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BIFURCATIONS AND EXACT SOLUTIONS OF
THE OPTICAL SOLITON MODEL IN
METAMATERIALS DOMINATED BY

ANTI-CUBIC NONLINEARITY™*

Qiuyan Zhang"f

Abstract Optical soliton model in metamaterials, dominanted by anti-cubic
nonlinearity, is investigated by the method of dynamical systems. By using
travelling wave transformation, the model can be converted into a singular
integrable travelling wave system. Then we discuss the dynamical behavior
of the associated regular system. Further, all bounded exact solutions of the
model can be calculated because of its integrability. Finally, twenty exact
explicit parametric representations are derived.
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1. Introduction

Optical metamaterials have become one of the attractive research topics in the
context of optical fibers. There are many results obtained in the study of optical
solitons in nonlinear meatamaterials (see [10,12,16,17,19-25]). The propagation
of pulses in nonlinear metamaterials can be described by the form of the nonlinear
Schrédinger equation. Some forms of nonlinearity have been addressed in this con-
text, such as non-kerr law, self-steepening and nonlinear dispersion. Various kinds
of non-kerr laws include power law, parabolic law, dual-power law, saturating law,
exponential law, log law, triple-power law and so on. If the dominant non-kerr law
effect is considered to be in the form of anti-cubic type and Hamiltonian perturba-
tion terms include inter-modal dispersion, self-steepening and nonlinear dispersion,
the governing equation of this model has the form

i + aqug + (brlg|™* + b2lq® + bsla|*)q
=ilag: + B(191°0)z +7(121*)2q] + 01(1¢1*Q)zx + O2]a|*Gua + 0367, (1.1)

where ¢(x,t) represents the wave profile, which is a complex-valued function of the
spatial variable 2 and the temporal variable t. * denotes complex conjugate. The
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first two terms on the left of equation (1.1) account for the temporal evolution and
the group velocity dispersion.The next three terms stand for the nonlinear influence
of non-Kerr law, where b;-term introduces the anti-cubic effect and other two b;-
terms account for parabolic effect. The right of equation (1.1) are the Hamiltonian
perturbation terms. The perturbation terms with «a, 5 and v denote inter-modal
dispersion, self-steepening and nonlinear dispersion, respectively. The remaining
three perturbation terms with 6; (i = 1,2,3) arise from optical metamaterials.

Equation (1.1) is a generalization of the model that was reported and studied
earlier in [3]. It has been considered by many authors using different integration
methods. In [4] and [5], Biswas et al. considered equation (1.1) in the case by =
bs = 0 and obtained bright, dark and singular 1-soliton solution using the ansatz
approach and the simplest equation approach. Afzal et al. discussed equation
(1.1) for « = 8 = v = 6; = 0 in [1] and gave the constraint conditions for the
existence of optical dark and dark-singular solitons. Kader et al. studied the case
3601 — 62 — 63 = 0 using the Lie group method and obtained the explicit forms
for dark and bright soliton solutions and the Jacobian elliptic function forms for
the doubly periodic solutions in [11]. For #; = 0 and 6y + 03 = 0, Foroutan
et al. applied the extended trial equation, the improved G’/G-expansion method
in [8] and the improved tan(¢(€)/2)-expansion method in [9] and retrieved bright,
dark and singular soliton solutions. Ekici et al. also considered the case using the
extended trial equation method and obtained bright and singular solitons in [7]. Al-
Ghafai and Krishnan [2] still analyzed the case and applied four integration schemes,
namely, the projective Riccati equations method, the new auxiliary equation method
the new mapping method and the Bernoulli sub-ODE method, and obtained various
types of exact soliton solutions and some other solutions such as trigonometric
solutions, Jacobian elliptic solutions and rational solutions. However, the obtained
results are still incomplete.

