Kj, ) > m, whence K,  # 0).

In the following, we prove (ii). Proceeding by contradiction, assume v(K3) < r.
Since K} is a compact set (h satisfies the nonsmooth C-condition), from Lemma 2.2
(vi), there exists ¢ > 0 such that

V(N5 (Kp)) = 7(Kp) <7 (2.4)

Hence, by Lemma 2.1, there exist ¢ > 0 and an old homeomorphism mapping
n : F — FE such that

71 (Ppte \ Ns(Kp)) C hp—e- (2.5)
From the definition of b,,1,_1, there is K* € I';,1,—1 such that

max h(z) < bmyr—1+e=b+e. (2.6)

It follows from Lemma 2.3 (iii) that K*\ Ns(Kp) € T'y,. But K*\ Nsj(Kp) =
K*\ N5(Kp), then K* \ N5(K3) € I'y,. (2.6) deduces K* C hpte. By Lemma 2.1
(iv) and Lemma 2.3(iv), one has n; *(h(®) C h(®) and n, (K*\ N5(K})) € Ty, Thus

a h(x) > b, =b. 2.7
zem (K\Ns (K,)) (@) 2 b @7)

On the other hand, since K* \ Ns(K3p) C hpte \ Ns(Kp), from (2.5), we have

M (K" \ Ns(Kp)) Cni(hpye \ Ns(Kp)) C hp—e.
Therefore
h(z) <b—e¢, Vaxemn(K*\ Ns(Kp)),

which contradicts to (2.7). Then (ii) is proved.
We now prove (iii). By virtue of Lemma 2.3(ii), we can directly deduce that
b < bmy1(m = 1,2,...), from which it follows that {b,,} is an increase sequence.
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Next we show b,,, — +00 as m — +00. Suppose, by contradiction, that b, — b* <
+o00. Since Ky« is compact and K- € Ags(E), it follows from Lemma 2.2(vi) that
v(Kp+) = s < 400, and there exists § > 0 such that

V(N5 (Kp-)) = v(Kp+) = s. (2.8)

According to Lemma 2.1, there exist ¢ > 0 and an old homeomorphism mapping
n : F — FE such that
nl(hb*_;,_g \N(;(Kb*)) C hpr—e. (2.9)
Since b, — b* we can find an integer n such that b, > b* — e. Recalling that {b,,}
is increasing, we have b, s < b* < b* + €. So there exists K, € I',,+s such that
max h(z) < b* +¢,
reK,
ie.,
K, C hysye. (2.10)

Furthermore, by Lemma 2.3 (iii) one has

K.\ Ns(Kp) = Ky \ Ns(Kp+) € Ty (2.11)
Lemma 2.1 (iv) deduces that n; '(h(9) C b, Then 0, (K, \ Ns(Kp-)) € Ty,

max h(x) > b, > b* —e. (2.12)
z€N1 (K« \N5(Kp*))

On the other hand, from (2.9) and (2.10) one has
M (K \ Ns(Kp+)) Cmi(hoe e \ No(Kp)) C hpe .

Thus
h(z) <b* —e,  Vren(K.\ Ns(Kp)),

which contradicts to (2.12). This means that b,, — +oo.

(iv) is a direct conclusion of (iii). Since b, — +00, f has infinitely many different
critical values, and all are the critical values of h. Of course, the corresponding
critical points of b, are different. The proof is completed. O

3. Applications

In this section, we use Theorem 1.1 to prove that the following quasilinear Schrédinger
differential inclusion has infinitely many solutions.

(3.1)
ulon = 0,

{ — div(g*(u)(Vu)) + g(u)g' (v)|Vul* + a(x)u € OF (x,u) a.e. in Q,
where N > 3, g : R — RT is an even and differential function, ¢’(t) > 0 for all ¢ > 0,
a(x) is a continuous function in Q, Q is a bounded domain with smooth boundary
in RV,

It is easy to see that the energy functional of problem (3.1) is

1

I(u):§/§292(u)|Vu|2dﬂc—|—%/Qa(ac)|u|2da:—/QF(a:,u)dx. (3.2)
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From (3.2), I(u) may not be well defined in HZ(Q) as the appearance of g(u). In
order to overcome this difficulty, we make a change of variable constructed by Shen
and Wang [14]. Set

v=_Gu) = /Oug(t)dt.

Then
J(v) = %/Q|Vv|2dx+%/Qa(x)|G_1(v)|2dm—/QF(gc,G_l(v))dx.

Noting that g is nondecreasing and positive, we derive |G~1(v)| < ﬁh}\. For
this reason, J is well defined in H}(Q). We endow H{(2) with the norm |u|? =
Jan (IVul? + |ul?)dz for u € Hg(Q).

If w is a nontrivial solution of problem (3.1), then it should satisfy

/Q (9% (W) VuVe + g(u)g' (u)|Vul*¢ + a(z)up — E(u)pldz = 0 (3-3)

for some &(u) € OF (z,u) and all p € C§°(Q). Set ¢ = ﬁw; then (3.3) is equivalent

to
O N e (e )
et = [ [Fove ol i - S

for some v € 8J(v), £(G71(v)) € OF (z,G~1(v)), and all ¥ € C§°(€).
Thus, in order to find the nontrivial solutions of problem (3.1), it suffices to deal
with the nontrivial solutions of the following differential inclusion

G~(v)
9(G=1(v))

From hypothesis (F'1) we obtain the following lemma.

