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STATIONARY DISTRIBUTION AND
PERMANENCE OF A STOCHASTIC DELAY
PREDATOR-PREY LOTKA-VOLTERRA
MODEL WITH LEVY JUMPS

Chun Lu', Xiaohua Ding? and Lei Zhang!

Abstract In this paper, we propose and investigate an impulsive stochas-
tic predator-prey Lotka-Volterra model with infinite delay and Lévy jumps.
Sufficient criteria for permanence in time average and the threshold between
stability in time average and extinction are provided. For the corresponding
case without impulse, the easily substantiated sufficient criteria for stability in
distribution are derived. Our results demonstrate that, first of all, the coeffi-
cients related to infinite delay have some effects on permanence in time average
and stability in distribution; then impulsive perturbations play a prominent
part in keeping the permanence in time average despite the unfavourable factor
Lévy jumps causes.

Keywords Predator-prey Lotka-Volterra model, permanence in time aver-
age, stability in distribution, Lévy jumps, infinite delay, impulsive perturba-
tions.
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1. Introduction

In the past few decades, delay population model driven by functional differential
equations has attracted a great deal of attention [7,10]. In 1931, Brelot proposed
the classical predator-prey system with infinite delay(see page 200 in [7]):

%t(t) =Y1(t) (7”1 —enYi(t) — e /t Fy(t — S)Yz(s)ds),
dYs(t) ' - (1.1)
i =Y (t) (7”2 +ca1 [m Fi(t —s)Yi(s)ds — ngYg(t)),

where ry is the growth rate of prey Y7, ¢11 stands for the strength of competition
among individuals of Y7, ¢12 denotes the capture rate, ro is the growth rate of
predator Y5, co; represents the conversion rate, cos is the strength of competition
among individuals of Y. All the parameters in model (1.1) are positive constants.
There exists vast research and achievements of model (1.1) and its various of forms
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[7,10,11,35,48]. As the idea of weak kernel proposed by MacDonald [5], we consider
Fi(t) = 97 9; > 0,5 = 1,2. Then, by applying integral formula, model (1.1)
could be described as follows

0
d};lt(t) =Y1(t) (7"1 —enYi(t) - 012/ Yat+ g)dm(()),
dYs(t ’ N "
i =0 (e en [ 4 an () - o),
9

where 7;(¢) = €V is a probability measure on (—o0,0]. By using the method of
Theorem 2.1 in [48], we easily derive the conclusion that model (1.2) exists a positive
equilibrium z* = (27, z%) = (01/0, 02/0) which is globally asymptotically stable
if ©3 > 0, where © = cy1¢92 + ¢12¢21, ©1 = r1C22 + 12C12, 02 = T1Co1 + T2011,03 =
2c11622 — C12C21-

In reality, population models inescapably undergo white noise(see e.g., [12,13,
36,39,41,45,49]. Particularly, Wu et al. [41] researched the effects of white noise on
population models with infinite delay for the first time. In addition, [2,21-23,50]
pointed out Lévy jumps can reasonably describe random discontinuous phenomenon
many population models confront. Following the research approach, Mao et al.
[36] setted up the sufficient criteria for the existence and uniqueness of solutions
to neutral stochastic functional differential equations with infinite delay and Lévy
jumps. Liu et al. [13] discussed a general stochastic non-autonomous logistic model
with infinite delay and Lévy jumps. Consequently, introducing the two random
perturbations mentioned above, model (1.2) become the following form:

0

dYi(t) =Yi1(t) (7’1 —cenYi(t) —cio / Ya(t + C)d772(§))dt
FUVi (OB (0 +Yi(0) [ STt ),
(1.3)
dYs(t) =Ya(t) (7"2 + co1 /O Yi(t +<)dn(s) — 022Y2(t))dt

+ v Ya()dBa(t) + Ya(t™) / =, (u)(dt, du).
U

Here, for j = 1,2, Bj(t) denotes a white noise and v7 is its intensity, Y;(t7) =
hglyj(s), U C (0,+00), T(dt,du) = T'(dt,du) — \(du)dt, T'(dt,du) represents a

Poisson counting measure, \ is the characteristic measure of I'(d¢, du) with \(U) <
oo. Obviously, model (1.3) is a special case of model (2.1) in Mao et al. [36].

Recently, many scholars have shown much interest and enthusiasm in explain-
ing discontinuous phenomena by impulsive perturbations and have many achieve-
ments(see e.g., [5,30-32,52]). Taking account of the impulsive perturbations, model
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(1.3) is converted into the form

0
aYi(t) =Yi (1) (n — enY(t) — exo [ Yalt +)dns(s) )t + 1Y (1)dBy (1)

+Y1(t_)/51(u)F(dt,du), t £ty kEN,
U
Vi(t5)=Yi(tr) = kYi(te), k€N,

350 =10 (r2 4 en [ 4 i (6) — s a0

+ I/QYQ(t)ng(t) + Yg(t_) / Eg(u)l"(dt, du), t 75 t, k€N,
U

}/Q(t;)_YZ(tk) = LkY—Z(tk)a ke Na
(1.4)
where t;(k € N) is monotone increasing and ¢, — +o0.

Several papers have been devoted to the study of stability in distribution of
stochastic functional differential equations, see [3,4,6,29,44,46,53]. So far as any-
one can tell, permanence and stability in distribution are always hot topics in the
area of mathematical ecology. Recently, based on theory of Has'minskii [8] and
Markov semigroup method [33], Jiang et al. [16,17,48] first investigate stationary
distribution of stochastic population model with infinite delay. Nevertheless, ap-
propriate measure can not easily be found for lots of stochastic delay population
models because their forms are very complex and varied [39]. Moreover, the the-
ory of Has'minskii can not be applied to stochastic population model with Lévy
jumps [8,48,51]. To make up for the deficiency each other, Liu et al. [18, 19]
proposed an asymptotic approach to study the distribution of the stochastic pop-
ulation system with finite delay. However, to our best knowledge, no scholars
extend the method to one with infinite delay except for our work [20,23]. In
this paper, our aim is concerned with applying the asymptotic approach to es-
tablish the sufficient conditions for stability in distribution of model (1.3). In ad-
dition, we derive the sufficient conditions for permanence in time average, sta-
bility in time average, extinction, and the threshold between stability in time
average and extinction of model (1.4). In model (1.4), we set the initial posi-
tive value n = (1)1,72) which pertains to the phase space Cy (see [10,11]), where
Cy = {0 € C(=o0 0GR [ ¥ e, = sup_ e[u(s)] < +00}, g(s) = e % >0,

—oo<

[¥(s)] = V/¥3(s) + ¥3(s), (11(s),¥2(s)) € R% And definite the following notations:
. 1ot
R ={g9=(91,92) €R?| g; > 0,5 = 1,2}, (g(t)) =t~" [; g(s)ds.
For model (1.4), we make the following hypotheses:
(B1):14+J > 0,1+ Ly, > 0 and there exists a positive constant x which satisfies

IT (1+Jk) <2xci1and ca2 [] (14 Lg) > %c%l.
o<t <t O<tp<t

(B2):Fori=1,2, vq = ffoo e 2% dn;(s) < +oo,q > 0,9; > 2q.

