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Abstract In this paper, we consider a fractional predator-prey system with
two delays and incommensurate orders. Firstly, the local stability of positive
equilibrium of the system without delay is discussed. Secondly, we calculate
the critical value of Hopf bifurcation by taking one delay as bifurcation pa-
rameter. Then, as two nonidentical delays change simultaneously, the stability
switching curves, the directions of crossing and the existence of Hopf bifurca-
tion are obtained. Finally, numerical simulations are presented to verify the
given theoretical results.
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1. Introduction

Fractional calculus is a kind of generalization of integer-order calculus. Due to the
effects of memory and hereditary properties, fractional calculus can more accurately
describe the complex and rich dynamic behavior of the system rather than integer-
order calculus [12, 15]. Because of the complexity of the calculation, fractional
calculus has not been widely used for a long time. It was not until fractal theory
was introduced in [18] that fractional calculus has progressively become one of the
research hotspots. In recent years, fractional calculus has been successfully intro-
duced into various fields, such as physics, chemistry, electricity, biology, economics,
etc [3,5,7,8,21,22].

It takes a certain amount of time to complete biological evolution and physical
process, therefore delay is widely found in nature. The appearance of time delay
means that the development of the system is not only dependent on the current
state, but also related to the state in the previous period. On the other hand,
time delay can cause Hopf bifurcation. When the parameter changes slightly near
a critical value, the stability of the equilibrium of system changes, and there is
the phenomenon of periodic solution near equilibrium. For fractional-order delay
differential systems, Hopf bifurcation is also a common bifurcation phenomenon.
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In [2,17,25,30], the authors chose the delay as bifurcation parameter, and studied
Hopf bifurcation of fractional-order delay differential systems.

The predator-prey model is an important model in population dynamics models
[31]. Authors in [1] analyzed the dynamic behavior of the prey-predator system
with time delays, and it was shown that the stability of the system can be changed
with the change of harvest. In [26], authors studied a delayed predator-prey system
with Beddington-DeAngelis functional response and got that the phenomenon of
Hopf bifurcation is the main factor that switching the stability of the system to
unstability with respect to delays. In [28], Wang and Tang took the Holling-I11
functional response, the complex diversity of biological environment and efforts
into account, and discussed the Hopf bifurcation of a time-delayed predator-prey
system which is as follows:

dx x(t—ﬁ)) _ a(l—c)z?y
dt K 14+ah(l1—c)z?’ (11)

dy _ Ba(l—c)z?(t—m2)y(t—72)
at Tan(i=aat(t—ry — — W — ¢Foy,

=ra(l—

where z(t) and y(t) are the densities of prey and predator, respectively. The growth
rate and the environmental capacity of prey are represented by r and K, respec-
tively. « denotes the attack coefficient; ¢ (0 < ¢ < 1) represents a dimensionless
parameter that measures habitat complexity; d is the death rate of the predatog; q
is Holling-I1T functional response. All parameters of system (1.1) are positive.

For integer-order delay differential equations, a lot of researchers have paid too
much attention to predator-prey systems with single delay, such as [4,14]. Even
though the integer-order predator-prey models with two delays have been discussed
in [9,29], the approaches are to make the two delays equal or fix one delay and
choose the other one as bifurcation parameter. There is little work to consider
differential equations with two delays varying simultaneously. In [10, 16], integer-
order systems with two time delays varying simultaneously were discussed. By
analyzing the characteristic equations of the following two forms

is the coefficient of catchability; Ey denotes the harvesting effort; and

D(s;11,72) = Ug(s) + Ur(s)e™ ™ + Us(s)e™ °?
and
D(S; 71, 7—2) = UO(S) + Ul(S)e_s‘rl + UQ(S)e_STQ + U3(S)e—s(7'1+7'2)

respectively in [10,16], calculating the explicit expression of the stability switching
curves, and giving the judgment method of the directions of change in stability, then
the stability of the system was obtained. The method of [10, 16] has been applied
to study the stability of the integer-order systems with two time delays varying
simultaneously, such as [11, 20, 23].

For fractional-order delay differential equations, most of systems concerned by
scholars are systems with one or two delays, but the ways to study the systems with
two delays are either to make two delays equal or only fix one delay and choose the
other delay as bifurcation parameter, such as [13,25,27,32]. As far as we are aware,
few authors have studied the stability of fractional-order systems when two delays
change simultaneously. Therefore, it is significant to extend the method of [10, 16]
to fractional-order systems with two delays.
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Motived by the method of stability switching curves of [10,16] and based on the
system of [28], we consider a fractional-order predator-prey system with two delays
and incommensurate orders:

_ z(t—m71) a(l—c)z?
Dra(t) = ra(l — =) — tiani-o (1.2)

a(l—c)z?(t—m —T
Drzy(t) = St mliom) — ay — gBy,

where 71, 72 € (0,1], 1 # 72. The other parameters have the same biological
significance as system (1.1), and initial conditions are z(t) > 0 and y(t) > 0,
t € [-max{~;},0] (¢ = 1,2). The highlights of this paper are generalized as follows:

(i) We generalize integer-order delayed predator-prey system to a new fractional
predator-prey system with two delays and incommensurate orders.

(ii) The stability and the Hopf bifurcation of a fractional predator-prey system
with two delays and incommensurate orders are obtained. It is shown that the
delay and the order play an important role in the stability and the existence
of Hopf bifurcation of the corresponding fractional-order system.

(iii) To the best of our knowledge, there are not many results on the stability of
fractional-order system and the existence of Hopf bifurcation with two delays
varying simultaneously. Discriminating from the general ways that making
two delays equal or fixing one delay and choosing another delay as bifurca-
tion parameter, this paper is the case that the stability of system and the
existence of Hopf bifurcation are obtained by taking two delays as bifurcation
parameters, and the stable region is a two-dimensional region about 7 and
T9.

(iv) The method of determining the stability of the system by calculating the
stability switching curves is first applied to the fractional differential equa-
tions with two delays. It is meaningful to study fractional-order differential
equations with two delays.

The paper is organized as folllows. In Section 2, some basic knowledge and
necessary lemmas on fractional calculus are presented. In Section 3, using the
method in [10, 16], the stability and the existence of Hopf bifurcation of system
(1.2) are obtained by calculating the stability switching curves and the directions of
change in stability, taking the two delays as bifurcation parameters and considering
the simultaneous change of the two delays. In Section 4, we perform numerical
simulations to confirm the theoretical results. This paper ends with a conclusion.