Y| der =0 (3.4)

—Av + a(x) € OF (z, G (v)).

Lemma 3.1. The functions g(t) and G(t) = fgg(p)dp satisfy the following prop-
erties

(1) G(t) and G=Y(s) are odd;
(2) Forallt>0,s>0,G(t) <g(t)t, G7l(s) < -2

- G~ 1 G1
(3) Forall s>0, G5 g nonincreasing, lim (5) ——, and li (5) =
s s—0 s g(O) $—00 s
1
Z.

Proof. (1) and (2) are immediately deduced by the definition of G(¢) and the dif-
ferential mean value theorem. We now prove (3). By virtue of the rule of L’Hosptial
rule we derive

(22 (522 = )~ oo

for all ¢ > 0, which shows that % < G™'(s) < toy from hypothesis (F1). O
Using the nonsmooth mountain pass theorem [6], we can show that problem
(3.1) has at least one nontrivial solution.
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Proof of Theorem 1.2. We firstly claim that the functional J satisfies the moun-
tain pass geometry. Indeed, from hypothesis (F'5)(i) there exists § > 0 such that

|F(z,u)] < eu? Ve >0, |u| <0 (3.5)

By hypothesis (F3), for all z € Q\ D with |D|y = O(where |.|y denotes the
Lebesgue measure on ), the function u — F(x,u) is locally Lipschitz, and so,
from Rademacher’s theorem, it is almost everywhere differentiable. Moreover, at
any such point p € R of differentiability, we derive

d
5P (e.) € 0P (. p)

(see Clarke [4, p.32]). Hence, from (F'3)

d
d—pF(x,p) <a+blp|? for ae. z e

Integrating this inequality on [0,z] (without loss of generality, here we assume
x > 0), one has

b
F(z,u) < alu| + |u|T for a.e. 2 € Q.
q+1

This combining (3.5) deduces that
|F(x,u)| < elul®* + cc|u|?™ for a.e. x € Q. (3.6)

It follows from (3.6) and Lemma 3.1 that
J(v) > 1/ |Vv|2dac+1/ a(x)|G_l(v)|2dx—e/ (G (W) 2dr—c. | |G (v)|"  da
Q Q

> = /|Vv|2dzzz+ / a(x )Agdzfeclﬂv” — cecallv]|9Tt

*Hvllz — ecy[v]|* = ceea|lv]| ",

where ¢y, c3 > 0, c3 = min {1, 547 } If we choose € < then there exist o, p > 0
such that J(v) > « for all |ju| = p.

It follows from (F'4) that

2c7

G(t)"HO(G(t) P F(x,t)) = —Bg(t)F (x,t) + G()OF (x,1)
>0
for t > M, which implies O(G(t)"#F(x,t)) > 0 for t > M. Because of hypothesis

(F0) and Rademacher’s theorem, for a.e. = € (2, the function t — G(t) P F(z,t) is
differentiable at a.e. z € RY. Moreover at any differentiable point, we have

%(G(t)*ﬁF(x,t)) € d(G(t)"PF(x,t)).

Hence

%(G(t)_ﬂF(x,t)) >0 fora.e.z€Q, t> M.
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Integrating for M to t, we obtain
F(x,t) > c¢(G(t))? for ae. z€Q, t> M.

Therefore, for a.e. x € Q and all s > 0 we have F(z,G7'(s)) > c4|s|? — ¢c5 for
some ¢y, c5 > 0. So for each t > 0, choosing vy € H}(2) such that [jvg]| = 1 and
vo(x) > 0, one has

2
J(tvg) = %/Q |Vv0\2d:n+%/Qa(x)|G*1(tvo)|2dxf/QF(w,tvo)d:v

<t2/|v 2d +1/ oy /|t Pdz + cs|9)|
S — Vo €Z - a9 —,~aT — C4 Vo X Cs
2 Jo 2 Jo ~g%(0) Q
c
< §t2||vo||2 —cy (/ |v0|’8dac> 8 + ¢5|9|
Q

<S¢, (/ |voﬁdx> P 4 5|9
2 Q

— —00 as t— +oo (since > 2),

where ¢g = max {1 } from which there exists w € Hg(Q) such that ||w| > p

and J(w) < 0.

In the following, we will show that J satisfies the nonsmooth C-condition. As-
sume that {v,, } € H}(Q), |J(va)] = ¢, (1+||vn])m? (v,) — 0(n = 1,2, ...). Then for
any ¢ € C§°(£2) there exists some v} € 8J(v,) and (G~ (v,)) € OF (z,G7(vy,))
such that

) g2(0)

. = v a(z G (va)
i) = [ [ bato

<o,(D||¥| as n — oco.