(B3):—1 < Zj(u) < k,u € U,j = 1,2, where k > 0.

The noteworthy contributions of this paper can be stated as follows:

* Distinguishing from existing approach [48], the used method is a combined
the asymptotic method to investigate the distribution [18,19] and the phase space
C, [10,11].

* Different from previous literature [20], impulsive perturbations is introduced
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into model (1.1) and make it more different and complicated to copy with compared
with model (1.3) in [20]. And, the factor improves its availability and explains
biological significance perfectly well.

The remainder of this paper is organized as follows. Section 2 derives the exis-
tence and uniqueness of the positive solution of our model. Then in section 3, our
main results are provided. Finally, some numerical simulations are introduced to
validate the theoretical results in section 4.

2. Permanence and Extinction

Lemma 2.1. Under Hypotheses (B1)-(B3), for any given initial value n € Cg,
model (1.4) admits a unique global solution (Y1(t),Y2(t)) onR2 for allt > 0 almost
surely(a.s.).

Proof. Enlightened by Ref. [24,42,43], the content of proof are as follow. Consider
the following stochastic differential equation with infinite delay:

0
dZy(t) =Z(t) [rlf 11 (1+Jk)anl(t)—clg/ 1T (1+Lk)Z2(t+g)dn2(g)] dt
0<tp<t TR0t <t+<
+ Z/1Z1 (t)dBl (t) + Z1 (ti) / El (U)F(dt, du),
U

dZs(t) =Z(t) [rg + e /O II G+ 7070 +<)dni(s)

TR0t <t+s

_ H (1+Lk)022Z2(t)}dt—l—Vng(t)ng(t)—i-Zg(t_)/UEg(u)f‘(dt,du)
0<trp<t

(2.1)
with the same initial value as model (1.4). To proceed, we should certify that
model (2.1) exists a unique positive solution Z(t) = (Z1(¢), Z2(¢)) for all ¢ > 0 with
probability 1. Define a C?-function V : RZ — Ry as follows: V(Z) = Z; -1 —
InZy + Zy — 1 —InZ,. When Z(t) € RZ, one finds that

dv(Z2) :(Zl—l)(ﬁ— H (1+Jk)011Z1—012/0 H (1+Lk)Z2(t+§)d772(§))dt

0<trp<t TR 0<t<tts

+v1(Z1 — 1)dBy(t) + 0.50%dt + 74 / Z1(uw)A(du)dt
U

_ / In(14Z () A(du)di+ Z: / =, (w)D(dt, du)— / (142, (u))T(dt, du)
U U U

0
+(Zz—1)(r2+cﬂ/ [T (+70Zi(t+<)dm ()~ T] (1+La)esaZs ) dt
TOO0<t<t+s 0<tp<t
+V2(Z2—l)ng(t)+0.5y22dt+Z2/ Eg(u))\(du)dt—/ln(l+Eg(u))/\(du)dt
U U

+ZQ/UEg(u)f(dt,du)—/Uln(1+52(u))f‘(dt,du)

= |:T1Z1 — H (1 =+ Jk)anlz =+ H (1 + Jk)cHZl — C12Z1
0<trp<t 0<t<t
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0 0
X/ 1T (1+Lk)22(t+§)d772(§)+612/ IT +Li)Za(t+<)dna(s)
OO0t <t+s TR0t <t+s
0

+7’2Z2+021Z2/ H (1+Jk)Z1(t+§)dT}1<§)f H(1+Lk)62222277ﬁ2

P0<tp<t+s 0<trp<t
0
—021/ II a+azt+9dne)+ [[ A+Li)eaaZs —m
TR 0<tp <t+s 0<tr<t

+0.507 4+ 0.505 + Z4 /
U

E1(u)A(du) — / In(1 + = (u))A(du)

U
+ 7y /U S (u)A(du) — /Uln(l + Ez(u))A(du)}dt + (21 — 1)dBy (t)

+ VQ(ZQ — 1)dB2<t) + Zl/

21 (w)T(dt, du) — / In(1 4 Z (w))T(dt, du)
U

U

7 /U =, (w)T(dt, du) — /U In(1 + Z5(w)F(dt, du)

§|:T121— H (1+J}€)611212+ H (1+Jk)011Z1

0<trp<t 0<trp<t

0
+012/ [T O +Lw)Za(t +<)dma(s) + r2Zo + §C§1Z§
T 0<ti<t+s

+i 0 ( H (1+Jk)>2212(t+§)d771(§)— H (14 Li)coa 22

2
X J—co 0<tp<t+s 0<trp<t

0
—7“2—021/_ I G+70Z+9)dn)+ J] 1+ Li)easZ

O 0<t<t+s 0<trp<t

—r1 4+ 0507 +0.502 + 7, /
U

=1 (W) A (du) — / In(1+ 1 (u))A(du)

U
+ Zg/UEg(u))\(du) - /Uln(l + Ea(u))M(du) | di + 14 (Z) — 1)dBy (1

+ Z/Q(ZQ - 1)ng<t) + Zl /

21 (w)T(dt, du) — / In(1 4 = (w))T(dt, du)
U

U

A /U =, ()T (dt, du) — /U (1 + S5 (u))T(dt, du)
Z{(ﬁ +en [ a+ ch))Zl - I @+ 7)enzt

0<tp<t 0<tp<t

0
+C12[ H (1+Lk)ZQ(t+§)dle(§)+(gcgl— H(1+Lk)022)Z22
0

o<ty <t+s 0<tx<t
1 2
t5o [ (1 a+a0) Z2e+dm(©+( [Ja+Loea+2) 2
X J—o0 0<tp <t+s 0<ty <t
_r2—7"1+0.51/f+0.5V22+Zl/31(u))\(du)—/ln(l—i—El(u)))\(du)
U U

+ Zz/UEz(u)A(du) - /Uln(l +Ez(u)))\(du)}dt+y1(zl —1)dBy (1)
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+ 1/2(22 — ].)dBQ(t) —+ Zl /

21 (w)T(dt, du) — / In(1 + 2y ()T (dt, du)
U

U

+ Zo /U Zo (u)T(dt, du) — /U In(1 4 E(u))T(dt, du)

