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1. Introduction

In recent years a great deal of research has been devoted to the study of discontin-
uous problems. Since these problems describe processes that experience a sudden
change of their state at certain moments, they arise in the theory of the mass and
heat transfer, control theory, population dynamics, medicine, and radio science
(see [1,5-7,9-13,21-33]).

The Hamiltonian systems frequently occur in mathematical modeling of various
physical systems, for example, in the study of electromechanical, electrical, and
complex network systems with negligible dissipation (see [34]). Many researchers
have paid more attention to the Hamiltonian systems, for instance see ( [4,8,12-20]).
But there are few studies about discontinuous Hamiltonian systems [2,8,12,13]. This
paper deals with these systems. For these systems, the Titchmarsh—Weyl theory is
established. In the analysis that follows, we will largely follow the development of
the theory in [3,18,19].

2. Discontinuous linear Hamiltonian system
Consider the following discontinuous linear Hamiltonian system:

I'(Z):=JZ'(z) = Ba(z) Z(z) = ABy (z) Z(z), x € [a,c) U (c,b), (2.1)
where —00 < a < ¢ < b < 400, A € C; By(.) and By (.) are 2n x 2n complex

Hermitian matrix-valued functions, defined on [a,c¢) U (¢,b), and entries of this
matrices are Lebesgue measurable and locally integrable functions on [a, ) U (¢, b) ;
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By (z) is nonnegative-definite and
0 -1,
I, O
where I, is the identity matrix in C™.
We assume that the points a, ¢ are regular and b is a singular for the differential

expression I' (see [4,18]).
Let

L231 [(a, ¢)U(c,b) ;(CQ"]
c b
= {Z : / (B1Z, 2)can dx +/ (B1Z,2)can dx < oo}
with the inner product
c b
(2,Y) ::/ (B1Z,Y)c2n dx—i—/ (B1Z,Y)c2n dx
. b
= / YV*B, Zdx +/ Y*By Zdx.
a C

We assume that if I' (Z) = By F and B1 Z = 0, then Z = 0.
Let T is the 2n x 2n matrix with entries from R such that TJT* = J and let
01,02,&1,& are matrices satisfying

0107 + 0205 = I, (2.2)
o105 — o90] =0,
§i&] + &&= 1, (2.3)

&1 — &6 =0,

and rank (0‘1 02> = rank (51 §2> =n.
Now, we will impose the following boundary conditions:

¥Z(a) =0, Z(ct+) =TZ(c—), (2.4)
2Z (b)) =0, (2.5)
where
5 — g1 02 7 =_ 00
00 & &
and

—o<a<c<b <b<+4oo.

It follows from (2.4) that
TJEF =0,

and

EJE* =0.
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One can prove that Eq. (2.1) with conditions (2.4), (2.5) and ZZ (b;) = 0 defines a
regular, self-adjoint problem.
Let

-2

be the fundamental matrix for I' (£) = AB; Z satisfying

o1 =03

Z(a)=F =

o3 07
and ¢(c+) = Tp(c—), Y(c+) = T(c—). Then we have

(01 O’2> p(a) = Iy,
and
(01 Uz) Y (a) = 0.

Note that B
z* (x,)\) JZ (x,\) = J. (2.7)

3. Titchmarsh—Weyl functions and circles

In this section, we introduce Titchmarsh—Weyl functions and circles for the system
(2.1), (2.4).

Definition 3.1. Let

Yy, (#,0) = Z (x,\) L ,
My, ()

where Im A # 0 and M,, (A) is a n X n matrix-valued function Mj, (A) is said to be
the Titchmarsh-Weyl function for the boundary value problem (2.1), (2.4), (2.5).
Then we have the following theorem.
Theorem 3.1. Let
(616 )% (1.3 =0. (3.1)

Then, we have

My, (X) = — (E11b1 (b1) + Exta (b)) (101 (b1) + Ea02 (b1)),

and
Y;kl (blv )‘) JY&H (bla )‘) =0,

where & and & are defined in (2.5).
Conversely, if Yy, satisfies

Y;i (bla)\) J}/bl (bla)‘) = Oa
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then there exists &1,&o satisfying (2.3) such that

(&0 6) e, (1.2 =0,

and
My, (N) = — (&191 (b1) + &2 (5)1))71 (&11 (b1) + Ea02 (b1)) -
Proof. Let
(&)Y (1,0 =0.