In this paper, by using dynamical system method, we consider the solutions of
equation (1.1) having the form

q(z,t) = p(&)e =W & — g — ut. (1.2)
Substituting (1.2) into (1.1) and separating the real and imaginary parts, we have

[a — (301 + 0 + 03)¢?]¢" — Ap+ b1~ > + 0¢° + b3od® — 6010(¢')2 =0,  (1.3)
(v+ o + 2ak) + [38 + 27 — 2k(301 + 05 — 05)]¢* = 0, (1.4)

where A = w + ak + ax?,0 = by — kB + (01 + 0 + 03)k?, the notation ¢’ = %.
From the imaginary part equation (1.4), upon setting the coefficients of linearly

independent functions to zero gives the relations:
v=—(a+2akK), 30+ 2y =2k(301 + 02 —03). (1.5)

Similar to [2], in this paper, we assume that 6; = 0 and 5 + 65 = 0. In this case,
we see from (1.5) that

Y —a? +daw 072ab2+a6+ﬁ'y 0. — a(38 + 2v)
- - 7 S e A el A P B M A

A
4a ’ 2a ’ 2(a +v)

(1.6)

Equation (1.3) reduces to
ad” — Ao+ b1~ + 0¢® + bzp® = 0.
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which is equivalent to the planar dynamical system

do dy — —bi+2p* —0¢® — b3¢®
=y, == 3 . (1.7)
de de ad
System (1.7) has the first integral for a # 0
1/1 1 b
_2 (L e L a4y 2 01
Hi(o) =97+ (3tad® + 500" =26 - ) = (18)

Clearly, system (1.7) with a # 0 are the singular nonlinear traveling wave system
of the first class defined in [13,14] and [15]. It is very interesting that singular
traveling systems have peakon, pseudo-peakon, periodic peakon and compacton
solution families. Periodic peakons are classical solutions with two time scales of a
singular traveling system. Peakon is a limit solution of a family of periodic peakons
or a limit solution of family of pseudo-peakons under two classes of limit senses
(see [18]). Compacton family is a solution family of system (1.4) for which all
solutions ¢(§) have finite support set, i.e., the defined region of every ¢(£) with
respect to £ is finite and the value region of ¢ is bounded. Corresponding to different
types of phase orbits, in [13,14] and [15], the authors gave rise to a classification for
different wave profiles of ¢(¢). For system (1.7), we use the method of dynamical
systems to investigate their dynamical behavior and to find all possible exact explicit
parametric representations for all bounded solutions ¢(&) of the systems.

This paper is organized as follows. For a fixed a > 0 and varying by, in section
2, we discuss bifurcations of phase portraits of system (1.7) and exact solutions
when 72 — o2 + 4aw < 0,2abs + a3 + By > 0 and bz < 0. In section 3, we consider
the same problems of system (1.7) under the parameter condition 2 — o + daw >
0,2aby + aff + By < 0 and b3 > 0.

The main result of this paper is the following theorem, which can be proved in
next two sections.

Theorem 1.1. Assume that the parameters in equation (1.1) satisfy 61 = 0,602 +
03 = 0. For a fized a > 0, the following conclusions hold.

(1) When 72 — a? 4+ daw < 0,2aby +af + v < 0 and bz > 0, the travelling wave
system (1.7) of equation (1.1) has the phase portraits as shown in Fig.1. Equation
(1.1) has the exact explicit solutions with the form (1.2) and ¢(§)s are given by
(2.6)-(2.16).

(2) When 72 — a? +4aw > 0,2aby +af + By > 0 and bz < 0, the travelling wave
system (1.7) of equation (1.1) has the phase portraits as shown in Fig.4. Equation
(1.1) has the exact explicit solutions with the form (1.2) and ¢(§)s are given by
(3.2)-(3.10).

2. Case I: a > 0,72 — a® + daw < 0,2aby + aB + By <
0,b3 >0
In this section, we consider bifurcations of phase portraits of system (1.7) depending

on the parameter group (a, A, by, 0, b3), where A and o are defined by (1.6). We study
the associated regular system of system (1.7) as follows:

d d
«T? = ayd®, 5= —hi+ 6" 0= 00 — o), (2.1)
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where d¢ = a¢3d(, for ¢ # 0. System (2.1) has the same first integral as (1.7).
But the vector fields defined by system (1.7) and system (2.1) are different (see [13]
and [17] ).

2.1. Phase portraits of system (1.7) for Case I

Assume that 72 — o + 4aw < 0,2aby +afB + By < 0,b3 > 0, it is equivalent to that
a>0,A<0,0<0,b3>0.