2. Preliminaries

In fractional derivatives, the Grunwald-Letnikov(G-L) definition, the Riemann-
Liouville(R-L) definition and the Caputo definition are commonly used. Then the
Caputo definition can not only simplify the Laplace transform properly, but also
allow that the initial conditions of the corresponding fractional-order equation can
be expressed in integer order, which is more suitable for practical mathematical
problems. In this paper, all the fractional derivatives are the Caputo definition.
Next, we will introduce the Caputo definition and two fundamental lemmas for the
following theoretical analysis.
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Definition 2.1 ( [24]). The Caputo fractional-order derivative is defined as follows:

D f(t) = —— / (t— )" 7L fr(s)ds,

I'(n—7) to

where f(t) € C™([tg,0),R), t > tg,n—1<~y <n,n€Z", and I'(-) is the Gamma
function.
When 0 < v < 1, we have

7F(n — /to (t—s)"f (s)ds.

Lemma 2.1 ( [19]). Consider the fractional-order system

DY f(t) =

Da(t) = f(t,z(t)),
x(0) = wo,

(2.1)

where v € (0,1] and f(t,z(t)) : RT x R" — R"™. The equilibria of system (2.1) are
locally asymptotically stable if all eigenvalues \; (i = 1,2,...,n) of the Jacobian

matrixz % evaluated at the equilibria satisfy | arg(\;) [> 4.

Lemma 2.2 ( [6]). For given n-dimensional linear fractional-order system:

DV (t) = anei(t — m11) + caoza(t — T12) + -+ + a1nZn(t — Tin),

D72 x9(t) = agizi(t — 721) + oo (t — Ta2) + -+ - + Q2pZn (t — T2n), (2.2)

D’ynxn(t) = 0p1T1 (t - Tnl) + an2x2<t - Tn2) + -+ annl‘n(t - Tnn)a

wherey; € (0,1] (i =1,2,--- ,n), and the initial conditions x;(t) € C|— max {r;;},0],
t € [-max{r;},0] (4,7 =1,2,--- ,n).

Let
s — 0411675711 —0412675712 _alne*STln
704216*57'21 S’Yz _ a226*87’22 e 7a2n€*572n
A(S) = )
706"16*57'111 7Oén26*57'n2 . S’Yn — Oénn€7s‘r""

where A(s) is the characteristic matriz of system (2.2). The zero solution of system
(2.2) is locally asymptotically stable if all the roots of det(A(s)) = 0 possess negative
real parts.

3. Main results

In this section, we discuss the stability of system (1.2) and the existence of Hopf
bifurcation. We first analyze the existence of positive equilibrium of system (1.2).
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Next, we discuss the local stability of the positive equilibrium of the system (1.2)
without delay by Routh-Hurwitz criterion. Then, we address the existence of Hopf
bifurcation at the positive equilibrium of the system (1.2) with one delay by taking
71 and 79 as bifurcation parameter, respectively. Finally, applying the method of
[10,16], we study the change in stability of the positive equilibrium and the existence
of Hopf bifurcation of the system (1.2) when two delays change simultaneously.

3.1. Existence of positive equilibrium of system (1.2)

The equilibria Jy, Jx, J* of system (1.2) can be obtained by the following equations:

x a(l—c)z?
rm(l—?)—Hih(il)_cﬁvz:(),
« —C 12
% —dy — qEoy =0,
where

J = (an)v Jrx = (K,O), Jr = (x*»y*)v

o d+ qEy « _ Pra* 1_£)
a(l-c)(B—(d+qB)h) ¥ “dtqb, K

When the following assumptions (H;) and (Hsz) hold:

(Hy): B = (d+qEo)h >0,
x*
(HQ) 11— ? >0,
J* is a unique positive equilibrium of system (1.2).
Using the transformation P;(t) = z(t) — z*, Pa(t) = y(t) — y*, the system (1.2)
can be written as

D Py(t) = r(Pa(t) +a")(1 — SR — SUpgRRRRR )

a(l—c —19)+z*)? —T * *
D2 Pyt) = PO R e = (d+ aBo) (Pa(0) + )

The linearization of the system (1.2) at J* is

D" Py (t) = auPl(t) + alng(t) + bllpl(t — 7'1), (3 2)
DPYQPQ(t) = CLQQPQ(t) + o1 Py (t — 7'2) — CLQQPQ(t — 7'2),

where

r(K —z*)[ah(l — ¢)z*? — 1]

ap; = K1+ ah(l—c)a*?]
d+qE0
aip = — <0,
B
ass =— (d+ qFEy) <0,
by = — = <0,

K
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_ 2Br(K — 1)
A =T ah(l— 0]

The corresponding characteristic equation at J* is

D(s;11,712) = Ug(s) + Ur(s)e™ ™ 4+ Us(s)e ™ + Ug(s)e*S(“*T?) =0, (3.3)

where
o+
Up(s) =772 — ag08™ — a1187 + a11a92,
Ui(s) = — 01187 + agabi1,
Us(s) =ages™ — a11a22 — a12¢21,
U3(S) = — a22b11.

3.2. Stability analysis of positive equilibrium J, of system (1.2)
without delay

When 7 = 75 = 0, Eq.(3.3) becomes:
SN2 — (ayy + b11)s?? — ajaca; = 0. (3.4)
To get the following result, the hypothesis (Hj) is given:
(H3) : a1 + b1 <0.

Theorem 3.1. For 1y = 75 = 0, the positive equilibrium J* of system (1.2) is
locally asymptotically stable if (Hy) — (Hs) are satisfied.

Proof. The proof is done by contradiction.
Due to

UO(O) + Ul(O) + UQ(O) + Ug(O) = —aj2c21 > 0,

s =0 is not a root of Eq.(3.4).

Suppose Eq.(3.4) has roots, which are denoted as pe™, and p > 0, k € -5, Z].
Substituting s = pe™ = p(cos k + isin k) into Eq.(3.4), and separating the real and
imaginary parts, then the following equations can be obtained:

Y1+72

p cos(71 4+ 72)k — (a11 + b11)p"? cos vk — arzczr = 0, (3.5)

P2 gin(yy + Yo)k — (ar1 + b11)p™? sinyok = 0.
For Eq.(3.6), we can get
Pt (siny1 K cos Yok + cosy1ksinyak) — (a1 + b11) sinyak = 0.