01 Y1 I, B
(ae) (soz w) (Mbl (A)) -

Therefore, we conclude that

(€101 (b1) + &2tz (b1)] M, (A) + (€101 (b1) + €202 (b1)) = 0,

Then we have

and
My, (X) = — (E13h1 (b1) + Exta (b)) (€11 (b1) + Eapz (b1)) -

The inverse of the matrix &191 (b1) + &2 (b1) exists because Im A\ # 0, ie., A is
not an eigenvalue of the self-adjoint problem on (a, c) U (¢, by) . It follows from (3.1)

that
Y, (b1, ) = 0 G K,
I, 0 &
for
0-1,\ [¢&
(5152)( >(1)K0.
In 0 3
Then we get
I
(1 05, () Z° (b1, 0) T2 (b1, ) _0,
Mbl ()‘)
ie.,

Yi)*l (bh)‘) JY&H (blv)‘) =0.

Conversely, let
Yb*l (blv )‘) JY;M (bla )‘) =0,

i.e.

L,
* Z* (b1, \) JZ (by, A =0,
(1 Mz, (V) 27 (01, T2 (81, ) (Mbl (A))

for some M. If we set

(6r6)=(na ) 2 (01,0,

then we get the desired results. O
Now, we introduce Titchmarsh—Weyl circles.
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Definition 3.2. Let

Crw (b1,\) = (In My (A)) e L 0, (3.2)
o Cy 05 ) \ ay, (V)

where

C1 Cs ‘
( ) = —sgn(ImAX) Z* (b1, A) (J/i) Z (b1, N) (3.3)
Csy Cs

and Cp, are n x n matrices for m = 1,2,3. Then Cry (b1, ) is said to be the
Titchmarsh-Weyl circle for the boundary value problem (2.1), (2.4), (2.5).

From Definition 3, we have
Crw (b1, \) = (My, +C5'Co)" Cy (M, + C51Cs) + Cy — C3C51Cy
= (Mb1 - 04) K;2 (Mb1 - 04) - I(22 =0,
where Cy = —C3'Co, K% =C5', and K3 = C5C5'Cy — C).
Lemma 3.1. C3 > 0.
Proof. From (2.6) and (3.3), we have

C1 C; 0% s 0 il, p1 Y1
= —sgn (Im \)
Csy C3 Y1 ¥ —il, 0 P2 o

ey ( o (Ii)p @ <J/z'>w) |
v (J/i) o v (J/i) ¥

Thus, we get
C3 = —sgn (Im \) ¢* (J /i) 9.

A direct calculation gives

by

2Im A (/C V* Bydx + QZJ*Blwdac)
=0 (J/i) ¥ (b1) — " (J/0) ¥ (c4) + ¥ (J/i) ¥ (c=) = 4" (J/i) ¢ (a).
Since ¢* (J/i) v (a) = 0 and
(I Y (e4) = ¢" (J/i) ¢ (c—),
we get the desired result. O

Lemma 3.2. C§C3_1C'2 —-C1 = @71 > 0, where @71 = 6’3_1 (X) .
Proof. Using (2.7), one may get

Z(x,\)JZ* (z,X) = J.
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Then we obtain
J=—=1Z"(x,\)(J/) Z (z,\)]J [—Z* (:v,X) (J/i)Z (m,X)} ,
0 —1I, Cy C3 0-1,\ (CiC,

I, 0 Cy Cs I, 0 Cy Cy

because there is a sign change in the matrix when X replaces \. Thus

0=01C; — C3C1, —1I, = 01C3 — C305,
I, = CyCy — C5C1, 0= CyC5 — C5C3.

The last and second show that

G ' =C305'Cy - .