Write that F(¢) := —b1+¢*Fy(¢), Fu(¢) := A—0d? —bsp?, then F'(¢) = ¢3(4\—
60¢? — 8bspp?). We always assume that by # 0 and A := 02 + 4\bs > 0. Because
function F(¢) is an even function of ¢, to investigate the equilibrium points of
system (2.1), we only need to discuss the positive real zeros of function F'(¢). Under
mentioned parameter conditions, we know that F(—oo) = F'(c0) = —o0, F(0) =

—b; and F’(ém) = 0, where ¢; = z (—%) R - 3 (%) *and Ap =
902 + 32b,bs. Denote that

(30’ —+ A1)2(30'2 + 16\b3 + O’\/Al)

Fy" = §{Fu(¢n) = 20483 . (2.2)

FY = by = E VRS CI 10 oV oy
3

b 1=~ [5hs(61 + 6303 + 83) + 5o (8% + 6) A (24)

It is easy to obtain that the following conclusion hold.

(i) When b; < Fj", the function F(¢) has only one simple positive zero ¢s.

(ii) When b; = F}", the function F'(¢) has a simple positive real zero ¢35 and
one double positive real zero ¢; = ¢s.

(iii) When Fj* < by < 0, the function F(¢) has three simple positive real zeros
¢j,j =1,2,3. In addition, if by = by < 0, we have Hy(¢1,0) = Hy(¢3,0).

(iv) When b; = 0, ¢1 = 0 is the zero of the function F(¢) and there exist two
other simple positive real zeros.

(v) When 0 < by < FM | the function F(¢) has two simple positive real zeros
¢j7j = ]-7 2.

(vi) When b; = FM | the function F(¢) has a double positive real zero ¢o = ¢3.

Let M (¢;,0) be the coefficient matrix of the linearized system of system (2.1) at
an equilibrium point E;(¢;,y;) and J(¢;,y;) = detM(¢;,y,;). We have J(¢;,0) =
fagb;?F/ (¢;). By the theory of planar dynamical systems (see [13]), for an equilib-
rium point of a planar integrable system, if J < 0, then the equilibrium point is a
saddle point; If J > 0 and (TraceM)? — 4.J < 0(> 0), then it is a center point (a
node point); If J = 0 and the Poincaré index of the equilibrium point is equal to
zero, then the equilibrium point is a cusp.

Write that h; = Hi(¢;,0), where Hi(¢,y) is defined by (1.8). For a fixed
parameter group a > 0, A < 0,0 < 0,bs > 0, by varying the parameter b;, and using
the above information to do qualitative analysis, we have the following bifurcations
of the phase portraits of system (1.7) as shown in Fig.1. It should be noted that
we take fixed parameter group: (a, A\, o,b3) = (1,—7.8,—3.9,0.45) in Fig.1. In this
case, Fj" = —7.27571243, FM = 13.0850874, b; = —3.5645.
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Figure 1. The bifurcations of phase portraits of system (1.7) as by is varied.

2.2. Exact parametric representations of the orbits given by
Fig.1

We see from (1.8) that

1 1/1 1~
2 2 8 6 4
b3 < 3b1 3ah

3\ 30
_ bs f 901 oah o OA 4 90 g g
= a? » + by o) +b3d> 2b3¢> ¢>).

Y

Thus, by using the first equation of system (1.7), we have

dby, _ /w dp

3a> 3by | Bah, . 3\ 30 ’
Yo \/_T; + KQ/’JF Edﬂ _ ij _¢4

wol = (2.5)

where 1) = ¢2. Applying (2.5), we can calculate the exact parametric representations
of the orbits given by Fig.1.

(i) Fig.1 (a). In this case, in the right phase plane, system (1.7) has only one
positive equilibrium point E3(¢s, 0).

Corresponding to the right family of closed orbits defined by Hy(¢,y) = h,h €
(h3,00), enclosing the left equilibrium point Es3(¢s,0) in Fig.1 (a), (2.5) has the
form

» di
v (/e = 0) (0 — ) [(¥ — b1)? +

It gives rise to the following periodic solution family of system (1.7):

wof =

1

) b ’
P(§) = <a1 1T dwn(ﬂﬁ,k)) ; (2.6)
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where cn(-, k) is the Jacobian elliptic function (see [6]), &; = %,ﬁvl =
24; B, (1— . - a=)*=(A1=B1)*
Pt ay = B 0 = woVABL k2 = Wt B AR = (g, -

b1)2 + b2 and B2 = (¢, — by)? + 2.