—G(Z)dt + /0 (TI o+ 0) 2+ dn ()

2
X J oo 0<tp<t+s

' 1+ L) Z o (6t — — 1400 22d
ven [ ] (L Zardm(@de— 5 Tl0+0) 22

P0<ty<t+s 0<tr <t
—en( [T 1+ Le)) Zadt +01(2Z1 = DB (1) + va(Zs — 1)dBa(t)
0<trp<t

‘2 /[U =, () (dt, du)— /U (141 (u))T(dt, du)+ Zs /U =, (u) T (dt, du)

_ / In(1 + S ()P (dt, du),
U

where
1 27, 4
G(Z) = |en H(1+Jk)—a< [T+0) |28+ (rten TT(+0)
0<tr<t 0<ty <t 0<tr<t
= — _X.2 2_ = —
+ _1(u)A(du))Z1 (022 [T +L0-36)2 Zo () (du) — 7
U 0<tp<t U
—ew J[ 4L —e [ 1+ Lk))z2 1 — 11+ 0.502 + 0.502
0<tp<t 0<trp<t
_ /(ln(l + 2 () (du) — /(ln(l + S (w))A(du).
U U
Using the conditions ] (14 Jg) < 2xc11 and coo [[ (14 Lg) > %cgl, one can
0<tr <t 0<tr<t
obtain G(Z) is capped. Obviously, (Y1(¢),Y2(¢)) =( [I (1+Jx)Z:(t), [ 1+
0<trp<t 0<trp<t
L) Z5(t)) is the solution of model (1.4)(see [24,42]). The rest of proof is analogous
to Lemma 2.1 and Theorem 2.1 in Ref. [24], we leave out it here. O

Theorem 2.1. Suppose that Hypotheses (B1)-(B3) hold, then model (1.4) has the

following property.

(DIf vy — 0.50% + [y In(1 + = (u))A(du) < 0 and lim sup [t—l S In(1+ Lk)} +
t—+oo 0<tp<t

r2 — 0.503 + [, In(1 + Zz(u))A(du) < 0, then both Y1 and Y tend to zero a.s., i.e.,

tliinooYi(t) =0 as.,i=1,2

(ID) If 71 —0.502 + [, In(1+Z (u))A(du) > 0 and limsup [t—l S In(l +Lk)} n
t—00 0<tr<t
2 —0.503 + [, In(1+Za(u))A(du) < 0, then Y, tends to zero a.s. and Yy is stability

in time average a.s., i.e.,

lim (Y1(2)) 0 050 + fU (1 + El(u)))\(du)’ a.s..

t—+oo C11

(1) If 1 —0.507 + [;In(1+ Z1(u))A(du) < 0 and
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lim inf [t’l 3 1n(1—|—Lk)] +ro—0.505 + [, In(1+Ea(u))A(du) > 0, then Y; tends

t—+oo 0<tr<t
to zero a.s. and Ys is permanence in time average a.s., i.e.,

lim inf (Y5(t))

t—+4o00

lim inf {t*l S In(l 4 Lk)} +rg — 0502 + [ In(1 + Zo(u))A(du)

t—+o0 0<trp<t

> , a.S.,
C22
lim sup(Y>(t))
t——+oo
lim sup [fl S In(1+ Lk)] 41y — 0.502 + [y In(1 + Z5(u))A(du)
t—+oo 0<trp<t as

C22

Proof. Employing Itd’s formula [25,26,40] to the first equation of model (2.1), we
derive

In Zy () — In Z1(0) = ( — 0502 + /ln(lJrEl(u)))\(du))t

—cn Z In(1 + Ji) Z1(s)ds
0 o<tr<s

~ens A / (14 L) Zo(s + <) (<)ds

© 0<tk <s+s

+ 11 Byt / /ln (1+Z4( f‘(ds,du)
:(7"1 — 050 + / In(1 + Eﬂu))A(du))t
t 0
—c11 / Yi(s)ds — 612/ Ya(s +¢)dna(s)ds

— 00

=+ 1/1B1 / / ln _‘1 (dS, du)

> (14 Jx) +InZi(t) — In Z1(0)

0<tp<t

= Z In(1 + Ji) + (7"1 — 0.5 + /Uln(l + E1(u))>\(du))t

0<tp<t

Then we have

—811/ Y1 8—612/ / YQ 5+§)d772( )d8+VlB1()

/ /ln (14 Z1(w))T(ds, du).

In other words, we get

InYi(¢t) —InY7(0)



Stationary distribution and permanence of a stochastic. .. 1335

= > In(1+J;)+ (7«1 —0.507 + / In(1 + El(u)))\(du))t —cn /t Y (s)ds

0<tp<t

—c12/ / Ya(s + ¢)dna(s)ds + v1 By (t) / /ln 1+ ZE1(u (ds,du).

(2.2)

For 7 = 1,2, direct calculation obtains

0
// Yi(s +<)dn;(s)ds
0 o

/Ot [/OOYJ(.9+<)dnJ( )ds+/0 Y;(s +<)dn;(s )}ds

t —s n (23)
= [fas [ ey, &HkWMM()/dM) (s + <)ds
0 e —<
t —s t4e
:/ ds/ eq(s+§)Y}(s+§)e_q(s+§)d77j(g)+/ dnj(c)/ Y;(s)ds.
0 —00 —t 0

Using the Hypotheses (B2), for j = 1,2, we obtain

t —s t 0
Aw/ @M%ﬂﬁﬂfm“WMOQWMAémw/ e~y (<)

— 00

t 0 1
—qgs _ 2 1 1 _
< ||TIHCQ/ e ds(/ € qudnj(C)) < =[Inlle, (vq) (1 — e~ 9).
0 —oo q

(2.4)
Putting (2.3), (2.4) into (2.2) gives that
Vi) - Yi(0) > 3 W1+ ) + (v —0.51/12+/1n(1+51(u)))\(du))t
O<tk<t U
t 0 t+s
7011/ Yl(s)dsfcm/ dng(g)/ Ya(s)ds
0 —t 0
1 L
—cr2—|[nlle, (vg)2 (1 — )
q
+ 1 Bi(t / / In(1+ Z4( (ds, du).
(2.5)

Similar methods could be adopted in the second equation of model (2.1). Then we
have

InYs(t) — InY5(0) = Z In(1+ L) + (7"2 —0.5v3 + /Uln(l + Eg(u)))\(du))t

0<tp<t

0
- 022/ Ya(s)ds + co1 / Yi(s +<)dni(s)ds

— 00

+ 19 Ba(t / / In(1 4 Z5(u))T(ds, du)
= 3 Wm+Ly+ (7’2 — 0502 + /Uln(l n Eg(u)))\(du)>t