O
Corollary 3.1. K, = K|
Theorem 3.2. As by increases, C3, K1 and Ko decrease.
Proof. Since
c b1
C3 = 2|Im | (/a ¥ Byydr + ) 1/)*B;ﬂﬁd$> ,
we get the desired results. O

Corollary 3.2. The following limits exist

1111’1 Kl (bl,)\) = K(), hm K2 (bl,)\) :707
b1 —b b1 —b

where Ko > 0 and Ko > 0.
Theorem 3.3. As by — b, the circles Crw (b1, A) = 0 are nested.

Proof. The interior of the circle is

—sgn (Im \ * Z* (b1, \) (J/3) Z (b1, A " <0.
gn (tmA) (1, My, (V) ) 27 (b1, A) (J/0) Z (b1, ) s

From (3.2), we have

OTW (blvA)
c b1 1
—2|Im )| / YiiBiYodo+ [ Yy BiYida | £ (M;, = My,).
a

c

Thus, if M, is in the circle at b > by, then Cry (b1, A) < 0 at the point be. At the
point ba, Crw (b1, A) is certainly smaller, and so Cry (b1, A) is in the circle at the
point by as well. Crw (b1, A) = 0 are nested as by — b. O
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Theorem 3.4. The following limit exists

blligb Crw (b1, \) = C2yp.
Proof. From (3.2), we get
Crw (b1, ) = (My, (V) = D)" K * (My, (A) = D) = K3 = 0.
Then we have
(K7 (g, ) - DY ETT [K (M, ) = D) = L (34)
It follows from (3.4) that
U= Kt (My, (\) - D) K
where U is a unitary matrix, i.e., U*U = I,,. Hence
My, (\) =D+ K UK;. (3.5)

As U varies over the n x n unit sphere, Mj, (A) varies over a circle with center D.
Let Dy be the center at b}, Dy be the center at by, where by < b}. From (3.5),
we have

My, () = D1 + K1 (by) UL K1 (b)),

and

Myy (N) = Da + Ky (bY) U2 K (bY). (3.6)
Since Crw (b, A) C Crw (b}, ), we infer that

My (A) = Dy + Ky (b)) ViK; (b)), (3.7)

where V] is a contraction. Subtracting (3.6) from (3.7) gives

Dy — Dy = Ky (b]) UKy (V) — Ky (b)) Vi K (B).

Hence we get

V1 = D1 - D2 + Kl (b/l) VlKl (bll) .
Let us define a mapping YT by the formula
T (Us) =V.

T is a continuous mapping from the unit ball into itself. Hence, it has a unique
fixed point. Letting Us and V; be replaced by U, we conclude that

1Dy = Ds| = || B2 (81) UK () — K (8) UR (80)|

< 1K ()] ||Rx O7) — Ka ()

As b} and b} approach by, K; and K; have limits. The centers form a Cauchy
sequence and converge.

[+ 1 () — K (80 )| )
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A direct calculation gives
c 1
2Im A\ (/ * Brpdx —l—/ w*Blgodx> — ifnl .
Thus at b}, the center

D=-C;'Cy

- [2Im)\ (/Cw*Blwd:ﬂ—i—/ lzp*Blwdxﬂ
x l21m)\ (/C¢*Bl¢dx+/ lw*Blwdx> —ilnl.

Consequently, the limit limy _,, Crw (b], ) = Cyy. O
It is clear that

Cy==

M,, (\) = D+ K\, UK,

is well defined. As U varies over the unit circle in n x n space, the limit circle or
point C%y is covered.

4. Square integrable solutions
In this section, we study the number of square-integrable solutions of the discon-
tinuous Hamilton system.

Theorem 4.1. Let M be a point inside C%W < 0. Let x = ¢+ M. Then we have
x € Ly, [(a,c) U (c,b);C?"] .

Proof. Since
C bl 1
2 Im A / x*Byxdz +/ X*Bixdx | £ = [M — M*] = Crw (b1, A) <0,
1
a (&

we get

(& b] 1
< *Byxd *Byyde < ———— [M — M*].
0,/ax 1xw+/c X 1x:v,2i|1m)\|[ ]

As by — b, the upper bound is fixed. O

Lemma 4.1. Let rankK; and S (U)=K; UK., where U is unitary. Then we have
the following relations:

i) rankS (U) <,

i1) supy rankS (U) =r.