(ii) Fig.1 (b). In this case, we have ¢1 = ¢2, h; = ho.

Corresponding to the right family of closed orbits defined by Hi(¢,y) = h,h €
(hs, h2), enclosing the right equilibrium point E3(¢s3,0) in Fig.1 (b), it has the same
parametric representation as (2.6).

Corresponding to the right homoclinic orbit to the cusp equilibrium point F1(¢1,0)
defined by Hy(¢,y) = h1 = hg, now (2.5) can be written as

_ PYm dw
" /w (% — 1)/ (Wnt — D)@ — 1)

Hence, it follows the solitary wave solution as follows:

4(har — 1) >2 ’ (2.7)

(8 = (1[}1 ' + (hm — h1)?wi€?

where 91 = ¢7 and ¥y = ¢3,.

Corresponding to the right family of closed orbits defined by Hi(¢,y) = h,h €
(h1,00), enclosing the right equilibrium points E;(¢1,0) and E3(¢s3,0) in Fig.1 (b),
it has the same parametric representation as (2.6).

(iii) Fig.1 (c). In this case, we have hsy < hy < ha. With h is varied, the changes
of level curves defined by Hi(¢,y) = h are shown in Fig.2 (a)-(d).

15
1 1
05 ¥ v !
m 0.5 [\ 0.5 0.5
2 1 ) \jl u 2 By 2 o - 1 2
0 -0.5 0

-0.5 -05
-05
-15

-1

(a) hg < h < hy (b) h1 < h < ha (c) h=ha (d) h > ha
Figure 2. The level curves Hi(¢,y) = h of system (1.7) as h is varied for hg < h1 < ha

Corresponding to the right family of closed orbits defined by Hy(¢,y) = h,h €
(h3, h1), enclosing the right equilibrium point E5(¢3,0) in Fig.2 (a), it has the same
parametric representation as (2.6).

Corresponding to the right two families of closed orbits defined by H;(¢,y) =
h,h € (h1, hs), enclosing the right equilibrium points FE5(¢3,0) and E;(¢1,0), re-
spectively, in Fig.2 (b), (2.5) has forms

o v
ST ROV o) TR [ CEREEA CEron
and “ "
woé =

v (V@ — )Wy — ) [0 — )0 — Ya)
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Therefore, the family of closed orbits enclosing the right equilibrium points E3(¢s, 0)
has the parametric representation:

_ wb — wc %
¢(&) = (wc = d35n2(9257k)> ’
2 _ ta=tp 12 _ 63 (the—1a)

where sn(-, k) is the Jacobian elliptic function (see [0]), &5 = 7*=}t, P

and Qy = 7‘*}0\/ wa ¢c wb 1/)d)
The family of closed orbits enclosing the right equilibrium points F4(¢1,0) has

the parametric representation:

(2.8)

d)a — 1/14 ) 2 7 (2.9)

P(§) = (¢‘1 11— aZsn2(Qs6, k)

where 6f = $4=0= < 0,05 = Jwoy/ (P — ) (¥ — Pa) and k? = %

Correspondmg to the right two homoclinic orbits (see Fig.2(c)) to the equi-
librium point F5(¢2,0) defined by Hi(¢,y) = ha, enclosing the right equilibrium
points Ej(¢1,0) and Es(¢s,0), respectively, now (2.5) can be written as wof =

Ym dip d _ v dip
ﬁ/’ (W—1p2)\/ (War =) (F—m) and wog fwm (2 =)\ (nr =) (o —bm)

tain the following two parametric representations:

Hence, we ob-

N|=

2(¥m — ¥2) (P2 — ¥m)

d()=| 12—
(éas =) cosh (o /s = Vo) = B )€) + (s + o — 20
(2.10)
and
B(&)=| 12+ 2(thar — 1ha) (2 — )

(1 =) cosh (wor/(ar — 02) (B2 — Gm)€ ) = (s + o —2052)
(2.11)

Corresponding to the right global family (see Fig.2(d)) of closed orbits defined by
Hi(¢,y) = h,h € (hg,00), enclosing the left three equilibrium points E;(¢;,0),j =
1,2,3, it has the same parametric representation as (2.6).

