Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 12, Number 3, June 2022, 907-931 DOI:10.11948,/20220001
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Abstract Finite ion sizes play significant roles in characterizing ionic flow
properties of interest, such as the selectivity of ion channels. As an extension
of the work done in [Discrete Contin. Dyn. Syst. Ser. B, 21 (2016), 1775-
1802], we further investigate the higher order (in the volume of the cation),
mainly the second order, contributions from finite ion sizes to ionic flows in
terms of both the total flow rate of charges and the individual fluxes. This
is particularly important since the first-order terms approach zero as the left
boundary concentration is close to the right one for the same ion species.
The interaction between the first-order terms and the second-order terms is
characterized in detail. Moreover, several critical potentials are identified, and
they play critical roles in examining the qualitative properties of ionic flows.
Some can be estimated experimentally. The analysis in this work could provide
complementary information and better understanding of the mechanism of
ionic flows through ion channels. Numerical simulations are performed to
provide intuitive illustration of our analytical results.
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1. Introduction

Mathematical analysis plays unique and significant role in understanding the me-
chanics of phenomena arising from life science and discovering new features under
the assumption that a more or less explicit solution of the associated mathemat-
ical model can be obtained. In this work, we analyze the qualitative properties
of ionic flows through ion channels via Poisson-Nernst-Planck (PNP) systems with
Bikerman’s local hard-sphere potential ( [9]). Of particular interest is to examine
finite ion size effects on ionic flows from higher order expansions (in the volume of
the cation) in terms of the total flow rate of charges (I-V relations) and individual
fluxes.
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PNP system is a basic macroscopic model for electrodiffusion of charges through
ion channels ( [12,16-19,25,26,29,35,36,58,59,61,62], etc.). Under various reason-
able conditions, one can derive the PNP system as a reduced model from molecular
dynamics, Boltzmann equations, and variational principles ( [3,32,33,66]).

The simplest PNP system is the classical PNP system, which treats ions as point-
charges, and neglects ion-to-ion interaction. It has been simulated and analyzed to
a great extent (see, e.g., [1,4,5,8,10-15,21, 23, 25, 26, 28, 30, 31, 36-41, 44, 49-52,
55-57, 60, 63-65, 6770, 72-79]). However, finite ion sizes perform significant roles
in understanding mechanism of ionic flows through membrane channels. A lot of
structural properties of ion channels, such as selectivity, rely on ion sizes critically.
For instance, Nat (sodium) and K+ (potassium), having the same valence, are
mainly distinguished by their ionic sizes. This is extremely important when the
PNP model involves two cations with the same valence but distinct ion sizes, which
provides important information for the selectivity phenomena of ion channels ( [6]).
To examine ion size effects on ionic flows, one must consider ion-specific components
of the electrochemical potential in the PNP models.

The PNP type models with ion sizes have been investigated computationally
and analytically for ion channels and have shown great success ( [2,6,7,20,22,24,26,
27,32-34,42,43,45-47,53,54,71,80], etc.). Recently, the authors of [42] provided an
analytical treatment of a one-dimensional PNP system with two oppositely charged
ion species and Bikerman’s local hard-sphere potential ( [9]) to account for finite ion
size effects. They treated the model as a singularly perturbed system and rigorously
established the existence and uniqueness results of the boundary value problem for
small ion sizes. Furthermore, in [42], treating ion sizes as small parameters, the
authors derived approximations of the I-V relation and the individual fluxes of the
following form (up to the first order in the volume of the cation)

IWV)=Zo(V)+ v (V) +o(v), Te(V)=To(V)+vTx1 (V) + o(v),

where v is the volume of the cation and Jj is the individual flux. Detailed analysis of
the leading terms Z; (V) and Ji1 containing ion size effects was provided. Several
critical potentials that either balance the ion size effects or separate the relative
ion size effects are identified, which plays critical roles in the study. Particularly,
the authors observed that the first-order term Z; (V) approaches zero as the left
boundary concentration is close enough to the right one for the same ion species
(that is, either Ly — R; or Ly — Ry for two ion species case, which is equivalent
under electroneutrality conditions z1L; = —z9Lo := L and 21 R1 = —23Rs := R).
To better understand ion size effects on ionic flows for both the cases with L # R
and L — R, in this work, we focus on

o the second-order terms in v, more precisely, Zo(V') and Jy2(V) for k =1, 2;

o the interaction between the first-order and second-order terms (the effect from
the combination);

o the characterization of ion size effects close to L = R.

We would like to comment that the study in this work is not just a technical
extension of the previous analysis in [42], instead, it is based on the understanding
of the model. Particularly, the discovery of the first integrals for the second order
nonlinear limiting fast system (stated in Lemma 3.1) is critical for our study. Com-
pared to the work done in [42], the analysis on higher order expansions, particularly
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the interaction between the first order and the second order expansions provides
better understanding of internal dynamics of ionic flows through membrane chan-
nels. Most importantly, the study provides an efficient way to adjust boundary
concentrations to reduce/enhance the finite ion size effects on ionic flows. On the
other hand, the study of the higher order expansion provides more detailed and
precise information of the effect on ionic flows from finite ion sizes, and this could
provide better initial guessing for related numerical studies to observe rich dynamics
of ionic flows.

Remark 1.1. To avoid confusion for readers, we point out that in [42], for the entire
Section 4, V should be changed to V to be consistent with the set-ups. Noticing
this, in current work, we make suitable changes in (2.2) and (2.6).

The rest of this paper is organized as follows. In Section 2, we describe the one-
dimensional PNP model for ion flows, and the setup of the boundary value problem
of the singularly perturbed PNP system. In Section 3, we focus on the asymptotic
dynamics of the second order limiting PNP systems in the volume v of the cation.
Section 4 deals with the discussion on finite ion size effects, which consists of three
parts. In Section 4.1, a number of critical potentials are identified and their roles in
studying finite ion size effects on ionic flows are characterized in details. In Section
4.2, we discuss the essential ion size effects from the first-order and second-order
terms. In Section 4.3, our interest lies in the case studies of ion size effects near
L = R. In Section 4.4, numerical simulations are performed to further illustrate
our results. Some remarks are provided in Section 5.