Due to the definitions of a12 and co1, the ranges of 71, 2 and k, the properties of
trigonometric functions and (Hs), then ai2¢p1 < 0, ay1+b11 <0, 11k, 125 € [-5, 5],
coS V1K, cosyek > 0, and sin~y;k and sin~sx have the same sign. Thus, k = 0 is
the only root to Eq.(3.6). From Eq.(3.5), we can know that x = 0 is not a root to
Eq.(3.5). Accordingly, there is no common root to Eq.(3.5) and Eq.(3.6). Therefore,
the null hypothesis is not true if p > 0 and (H3) are satisfied.

In conclusion, all common eigenvalues of Eq.(3.5) and Eq.(3.6) have negative

real parts if (Hy) — (H3) hold. This completes the proof. O
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3.3. Stability analysis of positive equilibrium J* of system (1.2)
with one delay

In this subsection, we analyze the stability of positive equilibrium J* of system (1.2)
with one delay by taking 7 and 75 as bifurcation parameter, respectively.

3.3.1. Stability analysis of positive equilibrium J* of system (1.2) with
T > 0, To = 0

When 71 > 0, 72 = 0, the characteristic equation (3.3) can be transformed into the
following form:
M2 11872 — aiace; — by sT2e 5T = 0. (3.7

Let s = wip(cos § +isin §) (wio > 0) be a root of Eq.(3.7), then by substituting
s into Eq.(3.7) and separatlng the real and imaginary parts, we can obtain the
following equations:

2T
2

Y2

bnww cos Ccos w10y + b11w10 sin 2% sinwio71

— otz (“rl'f"‘/z)Tr 2
= wyp s LT — aq1wig cos BT — aacar,

2 (3.8)

bi1wi¢ sin BT coswioTy — biiwyg cos BT sinwiom

Y1i+v2 i (i) V2 iy 2T
wio sin ~F5P2= — ajjwyj sin 25

Then

2 v1tv2 ol X
—a11w]g+wd cos T —ayco; cos 125

COSW10T1 =
1071 b2

Y12 nw

—w)} sin LT —ayzca; sin 227

sin w1071 = 11w 2
10

It follows from Eq.(3.9) and sin? wigT1 + cos2wiom = 1 that

16772 cos 7(% —’—272” + (a%I b11>‘”%32
(3.10)

V2T
cos 2 —|— 2a11a12021w10 cos — + a12021 =0.

271+272
W1g — 2a12021w

Y1+272
— 2a11wyp

2

Suppose that wyg is a positive root to Eq.(3.10) and by means of the first equation
of Eq.(3.9) we can derive that

1 —apwig + oﬂl'wz cos B — appc) cos - ]
T1j = —— { arccos + 257 5,
wio br1wis (3.11)

j = 07 1) 27 e
Define the bifurcation point
T10 = min{le},j = 071725"' )

where 7, is given by Eq.(3.11).
To further present our main results, the following assumption is needed:

Y . uy
(m + ’Yz)wlé cos(w10T10 + %7) — Y2G11 COSw1pT10 — Y2b11

Hy):
( 4) bllwfo

£ 0.




988 Y. Zhu, S. Li, & Y. Dai

Lemma 3.1. Let s(m1) = €(1) + iw(71) be the root of Fq.(3.7), €(t10) = 0 and
w(T10) = wio- If (Hy) holds, then

ds._4

dr W=w10,T1=T10

Re] # 0.

Proof. Taking the derivative of Eq.(3.7) with respect to 71, then it is deduced
that

d
(714 72)s" 27— ypa118™ 7 — yabyy s e T 4 T1b11572€75n]d78
T1
+ by 82 tle™m = 0.
Thus, we can get that
[ﬁ]—l = —(11 +72)s7 € + 011" + Yobia _n (3.12)
dT1 b1182 S
It acquires from Eq.(3.12) that
Re[ﬁ 1 _ (71 +72)wih cos(wioTio+ BT ) —y2a11 €os wioTio—Y2b11
dm W=w10,T1=T10 bllw%()
#0.
(3.13)
Hence, (H4) implies that transversality condition holds. This ends the proof of
Lemma 3.1. O

According to Lemma 2.1, Lemma 2.2 and Lemma 3.1, the following theorem can
be concluded.

Theorem 3.2. When 7 > 0, 75 = 0, the following results are obtained if (Hy) —
(Hy) hold:
(i) The positive equilibrium J* of system (1.2) is locally asymptotically stable for
T1 € [0,7’10),

(i) Hopf bifurcation will happen around the positive equilibrium J* of system (1.2)
fO’I“ T1 = T10-

3.3.2. Stability analysis of positive equilibrium J* of system (1.2) with
71=0,70>0

When 71 = 0, 75 > 0, the characteristic equation (3.3) can be written as:

ST — ag8™ — (a11 + b11)8"? + azz(a11 + b11)

3.14
+ (a228" — a11G22 — a12C21 — Go2bi1)e” 2 = 0. ( )

Let s = wyo(cos § +isin ) (wae > 0) be a root of Eq.(3.14), then it follows
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from Eq.(3.14) with separating the real and imaginary parts that

" .onTo.
(0,22(.0;(1) COS 7 — ag2 (a11 + bll) — algcgl) COS WoT2 + a22wg(l) Sin 7 SN W20 T2
_ Y14 (71 +92)7 v Y17 ~ Yot
= — w2(1) 2 cos # + agngé COS — 5 + (au + bll)(—agg + (UQS cos 7),
" 2yl 7 nm ;
(22wWag Sin Ty COSW20T2 — (@g2wag COS —— 5 asa(a11 + b11) — a12¢91) SinwapTa

. +
= — w1 sin w + agowgy) sin ’YT + (a11 + b11)wad sin %

(3.15)
In view of Eq.(3.15), we have

COS WonT2

_ ad,wiy’ + ady(ary + bi1)? + arzazacor (ar1 + biy)
a§2w§gl +(ag2(a11 +b11)+a12021)2—2(a§2 (a11 +b11)+a12a22621)w;§) CcOSs %