Notice that the family of global periodic orbits defined by Hi(¢,y) = h,h €
(ha,00) gives rise to a family of periodic peakons (see Fig.3 (a)). The right homo-
clinic orbit defined by Hy(¢,y) = ha, enclosing the left equilibrium points E7(¢1,0)
gives rise to a anti-pseudo-peakon solution of system (1.7) (see Fig.3 (b)). Because
these orbits are very close to the singular straight line ¢ = 0.

(iv) Fig.1 (d). In this case, we have h; = hs.

Corresponding to the right two families of closed orbits defined by H;(¢,y) =
h,h € (h1, hs), enclosing the right equilibrium points E5(¢3,0) and E;(¢1,0), re-
spectively, in Fig.1 (d), we have the same parametric representation as (2.8) and
(2.9).

Corresponding to the right two homoclinic orbit to the equilibrium point E(¢2,0)
defined by Hi(¢,y) = ha, enclosing the right equilibrium points F(¢1,0) and
E5(¢3,0), respectively, now we have 1y — o = g —1),,. Thus, we get the following
two parametric representations:

?(&) = (2 — (Y2 — Y )sech (wo(Yar — P2)E))

[N

(2.12)
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(a) Periodic peakon (b) Anti-pseudo-peakon

Figure 3. The profiles of the solution ¢(§) of system (1.7)

and

B(€) = (o + (¥ar — tha)sech (wo(Whar — P2)€))? . (2.13)

Corresponding to the right global family of closed orbits defined by Hi(¢,y) =
h,h € (h2,00), enclosing the right three equilibrium points E;(¢;,0),j7 = 1,2,3 in
Fig.1 (d), it has the same parametric representation as (2.6).

(v) Fig.1 (e). In this case, the parametric representations of all orbits of system
(1.7) is similar to the case (iii).

(vi) Fig.1 (g). In this case, system (1.7) has two equilibrium points at the
positive ¢—axis.

The level curves defined by Hi(¢p,y) = h,h € (ha, h1) in Fig.1 (g) contain two
families of closed orbits enclosing the equilibrium points Es(¢2,0) and Ej(—g¢s,0),
and two open orbit families which tend to the singular straight line ¢ = 0, respec-
tively, when |y| — oo.

Corresponding to the right family of closed orbits enclosing the right equilibrium

points Fs(¢a,0), (2.5) has the form woé = fwb Y o wi;z’(w AT . Thus, we

obtain the following exact periodic solution family of system (1.7):

_ wb - '(/)c 3
#(8) = (wc+ 1@4218112(9457]?) , (2.14)

2 p—
where 63 = $2=82 Q4 = Jwoy/(Ya — 9c) (Y + ) and k? = Szl

Correspondmg to the right family of open orbit family, (2.5) has the form

f dy . Thus, we obtain the following exact com-
Y V=) (o) (Yo =) (Y+4a)

pacton solution family of system (1.7):

[SE

_ ’(/}b - wc 2
¢(§) = (wb - 1_ OA[§SH2(Q5§,]€) ’ 6 S (_50750)7 (215)
where 43 = ibi$j795 = swov/(Va — te) (W +ha) K* = &%,(bfﬂ)b) and §, =
1 e

Q4 0/4'!,[’5 :



Bifurcations and exact solutions of the optical soliton model. .. 1525

Corresponding to the right homoclinic orbit to the equilibrium point F;(¢1,0)
defined by Hy(¢,y) = hq, in Fig.1 (g), now (2.5) can be written as

P dp
PYar (w - ¢1)\/(1/JM - w)(w + de) .

Hence, it gives rise to the solitary wave solution as follows:

wo =

2(¢m — 1) (Y1 +4a)
(s -+a) cosh (wor/(nr — 1) (61 +6a)€ ) — (nr —Ya—201)

#(§) Y1+

(2.16)

3. Case II: a > 0,7 — a® + 4aw > 0,2aby + aff + By >
0,b3 <0

In this section, we assume that a > 0,72 — a2 +4aw > 0, 2aby +aB+ By > 0,b3 < 0,
which is equivalent to a > 0, A > 0,0 > 0,b3 < 0.

