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EXISTENCE OF AT LEAST TWO SOLUTIONS
FOR DOUBLE PHASE PROBLEM

Bin Ge*' and Wen-Shuo Yuan!

Abstract This paper concerns with a class of double phase Dirichlet problem
depending of one real parameter. Under some appropriate assumptions, we
obtain the existence of at least two solutions for this problem using a direct
consequence of the celebrated Pucci and Serrin theorem. Our results generalize
some existing results.

Keywords Double phase problem, variational method, existence results.

MSC(2010) 35D30, 35J20, 35J60, 35J70, 35J92.

1. Introduction and main results

It is well-known that a great attention in the last years has been focused by many
authors on the study of double phase problems on bounded domains. In this di-
rection, we can refer to [3,5,6,9-14, 20, 23,24, 26-28] and references therein. For
more physical background, for instance, Lavrentiev’s phenomenonwe [25], quantum
physics [2], transonic flows [4] and so on. For other existence results on elliptic
equations with double phase operators we refer to the papers of Papageorgiou-
Radulescu-Repovs [18,19], Mingione-Radulescu [16]. We refer the interested reader
to [1,7,17,22] and references therein for recent regularity results.

Motivated by this large interest in the current literature, we are interested in
the existence of solutions of the following double phase problem

_ (P)
u =0, on 01,

{ — div(|Vul?"2Vu + p()|Vu|T2Vu) = Af(z,u), inQ,
where Q C RY is a bounded domain with smooth boundary 09, N > 2. X is
a positive real parameter, div(|Vu[P~2Vu + u(z)|Vul|9=2Vu) denotes the double
phase operator, 1 < p < g < N and

1 _
4 <1+ N Q — [0, +00) is Lipschitz continuous. (1.1)
p
Moreover, f: x R~ R is a Carathéodory function such that
(h1) there exist 1 < r < p* and some positive constant C' such that

|z, t) < CAL+[t"h),

where p* = NN—_’; is the critical exponent;
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(h2) there exist > ¢, M > 0 such that for any x € Q, |t| > M
0 < O0F(z,t) <tf(z,t),

where F(z,t) = f(f f(x,s)ds.

The aim of this paper is to present the existence of at least two weak solutions
for our problem when nonlinear term f satisfies (hy)-(hs) but does not satisfy the
usual additional assumption at zero, that is,

)

50 [t|p—1

= 0 uniformly in z,

which comes from [12]. This is a more natural and general case, but needs different
tricks and estimate. To overcome this difficulty, we shall use the Ricceri’s variational
principle due to Ricceri [21, Theorem 6] .

We are now in the position to state our main results.

Theorem 1.1. Suppose that (h1) and (h2) hold. Then, for every o > 0 and each

re (o Cs14 i Csid, ): (1.2)

where ¢, = max{(qa)%7 (qa)%} and s1, Sy > 0 are the best constants for the embed-
dings of W' (Q) — LY(Q) and Wy (Q) — L7(Q), respectively, the problem (P)
has at least two weak solutions one of which lies in

By = {ue Wy (@) : |lu]l < min{(g0)7, (g0}

The rest of this paper is organized as follows. In Sect. 2, we state some prelim-
inary knowledge on space WO1 H(Q) and the main lemmas. In Sect. 3, we prove the
main results.

2. Abstract framework

In this section, firstly we summarize some relevant results on the Musielak-Orlicz-
Sobolev space W™ (). For more details, we can see Refs. [5,8,15].
The Musielak-Orlicz space L (Q) associated with the function

H:Qx[0,+00) = [0,400), (z,t) — tF + p(x)td.
Thus, the Musielak-Orlicz space L (2) is defined

L7(Q) = {u : Q — R measurable : / H(z, lu|)dz < +oo}.
Q
On L (Q) we consider the Luxemburg norm

lulg = inf{/\ >0: H(m,|%|)daz < 1},

Q

Then the space L7 () is a separable, uniformly convex Banach space. We define
the generalized Musielak-Orlicz-Sobolev space W (Q) is defined by putting

WHE(Q) = {u e LH(Q) : |Vu| € LT (Q)}
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and it is endowed with the following norm
[ull = |ula + [Vula.