2. Problem Setup

2.1. A quasi-one-dimensional steady-state PNP type system

A quasi-one-dimensional steady-state PNP model for ion flows of n ion species
through a single channel ( [52,57]) is

1 d dd -
A(X) dX (gr(x)go“‘(x )dX> - _e<k_1 w0 Qm)’ o)
d o . 1 ) g
d7 - 0, jk - kBTpl(X)A(X)Cz(X)dX, k= ]-,27 y 1y

where e is the elementary charge, kp is the Boltzmann constant, T is the absolute
temperature; ® is the electric potential, Q(X) is the permanent charge of the chan-
nel, £,.(X) is the relative dielectric coefficient, g is the vacuum permittivity; A(X)
is the area of the cross-section of the channel over the point X € [0,!]; for the k th
ion species, C} is the concentration, zj is the valence, uy, is the electrochemical po-
tential, Jj is the flux density, and Dy (X) is the diffusion coefficient. The boundary
conditions are, for k =1,2,--- ,n,

BO)=V, Cp(0)=Ly>0; ®(1) =0, Cp(l)=Ry>0. (2.2)

For a solution of the steady-state boundary value problem of (2.1)-(2.2), the total
flow rate of charge through a cross-section or current T is

I=> aJk (2.3)
k=1
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For fixed boundary concentrations L and the Ry, the current Z only depends
on the electric potential V', and this is the so-called I-V relations (current-voltage
relations).

2.2. The BVP and assumptions

We will take essentially the same assumptions as those in [42]. To be specific,

(i) considering one cation with z; > 0 and one anion with zo < 0;
(ii) assuming the permanent charge Q(X) to be zero over the whole interval;

(iii) for the electrochemical potential u, in addition to the ideal component u};d
defined by

(X)) = 2pe®(X) + kpTln C’“C(X), (2.4)
0

with some characteristic number density Cj, which can be taken as
Co = max{llk,Rk k= 1,2},

we also include the local hard-sphere potential u2* defined by
) n
pBik(X) = —kpTln (1 -3 vy (X)), (2.5)
j=1

where v; is the volume of a single jth ion species;

(iv) assuming that the relative dielectric coefficient and the diffusion coefficient
are constants, namely, ¢,.(X) = ¢, and Dy (X) = Dy.

We first make a dimensionless rescaling ( [23]), more precisely, we let

2 _ %, x = ?, h(x) = Agf), Dy, = 1CyDy;
é(z) = k;T@(X), cr(z) = C’gj( ) = g—’;; (2:6)
VeV L= Ru= o
Together with the expressions for ui? in (2.4) and g5 in (2.5), system (2.1) becomes
h?j:)di (h(m);;qﬁ) = —(z101 + 22¢2), % =0,
% = —f1(61762;1/1,1/2)% - mgl(clvjla']%’/lv’/?)’ (2.7)
% = f2(01,02;V1,V2)% - %92(027J17J23V1»V2)7

with boundary conditions, for k =1, 2,

(b(O) =V, Ck(O) = L; > 0; (b(l) =0, Ck(1> = Ry >0, (2.8)
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where

f1 = (21 — z1V1€1 — 221/262)01, f2 = —(22 — zZ1V1€1 — 221/262)027
g1 =J1— (nJi +wradz)cr, g2 =J2— (11 +v2J2)ca.

Upon introducing u = Eé and 7 = x, one gets the standard singularly perturbed
system, the so-called slow system with state variables (¢, u, c1,ca, J1, Jo, 7) € R”

. h,
EQ=1u, EU= —21C] — Z2C2 —€ h((:)) u,
€
eé1 = —fi(er, ea3v1, v2)u — ——g1(c1, J1, Jos v1, 10),
( ) h(7) ( ) (2.9)
) €
eéy = fa(er, cosv1, v2)u — ———go(ca, J1, Jos V1, 12),

h(7)
Ji=Jy=0, 7=1.

For ¢ > 0, the rescaling x = &€ yields the fast system

hr
¢ =u, u =—zic1 — 2900 —¢€ h((:))u,
£
¢) = —fi(er, ey v, v0)u — m91(01,J1,J2;V17V2), (2.10)
¢y = faler, ey v, v2)u — %7_)92(02, J1, Jos vy, 12),

where prime denotes the derivative with respect to the variable £.

3. Asymptotic dynamics of the limiting PNP sys-
tem

We focus on the limiting fast and slow dynamics of the second order systems in the

small parameter v = v;. In particular, we obtain explicit expressions of Jio and I,

the second order individual fluxes and I-V relations in v, which are significant for
our study on finite ion size effects to be discussed in Section 4.

3.1. Limiting fast dynamics for the second order
Setting € = 0 in (2.10) gives limiting fast system

¢ =u, u =-—z100— 202, ) =—filc,cov1,0)u,

3.1
& = foler, i)y, Jl—=Jh=0, 7' —=0. (3.1)

Recall that v and vo are the volumes of the two ion species. For small v; > 0
and vy > 0, we treat (3.1) as a regular perturbation of that with 1 = 1o = 0. While
vy and v are small, their ratio is of order O(1). Correspondingly, we let

v =v and 1y =M\, (3.2)
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and seek solution y(&;v) =

- (‘;5(5;1/)7“(5; V)vcl(g; V)ch(g;V)vjl(y)aJQ(V)vT) of Sys-
tem (3.1) of the form

3(&v) = 60(€) + $1(E)v + $2(E)V* + 0o(v?),

w(&v) = uo(€) +ur (v + ua(E)v* + o(v?), (3.3)
ce(&v) = cro(€) + cu1(§)v + cra()v? + o(v?),

Jk(v) = Jko + Jk1v + Jrot? + 0(1/2).

Substituting (3.3) into system (2.10), we obtain

e the zeroth order limiting fast system in v,

/ / / /
% = Up, Uy = —21C10 — 22€20, Cj9 = —Z21C10U0, C9y = —22C20U0,

3.4
J{0:J§0:07 7/103 ( )

e the first order limiting fast system in v,

/ /
@1 =uU1, U] = —21C11 — Z2C21,
/
c11 = —Z1upci1 — Z1u1¢10 + (21¢10 + Az2c20)cr0Uo, (3.5)
, .
Co1 = —Z2UpC21 — Zal1C20 + (21¢10 + AZac20)C20Uo,

! ! ' N.
Jiy=J1 =0, 7 =0
e the second order limiting fast system in v,
/ !
¢y =ug, Uy = —21C12 — 22C22,

/
Clg = — Z1C10U2 — Z1C11U1 — Z1C12Uo + (21C10 + A22c20)(C11U0 + CioU1)
+ (z1c11 + Azaca1)ci0uo,

3.6)
/ (3.
Cog = — ZaCaplUa — Z2C21U1 — 22C22Ug + (21C10 + AZac20)(C21Uo + C20U1)
+ (z1€11 + Az2c21) 200,
! ! /
J12 :J22 == 07 T = 0.