0<tp<t



1336 C. Lu, X. Ding & L. Zhang

t 0
- 022/ Ya(s)ds + ca1 dm (<) / Y1 (s)ds
0 —t 0

t —s
+ ¢ / ds/ eIV (5 + )96+ dn, (¢) + va Bo(t)
0 —

+ /0 /[U In(1 + Za(u)(ds, du). (2.6)

(I): Suppose that r — 0.507 + [i;In(1 +Z1 (u))A(du) < 0 and

lim sup |t Z In( 1+Lk)} + 7y — 0.503 + /ln(l—l—Eg(u)))\(du) <0

t—=+oo 0<tn<t

By (2.2), we get

Yi(t) 1
t~'ln 1) <- Z 1n(1+Jk)+r170.5uf+/ln(1+El(u))A(du)+t*1y1B1(t)
Yi(0) ~t 0<tp<t U

+i / /ln 14 Z5(u))T(ds, du).
Whence, if 71 — 0.507 + [;In(1 + Z1(u))A(du) < 0, then
limsupt ' InY;(t) <ry — 0.507 + / In(1 + Z1 (w)A(du) <0
t—+oo U

Consequently, , lir+n Y1(t) = 0, a.s.. As in the previous analysis, by (2.6), we can
— 400

show that if lim sup [t‘l > In(1 —I—Lk)} 479 —0.503 + [;In(14Zs(u))A(du) <0
t—+00 0<tr<t
then lim Y2(t) =0, a.s..

(I1): Assume that 1, — 0.507 + [;(In(1 + Z1(u)))A(du) > 0 and

limsup |¢~! Z In( 1—|—Lk)} +/1n(1+52(u))/\(du)+7‘2—0.51/§ <0.
U

t—=+oo 0<tn<t

Since lim sup [t_l > In(1+ Lk)} + [y In(1 4 Ea(u))A(du) +ro — 0.505 < 0, then
t—+00 0<tp<t
by (I), we have , 1i$1 Y2(t) =0, a.s.. Therefore, for arbitrary & > 0, there is T' > 0
—+oo

such that for ¢t > T,
0 t+¢ t
tilcu/ d,u2(§)/ Ya(s)ds < tilclg/ Y5(s)ds <
—t 0 0

_ 1 1 _
3 1cl2a||€||6g(vq)2(1 —e€ qt) <

N

€
4
and
t'InY;(0) <e/2.
Plugging the three inequalities above into (2.5), we obtain for ¢ > T,

InY;(t { 3 (L4 i)+ - 0507 + /m( 2 (u )))\(du)—a}t

0<trp<t (27)

—cu/ Yi(s)ds + v By(t //ln 1+Z1(u (ds,du).
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And

InYi(t) g[ > In(1+Jk) + 71— 0507 + / In(1 + El(u))A(du)}t

U
0<trp<t (28)

—cn/OtYl(s)ds—&-VlBl(t)+/0t/Uln(1+El(u))I~“(ds,du).

By means of the condition 1 — 0.507 + / In(1+ =1 (u))A(du) > 0, for a sufficiently
U

small € > 0, we then have 7y —0.5V12—l—/(ln(l—i—El(u))))\(du) —e > 0. Using (I) and

U
(IT) in Lemma 4.1 in Appendix to (2.7), (2.8) and the arbitrariness of ¢ respectively,
we conclude that

r — 0.50% + /Uln(l + E1(u))A(du)

)

a.s..

lim (Y;(t)) =

t—+o0 C11

Analogous to the above analysis, the conclusion of (III) can be obtained and its
proof are left out. O

Theorem 2.2. For model (1.4), we let the Hypotheses (B1)-(B3) hold. Sup-
pose that the conditions r1 — 0.5vF + /ln(l + Z1(w)A(du) — c12H2 > 0 and
U

lim inf [t‘l > In(1+ Lk)} + ro — 0.503 + / In(1 + Zg(u))A(du) — ca1Hy > 0
t—r+00 0<tp<t U
hold, then for any initial data & € Cy, the solution (Y1(t),Y2(t)) of Eq.(1.4) has the
properties that

im 1 > .S. im i > .S.

lggigf(Yl(t)) > hi,a.s., ltlgligg’(Yg(t)) > hs,a.s.,

limsup(Y;(¢)) < Hy,a.s., limsup(Ya(t)) < Ha,a.s.,

t——+oo t——+oo
where
ry — 0.502 + / In(1 + =4 (u))A(du)
H, = U
1— )
11
lim sup [til > In(1+Lyg) +r2—0.51/22—|—/ln(1+Eg(u)))\(du)—|—021Hl
t—-00 0<tp<t U
H2 = )
€22
r— 0502 + / (1 + Z1 (w)\(du) — c1oHa
hl = — )
C11
timinf [0 5 In(1+Ly)| 40503+ / (14 S (1)) A(dut) — o1 Hy
A _ t=doo 0<tr<t U
g =

C22

The means model (1.4) will be permanence in time average a.s..
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Proof. For the solution (Y7(t), Ya2(t)) of model (1.4), j = 1,2, one can yield

/Ot /_000 Y;(s +<)dn;(<)ds

= [t s+ [ vits + o) as
Al

—S

/ds/ e Q'K)Y (s +¢)eals+o) dn;(s / dnj (< / Y;(
—t
:/ ds/ eq(s_‘—g)Y}(S+§)€_q(s+§)d7’]j(§)+ dnj(g)/ Y;(s)ds
0 — 00 —t 0
0 t+s
[ [ visas
—t t
t —s t —t t
=[] eevisrge g @+ [ Vit [ ano) [ V(s
t+<
+/ an(o) [ V(s
—t
/ds/ edlstoy Yi(s+¢)e” q(s+§)d77 /Y )ds— dr]] /Y

- / (9 /myj@)ds. (2.9)

Plugging (2.9) into (2.2), we have
In Y1 (t) —1In Yl (O)

= Z In(1 + Ji) + (rl —0.507 + /Uln(l + El(u))/\(du))t

0<trp<t

t t t —s
- 011/ Yl(s)dsfcu/ YQ(S)dS*Clz/ ds/ eQ(S“)YQ(s+§)e*“(s+g)dn2(§)
0 0 0 —00