By VVOLH(Q)7 we denote the closure of C§°(€2) in W1 (Q). We recall that, thanks to
(1.1), the Poincaré inequality also is true. Furthermore, from Colasuonno-Squassina
[5, Proposition 2.18], it is known that |lu|| and |Vu|g are equivalent norms on
Wy H(Q). In what follows, we equip the space W, H(Q) with the equivalent norm
|Vu|g. Moreover, it is known that the embedding

Wt (Q) — L7(Q) (2.1)

is compact whenever v € [1,p*), see Colasuonno-Squassina [5, Proposition 2.15].
Furthermore, if we define the H-modular function

pulu) = [ (uP + p(o)lulde, vu e L7 (@),
Q
then from Liu-Dai [12, Proposition 2.1] we have the following facts:

min{luly, [ulf} < pa(u) < max{[ulf, [ul}}- (2.2)

Finally, we present the following abstract theorem which will play a crucial role
in the proof of Theorem 1.1. First, let us recall that the definition of the Palais-
Smale condition is as follows:

Definition 2.1. Let X be a real Banach space and X* its topological dual. We say
that I € C1(X,R) satisfies the Palais-Smale condition ((PS)-condition in short), if
any sequence u, C X satisfying

I(uy,) is bounded, ||I’(un)||x~ — 0,
contains a convergent subsequence.

Lemma 2.1 ( [21, Theorem 6]). Let X be a reflexive real Banach space, and let
D U : X — R be two continuously Gateaux differentiable functionals such that ®
is sequentially weakly lower semicontinuous and coercive. Further, assume that ¥
is sequentially weakly continuous. In addition, assume that, for each o > 0, the
functional I, := a® — U satisfies (PS)-condition. Then, for each o > ing((l)(u)
ue
and each
sup U(v) — U(u)
vEP—1(—00,0)

inf
@z u€<I>*11r(lfoo,a) o — (I)(’U/>

the following alternative holds: either the functional I, has a strict global minimum
which lies in ®~1(—oc0,0), or I, has at least two critical points one of which lies in
O~ 1(—c0,0).

3. Variational Setting and Proof of Theorem 1.1

Firstly, fix A > 0, we define the functional Iy : W' (Q) — R as

INO) :i/Q(;|Vu|p+M(qx)Wuq)dx—/QF(x,u)dx

1
() ~ V()
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where ®(u) = [o,(5IVul’ + %|Vu|q)dx and ¥(u) = [, F(z,u)dr. Under the
assumption (f1), we can easily check that ¥ is well-defined and of class C! on
W, (Q), and its Fréchet derivative is

(W' (u),v) = [ flx,uw)vde, Yu,v e Wy (Q).
Q

Furthermore, it follows that the functional I € C*(W, H(Q),R) and its Fréchet
derivative

(I3 (u),v) = %/Q(|Vu|p*2Vu + pu(2)| V|92 Vu) - Vuda + /Q fz,u)vde

for any u,v € W7 (Q).
Now, we say that u € Wy () is a weak solution of problem (P) if it satisfies

(@' (u),v) = M¥'(u), v)

for any v € W '" (Q). Hence, if if u € W™ (Q) is a critical point of the functional
I, then u is a weak solution of (P).
We are now turning to the proof of Theorem 1.1.

Proof of Theorem 1.1. Let X = Wy (Q), o > 0 and set a := +. By the
definition of ® and by virtue of (2.2), ® is coercive. Moreover, since ® is convex
and continuous, we can see that ® is sequentially weakly lower semicontinuous. It
follows from Rellich-Kondrachov compactness theorem that ¥ is sequentially weakly
continuous. In view of Lemma 2.1, it suffices to show that if,

(A7) the functional I satisfies the (P.S) condition;

(As) there exists ug € WolH(Q) such that Iy (tug) - —o0 as t — +o0;

(A3) we prove that

sup U(v) — U(u)
veEDP~1(—00,0)

L > 7( inf
—>7(0) =
A u€P—1(—o00,0) o — @(u)

We shall firstly show that the relation (A;) is valid. For fixed A > 0, suppose
that {u,} C X, {I)(uy)} is bounded and I} (u,) — 0 as n — +o0. Then by virtue
of conditions (h;1) and (hg), there exist constants Cy, ¢y > 0 such that

1
Cy >1\(up) :/(—Wun\p—i— M|Vun|q)dx—>\/ F(z,uy,)dx
Q Ap q Q

1 1
Zf/(\VunV’+u(m)\Vun|q)dx— f/ Un f (2, up)dz — ¢
q.Jq 0 Ja

(3.2)
171 1 1
=5|=- — 3 P q (I _
S5 = ) [T + a0 + 103 ). 0) =
171 1 1
>_ |- — — | mi P o _ T e
u[q | min{lfun1? llun |7} = 5125 ) lfun | = e