The zeroth order system and the first order system have been studied in [42]. For
the second order system, one has the following results.

Lemma 3.1. System (3.6) has the following nontrivial first integrals:

2
C12 011 ()\ — ].)Zl )\()\ — 1) 2
G =—+=z + uou; — —5— + (A —1)cg; + —————cj9c20 + ———¢
1 10 102 0U1 22, ( )ca1 At 10€20 9 20>
2
C22 021 ()\ — ].)Zl )\()\ — 1) 2
Gy =— -2 +(A-1 AN AL At
2 o0 + 2902 + upuy 2050 +( Jear + 1+ 2 C10C20 + D) €305
2 3 2
u c A 21 — Za A
G3 =c12 + a2 — UglUa — 71 + c1oc11 + Acoca1 + 7:1))0 3030 7; 22 €10C21
2 — 21
ONz2 — Az120 — 22 3z Az22 4+ 2X22
2 122 Leggenn + 02 C:foCzo 7( L 2)610630.
z1(z9 — 21) 221 + 2o z1(21 + 222)

Recalling the results for the zeroth and first order systems from [42], together
with Lemma 3.1, one has

Proposition 3.1. Assume that v > 0 is small. One has
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(i) The stable manifold W*(Z) intersects By, transversally at points (V,uf +
by + ubv? + o(u2),Lk,Jk(1/),0) for k = 1,2, and the w—limit set of NV =
MENWS(Z) is

w(N*) = { (60 + o1V +d5v° +0(v?), 0, ¢y + v +cipv® +o(v?), Ji (), 0) }7
where Ji(v) = Jyo + Jrav + Jrav? + o(v?), k = 1,2, can be arbitrary. The
zeroth order and first order results are (recalled from [42])

_ 1 —2zoL =23 _=
L 242 L L Z1—2 zZ1—2
oy =V — In , Z1C1) = —R2Co0 = (zlLl) 172 ( — ZQLQ) 1Rz
21—z z21la

ul =sgn(z1 L1 + szg)\/Q (Ll + Ly +

21 — 22

212 (ZlLl)sziz (—Z2L2)zlzj22)
122

and

L L L
o7 =0, zich) = —zck) = 21k (L1 + ALy — by — )\020)

ub :Jf)(;\(LQ (020))+2(L2 (10)2)_M

6(21+22)(V—¢3)L1L2
21 + 29

L L L L
— C10C20 — €11 — 021) .

The result for the second order limiting fast system reads

¢35 =0,
21012 = 2’2622
L{((A=1zn L2 A? 2 /\22%‘1"35 L\2
=2107, <+ o Ly 1Lo + 7 + 5 —L5 4223 (c10)
ZI\ — 2o 2122(2 — N\) + 22\
- C{ll + ! (CfO)2 ’
22 zo(21 + 22) (3.7)
L3 — (cf))? A2 1 /1
ul :W 3% (LS (020)3) - %(5(“3)2 +chp+ C%z)
(2A —1)22 — \22 L L 329 9 9 I
+ + —FF (L7{L
Z%ué C10¢11 (221 + 22)% ( 2 — (610) 620)
Azd 4+ 2)222

bt AN S L2 L \2 .

z1(z —|—22’2)u6 ( ! CIO(CQO) )

(ii) The unstable manifold W"(Z) intersects Br transversally at points (0,uf +

ufv + usv? + o(v?), Ry, Ji(v),1) for k = 1,2, and the a—Ilimit set of N% =
MENWY(Z) is

(V) = { (8l + 6w+ 6502 +0(02),0, cft + cfv + el +0(0%), Jr(), 1) },
where Jp(v) = Jyo + Jpiv + Jpav® +0(v?), k = 1,2, can be arbitrary. The
zeroth order and first order results are (recalled from [/2])

1 —29Ro _—z2 =
¢y = — In . ZcTh = —2achy = (z21R1) 7772 (— zRy) 7772,
21 — 22 21y
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ug =sgn(z1 Ry + 22R2>\/2(R1 LRy AT (ZIRI)ZI_ZZQ (- Zsz)z%@)

zZ122
and
¢{2 =0, zlcﬁ = zzcé%l = 2107 (Rl + ARy — 010 )\020)
r 1 A 22(1 — )‘) z21422) 0
= (58— (i) + (- () - 20Dty

R R R R
— C10C20 — €11 — 021)-

The result for the second order limiting fast system reads

¢3 =0,
210{?'2 = — 2’2652
r{(A—D=xn R N o N2+ g
= ——RR — 4+ —R}, — ———=
Zlcw( gy i o 222 (¢10)
A —20 5 21222 =)+ 23N, 5o,
- C11 (c10)” )
22 z2(21 + 22) (3.8)
, R} — ()3 A2 1,1, .
Uy :ﬁ 3up (RS — (020)3) - ;6(5(“1)2 + ey + Cg'z)
(2A —1)23 — )\21 R R 3z 2 R\2 R
+ + ———— (R{R2 — (1) ¢
2ul C10C11 (2z1+zz)u6( 1R2 — (cp) 20)
Azf + 20222 B2
= %2 (RR? .
(21 +2Z2)U6 ( 1419 C10(020) )
Remark 3.1. In the expressions uj,uj,qb ; ’Cm and CR for ¢t = 1,2 and j =

0,1,2,, the superscripts [ and L indicate the left limits of the quantities at z = 0
while the superscript r and R indicate the right limits of the quantities at x = 1.