Since C§°(2) is dense in H{ (), choosing 1) = v,,, we only need to prove to that
{vn} is bounded.

o) = oo 12 4 alx G_l(vn) v _f(G_l(Un)),U "
(o) /Q['V o) T 0, T (@ o) ”]d

<o, (1)||v,]| as n— oco.

Thus, it follows from Lemma 3.1(2) and (F4) that
Be — (v, vn) = BJ (vn) — (vg;, vn)

— %/ﬂ|an\2czx+/ﬂa(x)cfl(vn) [gGl(Un)_g(len(ml))] dx
; / SOl 5,6 )| e

Y

[ Vo] da:—i—/ (:c)|G—1(Un)|2dx}

S min {1, % o .

which means that {v,} is bounded in H{ (). Therefore J satisfies the nonsmooth
C-condition. It follows from the nonsmooth mountain pass theorem that problem
(3.1) has at least one nontrivial solution. Thus the proof is completed. O

Q Q

Y
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Proof of Theorem 1.3. From Theorem 1.2 we already know that J satisfies the
nonsmooth C-condition. So we only need to verify conditions (H1) and (H2). Since
G~!(v) is odd, by hypothesis (F6) we have F(z,G~'(-v)) = F(z,G"(v)). Then
J(v) is an even function. We now prove that J(v) satisfies (H1) and (H2). From
Theorem 1.2 we already know that (H1) is satisfied. So we only need to verify
(H2). It follows from (F'5) and (F'6) that

F(x,— F
lim Flo,—u) _ lim (z,u) =+4oo for a.e. x€Q, (3.7)
Uu—>—+00 (—U)2 uU—>—+00 u?
which means that
F
lim (z,) =+o00 for a.e. x€Q. (3.8)

u——oco  u2

Suppose, by contradiction, that (H2) is not satisfied. Then there exists a finite
subspace F in H}(2) such that £ N J© is an unbounded set, where

JO = (v e HYQ) : J(v) > 0}.
Therefore, there exists v,, € E satisfying ||v,|| — 400 such that
J(vy) > 0(n=1,2,..). (3.9)
Let t,, = ||vnll, yn = ivn € X. Then
Un = tn¥n, |Unll=1(n=1,2,...).

Since F is finite, the unit sphere in F is compact. This means that {v,} has a
convergent subsequence, still denoted by itself, y, — yo (|lun — w0l = 0), vo € X,
llyoll = 1. By Friedrichs inequality, we have ||y, — yo|l2 — 0. Thus, there exists a
subsequence of {y,} such that y, — yo a.e. in Q.

Set Qo = {z € Q: yo(x) # 0 and y,(x) — yo(z)}. Then meas(Qpy) > 0. Set
ag = (fQO (yo(x))2dz)2, then ag > 0. From (3.7) and (3.8) there exists My > 0 such
that

F(x,u) > cu®,  Vu| > My, z€Q. (3.10)
Let D, = {2 € Q: |G (tpoyn)| = Mo}, then Q\D,, = {z € Q: |G (t,yn)| < Mo}
D, = DY uDP, DI N DP =0, where DIV = {2 € Q: G~ (t,yn) > Mo} and

D = {2 € Q: G L (tpyn) < —My}. By virtue of hypothesis (£3) and Lemma 3.1,
we have

/ F(@, G (tuyn))dz = / F(a, G (taya))da + / F(a, G (tayn))de
Q D, Q\D,,
> Cl/ |G71(tnyn)|2dz — Csy
D,
C
> /D ol =G,
(3.11)
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q+1770

‘( / n(ym))?dw)é -(/ "(yo(x)%);‘
([ (i) - yo(x))2d$)é
< ([ - m(m))zdxf

=llyn — yoll2 = 0 (n = 0),
there exists N7 > 0 such that

(/Dn(yn(x))%l%)é > (/Dn(yo(x))zdw); -2 >N (3.12)

Set D = N, Dy, and D* = U, D7, then Di € Dj € Di C --- and D,, D DZ,
D: c D*, |DX| — |D*|(n — o0). Thus there exists No > 0 such that

(. (yo(x))Qd:c)% N ( /;@o(x))?dx);
(/. *<y0<x>>2dz>5 e,

Applying the definition of €y, we obtain g C D*, which shows that

(/ *<yo<w>>2dx)é =(/ O(QO(CC))Qdm)é . (313

1

The above inequality deduces that (fD” (yn(x))gdx) S 4 ¥n > N = max{Ni, No}.
Then

where €} > 0, Cy = 2 (aMo SRR V. C’1M02) Q. Since

2
/ Fla, G (byyn))da > 2902 _ .
o A

So

2
= t—n/ \Vyn\Qda:le/ a($)|G71(tnyn)|2d1‘_/F(x’Gil(t"yn))dm
2 Q 2 Q Q

2 1
ti/ \Vyn\zd:c+f/a(ac)|yn|2d$—/F(m,G_l(tnyn))dm‘
2 Jo 2 Jo Q

< B G
2" 4A
— —00 ast — 400,

where B = max{1,as} and C; > %, which means lim,,_, o, J(v,) = —00, contra-
dicting to (3.9). Thus the proof is finished. O

t721+02
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