+ 12 /0 dna(s) /t Yo(s)ds + c12 /_t dna(s) /Ot Ya(s)ds + 1B (t)

t+g —oo
/ /ln 14 E; (u)T(ds, du). (2.10)
Similarly, together with (2.6) and (2.9), we obtain
mYs(f) ~InYe(0) = > In(l+Ly) + (r2 0502 + / In(1 + Eg(u))A(du))t
0<tp<t U

t ¢
— 022/ Ya(s)ds + ca1 / Yi(s)ds
0 0

t —s
+ e / ds/ eAETIY (5 + ¢)e W dny (<)
0 —00

. [ Otdm(c) /ti Yi(s)ds — o1 [ : din (<) /O Vi (s)ds
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+ 9 Bo(t) + /Ol/Uln(l + Zp(u))T(ds, du). (2.11)

Making use of the conditions r; — 0.5v% + / (In(14Z1(u)))A(du) > 0 and (2.8), we
U
obtain

ry— 0502 + / (1 + =1 (u))A(dw)
U

lim sup (Y3 (t)) <

=Hy, a.s.. (2.12)
t—+o0 €11

When (2.12) and (2.4) are used in (2.11), we have
' InYa(t) — 1 InY3(0)

:(t—l > ln(1+Lk)+r2—0.5u§+/

[ n(1+2, (u))A(du)) —Caa (Yo (1)) + a1 (Y1 (1))
0<ty<t

t —s
+ tilcgl / dS/ €q(s+§)1/1(5 + C)eiq(SJrq)dnl (()
0 —00

. /0 dmn (<) /tt Yi(s)ds — tLem /t dm (<) /OtYl(s)ds

—t —0o0

+<
t

+t711/2B2(t)—|—t71/ /ln(l—l—El(u))f(ds,du).
0o Ju

S<tlo<%:<tln(1 + Ly) + 7o — 0.502 +/Uln(1 +Eg(u)))\(du)> — ean(Ya(1))

t——+o0

t
+ co1 limsup (Y (t)) + co1e +t Lo Bo(t) + 71 / / In(1 4+ Z5(u))T'(ds, du)
0 Ju

g(limsup [t‘l Z In(1 +Lk):|+T‘2—O.5V§+/h’l(1+52(u)))\(du)+021H1+021€)
t—rtoo 0<tn<t U
t
—CQ2<Y2@)>+t*1u232(t)+t*1/ /ln(l—l—Eg(u))F(ds,du)
0 U

(2.13)
for sufficiently large ¢t. Applying (IT) in Lemma 4.1 in Appendix to (2.13) and the
arbitrariness of €, we derive

lim sup(Ya(t))
t—+4o0
lim sup [til S In(1+ Lg)| + 72 — 0.503 + / In(1+ =3 (u))A(du) + c21 Hy
t—+00 0<tr<t U
B C22
=H,, a.s..

(2.14)
Substituting (2.14) into (2.10), and (2.4), we have

t'InYy(t) — t 1 InY;(0)
1
:<{ > ln(1+Jk)+7'1—0.51/12+/

In(1 + 3 (u))A(du) + 021H1)
0<ty<t U
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t —s
—c11{(Y1(t)) — c12(Ya(2)) — et / ds/ eq(s"’g)Yg(s + g)e_q(s"’g)dng(()

t

—t
Yé( >d5+012/ d772 / Y2 dS—l—t UlBl()

— 00

0
+cpat™! / dna(s)
t+¢

—l—t_//ln 14 E5(u))T(ds, du)

> (1~ 0507 — ennlly + /U In(1 -+ Z1 () Mdu) — erae) — e (Vi (1)
+tllel(t)th1/Ot/Uln(1+EQ(u))f(ds,du)
:(7’ —0.502 — c19Hy — 0128) — e (Y1(t)) +t vy By (t)
t—l/ /m 1 4 o (u))T(ds, du). (2.15)
From (II) in Lemma 4.1 in Appendix, (2.15) and the arbitrariness of €, we derive

ry — 0.502 + / In(1+ =1 (u))A(du) — c19Hs
liminf (Y7 (¢)) > U

t——+o00 - Cc11

= hl a.s.. (216)

Similar to the previous case, by (2.4) and (2.11), we find
t7 ' InYa(t) — 7 In Y5(0)

n ro — .V% n Eo(u u
S W1+ L) +ra = 0503 + [ (14 Za()) ()

O<tp<t

t —s
— c2(Ya(t)) + ca1(Yi(t)) + e / ds/ 1TV, (s + ¢)e ™9 (o)

¢ —t
—021t_1/ dmi (s ) Yl( )ds — co1t™ / dni(s / Yi(s
— 00

(2.17)
+t  By(t) 47! / /ln 14 Z5(u))T(ds, du)
2(1t151+i£of [t—l > In(1+ Lk)} + 79 — 0.503 + /Uln(l + Za(u))A(du)
0<tp<t
— 021H1 — 021€H1> — 622<}6(t)> =+ t71VQBQ(t)
+tt / / In(1 + Zo(u))T(ds, du).
Applying (IT) in Lemma 4.1 in Appendix to (2.17), we obtain

lim inf(Y>(t))

lim inf {til > In(l+ Lk)] + 7y —0.503 + / In(1 4 Za(u))A(du)

t—+oo 0<tp<t U (2.18)

C22
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Thus we have finished the proof of this Theorem 2.3. O

Corollary 2.1. When Hypotheses (B1)-(B3) hold, then model (1.3) has the follow-
ing property.

(DIf r1—=0.507+ [, In(1+E1 (u))A(du) < 0 and r2—0.503+ [;; In(1+E2(u))A(du) < 0,
then both Y1 and Yy tend to zero a.s., i.e., tliinooYi( )=0 as.,i=12.
(I1) If vy —0.502 + [, In(1 + 4 (u)A(du) > 0 and lim sup [t‘l S In(1+Li)| +

t—+00 0<tr<t

2 —0.503 + [, In(1+Z(u))A(du) < 0, then Ys tends to zero a.s. and Yy is stability
in time average a.s., i.e.,

lim (Y1 (t)) =—— 0.5 + Jyln( + E@DAA)

t——+o0 C11

(1) If 1 —0.507 + [;In(1+ Z1(u))A(du) < 0 and
—ry—0.503 + [, In(1+E2(u))A(du) > 0, then Yy tends to zero a.s. and Yy is stability
in time average a.s., i.e.,

lm (Yy(t)) = "2 0.503 + [y In(1 + Za(w))M(du)

, a.s..
t—+oo 622

Corollary 2.2. For model (1.3), we let the Hypotheses (B1)-(B3) hold. If the
conditions c11 > 0.5, ¢a2 > 0.5¢35;, 1 — 0.507 + [, In(1 4 1 (u))A(du) — a1oMy >0
and r2 — 0.503 + [;In(1 + Z2(u))A(du) — ag1 My > 0 hold, then for any initial data
e,

Hminf(Y7(t)) > mq,a.s., Uminf(Y5(t)) > me,a.s.,

t—+oo t——+oo

limsup(Y7 (t)) < My,a.s., limsup(Y2(t)) < Ms, a.s.,

t——+oo t——+o0

where

—0.50% + [, In(1 + 1 (u))A(du)

1= )

C11
M, T2 0.503 + [y In(1 + Ea(u))A(du) + co1 My |
C22
my — —0.502 + fU In(1 + = (u))A(du) — ClgMg’
11
- _To— 0.5v2 + fU In(1 + ZEo(u))A(du) — co1 My
2 = )
C22

That is, model (1.3) will be permanence in time average a.s..