Proof. This is clear from the matrix theory. O

Theorem 4.2. Let m = n+r. ForIm \ # 0, there exists at least m square integrable
solutions of Eq. (2.1), n < m < 2n.

Proof. ¢ + Dy consists n solutions in the space L%, [(a,c) U (c,b);C?"]. As U

varies, (K 1U E) gives an additional linearly independent m —n solutions. By the
reflection principles, the number of solutions is the same for ImA < 0 or Im A > 0.
O
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Theorem 4.3. Let 1, (bll) < ...<vy, (b;) be the eigenvalues of C3 (b;,A) . Let
there be m, n < m < 2n, square-integrable solutions of Eq. (2.1), Im X # 0. Then
12 (b/l) <...<VUpmn (bll) remain finite and Vy,—n41 (b;) <..<vuvsy, (b/l) approach
infinity as b/1 —b.

Proof. Assume v (b'l) < (Y for all bll. Let ! be a unit eigenvector of C (bll, )\)
and let Xy, = wubll. Then we get

c b/1
2¢Im A </ XZ;leb’ldx+/ XZ;leblldx>

g 0" Ty (br) = w0 Ty, (@)
=isgn (Im \) ! -

Hence ,

¢ b P C
*/B /d >k/ B /d == —1 < 72
/a Xy 21X ”3+/c e TV Y

If we choose a subsequence (Mbll ) ’s that converge, then we get a square-integrable

solution x = tpu. Sine there are only m square-integrable solutions and xy = p+ My
comprises n of these, there can only be m — n such x ’s and only m — n finite v ’s.
O

5. Boundary conditions in the singular case

Let

Ze L% [(a,c)U(c,b);C*™] -

Z is locally absolutely continuous on [a,c) U (¢, b),

Dinax := { one-sided limits Z (c+) exist and finite,

JZ'(x) — By (z) Z () = By (z) F (z) exists in (a,c) U (c,b),
FelL% [(a,c)U(c,b);C*™], Z(c+) =TZ(c—), TJT* = J,

We define the maximal operator Ly,,x by the formula
LyaxZ :Fv
for all Z € Dpax.
Theorem 5.1. Let Z; be a solution of the equation
JZ_;(J)) = (ToBl + Bg) Zj,
where Im A\g # 0. Then for all Z € Dpax, the following limit
Ay, (2) = }}LI})Z;JZ

exists if and only if Z; € Ly [(a,c) U (c,b);C*"].
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Proof. From the equations
JZ'(z) — By (z) Z (z) = By (x) F (z),

and ~
JZ{(x) — Bz (z) 2 (x) = AB1 (2) Z; (2)
we get ,
(Z37Z) (z) = Z; (z) By () [F (z) — AZ (2)].

J
Integrating, we obtain

(2172) () = (272) (e4) - (2172) ) + (2}72) 0
+ / Z5 (x) By (z) [F (v) — AZ (v)] d=
+ /m Z5 (x) By () [F (x) — AZ ()] da. (5.1)

If Z; € L2B1 [(a,c) U (c,b);C?"], then as x — b, the integral in (5.1) converges, and
the limit lim, (2} JZ)(x) exists. Conversely, suppose that the integral in (5.1)
converges for all Z,F € L% [(a,c) U (¢,b);C*"] . From the Hahn-Banach theorem
and the Riesz representation theorem, we conclude that Z; € L% [(a,c) U (¢,b); C*"].

Suppose that g is fixed, where Im Ag # 0.

Definition 5.1. Let My, (X) = D + K UK, be on the limit circle. Let x (:z:,/\io) =
® (x,To) + (m,To) M ()\70) € LQB1 [(a,c) U (e, b) ;(Czn] and let x (%)\70) satisfies
the equation JZ'(z) = (AoB1 () + B2 (z)) Z (z) . Then we define Ay, (£) by the
formula

Ay, (2) = lim x (2, X0) J Z (2)
for all Z € Dpax-

6. A self-adjoint operator

In this section, we shall define a self-adjoint operator. We assume that the number
of solutions of Eq. (2.1) is m.