(CL12(I22021 + 20,%2 (a11 + bll))w;% cos %

a§2w§81 +(azz2(ar1+b11)+aizco)? *2(6@2 (a11 +b11)+012022021)w% cos %

(agowad® + a12¢91 (a11 + b11) + aga(ary + bi1)?)wy2 cos 1T

a§2w331+(a22 (a114b11)+ai2¢21)% —2(a3,(a11+ vbi1) +a12a22¢01 )wy) cos LT

+ Y1+ )7
2&22(&11 + bll)w% V2 COS y127r COS 72 + a12621w21 V2 COS %
2 2m 71 s
a3owyg " +(age (a1 +b11)+aizcar)? —2(a22(a11 +b11)+ai2aaco1)wy cos -
=G (w20),
sin wW20T2

Y1 o3 s

_ a12a22C1Wy ) sin X
T2 2m 2 Y1 T
a3owig" 4 (a2 (a1 +b11)+ vaiacar)? —2(a3, (a11+b11) +a12a22¢21 )wih cos 5*

| (a22w§gl + arzc21(a1n + b11) + agz(air + b11) )w;’(ﬁ sin 727”

+
a3ywigt + (azz(a11+b11) +aracar)2—2(a3, (a11 +b11)+a12a22021)w;5 cos 1T

Y1+72 ™ 'Yl+"/2 . (’YH-’Yz)ﬂ'
. —2a22(a11 + bi1)wqg " ? sin B2 cos T — aaca1wyg n BT

T
a%2w§31 +(azz2(ar1+b11)+aizco)? *2(032 (a11 +b11)+a12a22021)w% cos %

EGQ (wgo).

By Eq.(3.16) and sin? wooTo + cos2 wogTe = 1, we can get (319
G (w20) + G5(wao) = 1. (3.17)

Suppose that wsq is a positive root to Eq.(3.17) and we can derive that
Toj = 1 {arccos(G1(wa)) + 2jm},j=0,1,2,--- . (3.18)

w20

Define the bifurcation point
T20 = min{TQj} 7j = 07 1323 )

where 79; is defined by Eq.(3.18).
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In order to present our main results, the additional hypothesis is useful and
necessary:

(Hs): 3 #0.

where M; and M can be obtained by Eq.(3.21).

Lemma 3.2. Let s(12) = o(m2) + iw(12) be the root of Fq.(3.14), o(m20) = 0 and
w(Tgo) = W20, then

ds . _,

dry W=w20,T2=T20

Re| # 0.

Proof. Taking the derivative of Eq.(3.14) with respect to 7o, it is calculated that
(71 +792)s" 27— qg(an1 + bi1)s™ 7+ y1a0087 T (€T — 1) — maagesTe 5T
R _
+ 72(a12c21 +az2(a11+b11))e STQ]E —s(ag2(s™ —ay1 —bi1)—aizcar)e” " =0.
2

Clearly, we can get that

ﬁ]—l :((71 4 72) s T2 — y1a9087 T — y5(a1y + b11)s72 71 )et™ + yages” !

[

dry s(a228M — aga (a1 + bi1) — a12c21)
_n
s
(3.19)
By calculation, it deduces from Eq.(3.19) that
d M
Re[ ]~ - (3.20)

dTQ W=w20,T2=T20 M2 ’

where
T
My =v1a22(a11a22 + a22b11 + a12¢21) cos TN

1 nw
— Y1a22(a11a22 + a22b11 + ar2c21)wqg cos( + wa0T20)

2
Yo
—(n+ 72)a22w§81”2 COS(T + waT20)
T T
+ 2v2a22(ar; + bu)o.);éJr72 cos(% + waTag) COS 717 + 71a§2w§gl COS W2 T20
V2T
—y2(a11 + b11)(a11022 + arzc21 + azzbll)w% COS(T + wagT20) — %a%gw%gl
1+ 72)m
+ y1(a11022 + azzbir + 012021)wgé+72 COS(% + w20T20),
My =a3,w3g" % + (a3y(a11 + bi1)? + adyc3; + 2a12a2221 (a11 + bi1) w3y
nw
— 2a99(a11a22 + agabi1 — aracar)win T cos -
(3.21)
Therefore, (Hs) implies that transversality condition holds. This fulfills the
proof of Lemma 3.2. O

According to Lemma 2.1, Lemma 2.2 and Lemma 3.2, we can get the following
theorem.
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Theorem 3.3. When 71 = 0, 7o > 0, the following results can be determined if
(Hy) — (Hs) and (Hs) are satisfied:

(i) The positive equilibrium J* of system (1.2) is locally asymptotically stable for
To € [O, TQ()).

(ii) System (1.2) has a branch of periodic solutions bifurcating from the positive
equilibrium near To = Tog.

3.4. Stability analysis of system (1.2) with two delays 71, 5 > 0
and T1 7£ T2

To analyze the stability of system (1.2) when two delays change at the same time,
stability switching curves, directions of crossing and Hopf bifurcation are discussed
in this subsection.

Let R, Ry, Ny, Z and C be the sets of real numbers, nonnegative real numbers,
nonnegative integer numbers, integer numbers and complex numbers, respectively.
Similary, R? and R% denotes the sets of 2-dimensional vectors with components in
R and R,.

Based on [16], in order to ensure that the equation of the form of Eq.(3.3) is the
characteristic equation of a time-delay system, the following four assumptions are
necessary.

(Hg): There are finite number of characteristic roots on C :={s€C : Re(s) >0},

if
deg(Uo(s)) = max {deg(U1(s)), deg(Uz(s)), deg(Us(s))} -
(H7): No zero frequency: for any 7 and 7o, the following equation
Uo(0) + U1(0) + U2(0) + U3 (0) # 0
is true.