Remark 2.1. The coefficient ¢12 in model (1.4) denotes the intensity of one infinite
delay. According to Theorem 2.3, we easily derive that ¢12 plays an negative effect on
permanence in time average of population Y7 (¢) in model (1.4) under the Hypothese
(B2).

Remark 2.2. In view of Theorem 2.2, we find that 71 —0.50F + [;; In(14+Z1 (u)) A(du)
is the threshold between extinction and stability in time average of population
Y1(t) in model (1.4) when Hypotheses (B1)-(B3) and limsup [t_l > In(l +

t—+o00 0<trp<t
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Ly)| + 72 — 0503 + [;In(1 + Zp(u))A(du) < 0 hold. In addition, we can also

conclude that lim inf {rl S In(l + Lk)} + 1y — 0503 + [, In(1 + Ea(u))A(du)
—+T0oo 0<ty <t
is the threshold between extinction and stability in time average of population

Y5(t) in model (1.4) under Hypotheses (B1)-(B3), lim inf [t_l S In(1+ Ly)| =
i=40oo 0<tp<t

lim sup [til > In(1+ Lk)] and r1 — 0.50F + [, In(1 4+ Z1(u))A(du) < 0.

t—+oo 0<trp<t

Remark 2.3. In the light of (I)-(III) in Theorem 2.2 and Theorem 2.3, for model
(1.4), it can be seen that the impulse can achieve favorable effect for permanence
in time average when the impulsive perturbations are within a controllable range.

3. Stability in distribution

In this section, we shall study sufficient conditions for the stability in distribution
of Eq.(1.3).
Hypothesis (B4). For model (1.4), there exist [; > 0and L; > 0s.t. ky < [ (1+
0<t <t
Ji) < Kjand ke < ] (14 Lg) < K, for all ¢ > 0, respectively.
0<tr<t

Definition 3.1. If there is a unique probability measure p with nowhere zero den-
sity in R% such that for arbitrary Y'(0) = (Y1(6),Y2(0)) = £ € Cj, the transition
probability p(¢,&,-) of Y (t) = (Y1(t),Y2(t)) converges weakly to p with ¢ — +oo,
then model (1.3) is said to be stable in distribution.

Lemma 3.1. When the Hypotheses (B1)-(B4) hold, then model (1.4) is global
attractivity under the conditions kic11 > Kico1 and kacas > Kacya.

Proof. Let (Y1(t),Y2(t)) and (Y{*(¢), Y5 (¢)) be two arbitrary solutions of Eq.(1.4)
with initial values n € Cy, n* € Cy, respectively. Suppose that the solution of Eq.

0

AOEAGIEEN | | (1+Jk)cuZl(t)—012/ [T 1+ L0 Za(t+<)dna(s) |t
0<tp<t TOO0<t<t+s
+ Vlzl(t)dBl(t) —+ Zl(ti) / El(u)F(dt, du),
U
0
dZy(t)=Z(t) [7“2 + 621/ H (I+Jk) Z1(t+<)dm (s)— H(1+Lk)02222(t)} dt
OO0t <t+s 0<tr<t

+ 1 Z5(8)dBa(t) + Zo(t) /U =1 ()T (dt, du)
(3.1)

is (Z1(t), Z2(t)) and the same initial values n € Cj; as Eq.(1.4). What is more, the
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solution of Eq.

dZ. (t) :Zl(t)[rl— I a+7enzi)

O<tp<t

—012/ (1 + Li) Z2(t + <)dna(s) | dt

o0 O<tk <t+g<

+ 11 Z1(t)dB(t) + Zl(t_)/UEl(u)F(dt,du),

. (3.2)

dZy(t) =Zs(t) [7’2 + c21 / H (1 + Jk)Z1(t + <)dm(s)

T 0<tp<t+s

- 1I (1—l—Lk)cmZg(t)}dt+y2Z2(t)dBQ(t)

0<tp<t

+ Z5(t7) / o (u)T'(dt, du)
U
is (Z7(t), Z3(t)) and the same initial values n* € Cy as Eq.(1.4). Then one can get

i)= ] A+7)2), Yat)= [ 0+ Li)Za(),

0<ty <t 0<trp<t
viey= [[ a+mwzie), 5wy = [ Q+L0zs@).
0<tp<t O<trp<t

Define

=3z 0) - w(z; |+C21K1/ /+ 1Z4(5) — Z(5)ldsdni ()

ek / / \Za(s) — Z5(s)|dsdna(s).
t+¢

Computing DTV (t), and by the It6’s formula, we can derive

DTV (t)

= Z sgn(Z;(t) — Z5 ())d(In(Z;(t)) — n(Z5(¢)))

0 0
tenk, / \Z0(t) — Z5(8)|dny ()t — en Ky / Za(t+ <) — Z(t+ o)\dm (s)dt

0 0
—|—012K2/ |Z2<t) — Z;(t>|d772(§>dt—012](2/ ‘Zz(t—f'C) — Z;(t+§)|d772(§)dt

— 00 —00

=sgn(Z1(t) — Z{ (1)) ( —en I @+a)@@) - Z0)

0<trp<t

cen( [T 0 L o)~ 5+ i) )

O 0<t <t+s

+sgn(Z(t) — Z; (t))( —cn |[ O+ Li)(Z0) - 20)

0<trp<t
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+c21(/0 H (1+Jk)(Z1(t+§)—Zf(t—i—c))dm(@))dt

TR 0<tp<t+s

0 0
L enk, / \Z0(t) — 22 (8) dny ()t — e Ky / \Z4(t+ v6) — Z(t+6)|dmy () dt

— 00

0 0
ey / \Z(t) — 25 (8) dna<)dt — 10K / \Za(t+<) — Z3(t-+)|dna(s)dt

0
< - 011k1|Z1(t) — Zf(t)‘dt + C12K2/ |Zg(t + §) — Z;(t + §)|d772(§)dt

0
— conks| Zo(t) — Z;‘(t)\dt—i—chKl/ Zu(t+ <) — Z2(s + 6 |dna()dt

—00
0

0
+C21K1/ |Z1(t)—Zf(t)|dn1(g)dt—cQ1K1/ | Z4(t+<) — 23 (t+<)|dm (<) dt

— 00 — 00

0 0
4 o1k / | Za(t)— Z2 (1) dna ()t — 1Ko / | Za(t+)0 — Z3 (t+)|dna () dt

= — (Cllkl — 621K1)|Zl(t) — Zr(t)‘dt — (0221{72 — 012K2)|Z2(t) — Z;(t”dt

Then it leads to
t
EV(t) <V(0) — / (c11k1 — 21 K1)E|Z1(s) — Z7(s)|ds
0

- /Ot(czzkz — c12K2)E[Z2(s) — Z5(s)|ds.
Consequently, we get
EV(t) + /Ot(cukl — 1 K1)E|Z1(s) — Z7(s)|ds
+ /Ot(cmk2 — 1o Ko)E| Zo(s) — Z5(s)|ds < V(0) < .