3.2. Limiting slow dynamics for the second order

Next we construct the regular layer on Z that connects w(Ny) and a(Ng). After
suitable treatment (see [42] for details), the limiting slow system reads

. 1
= o= — A VA
(b D, Cc1 fl(cla 2201’1/ I/) h(T)gl(Cl,J17J27V7 V)? (39)

Ji=Jy=0, F=1,
where
z191(c1, J1, Jos v, Av) + zaga(—ZLer, Ju, Jo; v, Av)

z1(z1 — 22)h(T)ey

p=-

As for the layer problem, we look for solution of (3.9) of the form
¢(x) = ¢o(x) + $1(2)v + da(2)v* + o(v?),
c1(z) = c1o(x) + 11 (x)v + cra(x)v? + o(V?), (3.10)
Ji = Jio + Juv + Jigv® + o(v?),
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to connect w(Nr) and a(Npg) given in Proposition 3.1.
For simplicity, we introduce

!
T = Jig + Jok, T = 211k + 22J2k, K =0,1,2 and H(z) = / hfds.
0

(s)
From system (3.9), one has

e the zeroth order limiting slow system in v,

do = — T5 P 2T
T (e T (51— 2)h(7) (3.11)
Jwo =0, 7=1;
 the first order limiting slow system in v,
by = — Tyen 3 T
z1 (Zl — ZQ)h(T)C%O Z1 (21 — ZQ)h(T)ClO ’
m " (3.12)
. (A= 2) T o 29T P L.
C11 = ) Jkl - 07 T = ]-a
(21 = 22)h(1) (21 — 22)h(7)
e the second order limiting slow system in v,
by = — Tg (cii — cioci2) Tien
T ala - 2h(n)d, | a(a - 2)h(n)d
Ty
z1 (Zl — ZQ)h(T)ClO ’ (313)
C.12 _ ()\21 — zz)Téncu ()\2’1 — ZQ)Tlmclo Z2T2m
(21 — 22)h(7) (21 —2)(1) (21— 22)h(7)’
Jep=0, +=1

For the second order limiting slow system, one has

Lemma 3.2. There is a unique solution (¢2(z), c12(x), Ji2, Jo2,7(2)) of (3.13) such
that ($2(0),¢12(0),7(0)) = (0,¢15,0) and (¢2(1),c12(1),7(1)) = (0,¢th, 1), where
cky and ¢k, are defined in Proposition 3.1. It is given by

_ 15T — 131"

—Inck (),
¢2(x) - zle(Tén)Q (lnclo(aj) 1 10) +P ( ) (314>
cio(z) = ek, + g:zn (clo(x) — cfo) + Pa(x),

where

. 2 2
Pua) =[]} ()T (enale)  cha
2212013 |\ c10(2) ek cio(z) by
(1A — 2)T7 oy, TgT =TT (en(x)  cfy
2125 T§" (r0(@) = 10) z122(T5")?

cio(z) k)

T (TETg — T§T™)
z122(T5)3

(ln cro(z) —In cfo) ,
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Pa (l‘) =

M(Cll(l')ClO(x) —cpiety) — (A* )2 (cho(@) = (cfp)?) -

z2

Here, from [}2],

e _z(2 — Zz)(Cﬁ) cto) R m (21— 2)(cfh — chy)
o= H(1)(Ineff — Incfp) (¢o %) T =

Te :z1(21 — ZQ)L(clLO — cI{j)) N, T = n-2
H(1)(Incky —Incf) 29H(1)
with
21)\ — 29
M =i —efy + 2722(0%0 +eff)(cly — c1h),
- (G- e R - ) -
Inciy —Inegy \ ety eip 229 €10 — €16
In particular,
Jiy = (213" = T5) (cth — cfo — P2(1)) _ z1221y" Pi(1)
(22 = 21)(cffy — cfo) (22 — 21)(Incfy — Incfp) ’
Ty = (T§ — 21 T3") (cfhy — by — Pa(1)) 21201 PuD)
(22 — 21)(efhy — cfo) (22 — 21)(Incfy — Incfp)

Proof. Taking the integral from 0 to z for the first two equations in (3.13), re-
spectively, together with c12(0) = ¢k, and ¢2(0) = 0, one has

e I§ v dh(s) o [ _c2(s)
¢2(o) = awlz@<4 NOEACK Léh@wa@d>
Tlc v 611(8) T2c v 1 s
+MA—MA MOEACKE Mrﬁﬁéh®m@d’
(

_CL (21/\ — Z2)T0 C11 S) (2’1)\ — ZQ)Tlm ® 610(5) s
= [ e 2

(3.15)

+ " (clo(x) — cfo) .

From (3.11) and (3.12), by careful computations, one has

x T . .
c(s) m—@/cmmm@ m—@/
Tlaler(a) 05 = ds = c11(8)dIneip(s

/0 h(S)Clo(S) ZQT&” 0 010(5) ZzTgn 0 11( ) 10( )

21— 22 L L /T )
= ci1(x)Incio(x) — ¢ty Incyp — ¢11(s)Incqo(s)ds
T <11( )Incio(x) — epy Ineyg ; 11(s) Inc1o(s) )
21 — 29 Az1 — 22 [T c10(s) Incio(s)
= T (cll(x) Incip(z) — ck In clLO) I /0 h(s) ds
T1 111610(8) ds
S h(s)
21 — 29 (21 — 22)(Az1 — 22) [*
— T (cu(x) Ineyp(z) — c{“l In clLO) — 222Tp ; In c1o(s)dc?y(s)



Higher order contributions from finite ion sizes 917

(21 — 22)TT"

_ W /Ox Inci0(s)dco(s)

(21 — 22)(21A — 29)
= (cr1(@) Incro(@) — ety Incly) — == 22z§T:)m 2 (cfo(a:) In ¢i0(z)
1 (21 — 22)T7"
— ()2 Inck — =(2 —(ely2y) o2t ~2)C1 1 — Lnel
(c10)" Incy 2(010(95) (c10) )) PNUYOE (cro(@) Incio(z) — efpIney
—cyo(x) + cfo).
Similarly,
“ cio(s) =2 o L
ds = cco(x) — (¢ ,
o h(s) 2Z2T(']rn( to(2) = (c10)?)
* 611(5) 21 — %2 Zl)\ — 29 ;
/o h(s) ds = P (611(1’)610(95) —ctyefy — T(C?O(m) - (cfo)d))
(21 — 22)T7"
- W(c?o(@ —(cfo)?),
0

s)cio(s) 2T \cfy  crolz BT
(21 — 2)T7"
2 (T5")?
/m cfi (s) d8221—22<(C1L1)2 _ Cf1($¢)>+21/\—22 /z cu(s) oo
o h(s)cty(s) 2T5" \2(cfp)?  2¢3(2) z2 Jo h(s)cro(s)
7 (% c11(s)