(Hg): The polynomials U;(s) (¢ = 0,1,2,3) have no common factors, which
means that they’re coprime polynomials.
(Hg): The polynomials U;(s) (i = 0,1,2,3) satisfy the condition, which is

lim (‘Ul(s) + > <1

S—r00 UO(S)
To make sure that the Eq.(3.3) is the characteristic equation of the system (1.2),
next, we verify that the above four hypotheses (Hg) — (Hy) for Eq.(3.3) are true:

UQ(S)
Uo(S)

Us(s)
U()(S)

+

(i) According to Eq.(3.3) and 71,72 € (0,1], we can know that
deg(Uo(s)) = 71 + 72, deg(Ui(s)) =2, deg(Uz(s)) =71, deg(Us(s)) = 0.
Hence,
deg(Uo(s)) = max {deg(U1(s)), deg(Uz(s)), deg(Us(s))} -

That means that (Hg) is true.
(ii) Obviously, Up(0)+U;(0)+Us2(0)+Us3(0) = —ai12¢21 # 0, thus (Hy) is satisfied.
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(iii) If (Hg) is not ture, then there is a common factor ¢(s) of the highest de-
gree such that U;(s) = ¢(s)hi(s) (i =0,1,2,3), then h;(s) are not reducible.
Therefore, Eq.(3.3) can be written as

(8)[ho(s) 4+ h1(s)e ™ + hy(s)e ™ + ha(s)e *(F™)] =0,

which still satisfies (Hg). Therefore, (Hg) is naturally true.

(iv) For (Hy), the hypothesis is naturally satisfied if the delay equation is of re-
tarded type. In fact, (Hy) is the exclusion of large oscillations, that is, the
exclusion of iw being the root to Eq.(3.3), if w is arbitrarily large. Hence, w
is bounded.

3.4.1. Stability switching curves

Applying the method of [10,16], the feasible region of the system (1.2) is found in
this subsubsection. Then all pairs of points (71, 72) in the feasible region such that
the characteristic equation (3.3) at least has one pair of pure imaginary roots, which
constitute the stability switching curves 7'

We need to find a series of points (71,72) € Rﬁ_, such that the charisteristic
equation (3.3) has a root s = iw = w(cos § +isin T) (w > 0). It’s obvious by (Hr)
that s # 0. Therefore, the characteristic equation (3.3) can be written as

D(iw; 1, 72) = Up(iw) + Uy (iw)e™ ™ + (Us(iw) + Uz (iw)e ™™ )e~ ™™ = 0. (3.22)
Since |e~72| = 1, we can get
|Up 4 Ure™ ™| = |Uy 4 Uze™ ™. (3.23)
Square both sides of Eq.(3.23), and it could be equal to
(Uo + Ure™ ™) (Uy + Ue“™) = (Uy + Uze™ ™) (Uy + Usze™™),
By calculation, we can obtain that
|Uo|? + |UL > = |Us]? — |Us|? = 2B (w) cos(wri) — 2B (w) sin(wr), (3.24)
where

E1 (w) ZRe(Ugﬁg) — RG(UOU1)

2 2 N
=a12a29b11¢21 — a11b11w*? + br1w? 272 cos -

+ 2a11a22b11W7* cos % — 2a22b11w" 72 cos % cos %7
Ey(w) =Im(UxU3) — Im(UgU;)
nT T Yo

=byj w272 gin 5 = 2a92b11w T2 gin 5 cos -5

There is a continnous function such that
01(w) = arg {UUs — UpU.1 },

which means that

Er(w) = VE1(w)? + Ex(w)? cos(6:1 (),
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\/El )2 4+ E9(w)?sin(6y (w)).

Therefore, Eq.(3.24) can be equivalently written as

|U0|2 + |Uv1|2 — |U2|2 — ‘U3|2 = 2\/E1(w)2 + EQ(W)Q COS(Gl(W) +w71). (325)

Since | cos(01(w) 4w )| < 1, then for any 7, € R4, there’s a necessary condition
that satisfies the above equation:

F(w) = (|U* + |U1[* = |[U2]* = |Us[*)? = 4(Er(w)? + Ex(w)?) 0. (3.26)

Based on (H7), we can get that F(0) # 0. When w — +o0, then F(w) — 400
by (Hg) and (Hg). Therefore, F'(w) has a finite number of roots on R, . The range
of w satisfying Eq.(3.26) is denoted by Q, which is

0 ={w|F(w) <0}. (3.27)
From Eq.(3.25), let
Uo|? + |U1* — |Ua? — |Us]?

cos w)) = , € |0, 7.
N/ rres ~m i
Then N ) )
(W) = 1(w) = :}(‘“’) remm o ez (3.28)
Substituting Eq.(3.28) into Eq.(3.22), we can get
1 Us + Uge~wn®
+ _ 2 3
T2,ns (w) = - {_W} + 2n9m, ng € Z. (3.29)

Another way to calculate 75 is to analyze 75 in the same way that we analyzed
for 71, which gives

D(iw; 11, 72) = Up(iw) + Ua(iw)e™ ™ + (Uy (iw) + Uz (iw)e”“™)e ™™ =0, (3.30)

then, we have
tdo(w) — O3(w) + 2nam

Tony (W) = » , na € Z, (3.31)
where
[Uo> = |UL|* + |Us]? — |Us|?
cos w)) = o €10, 7],
(Gr() = 2 b € (0]

E3(w) = V/E3(w)? + Ea(w)? cos(fa(w)),

Ey(w) = V/E3(w)? + By(w)? sin(62(w)),
and

Eg(w) :Re(Ulﬁg) — Re(UOUQ)
:a%ZwQ’h + 2a11a22w'Y1+"{2 coS % oS % + alzcmw’h-‘r’yz CoS %
Yo

2 2 2
— (agow™ " — ag9biy + ajiase + ar1aiacer)w’? cos
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mmT 2 2\ 2
— a2 (2a11a22 + araca1)w™ cos - + ar1ai2a22c21 + (aiy — biy)ass,,

E4(w) :Im(Ulﬁg) — IIII(UOU2>
:(agg(—a% + b%l — wQ"“) — a11a12C21)w™? sin % — a12a92C21wt sin %

. 1+ 72)m 1T . V2T
172 gip u + 2a11a99wW" T2 cos nr sin L.

v
+ ai2co1w 5 5 9

Similarly to Eq.(3.26), we have
Fi(w) = (|0o]* + |U2* = [U1]* = [Us]*)? = 4(E3(w)* + Ea(w)?)* < 0. (3.32)

By comparing Eq.(3.26) and Eq.(3.32), it is not difficult to find that they are
equivalent. The range of w that satisfies Eq.(3.26) is the same as the range of w that
satisfies Eq.(3.32), and they are denoted as Q. € is also known as the feasible region
and it is consistent with the range of all frequencies corresponding to all points on
the stability switching curves.

From the above derivation, we can get that the stability switching curves are

T = {(r{,, (W), 7, W) ERL 1w eQ, ni, ny €Z}. (3.33)

3.4.2. Directions of crossing

With the previous discussion, in this subsubsection, we will focus on the directions
of change in the stability of system (1.2).