3.1. Phase portraits of system (1.7) for Case II

For a fixed parameter group a > 0,A > 0,0 > 0,b3 < 0, similar to the dis-
cussion in section 2, by varying the parameter by, the function F(¢) may have
two or three positive zeros ¢;. Using the information in section 2 to do qualita-
tive analysis, we have the following bifurcations of the phase portraits of system
(1.7) shown in Fig.4. It should be noted that we take fixed parameter group:
(a,\,0,b3) = (1,7.8,3.9,—0.45) in Fig.4. In this case, F}¥ = 7.27571243, F* =
—13.0850874, by = 3.5645.

3.2. Exact parametric representations of the orbits given by
Fig.4

We see from (1.8) that

1 1/1 1~
2 _ 2 8 6 4
|b3| < 3b1 3ah 2 3 4 30 6 8)
= —TL Tt gt - O 6B )
3ag? \ |bs|  [bs] ¢ |b3|¢ 2|b3|¢ ¢

Thus, by using the first equation of system (1.7), we have

Aleal , _ /w dy
3b, , B3ah 3\ 3¢ ’
C e R e+ R - gt e

[b3]

wif = (3.1)

where 1) = ¢2. Applying (3.1), we can calculate the exact parametric representations
of the orbits given by Fig.4.
(i) Fig.4 (b). In this case, we have ¢1 = ¢a, h1 = ha.
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(e) 0 < by < by (g) Fj" <b1 <0 (h) by = F*

Figure 4. The bifurcations of phase portraits of system (1.7) as by is varied.

Corresponding to the right stable manifold of the cusp equilibrium point E(¢1,0)

— _ ¥ dip
defined by Hi(¢,y) = hi, (3.1) reduce to w1 = [, TSy oy e Hence,
we have the following parametric representation:
4(1% B '(/)1) ) %
= |t - , £€(0,00), 3.2
00 = (1~ e )« S0 (62

— _ 2Via
where §o2 = w1 (wa*'lpll)d)l ’
Corresponding to the right two open orbit families which tend to the singular

straight line ¢ = 0 when |y| — |oo|, defined by Hy(¢,y) = h,h € (hq, hs3) in Fig4

(b), now (3.1) can be written as w1& = ff NG —w)(wb—d;p)[(w—l;l)”#]. It gives rise

to the following compacton solution family of system (1.7):

P(&) = (511 1 T decfll(ﬂef,k)> ;& € (—£03,803), (3.3)
where
Gy = Yo B1 — pAr 5, = 2A1 By (1 — ) Gy = Ay — By
Bi—A, 2-B A+ B
2~ Wa— ¥p)® — (A1 — 31)27 Q= wi/A1B1, A2 = (e — b1)2 + B2,

4A1B1

- B 1 (1 3
B%:(¢b—bl)2+a%7 50329*6011 1((3[2 (14—51))-

(ii) Fig.4 (c). In this case, with h is varied, the changes of level curves defined
by Hy(¢,y) = h are shown in Fig.5 (a)-(e).
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Figure 5. The level curves Hi(¢,y) = h of system (1.7) as h is varied for ho < hy < h3

When h < hg, corresponding to the right open curve family defined by H1(¢,y) =
h (see Fig.5 (a)) which tends to the singular straight line ¢ = 0 when |y| — |oo],

; I dip . .
3.1 b tt = = LIt to th
(3.1) can be written as wi& fw oo gives rise to the
same compacton solution family of system (1.7) as (3.3).

When hy < h < hyq, corresponding to the right open curve family defined by
H,(¢,y) = h which tends to the singular straight line ¢ = 0 when |y| — |oo|, (3.1)
Ya dyp
Y (@a—) (=) (Ve =) (pa—1)
right closed curve family defined by H;(¢,y) = h enclosing the equilibrium point

E5(¢2.0) (see Fig.5 (b)), (3.1) can be written as Wlfzﬁi N —4&)(%4%)(1&—«# Tt

Thus, we obtain a compacton solution family and a periodic solution family of
system (1.7), respectively, as follows:

can be written as w1 = and corresponding to the

(b(g) = <¢c - 1_ &é};n_z(d;)d?é. k)) ’ ) 5 € (_§O4u§04)a (34)
where
dg = %a Q7 = %Wl \/(wa - wc)(wb - wd)a
2 _ @g(djb - wc) o i -1 wd
S =0 T ™ v
And