_A'_i - 7
T Jo h(s)eio(s)

T e1a(s) 21 — 29 <01L2 012(1')) 21\ — 29 /I c11(8)
ds = - — + ds
./0 h(s)cio(s) 2T5" \cfy  cio(@) z2 Jo h(s)cio(s)

(21/\—22)T1m sz /z 1
+———H@)+— | ———ds,
w1y O T )L hSe()

Toenn(s) oz — 2 i () (21 — 22) (21 A — 22) () — ok
/0 h( ds = ( )) + (c10(z) = ctp)
(

(Incip(z) — Inefy),

ds,

z 1 Z1 — %9 L
ds = 1 —1 .
/0 7 s Ty ( ncio(x) nclo)

Substituting these integrals into (3.15) and regrouping some terms, one obtain
the ¢o and c15 equations in (3.14). Evaluating ¢2 and ¢ in (3.14) at = 1, one
can uniquely solve the two resulting algebraic equations in Jy2 and Js2, and obtain
their expressions. This completes the proof. O

4. Effects on ionic flows from finite ion sizes

We now examine the finite ion size effect on the I-V relation Z = z1D1Jq + 290D2Js
and the individual fluxes J, = Dy Jg, k = 1,2 based on the explicit approximations
obtained from the solutions to the limiting PNP systems. Of particular interest
are i) the ion size effect from the second order terms Zo = 21 D1J12 + 22 D2J22 and
Jk2 = Dy Jyo; ii) the interplay between the first order and second order terms (the
effect from the combination); and iii) the characterization of ion size effects close to
L=R.
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For our following discussions, we assume electroneutrality boundary conditions
211y = —29Lo = L, z1R1 = —20Rs = R. (4.1)
Lemma 4.1. Under conditions (4.1), one has
¢y =V, zicly = —zcky = L, ziclh = —zock = R,
G0 = o1 =cfy =ci = o7 =iy = 51 =0, ¢y = cip = 5y = ¢y’ = 1y = ¢35 = 0.
From Lemmas 3.2 and 4.1, we have (the expressions for Jio and Ji; are from [42])

Lemma 4.2. Assume L # R. Under conditions (4.1), one has

J10 :if;(]f) (1+ k;T 1nLZl—VlnR>’ a0 = _ZZJ;(?) (1+ k;]:T 1an2—‘an>’
Ji =%fo(L,R)f1(L,R> k;T - 22;;2;{?21) (L* - R?),
Jop = — %Jf@@, R)fi1(L,R) szV + 222%;{??) (L2 - R?),
Ji2 :mh@, R, R) + 5 f3(L,R)) eV gﬁfzg_;(i); (L* - R%),
T = “;m))f@ R (7oL, R+ 3 R R)) S - ;A‘H(i) (L R),
where
Fol L R) =51, Fi(LR) = folL, B) ~ “ 2,
f2(L, R) :%(RQ +RL+L?) — ?’(Lfmfo(L, R).
In particular,
(Vo) = 220 fy v+ 22 (- ),
R(via0) = A2 f (1, )Y
- ), (12)
n(vixo) = DI Ba =P gy (i m) + LR (L)Y
_ _ 2
(Dy 3222)3(22(11) 22) (L* — R?).

To end this section, we introduce the following result, which will be used in our
later discussion.

Lemma 4.3. Assume L > R. One has

(i) fo(L,R) >0, fi(L,R) <0;
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(ii) For fo(L,R), for simplicity, we rewrite it as fo(x) with x = % > 1. Then,
there exists an x* > 1 such that fao(xz) <0 for 1 < x < z*, and fa(z) > 0 for
x>z,

Furthermore, for fired R > 0,

R2

lim fo(L,R) = R, lim fi(L,R) =0 and lim fo(L, R) = -~

4.1. Critical potentials and their role descriptions

In this subsection, our main concern is identifying the critical potentials and the
roles they play in the study of finite ion size effects on ionic flows.

Definition 4.1. We define nine potentials V,*, V{5, and V5, k =0,1,2 by
I(ViE A 0) =0, Jie(Vi%; A, 0) =0, Jar(Vai; A, 0) = 0.

Remark 4.1. Actually, in Definition 4.1, Iy, Jig and Jyg are independent of the
parameter .

Directly from Lemma 4.2 and Definition 4.1, one has

Lemma 4.4. Suppose L # R. Then,

knT z1(Dy — D
21 Vip = 22V = *%(lnL —lnR), V5= HV{B,
kBT L2 — R2 Zl(Dl — D2)
¢ = VC = VC: 7‘/6
21V = 2 Vo % fo(L,R)f1(LyR)’ 1 z1D1 — 29Do t
kpT L} — R e aD1= Do)

Ve = 2V = — V=
e T e T (L R) (A f2(L R) + (L, R))’ 2 =Dy — zDs

In particular, one has

Ve — 21 D1V — 20Do V5 Ve —
! 21Dy — 29Dy 7?2

_z1D1VfO — 22D2V2CO

21 D1Vi5 — 20Da V3,
21Dy — 290Dy .

VC
0 21D — 22D>

From Lemma 4.2, direct calculations yield

Lemma 4.5. Assume L # R. Under conditions (4.1), one has dy Iy > 0, dyI; >
0, avfz > 0 8VJ10 > 0, ovJig > 0, Oy Jia > 0; and ango < 0, OvJa <
0, Oy Jag < 0.

It follows from Lemma 4.5 that

Proposition 4.1. Assume L # R. Regarding Iy, J1x and Jor, k= 0,1,2 as func-
tions of V', one has

(i) Iy, Iy and I are all increasing in V. Furthermore, Iy > 0 (resp. Iy < 0) if
V>V§ (resp. V<V§); I >0 (resp. 11 <0) if V> VE (resp. V< VfF);
and Iy >0 (resp. I <0) if V> V§ (resp. V < Vg).