This together with k1c17 > Kico1 and kocos > Kaocio implies
E|Z;(t) — Z;(t)] € L'[0,+00), j=1,2.

The rest of proof is standard, we leave out it. O

Corollary 3.1. Let the Hypotheses (B1)-(B3) hold. If c¢11 > co1 and cag > c1a,
then model (1.3) is global attractivity.

Theorem 3.1. Suppose that the Hypotheses (B1)-(B3) hold. If c¢11 > co1, 22 > C12,
then model (1.3) is stability in distribution.

Proof. Now we claim that there exist three positive constants K (p), p and Ko,
such that

lim sup E(YF(t)) < Ki(p), (3.3)
limsup E(Yz(t)) < Ko. (3.4)

t——+o0
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The proof of inequality (3.3) is homologous to that of Lemma 3.1 in Li et al. [27],
hence could be left out. Now we confirm inequality (3.4). By Eq.(1.3), from It6’s
formula, one can see that

0
de'Ys(t) =e'Ya(t) [1 + (m — caYa(t) + e /_ Yi(t+<)dm (c))}
+ 10e' Yo (t7)dBs(t) + e Ya(t7) /U Eo(u)(dt, du).

Integrating Eq.(3.5) from 0 to ¢ on both sides, we have
eth (t) - }/2(0)

= /Ot e*Ys(s) [1 + (7“2 — c22Y2(s) + ca1 /_OOO Yi(s + <)d7]1(§))}d5
+ /Ot v2€°Ya(s7)dBa(s) + /Ot e’Ya(s™) /U Ea(u)T'(ds, du)
< /Ot e’ (Yg(s) [1 + (1"2 + /U Eo(u)A\(du) — CQQYQ(S))] + 0.5021Y22(5))d5

¢ 0 ¢
+0.5¢21 / e’ Y32(5 +¢)dni(s)ds + / v2€°Y3(s7)dBa(s)
0 —oo 0

+/Otesy2(3—)/UE?(u)f‘(ds,dU)
/ot es<(1 +ra+ / Eg(u))\(du)>Y2 (022 - *le)YQ (s ))d

1
—|—%021/ / Y32(s +¢)dni (s ds—l—/ va(9(s))e’Ya(s™)dBa(s)
0

+/OteSY2(s_)/UE2(U)f(d57du)

t 0 t
g(et—l)K+0.5p21/O e’ 3 Y12(s+§)dn1(<)ds+/0 v (9(s))e*Ya(s™ )dBa(s)

+/Otesﬁ(s_)/UEz(u)f(dSadu)v

where v > 0 is sufficiently small number satisfying kocoo — %021 > 0. Then

eEYa(t) - Ya(0) <(¢! —1>K++ / / EY2(s + o)dny (<)ds
=(e' = 1)K + —Q—gcm(et —1DK;(2).

Hence

limsup EY3(t) < K.

t—o0

The proof of inequality (3.4) is therefore complete. Therefore, for i = 1,2, E(Y;(t))
is uniformly continuous(see Lemma 2 in [37], Lemma 3.1 in [27], Lemma 3.2 in [28]).
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With the help of the Corollary 3.2 and Barbdalat’s work [1], the rest of proof is similar
to Lemma 3.2 in [38] and hence we skip the details to save space. O

Remark 3.1. The parameters ¢13 and co; in model (1.3) stand for the intensities
of two infinite delays, respectively. By Theorem 3.4, we find the coefficients ¢
and co related to infinite delay are unfavorable to stability in distribution of model
(1.3).

4. Numerical Examples

(a) (b)
o5l — Y, 1 — Y,
-l ——Y,(0) 5 <Y,
w w
‘ Y (t)
5 04 505t :
z | 3 R Mo
[o] o
o o
0.2 \ .
\
‘.\\
0 10 20 30 40 0 50 100 150 200
Time Time
(c) 1 (d)
08 Y, 08 Y,
8 s Yol e e
s <Y, 1> z 0.6 v,
:g -g \ <Y (t)>
(1] © \ — 5
E‘10.4 ‘\ S 0e I‘
o \ A \ o MW
o g2 \IM,.N,\ MVMW'\\'\.\/'«-;‘\’;F ,JLHNMMAM;.\._,Mﬂ,.,,\.\_,wd_w o 02 o MW“W
\
\‘.,,
0 —— 0
0 50 100 150 200 0 50 100 150 200
Time Time

Figure 1. Step size At = 0.001. The horizontal axis in this and following figures represent the time t. (a)
is with Ly = 0,21 (u) = —0.5; (b) is with L = 0,E;(u) = —0.17; (¢) is with L, = e” — 1,21 (u) = —0.5;
(d) is with Ly = e* — 1, 2 (u) = —0.3, Za(u) = —0.3.

To demonstrate our theoretic results, numerical simulations are given by the
Euler scheme [9] to discretize model (1.4).

In Fig.1(a)-Fig.1(c), we set the initial data (n1,72) = (0.7e®,0.4e®). Selecting
parameters 71 = 0.6,75 = 0.1,¢1; = 0.5,c90 = 0.22,¢12 = ¢21 = 0.1, = v3 =
0.12,Z2(u) = —0.5,J; = 0,t; = 10k. Then the positive equilibrium (%, %) =
(1.1083,0.91667) of model (1.2) is globally asymptotically stable. The nothing but
distinction in Fig.1(a)-Fig.1(c) is that Ly and Z; (u) are not identical. In Fig.1(a), we
choose L, = 0 and =4 (u) = —0.5. From (I) of Theorem 2.2, the population Y7 (¢) and
Y5(t) in model (1.4) tend to zero a.s.. In Fig.1(b), we choose Lj, = 0,Z1(u) = —0.17.
From (II) of Theorem 2.2, for model (1.4), the population Y5 tends to zero a.s., and
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(a) (b)

2 15
>_'_ 1.5 >_L\l 1
c c
S ]
T T
= 2 05
g 05 5
o o
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time %10° Time %x10°
c d
. (© . (@)
2 2
1 1
0 0
0 50 100 0 50 100
The density function of Y1 (t) The density function of Yz(t)

Figure 2. Step size At = 0.001. (a) and (b) is a sample path of model (1.3); (c) is the probability
density function of Yi(t) at time ¢ = 1000; (d) is the probability density function of Y2(t) at time
t = 1000.