Suppose (77,75) € T, and there exists w* > 0 such that (iw*; 7], 75) is a root
of the characteristic equation (3.3). If %—?(iw*;ﬁ*ﬁz*) # 0, then let s(r,75) =
n(r{,73) + iw(7f,75) be a simple root of Eq.(3.3). In the neighborhood of (75, 735),
(7, 73) = 0 and w(7y,75) = w* are satisfied. We call the increasing direction of
w € Q as the positive direction of the stability switching curves T', and as moving
along the positive direction of the curves T, the left-hand (right-hand) side is called
as the region on the left (right).

Due to the tangent vector of 1" along the positive direction is m = (g:}* , g;{ ),

the normal vector of T pointing to the right region is n = (g:)’; ,— 3;1*) and (17, 75)
moves along the direction q = (%Tl*, 38:5 ). Also, as n increases from negative to
positive through 0, the direction of a pair of pure imaginary roots of characteris-
tic equation (3.3) across the imaginary axis to the right on the complex pane is

determined by the sign of the inner product of m and n, which is

S e mq (O, 0T (O 0m _ 9mioms _ Ori 0 _ Logn
TAT G0 "o S \an ey ) T on awr T owr an ori o1
n  Ow*

(3.34)

If 6(w*) > 0 (6(w*) < 0), then the region on the right (left) has characteristic
roots with positive real parts when moving along the positive direction of stability
switching curves T'.

Since D(s; 7y, 75) is an analytical function of s, 71 and 73, if

R Ry
det = R1]2 - R2I1 7& 0,
L I
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then
oy oy !
ARkl Ry R Ry —1
- 1 112 o —lo
A= o = (3.35)
T T
on o) lo=0wreq L I Iy Ry
where
Ry =Re OD(s; 1, 75)
677 s=1w*
. 1+ 72)7 1. N7
=(y1 4+ 72)w* " T sin (1 +92)m 27 )T _ Yragew* ™ sin —72
—1 . 2Tr
— Yoar1w* " Lsin FYT — T ag2b11 cosw* Ty
1 . Y 2T
— yobpw* 2 sm(% —w'r) + 1 bnw* cos(% —w*r)
1 . 17T 17
+ Yragw* ! sm(L2 — W) — T agow™ M cos(L2 — W',

+ 75 (a11a92 + a1a¢21) cosw* Ty + (7 + 75 )agabiy cosw® (11 + 75),

To =Im {aD(ssw }
87’] S=iw*

)w*’YlJr’Yz (’Yl + 72)7(

=—(n+m cosf +71a22w*71’1 cos%
+Y2a110* ™! cos % + 71 agbyy sinw* Ty
+ b COS(% — W) + T bnw”? sin(% —w'r
— a2 cos(LE — W) — T anw™ sin(% —w'T,

— 75 (a11a92 + a1ac21) sinw*ty — (77 + 75 )agebrr sinw™ (17 + 735 ),

R, =Re {—iw*(Ul(iw*)e—iw*Tf + U3(@-w*)e—iw*<ﬁ+f;>)}

xy2+1 V2T *

=agobnw” sinw* (7 + 75) — bj1w 3

Il =Im {—iw*(Ul(iw*)efi“’*Tf + Ug(iw*)efiW*(Tl*‘FTz*))}

1 V2T
=ag9by1w* cosw* (17 + 75) + biw* " cos(L—

Ry =Re { —iw" (Up iw*)e ™™™ + Ug(iw™)e " 07700}
:a22wml+1 Y17
+ agobniw” sinw* (1 + 713),
I =T { i (U (i)™ ™ 4 Usliw™)e " (7+70)) )
_ aggw*““ nmw

+ agbiw* cosw* (17 + 75).

sin(T —w*T3) + (a11a22 + a12¢01 )W sinw™ g

cos(5= —w'Ty) + (anaze + arzcp )" cosw' Ty

sin(—— — w*7y) — agebiw” sinw* 7y,

— W) — agebiw® cosw* Ty,



996 Y. Zhu, S. Li, & Y. Dai

Similarly, we find that

Re{aD(gZi,Tg*) B } — 1,
0D (s;74,75) T (336)
Im {# s:iw*} - RO.
We have
~1
R R Ry —1I
S(w) =det(Aw ) =| " |70
L I In Ro
Since
Ry —1
" U =R 420,
Iy Ro
then §(w*) and R1ls — Rol; have the same sign, which is
sign {d(w*)} = sign {R1Is — R211 }. (3.37)
For (11*,7*) € T, we have
Us(iw*)e™ (1 =72) = _Uy(iw*)e™ ™ — Uy (iw*) — Us(iw*)e ™™ 2. (3.38)

We can verify that
RiIy — Ro1y
:Im{(Rl — Ill)(RQ + IQZ)}
—Im {(31 T L0)(Rs + I2i)}

—Im {(_iw*)(Uleiiw*Tf + U3€7’L‘w*(7'f+‘l'2*))(_Z‘w*)(UQe—iw*Tz* + U3€—iw*(7'1*+7—§))}
_ QIm{UlUQe“" (1 —73) +U1U36 w Ty +U2U3€Zw ‘rl}
{ 1 eriw*'rl* _ (]1 _ Ugefiw*'r;) + UlUsefiw*'rz* + UQﬁBeiw*Tf}
{ UsUs — UpUy e M*Tf}
—**Im {|U2U3 — UpT, e ™ 691}
=+ w*2|U2U3 - UoUl‘ sin (]51.
Hence,
o(w* € Q) = +sign {w*2|U2U3 — UpU,|sin ¢1} = 41. (3.39)

Theorem 3.4. For 2= aD - (iw*; 1, 75) # 0 and (11, 75) € T, the direction of character-
istic Toots s crossing the imaginary azis from left to right, as (171, 75) passes through
the stability switching curves to the region on the right (left) if sign{6(w*)} > 0
(sign {6(w*)} < 0).
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3.4.3. Hopf bifurcation