(ii) Jio, J11 and Ji2 are all increasing in' V. Furthermore, Jig > 0 (resp. Ji0 < 0)
if V> VS (resp. V< V), Jii >0 (resp. Jin <0) if V>V (resp.
V < V§i); and Jiz >0 (resp. Ji2 <0) if V>V (resp. V< V).
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(iii) Joo, J21 and Joo are all decreasing in' V. Furthermore, Jag < 0 (resp. Jog > 0)
if V> Vs (resp. V< Vg); Jor < 0 (resp. Jax > 0) if V> VS (resp.
V < V§); and Jog <0 (resp. Jag >0) if V > V5, (resp. V < V5,).
The scaling laws for Iy, I1, Jko, Jr1, (k = 1,2) and their critical potentials have
been discussed in [47]. For I, Ji2 and their critical potentials defined in the Defi-
nition 4.1, one has

Proposition 4.2. Viewing Iz, Jy2, Vs and V)5 as functions of (L, R) for k = 1,2,
one has

(i) Iz, Ji2 and Jaa are homogeneous of degree three in (L, R), that is, for any
s > 0, I(V;sL,sR) = s*I3(V; L, R), Ji12(V;sL,sR) = s3J12(V; L, R) and
JQQ(V; SL, SR) = 83J22(V; L, R),

(ii) Vi and V%, Vs, are homogeneous of degree zero in (L, R), that is, taking Vy
for example, for any s > 0, V5(sL,sR) = V§(L, R).

Proof. Note that fo(sL,sR) = sfo(L,R) and f2(sL,sR) = s?fo(L, R) for any
s > 0, where fo(L, R) and fa(L, R) are defined in Lemma 4.2. The statements can
be verified directly. O

In terms of the parameters (Di,Ds), (L,R) and A, we can provide a partial
order for the critical potentials identified in the Definition 4.1, which is crucial for
us to further discuss the finite ion size effects on ionic flows.

Lemma 4.6. Assume L > R, Dy > Dy and A > 1. One has
(i) VG < Ve < VG, Vg <V <V and VE < Vg < VEifl <z <z,
(if) Vi < Vi3 < Vip, Vio < V3 < Vi and Vi <V < V5 if x> a”,
where, with x = L/R > 1, x* is the unique zero of the function
p(z)=-9(x+1)*Inz+6(z*—1)+8x*+2+1)Inz.
Proof. We provide a detailed proof for the order of V{3, V| and V5 for both
1 <z <2*and x > z*. From Lemma 4.4, direct calculation gives
kgTInL —InR fo(L,R)
21 f(L,R)
From Lemma 4.3, one has fo(L,R) > 0 and f1(L,R) < 0 for L > R. It follows that
Viy — Viq > 0, that is, V|G > V4. Similarly,
kT 1 —R
e 621 fi(L, R)(3f3 (L7 R)+ f2(L, R))

where ¢(L, R) = 3(L + R) (3 f3(L,R) f>(L,R)) + 2(L* + LR + R?) fi(L, R). With
x = L/R, q(L, R) can be written as

c c __
Vio—Vii = —

c c __
Vll_‘/12_

q(L, R),

R3(z—1)
q(z) = wp( ),

where p(z) = —9(z + 1)?Inz + 6(z2 — 1) + 8(2? + = + 1) Inz. Careful calculation
yields

9(2? + 2z + 1 8(x? 1
M+12x+8(2x+1)lnx+w7

‘() = —1 inz —
P (x) 8(x+1)lnx . .
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LW —2(a% —5x + 1
p//(l‘):—anx—ﬁ—ﬁ—?_Fg’ pm(a:):M

x3 '

Tt is easy to check that p(1) = p/(1) = p”(1) = 0 and p”(z) > 0 (resp. p"'(x) < 0)

if 1l <2<z (resp. > x1), where x; (actually equals 5*5/5) is the unique zero

of p"’(x) = 0. This indicates that p”(z) is increasing over (1,z;) and decreasing

for x > 1. Together with p”(1) = 0 and lir+n p’(z) = —o0, we get p’’(z) > 0
xr—r+00

(resp. p’(x) < 0) over (1,x2) (resp. x > x2), where x5 > z7 is the unique root of
p’(z) = 0 for z > 1. Similar argument shows that

o p'(x) > 0 (resp. p'(x) < 0) over (1,x3) (resp. x > x3), where x5 > xo is the
unique root of p’(z) =0 for = > 1;

o p(x) > 0 (resp. p(z) < 0) over (1,z*) (resp. = > z*), where z* > z3 is the
unique root of p(x) =0 for x > 1.

It follows that g(z) > 0 (resp. ¢(z) < 0) for z € (1,2*) (resp. > z*). Therefore,
Vi — V% <0 (resp. Vi — VS >0) for x € (1,2%) (resp. = > z*).

Together with Vi > V|, one has V5 < V5 < V| for £ > z*. On the other
hand, for z € (1,2*), we have V5 < V% and V5 < V5. To get the total order
of Vi%, Vi5 and V{5, we further compare V|G with V5. Similar argument leads to
Vio > Vi5 for x > 1, and hence V|7 < V|5 < V|G for 1 < z < z*. This completes the
proof. O

From Proposition 4.1, Lemma 4.5 and Lemma 4.6, we obtain

Theorem 4.1. Assume L > R, Dy > D1 and A > 1. For the individual fluxes
Jk(V),k = 1,2 and the total flux I(V'), with |J1(V)|, |J2(V)| and [I(V)| denoting
the magnitude of J1(V'), Jo(V) and I(V), respectively. One has, for 1 < x < z*,
where x* is identified in Lemma 4.6,

(A) For the individual flux J(V),

(A1) of V < V5, Jio(V) <0, J1n(V) < 0 and J12(V) < 0, that is, the ion
size effects from J11(V') and J12(V') both reduce J, (V') while both enhance
|J1(V)|7

(AQ) ’Lf Vlcl <V < ‘/1C2, Jlo(V) < 0, Jll(V) > 0 and J12(V) < 0, that
is, the ion size effect from J11(V) enhances J1(V), while the one from
J12(V) reduces J1 (V). Furthermore, J11(V') reduces |J1 (V)| while J12(V)
enhances |J1(V)|;

(AS) Zf VfQ <V < Vfo, Jlo(V) <0, Jll(V) > 0 and J12(V) > 0, that 18, the
ion size effects from J11(V) and J12(V') both enhance J1(V') while both
reduce |J1(V)|;

(A4) if V > Vg, Jio(V) > 0, J11(V) > 0 and J12(V) > 0, that is, the ion
size effects from J11(V) and J12(V') both enhance J1(V) and |J1(V)].