Since 1 < p < ¢ < 6, (3.2) implies that the sequence {u,} is bounded. As X is
reflexive, {u,} has a weakly convergent subsequence, without loss of generality, we
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may assume that there exists u € X such that u,, — u in X. Hence, owing to (2.1),
we conclude that

Uy, — win L7(Q) for vy € [1,p*). (3.3)

Furthermore, it follows from (h1), (3.3) and Holder inequality that

‘/Qf(%un)(un - U)dx‘ SC/Q(l + | — u)dz

<Ol = uly 4+ Cllun | ey =, Y
=Cuy, — uly + Clun|" Huy — ul, — 0.
Since u, — u it follows that
. ’ o _
Jm (13 (un), un —u) = 0. (3.5)
Taking into account (3.4) and (3.5) one has
. ’ _ : ’ .
ngr}rloo(q) (Un), Up —u) = )\ngr}rloo@/ (un), upn, — u)
(3.6)
=Xl n)(Up —u)dx = 0.

Since @’ is of type (Sy) (see [12, Proposition 3.1]), u, — u in X, we conclude that
un, — w in X. Therefore, the relation (A;) follows.

Let us second examine the relation (As). Indeed, we observe that by assumption
(h2), there exists a constant Cy > 0 such that

F(z,t) > Colt|?, Y(x,t) € Q x (=00, M] U [M, +00). (3.7)

Let up € X \ {0} and ¢ > 1, then we have

1 1
I\ (tug) =3 / (=|Vitug|? + @|Vtuo|q)dx - / F(z,tug)dz
t4 ’
SY (|VUO|p + @|VUO|q)d{E — Cgte/ ‘U(]‘gdfﬂ — 037
P Jo q Q

for some constant C3 > 0. In view of 1 < ¢ < 6, it follows from (3.8) that
I\ (tug) — —o0 as t — +00. As a consequence, we deduce that (As) holds.
It remains to prove (A3z). Let us fix ¢ > 0. Obviously, 0 € ®~!(—0c0, ). Then,
we conclude that
sup U(v)

veEP—1(—00,0)

7(0) <

Using (h1) and (2.1), we deduce

g

U(u) :/ Fa,u)dr < C/ (lul + u|")dx = C(fuly + [ul;)
Q Q
<Csi|lul| + Csplull",

(3.9)
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where s1, s, are the best constants for the continuous embeddings X < L'(Q2) and
X < L"(Q), respectively. Now, for each u € ®~1(—o00, 0), it follows from (2.2) that

1
qo > q®(u) zq/ (=|Vul|? + M|Vu|q)dx
QP q
Z/(|Vu|p—|—a(a:)|Vu|q)dx
Q

Il it el > 1,
= Ul it ful < 1,

and consequently
l[ull < 4o, (3.10)

where ¢, is defined in Theorem 1.1.
Therefore, combining (3.9), (3.10) together with (1.2), we have

1 Csi1q, + Cspq” 1
— \\ < ——7 - 70
a u€¢*sllélzoo,a) (U) o 9 A (311)

and the relation (As) follows.

Therefore, all the assumptions of Lemma 2.1 are satisfied, so that, the problem
(P) has at least two weak solutions one of which lies in ®~!(—o0, ). The proof of
Theorem 1.1 is now complete. O

Remark 3.1. If we assume that k(o) := &, —Fz;= with o > 0, then one has

max k(o) < 400 since 7 > ¢ > p. Therefore, in this case, for each A € (0, max k(o))
>0 >0

Theorem 1.1 ensures the existence of at least two weak solutions. Among other
things, compared with the results obtained by [9,12], our results are new and very
different because of the following facts:

(C1) assumption (hy) is somewhat weaker than (fz) in [12, Theorem 1.3] or (hs)
in [9, Theorem 1.3];

(C3) in our results, there is no need to assume

(hy)  Tim 250

t—0 ‘t|1”*1

= 0 uniformly in x;

(C3) Theorem 1.1 (and its consequences) represents a more precise version of
Theorem 1.3 in [12].

Remark 3.2. It is easy to check that the following the nonlinearities f satisfy
assumptions (hy) and (hs):

14 rt" 1, ift >0,
f(.%‘,t) = r—1 -
1—r(=t)", ift<0,

where r € (1,p*). But it does not satisfy the assumption (hs).
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