Let
Z el [(a,c) U (c,b);C?"]
Z is locally absolutely continuous on [a, ) U (¢, b),
one-sided limits Z (¢t) exist and finite,
D JZ'(x) — By (x) Z () = By () F (z) exists in (a,c) U (e,b),

Fe L% [(a,c)U(c,b);C*™],
$Z (a) =0,
Z(e+)=TZ(c—), TIJT* = J,

and Ay, (2) =0, Im Xy # 0.
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The operator L is defined by

L:D —L%, [(a,¢)U(c,b);C*]
Z—LZ =F ifand only if ' (Z) = B, F.

Now, we calculate the operator (L — I )_1. Let us consider the following non-
homogeneous equation

JZ'(z) — By (z) Z () = Mo B1 (z) Z (z) + By (z) F (2).

By using the method of variation of parameters, the substitution of Z = ZC| where
Z is the fundamental matrix, we obtain

JZK = B, F.

Hence

’

C =-JZ" (z,X) B F.
Integrating, we get
[5JZ* (t, M) By (t) F () dt
Z=-Z(x,No) + Z(z,M0) K,
+ [T JZ* (t, M) B1 (t) F (t) dt

where K is constant.
From the condition ¥Z (a) = 0, we conclude that

o1 09 oy —o3 K—o0,
00 o5 o}
or
1,0
" =0 (6.1)
00
Further,
0 0 _
Z* (z,20) JZ ()
I, M*
0 0 _ “JZ* (t, o) By (t) F (t)dt
__ 7+ (w,%0) I Z (x,\) Juz:( ﬁ O E
I, M* + [T JZ* (t,X0) B1 (t) F () dt
0 0 _
+ Z* (z,20) JZ (z,\) K.

I, M*
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Since Z* (x,)TO) JZ (z,\) = J for all z, we get

J£2% (t,%0) By (¢) F (t) dt
00 — 0 0
( ) 7" (2, %0) JZ (x) = ( )

I, M* I, M* . _
+ [7Z* (t, Xo) By (t) F (t) dt
Hence

00 0 —1I,
+ K
(In M*) (In 0 )
Ay (2) = lim x (2, X0) J Z (x)
z—

0 0 —
= lim Z* (z,20) JZ (x)
x—b In M*

N ( b )Z* (t,20) Bi (t) F () dt

I, M~
0 0
M* —I

. ( "o ) 2 (£30) B (1) F (1) dt

I, M*

By (6.1), we conclude that

/C(O 0 )Z*(t,)\o)Bl(t)F(t)dtJr/b(O ’ )Z*(tm)BMﬂF(t)dt
a \ I, M* ¢ \In M

I, 0
+ K =0.
M* —1,

. . I, 0 . . .
Since the matrix is its own inverse, we obtain
M* -1,

K:/c 00 Z* (t,X0) By (t) F (t) dt
a \ I, M*

+/b 00 Z* (t,M0) B1 (t) F (t) dt
e \ I, M*

and

Z:Z(mo)/c (2]\[;) Z* (£, %) By (t) F (t) dt



1398 B. P. Allahverdiev & H. Tuna

0 M*

+Z(a:,/\0)/b ( 00 )Z* (t, o) By (t) F (t) dt.

+Z($,)\0)/r (O ; ) Z* (t,20) B1 (t) F (t) dt

I, M*
Since M (Ag) = M* (Xg) and
X (,X0) = @ (2, 20) + 9 (2, 20) M (\o) € LE, [(a,¢) U (c,b);C*"],

we have
.23 )\0 t )\0 = (.I )\0) ¢* (t,)\o),
0M*
and
Z(l‘ )\0 t )\0 = (l‘,)\o) X* (t, )\0)
I, M*
Hence
c b
2:/ G (o2, t) By (t)F(t)dt—i—/ G o,z 8) By (8) F (£) dt,
where

Q
IN
~
INA
8
IN
s
8
N
o
-~
N
o

G()‘07$7t) — {X(Z‘,AO) w* (t7/\0)
Y (x, X)X (B, A),a<xz<t<b x#c t#c

Thus we obtain the following theorem.