(B) For the individual fluz Jo(V),

(B1) if V < Vg, Jao(V) > 0, J21(V) > 0 and Jaz(V) > 0, that is, the ion
size effects from Ja1 (V) and Joo(V') both enhance Jo(V) and |J2(V)|;

(B2) if Vg <V < Vi, Jao(V) <0, Jo1 (V) > 0 and Jaz(V') > 0, that is, the
ion size effects from Jo1 (V) and Jao(V) enhance Jo(V'). Furthermore,
J21(V) and Jaa (V) reduce |J2(V)|;
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(B3) if Vi <V < Vi, Jao(V) <0, Jo1 (V) > 0 and Jaz(V') < 0, that is, the
ion size effect from Ja1 (V') enhances Jo(V') while the one from Jaa (V)
reduces Jo(V). Furthermore, Joo(V) enhances |Jo(V)| while Jo1 (V) re-
duces |J2(V)|;

(B4) if V> V5, Joo(V) <0, Jo1 (V) <0 and Ja2(V') < 0, that is, the ion size
effects from Ja1 (V) and Jaa(V') both reduce Jo(V') while both enhances
|2 (V)]

(C) For the total flow rate of charge I,

(C1) if V <V, then, In(V) < 0,1;(V) < 0 and I1(V) < 0, that is, the ion
size effects from I1 (V) and Iy(V') both reduce I(V). Furthermore, I; (V)
and I5(V') both enhance |[I(V)|;

(C2) if ViF <V < Vi, then, Io(V) > 0,11 (V) <0 and I5(V) <0, that is, the
ion size effects from Iy(V) and I2(V) both reduce I(V) and |I(V)|;
(C3) if Vi <V < V£, then, In(V) > 0,1;(V) < 0 and I3(V) > 0, that s,
the ion size effect from I (V') reduces I1(V') while I5(V) enhances I(V).

Furthermore, I (V) reduces |I(V')|, but Io(V)enhances |I(V)|;

(C4) if V> VE, then, In(V) > 0,1:(V) > 0 and I;(V) > 0, that is, the ion

size effects from I1 (V') and I3(V) both enhance I(V') and |I(V)).

Remark 4.2. For the case with « > x*, similar results as those stated in Theorem
4.1 can be obtained.

4.2. Essential effects from finite ion sizes

To better understand the finite ion size effects on ionic flows, we introduce another
three critical potentials V’, Vi and V*, which characterizes the essential effects on
ionic flows from finite ion sizes, that is, the combining effects from the first and the
second order terms.

For convenience in our following discussion, we define three functions I°(V; \),
JP(V; ) and JS(V; \) by

(Vi) = L(ViA) +vI(ViA),  JP(ViA) = Ju(ViA) + vdia (Vi A),
JE(V5A) = Jar (V5 A) + vdoa (V3 A).
Definition 4.2. We define three critical potentials V,?, V7 and V? by
W) =0, JEVEN) =0 and JE(VY;N) = 0.
Lemma 4.7. Assume L # R and A > 1, one has

kT 2222 (L2 4 RL+ Ry — YL+R
aVp =2V =-=L EEN i | ) (InL —InR),

e M(%f&(L,R) + f2(L,R))V + [i(L, R)

Z122
21(D1 = Ds) 1
1-
ZlDl — Z2D2

Vvt =

We comment that the critical potentials defined in Definition 4.2 balance the
ion size effects on the total flux I(V), and the individual fluxes J; (V) and Jo(V),
respectively. Also, V? and V¥ as functions of (L, R) don’t share the scaling laws
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as other critical potentials defined in Definition 4.1, which is not a surprise since it
reflects the mixed ion size effects from both the first and the second order correc-
tions.

Lemma 4.8. Assume L > R, Dy > Dy and A > 1. One has Vi < Vo, Vo > Vlb
and Vi, < V3.

; v 1 A— LR
Notice that Oy J? = —0y J8 = D Cnb; = @%%%g(L,R), where

)\ _
g(L,R) = fi(L,R) + v 22— 22
Z122

(R(E.R)+ 3R R).

From Lemma 4.3, together with the valence zo < 0, for the function g(L, R), one
has

Lemma 4.9. Assume L > R. One has g(L,R) < 0.
Together with Lemma 4.8, we obtain
Theorem 4.2. Assume L > R and A > 1. For v > 0 small, one has

(i) I°(V) is increasing in the potential V. Hence, I°(V) > 0 (resp. I°(V) < 0)
if V.> VP (resp. V < V?°); that is, the ion size eventually enhances (resp.
reduces) the total flux I(V) if V> V?® (resp. V < V°). Furthermore, the ion
size eventually enhances (resp. reduces) |[(V)| if V. >V or V. < V§ (resp.
V<V <Vb)

(ii) J2(V) is increasing in the potential V. Hence, J*(V) > 0 (resp. JP(V) < 0)
if V.> VP (resp. V. < V), that is, the ion size eventually enhances (resp.
reduces) the individual flux Jy(V) if V. > V¥ (resp. V. < V). Furthermore,
the ion size eventually enhances (resp. reduces) |J1 (V)| if V. <V or V > Vi
(resp. VP <V < V).

(iii) JY(V) is decreasing in the potential V. Hence, J5(V) > 0 (resp. J3(V) < 0)
if V.< Vi (resp. V > V), that is, the ion size eventually enhances (resp.
reduces) the individual fluz Jo(V) if V. < VP (resp. V > V). Furthermore,
the ion size eventually enhances (resp. reduces) |Jo(V)| if V. > VY or V < Vi
(resp. Vay <V < V).

We now provide a result of the total order of the critical potentials ka and V?,
k=12
Lemma 4.10. Assume L > R, Dy > D1 and A > 1. One has Vlb < Vb < VQb.
Correspondingly, the following result can be established.
Theorem 4.3. Assume L > R, Dy > Dy and A > 1. For v > 0 small, one has

(i) If V. <V, then, the ion size effect eventually reduces both Ji(V) and I(V)
while enhances Jo(V');

(i) If VP <V < V?, then, the ion size effect eventually enhances both J1(V) and
J2(V') while reduces I(V');

(iii) If VP <V < Vi, then, the ion size effect eventually enhances J1(V'), Jo(V)
and I(V');

(vi) If V. > V2, then, the ion size eventually enhances Jy(V) and I(V) while
reduces Jo(V).
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4.3. Ion size effects near L=R

As L —» R, ;(V;)\,0) — 0 and Jg1(V;A,0) — 0. In other words, as L — R, the
leading terms I1(V; A,0), J11(V; A,0) and Jo1(V; A, 0) cannot provide information
for the effects from finite ion size, and higher order terms need to be considered.
While this is the motivation of the work, we surprisingly found that the second
order terms Iy, Jy3 and Joy are also approach zero as L — R. To summarize, one
has

Lemma 4.11. Fized R > 0. Then, for k=1,2,

. . R e .
Jim Jo(V30) = = Jim Joo(V30) = sV lim Jia(V32,0) =0,
(Z1D1 — ZQDQ)R &

ngr}% Jk2(V;0,0) =0, LIE)I}%IO(V;O) = V, LIgTIRIk(V; A,0) =0.