Taking the derivstive of 71 of Eq.(3.3), we can get that

[Ué(s) + U{(s)e‘”1 — 7 Ui(s)e™™ + Ué(s)e‘”2 — 1oUs(s)e™ "™

! ds
_s‘r-‘r‘r)_ —s(T1 4T e
+ Us(s)e (T1472 (11 + 12)Us(s)e (11 2)]dT1 [sUs(s)e™ "™ (3.40)
+ SUg(S)eis(ThLTz)]% _ SUl(S)e*STl _ SU3(S)€78(T1+T2) =0,
T1

where U, (s) is the derivaties of U;(s) (i = 0,1,2,3).
Eq. (3 22) can be written equivalently as follows:

ln(i Upe®T1 +U3 )

Ty = —UOeSTlJrUl . (341)
S

By Eq.(3.40) and Eq.(3.41), it can get that

AL W (3.42)

[ D sU, s’

dT1
where

V =UgUUs + UyUe ™ + (UyUrUs + UgUpUs)e*™ + UgUpUze®™
+ UgUze®®m =) 4 20 UpUse® (™),

D =sU2Uze™ "™ + 25U, UpUse ™™ + sU Uze™ (1 +72)
+ sUgU U™ + sUUZe* (=72 4 sURU, 4 sUgU, Us.

Let U;” and U;" be the real and imaginary parts of the derivative of U; (i =
0,1,2,3), respectively, and the real and imaginary parts of U;(s) (¢ =0, 1,2, 3) are
denoted by A; and B;, respectively. If s = wo(cos § +isin §) is a root of Eq.(3.3),
and 7, = 71 is a bifurcation point, then the following equation can be deduced by
calculation:

ds . _, _ ViDy 4+ VDo —WOB1U1T + UJoAlU{i

Re|— = ,
[dTl wW=wp,T1=T1 D% + D% ng% + (.nglz

(3.43)

where

Vi =Uy" A1 As — Uy’ By Ag + Uy A2 coswors + Uy’ A3 sinwors
+ (Uy" Ay Ay — Uy A By —Uy B1 By —Uy' A1 By +U," Ay As— Uy By As) cos woT1
— (Uy Ay Bo—Uy' By By + Uy Ay By +Uy Ay Ay +U," By Ag+Uy' Ay As) sinwoT
(U ApgAy — U0 '‘BoAgy — U0 ByBy — UO ' Ao Bs) cos 2woT1
— (
+ (

+

UyT Ao By — Uyt BoBy + Uy By Ag + Uyt Ag A) sin 2weT

U "Ay — U0 Bg) cos(2weT1 — woT2) — (U(’)iAQ + U(;TBQ) sin(2woT1 — woT2)
2(U0 Ay As — UO BQAg) cos(woT1 — wWoT2)

2(U0 ByAs + U0 ' Ay A3) sin(woT1 — woTs),
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Vo =Uy" B1Ag + Uy A1 Ag — Uy A2 sinwors + Uy’ A2 coswora
+ (Uy A1 Ay — Uy Ay By —Uy" By By — Uy Ay Bo+ Uy Ay A3 — Uy By As) sin wyT

U(;TAle — UO/iBlBQ —I—UO/TAQBI +U(31A1A2 —‘rU(;TBlAg—f—U(;iAlAg) COSWoT1

D,

Uy AgAs — Uy’ BoAy — Uy BBy — Uy' AgBs) sin 2wy

Uy AgBy — Uy BoBy + Uy By Ay + Uyl AgAz) cos 2wyT

+ (Uy" Ay — Uy By) sin(2woTy — wor2) + (Uy! Az + Uy Ba) cos(2woT1 — woT2)
+ 2(U(;T’A2A3 - UéiBQA?)) sin(weT1 — woT2)

+ 2(U(;’”BzA3 + U(;iAQA,f;) cos(woT1 — wWoTa),

— wo(241A2B1 + A7By — BBy + Ao A3 By + A1 A3By)

+wo(—ApA1B2 + ByB1 By — ApAaBy — A1 As By + 2A1 A3By) cosweT
—wo(AgA1 Az — BoB1As — AgB1Bs — A1 BBy — A3 A3 + A3 BY) sinwoT
— 2wo(As A3 By + A1 A3Bs) coswoTe + 2w (A1 As Az — A3 By By) sinwgTa
+wo(—2A1A2By — A%Bl + BlBS) coswo(T1 — T2)

— wo(—2A9B1 By + A1 A3 — A1 B3) sinwy (71 — 72)

— wOBlAg COS (JJ[)(?I + TQ) + woAlAg Sil’le(?l + T2)7

(
+(
+(
+(

Do =wo(—2AB1By + A?Ay — Bi Ay + AgAyAs — A3BoBy)

+ wo(—AgA1Bs + BoB1Bs — AgA2 By — A1 A2 By — 241 A3B1) sinwpT,

+ wo(AgA1As — BoB1Ay — AgB1By — A1 ByBy + A2 A3 — A3B?) cos woT
+ 2wo(AsA3By + A1 A3 Bs) sinwote + 2wg (A1 As Az — A3B1Bs) cos wyTs

+ wo(—2A1A2By — A3By + B1 B3) sinwy(T1 — 72)

+wo(—2A2B1 By + AlAg - AlBg) coswo(T1 — T2)

+ wo By A3 sin wo (T 4 7o) + wo A1 A3 coswo(T1 + T2),

1+ 72)m 17 QT
Ap :wglJr” cos % — agawy! cos 77 — ajjwg? cos 77 + ai1a09,
. m )T . N7 . 2T
By =w]' 7 sin it yw)r agowy’ Sin —— — ajjwg? sin ——,
2 2 2
_ v Yo
A =— b11w02 cos 72 + asoby1,
. 72T
By = — b11w]’ sin BN

_ 71 nm
Ag =agowy' cos 5 a11a22 — A12€21,

. NT
BQ :aggwgl S 77
Az = — ag2b11,
B3 =0.

(Hlo) : Re[

If the following condition holds:

ﬁ}—l _ WViDy +VeDy  —woBiU;” + woA Uy
dri’ lw=wom=r)  Di+ D3 wi A} + wi B

#0,

then the transversal condition is true.



Stability analysis of a fractional predator-prey system 999

Clearly, we can obtain the following theorem.

Theorem 3.5. When 11 > 0,75 > 0, and 71 # T2, the system (1.2) appears Hopf
bifurcation if (11, 72) € T, and (Hy) — (Hs) and (Hio) are true.