_ wc - ’(/}d %
50 = (o + —rme s ) (35)
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where a7 = ﬁ“ v 1= = w1/ (Ya — Vo) (Why — ¥a), k? = %wafw
When h = hy, correspondlng to the right homoclinic orbit to the saddle point

E1(¢1,0) defined by Hy(¢,y) = h1 (see Fig.5 (c)), (3.1) can be written as w1 =

M d¢ . It gives rise to the following solitary wave solution of
Ju (W —=1)\/tha =) (thrr —1) & & Y

system (1.7):

2(2pq — 1) (Y — 1)

(Yo — ar) cosh (w1 /[ — 90 ar — 91)E ) +(a + Yar — 201)
(3.6)
When hy < h < hg, corresponding to the right open curve family defined by
Hi(¢,y) = h which tends to the singular straight line ¢ = 0 when |y| — |oo| (see
Fig.5 (d)), it gives rise two a compacton solution family with the same parametric
representation as (3.3).
When h = hg, corresponding to the stable manifold of the saddle point E3(¢s,0),

#(&) = | Y1+

v . Thus, we have the following

; e
(3.1) can be written as w & = [, Yy ey

parametric representation:

N

24,
¢(£) - (1/)3 - P2 COShq (Wl\/Aizf) +B2> ) (37)

where

As=a3 + b3 + 93 + 2botps,  Bo=2(bs + 13),

2 Ag(ag + b%)—Bglﬁg + 2142 —4(],%
P2: ) q= 2 -
V3 P3

(iii) Fig.4 (d). In this case, we have h; = hs.

When h < hy and he < h < hy; = hg, we have the same exact solutions as (3.3),
(3.4) and (3.5).

When h = h; = hs, corresponding to the right heteroclinic loop connecting the
equilibrium point E;(¢1,0) and E3(¢s,0) defined by Hi(¢p,y) = hi (see Fig.5 (e)),

now (3.1) becomes wi& = ffz m. Hence, we have the following kink and
anti-kink wave solutions of system (1.7):
Uy 4+ ews(E+&0) \ 2
0O ="z : (38)
1 + ewd(f""&))

where wy = (5 — ¥1)wr, € = L In (4222,

(iv) Fig.5 (e). In this case, w1th h is varied, the changes of level curves defined
by Hi(¢,y) = h are shown in Fig.6 (a)-(e).

When h < hy and he < h < hs, we have the same exact solutions as (3.3), (3.4)
and (3.5).

When h = hg, corresponding to the right homoclinic orbit to the saddle point
Es5(¢1,0) defined by Hy(4,y) = hs (see Fig.6 (c)), (3.1) can be written as wi& =
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4 4 4
3 3 3
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-2 - - -1 1 3
Va8 mv: ]
-2 -2
-3 -3
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(b) ha < h < hg (c) h=hs
3
1 2 3 -3 -2 -1
0 L
-3
-4
(d) ha <h<h (e) h=hy

Figure 6. The level curves defined by Hi(¢,y) = h of system (1.7) as h is varied for ho < hz < hy

P dyp
VM (Y3—)\/o—1ar) (0 —ta)
system (1.7):

. It gives rise to the following solitary wave solution of

N|=

2(Y3—va) (Y3 =)
(¥ar —a) cosh (w1 V(W5 —va) (s —¢M)§> — (Y +1a—213)

P(€)=| ¥a—

(3.9)

When hs < h < hp, corresponding to the right open curve family defined by

Hy(¢,y) = h which tends to the singular straight line ¢ = 0 when |y| — |oo| (see

Fig.6 (d)), it gives rise two a compacton solution family with the same parametric
representation as (3.3).

When h = hq, corresponding to the stable manifold of the saddle point E1(¢1,0)

(see Fig.6 (e)), (3.1) can be written as w1& = fow (wlfw)\/?’:ﬁ*b;;)?‘%a%' Thus, we have

the following parametric representation:

. 245 :
¢(§) = (1/}1 Py cosh, (w1@£)+33> : (3.10)

where

Az=a} + b5+ U3 +2bstp1, B3=2(bs +11),
2 Ag(ag + b%) — B3y 4+ 245 . —40,?;)

Ps= = .
3 wl ) q P32
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