H(1) kgT
Proposition 4.3. As L — R, one has

) V=V =V =0;V§ = —o0, Vi3 = 00, VI = —o0 if D1 > Dy, and
Ve — o0 if D1 < Dy; Vi — —o0, Vi = o0, Vi — —oo if D1 > Ds, and
Vs — 00 if D1 < Da.

(ii) Ie(V;A), Jie(V5A) and Jop (V5 X) all approach zero for k = 1,2; that is, the
ion size effect does not affect the total flur I(V) and the individual fluzes
Jk(V), k=1,2; and hence does not affact |[I(V)| and |J (V)| for k =1, 2.

4.4. Numerical illustrations

To provide more intuitive illustration of the effects on ionic flows from finite ion sizes,
we perform the following numerical simulations to the approximations obtained in
Lemma 4.2. To be specific, we consider the cation to be Na™ and the anion to be
Cl7, and X is the ratio of the volume of Na™ to C1=. We may take ( [48,53])

Do = 1.334 x 1079m? /s, Doy = 2.032 x 1079m? /s, kp = 1.38 x 1073 JK
T =298.15K, e = 1.602 x 107*°C, 2, = —25 = 1 and \ = 1.885.

Our main interest is to identify the critical potentials V¢, V{5 and Vi identified
in Definition 4.1 (see Figure 1 for L # R and Figure 3 for L close to R), and the
critical potential V;? and V? defined in Definition 4.2 (see Figure 2) for L # R;
and observe the monotonicity of Iy, Jig, Jog, I b and J}C’ viewed as functions of the
potential V. This provides more intuitive understandings of our analytical results
(such as Theorems 4.1 and 4.2).

5. Concluding remarks

In this work, we further study the effects on ionic flows from finite ion sizes via
the method of asymptotic expansions up to the second order due to the observation
that the first-order terms approach zero, in other words, the finite ion size effects on
ionic flows disappear, when the left and right boundary concentrations are close for
the same ion species. On the other hand, considering higher order terms may help
us perceive the properties of the expansion and generalize it for any size, not just
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z,=1, z,=-1, L=0.2mol, R=0.02mol

w1011 %4 =1, 22=-1, L=0.2mol, R=0.02mol

6F ’ —1,(V)
0.02
I —1,(V) V$,=-0.18740
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< [ 27 3
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Figure 1. Numerical identifications of the critical potentials V;’, V{5 and Vj for k = 0,1,2. The
monotonicity of the functions I}, (V'), J1x (V) and Jax (V) for k = 0,1, 2 is shown clearly in each figure.
This provides intuitive illustration of Theorem 4.1 with 1 < z < z* = 339.75691.

10710 Z;=1, Z,=-1, L=0.2mol, R=0.02mol z,=1, z,=-1, L=0.2mol, R=0.02mol
1,(V) ——J10(V)

e ) 0.3f ,,*,,J?(V)

(V)

-0.1F
-0.2F
V= - 0.05422
-4k -0.3E
0 0.02 0.04 0.06 -0.2 -0.15 -0.1 -0.05
Vv \"
z,=1,2,=-1, L=0.2mol, R=0.02mol
— (V)
L b
0.4 == J,(V)

Figure 2. Numerical identifications of the critical potentials V{, v, Vi, Vlb7 Vo and V2b with small v.
The monotonicity of the functions Io(V), J10(V) and J20(V') (solid line in each figure) and the functions
I°(V), J?(V) and JE(V) (dashed line with star in each figure) can be observed clearly. This provides
intuitive illustration of Theorem 4.2.
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10710 z,=1,2z,=-1, L= 0.020001 mol, R= 0.02 mol ; 1017 z1=1, 22=-1, L= 0.020001 mol, R= 0.02 mol
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Figure 3. Numerical identifications of the critical potentials V;’, V{5 and V5 for k = 0,1,2. The
monotonicity of the functions I (V), J1x(V) and J2r (V) for kK = 0,1,2 is shown clearly in each figure
for the case with L close to R. It is clear that, for k = 1, 2, the values of V{y and V5, become very small,
the values of V)¢ V{3, and Vg for k = 1,2 become very large, and the curves Iy, Jij and Jap become
very small as L close to R. The observation is consistent with our analytical results stated in Section
4.3.

the small sizes of ions. For L # R, the interactions between the first-order and the
second-order terms are also described to better understand the ionic flow properties.
Moreover, critical potentials are identified to help us monitor the dynamics of ionic
flows. In particular, some critical potentials such as V?, V¥ and V7 identified in
the Definition 4.2, can be estimated experimentally. Take the potential V' for
example, one can take an experimental I-V relation as I(V; A, v) and numerically
(or analytically) compute Io(V') for ideal case that allows one to get an estimate of
V. However, as L — R, we surprisingly found that the second order terms are also
approaching 0. We would like to propose the following conjecture for the specific
setup in this work: all higher order terms in the finite ion size will approach 0 as
L — R. The analysis in this work, particularly for the case L # R, will provide
complementary information and better understanding of the mechanism of ionic
flows through membrane channels. Numerical simulations performed in this work
provide intuitive illustration of our main analytical results.
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We finally comment that, for this simple setup, complicated nonlinear inter-
actions among physical parameters, particularly, the diffusion constants (D1, Ds)
and the boundary concentrations (L, R) are characterized, which are not intuitive,
and provide some deep insights into the internal dynamics of ionic flows through
membrane channels. This could be very helpful for the future studies along this
direction, not only mathematically or numerically, but experimentally since the
internal dynamics of ion channels cannot be measured with present technology.
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