Theorem 6.1. The resolvent operator of L is given by the formula

(L—\I)~ / G\, t)B () F (t)dtJr/bG()\,x,t)Bl(t)F(t)dt,

where Im A # 0 and

G\ z,t) ’
V(@A) x* (N N),a<zx<t<b x#c t#£c.

Theorem 6.2. If JZ'(x) — By (x) Z (z) = By (z) F (z), B1Z =0 implies Z = 0,
then the set D is dense in L% [(a,c) U (c,b);C*"] .

Proof. Suppose that the set D is not dense in L% [(a,c)U (c,b);C?"]. Then
there exists a G € L% [(a,¢) U (¢,b);C*"] such that G is orthogonal to the set
D. Let Y satisty Y € D, JY'(x) — Bz (2) Y (z) = Mo Bi (z) Y (x) + By (2) G () for
Im Ay # 0. Then for Z € D, we have

c b
O:(Z,G):/ G*B1Zdl‘+/ G*BZdx
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_ / 7Y (@) - Ba (@)Y () - B (0) Y (0)] 2o

*

b
+ / [JY () = B2 (2) Y (x) — Ao B1 (2) Y (z)] Zdx
_ / V(@) = Ba (1) Z (x) — AoBy (2) 2 (2)] da

b
+ / Y [JZ'(z) — By (x) Z (x) — X\oB1 () Z (z)] du.

Let JZ'(x) — B (z) Z (x) — Ao B1 (z) Z (z) = By (x) F (z) . Then we get

c b
0:(F,y):/ y*Ble:ch/ V*B, Fdz. (6.2)

Since F' is arbitrary, we take F' = ). From (6.2), we find that ) = 0 which yields
B1G =0and G=0in L% [(a,c)U(c,b);C*]. O

Theorem 6.3. L is a self-adjoint operator.

Proof. Let LZ — X\gZ =F and L*Z — \oZ =H (Im )\ # 0). Hence, we have

((L— AoI) ' F, H)
:/H (@) By () MCG(AO,x,t)Bl (t)F(t)dt] do

+/bH* (z) By (z) /bG(AO,x,t)Bl(t)F(t)dt dx

+/c"
:/ac {/:G()\(),%t)Bl (t)H(t)dtrBl (z) F (z) dx

b
/
[

= (P (L=XD) " H),

:/ MCG*(AW,t)Bl(x)H(x)dx]*Bl(t)F(t)dt

*

/bG* (\o,z,t) By (z) H (x)dz| By (t) F (¢) dt

*

/bG (o,,t) By (1) H (t) dt| By (2) F () da

due to G (Ao, z,t) = G* (To,x,t) .
By using the formula

((L D) UF, H) - (F (L = 2eD) H) ,
we get (L —XoI) = (L* —XoI) . This implies that L = L*. 0
Theorem 6.4. (L — X\oI) ™" (Im A # 0) is a bounded operator and

H(L - AOD_IH = |1m1A0|'
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Proof. Let (L — \oI) Z =F. Then
(Z,F)—(F,.2)=(A—X) (Z,2).
Using Schwartz’s inequality, we get
2|tm Aol [|Z]|* < 2| Z|| | |-

Hence

1
L- 1‘1FH< F
[ =200 Pl < o7

yields the result. O

Theorem 6.5. Let x (2, 0) = ¢ (2, o) + ¥ (2, 20) M (Ao) (ImAg # 0). Then we
have

iiir})x* (z,X0) Jx (2, Xo) = 0.

Proof. Since

n

X" (2,%0) Ix (@, 00) = (1, M= (M) ) 2° (2.30) T2 (2, )
M (Xo)

= (1. M7 (7)) —0,

we get the desired result. O
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