4. Numerical simulations

In this section, we consider the following system:

1 — z(t—71) 0.03(1-0.72)2>
Dna(t) = 2.5z(1 — 3001 )= 1+0.03><0.056(1—0.?7J2)a:27 (4.1)

_0.12x0.03(1—0.72) x> (t—72)y(t—72)
Dry(t) = 1+0.03X0.056(1—0.72)x22(g—7'2)2 — 1.2y = 0.1 x 0.5y,

where v = 0.9, 79 = 0.95.

For system (4.1), 8 — (d + ¢Eo)h = 0.05 > 0 and 1 — Z = 0.8182 > 0, then
(Hy) and (Hz) are true. There is a unique positive equilibrium J* = (54.55,10.71)
in system (4.1).

We can calculate aq; + by = 0.3409 — 0.4546 = —0.1137 < 0, then (Hs) is true.
From Theorem 3.1, the positive equilibrium J* is locally asymptotically stable with
71 =12 =0 (see Fig.1).

54.57 10.7135

54.56 10713
=
5455 107125

10.712

54.54
0

t S 107115

10.714

10.711 1
10.712
- /\/\/\ 10.7105}
10.71

1071

y(t

10.708
0

10.7095 L L L L
54.545 54.55 54.555 54.56 54.565 54.57
x(t)

(a) (b)

Figure 1. The positive equilibrium J* of system (4.1) is locally asymptotically stable when 71 = 0 and
72 = 0 with y3 = 0.9 and ~2 = 0.95.

When 71 > 0 and 75 = 0, we can calculate that wig = 1.7953, 7o = 0.8993
and Re[jjsl]_l\w:wwm:ﬁo = 1.8197 # 0. When 7y = 0.8 < 0.8993, the positive
equilibrium is locally asymptocically stable (see Fig.2). When 7, = 1 > 0.8993, the
system (4.1) occurs Hopf bifurcation (see Fig.3).

When 71 = 0 and 72 > 0, we can easily get that wyg = 1.2696, 199 = 0.2752
and Re[dd—T‘Z]_l\w:wmm:T20 = 2.3826 # 0. When = 0.2 < 0.2752, the positive
equilibrium J* of system (4.1) is locally asymptotically stable (see Fig.4). When
7o = 0.35 > 0.2752, system (4.1) occurs periodic solution (see Fig.5).

When 71 > 0, 72 > 0 and 71 # 72, we can get the graph of F'(w) (see Fig.6). It
has two different positive real roots 1.1965 and 1.8217. Then the feasible region is
Q = (1.1965,1.8217). When w € 2, we can calculate the stability switching curves
and the directions of change in stability of system (4.1) (see Fig.7). Fig.8 is an
enlargement of the lower left corner of Fig.7. The range of stability region of system
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Figure 2. The positive equilibrium J* of system (4.1) is locally asymptotically stable when 71 = 0.8 <
710 and 72 = 0 with v; = 0.9 and ~v2 = 0.95.
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Figure 3. The system (4.1) appears Hopf bifurcation when 7y =1 > 719 and 72 = 0 with ~;

Y2 = 0.95.
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Figure 4. The positive equilibrium J* of system (4.1) is locally asymptotically stable when 71 = 0 with

T2 = 0.2 < 10 with 713 = 0.9 and 2 = 0.95.
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Figure 5. The system (4.1) appears Hopf bifurcation when 71 = 0 and 72 = 0.35 > 729 with v3 = 0.9
and y2 = 0.95.

50

40

301

20

-20 .
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Figure 6. Graph of F(w) when v1 = 0.9 and ~2 = 0.95.

(4.1) is the green part of Fig.8. We finding any one point O = (0.315,0.2433) on the
stability switching curve in Fig.8. When 7 = 0.315, and 5 = 0.24 < 0.2433, the
positive equilibrium J* of system (4.1) is locally asymptotically stable (see Fig.9).
When 71 = 0.315, and 5 = 0.25 > 0.2433, system (4.1) occurs Hopf bifurcation
(see Fig.10).

In order to better compare the range of stability region of system (4.1) in two
different cases: (i) v1 = 0.9 and 2 = 0.95 and (i) 71 = 72 = 1, then when
v1 = 72 = 1, the stability switching curves of system (4.1) (see Fig.11) and an
enlargement of the lower left corner of Fig.11 (see Fig.12) are shown. The green
part of Fig.12 is the range of stability region of system (4.1) with v; = 72 = 1.
Comparing Fig.8 and Fig.12, we can find that the system (4.1) with fractional
order has widely stable region than the system (4.1) with integer order.

5. Conclusion

In this paper,we have investigated a fractional predator-prey system with two de-
lays and incommensurate orders. Taking time delay as bifurcation parameter, the
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0.7 q
0.6 q

o5 b

0 0t 02 03 04 05 06 07 08 09 1

Figure 8. The stable region of system (4.1) with v; = 0.9 and ~2 = 0.95.
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Figure 9. The positive equilibrium J* of system (4.1) is locally asymptotically stable when 7, = 0.315
and 72 = 0.24 < 0.2433 with v3 = 0.9 and 2 = 0.95.

stability and the existence conditions of Hopf bifurcation of system (1.2) have been
discussed in four cases:
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Figure 10. The system (4.1) appears Hopf bifurcation when 71 = 0.315 and 72 = 0.25 > 0.2433 with
~v1 = 0.9 and v2 = 0.95.
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Figure 12. The stable region of system (4.1) with v = 72 = 1.

(i) When 71 = 75 = 0, the local stability of the positive equilibrium of the system
(1.2) is analyzed by Routh-Hurwitz criterion.
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(i) When 73 > 0, 7o = 0 or 71 = 0, 72 > 0, the critical value of Hopf bifurcation

at the positive equilibrium of the system (1.2) is calculated by taking 7 and
T9 as bifurcation parameter, respectively.

(iii) When 71 > 0, 72 > 0, and 71 # 7o, applying the method of [10, 16], we

can calculate the stability switching curves and the directions of crossing, and
obtain the change in the stability of the positive equilibrium of the system (1.2)
and the existence of Hopf bifurcation as two delays change simultaneously.

From the discussion of the above cases, we can get the following results:

(i) Delay has an important effect on the stability of system. When the delay

crosses a critical value, Hopf bifurcation occurs in the system (1.2).

(ii) Contrasted the system (1.2) with integer order and fractional order, the latter

has widely stability region. The order has an effect on the stability of the
system.
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