Y7 is stability in time average a.s., i.e.,

lim (vi(t) = L= 0507 + [y In(1 + = () M(du)

=0.36, a.s..
t—4o0 C11

In Fig.1(c), we choose L = e” — 1 and =1 (u) = —0.5. In view of (IIT) of Theorem
2.2, for model (1.4), population Yi(t) tends to zero a.s., Ya(t) is stability in time
average a.s., i.e.,

lim (Ya(t))

t—+oo
lim [t_l > In(1+ Ly) + 72— 0.503 + [ In(1 4 Ea(u)A(du)
_ t=too 0<t <t
€22
=0.18, a.s..

In Fig.1(d), we consider Ly = e* — 1, Z;(u) = —0.3 and Z3(u) = —0.3. By comput-
ing, we can get

r— 0502 + / (1 + 4 (u))A(du)
U

limsup(Yy(¢)) < Hy =
t—+o0 €11

=0.36, a.s.,
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lim sup(Y2(t)) < Hs

t—+4o00

limsup [t71 Y In(1+ L) +r270.5u§+/ln(1+32(u)))\(du)
U

t—+o00 0<trp<t

C22
H
+ 2 59 g,
C22
lim inf(Y: (t))

r— 0.50% 4 / (1 + 24 (u)A(du) — c1a Ho
U

>hy = =0.25, a.s.,
€11
lim inf(Y>(t))
lim inf [tfl S In(l+ Lg)| + 72 — 0.503 + / In(1 + Za(u))A(du) — co1 Hy
i—=+o0 0<tr<t U
>hy =
C22
=0.218, a.s..

In view of Theorem 2.3, population (Y7(t),Y2(t)) in model (1.4) is permanence in
time average a.s..

In Fig.2, we consider the initial value (n1,712) = (0.3¢®,0.4e®),r; = 0.62,79 =
0.54,611 = 0.8,622 = 07, C12 = 0.3,021 = 0.2,1/12 = 0.5,1/22 = O.Q,El(u) = Eg(u) =
—0.3. From the Theorem 3.4, model (1.3) is stability in distribution.

Many population models always experience sudden changes in their structure
and coefficients, for example, Zhu and Yin [47] pointed out that the growth rates of
some species in the dry season will be much different from those in the rainy season,
and one may make use of a continuous-time Markov chain ((¢) with a finite state
space 1, --,m to explain these abrupt changes. For the sake of future research, we
establish the following definition.

Definition 1. For the following impulsive stochastic functional differential equation
with Markovian switching(ISFFDM):

0 0
ay (1) = (L. Y (1), [ Y(t+ o)dn(o). /_ Y (t+ 0)dpus (0)) di

—71
0

+G2(t,<(t),Y(t),/ Y(t+g)d1/2(g),/ Y(t+0)du2(9))dB(t),

—T2 —o00

0

t#te, keN,
Y(t)-Y(t) = L)Y (), k€N,

(4.1)
where Y (t+0), —o0o <0 <0, is Cy-value stochastic process, Cy ={y € C((—o0, 0];R?) :||

¥ lle,= sup_eT|i(s)| < +oo}, g(s) =€, q >0, [1(s)] = VYi(s) + - +i(s),

—00<s<0
(1(8),1ba(8), - - -, 1a(s)) € RY. For i = 1,2, v;(p) is a measure on (—7;,0], where
7:(i = 1,2) are constant. Iy > —1, ¢(¢) stands for the regime switching [14,34]. For

i =1,2, u;(0) is a measure on (—00,0], 0 < t; < tg < - - -,klirn txy = +o0o. The
— o0

initial condition Yy € Cy and ¢(0) = 0, where Yy = w = {w(#) : —co < § < 0} isan
Fo-measurable Cy-valued random variable such that ¥ € M?((—o0,0]; R?) which
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is the family of all Fyp-measurable, R%-valued processes 9(t),t € (—00,0] such that
E f t)|2dt < +oo. An Re-value stochastic process Y (t) defined on R is called a
solut1on of Eq. (4.1) with initial value above if Y (¢) satisfies the following criterion:

(i)Y( ) is Fr-adapted and continuous on (0, ¢1) and (tx, tkt+1), keN Gl(t g( ), Y(t),
f_ Y (t+o) dul fo Y (t+0)dui (0)) € L1 (R4 ; RY) and Gy (t, ¢ (t f_

0)dva(o f_ 0)dua(0)) € L2(Ry;RIX™). Here, for the eXplanatlons of

£1(R+, R?) and Ez(R ;RIX™)  see [24]. B(t) depicts a m-dimension standard
Brownian motion.

(ii)for each ti, k € N, Y () = hm Y(t) and Y (tx) = Y (¢, ) = lim Y (¢) a.s

t%t t—t,
(iii)Y'(t) obeys Eq. (4.1) for almost every t € [0,00)\tx and satisfies the impul-
sive criterion at each t = tx,k € N a.s..
Remark 4.1. Liu and Wang [15] proposed a new definition of a solution of an
impulsive stochastic differential equation (ISDE). We give the definition 1, which
extends the definition of a solution of ISDE to ISFFDM. In addition, it also gener-
alizes the definition 5 in Ref. [23].

Appendix

Assumption 1. There is a positive constant ¢ such that [, [In(1-+~(u))]*A(du) < ¢

Lemma 4.1 (Liu et al. [21]). Suppose that z(t) € C(Q x [0,4+c0), Ry) and let
Assumption 1 hold.
(i) If there exist two positive constants T and po such that

Inz(t) < pt — po fo s)ds + aB(t) + Z d; fo Sy In(1 + 7i(u (u))N(ds,du) a.s. for all
t>T, where p,a,d;,i=1,2, are constants then
limsup(z(t)) < p/po  a.s., if  p>0;

t—+oo (42)
lim z(t)=0 a.s., if p<O.

t——+oo

(i) If there exist three positive constants T, p and py such that Inz(t) > pt —

pofo s)ds+aB(t) +Z i fon In(14; (w))N (ds, du) for allt>T, then 11m1nf< (t)) >
p/po a.s..
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