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PULLBACK EXPONENTIAL ATTRACTORS
FOR NON-AUTONOMOUS ABSTRACT
RETARDED EVOLUTION EQUATIONS*

Jinying Weil" and Yongjun Li

Abstract In this paper, we consider an abstract non-autonomous evolution
equation with multiple delays in a Hilbert space H:

U (t) + Au(t) = F(t, u(t), ult —r1),..., u(t — 7)),

where A : D(A) C H — H is a positive definite selfadjoint operator with
compact resolvent, and F : R x D(A*)"** — H(a € [0, 1/2]) is a locally
Lipschitz continuous mapping. We slightly generalize a theoretical existence
result for pullback exponential attractors. Based on our abstract theorem, we
prove some existence results of pullback exponential attractor for this delay
differential equations and derive estimates on the fractal dimension of the
attractors.
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1. Introduction

In this paper we consider the following non-autonomous abstract evolution equation
with multiple delays in a Hilbert space H:

W (t) + Au(t) = F (t, u(t), u(t —r1), ..., u(t —ry)), (1.1)

where A : D(A) C H — H is a positive definite selfadjoint operator,ry, ..., r, are
positive constants.

Our aim is to investigate the existence of pullback exponential attractor of ab-
stract evolution equation (1.1), which represents a class of parabolic equations aris-
ing in mathematical biology, (see, [11,12,17] and the references therein). For non-
retarded evolution equations, there have appeared many nice results on pullback
exponential attractor,(see, [3-7,13,14] ). In contrast, the situation in the case of re-
tarded equations seems to be more complicated. Recently, the existence of pullback
exponential attractors for evolution processes generated by non-autonomous delayed
ordinary differential equations has been obtained in [8]. They showed how existence
results for pullback exponential attractors can be applied to non-autonomous delay
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differential equations with time-varying delays. In 2021, Yang, Wang and Kloe-
den [20] presented some sufficient conditions for the existence of pullback exponen-
tial attractors for non-autonomous delayed dynamical systems in the phase space
C([-r,0], X), where X is an infinite dimensional Banach space. The proofs in [§]
and [20] were based on the general existence theorems for pullback exponential at-
tractors in [3]. This method is grounded in the compact embedding of an auxiliary
space into the phase space. They have used the compactness of the embedding
C! —<— C and CY([-r, 0], Xnr) <> C([-r, 0], X), respectively .

For applications with our delay problem, we slightly generalize the theoretical
existence result in [3,8]. First, We define an evolution process in a Banach space X.
Let W and V be two auxiliary normed spaces such that the embedding V' <—— W
is compact and assume that the embedding V < X < W is continuous. Motivated
by [3,8,20], we obtain the existence result of pullback exponential attractor in phase
space X. Obviously, if X = W, the result is Theorem 4.1 in [8]; if X = V, the
result is Corollary 2 in [3]. For non-retarded evolution equations, this modification
is unnecessary. But it provide more convenience for the situation in the case of
retarded equation. Since our process is generated by PDE with delays, the phase
space is W = C([-r, 0], D(A%)). If a < B, the imbedding D(A®) << D(A%)
is compact. But C([-r,0], D(4%)) < C([~r,0], D(A%)) is not compact. Only
V = C%7([-r,0], D(A?)) that ensure the embedding V <s< W is compact by
Ascoli-Arzela Theorem. If we can’t obtain the process {U(t, s), t > s} is Lipschitz in
V, then we have to choose phase space is C([—r, 0], D(A%)). Using our method, we
can choose X = C([—r,0], D(A”)) as phase space and obtain pullback exponential
attractors. So we establish some new results in more regular spaces under weaker
assumptions.

Then, we apply our theoretical existence result to the abstract equation (1.1).
We present essential conditions on the nonlinearity F' to guarantee the dissipation
of the equation, and construct absorbing sets, which the corresponding absorbing
times are bounded in the past. Then we prove the existence of pullback exponential
attractors for evolution processes generated by problem (4.1) and derive explicit
estimates for their fractal dimension.

The rest of the paper is organized as follows. In section 2, we provide some
preliminaries; In section 3, we slightly generalize previous existence results for pull-
back exponential attractors for application with delay equation; In section 4, we
consider the dissipation of the Eq. (1.1) and establish the existence of pullback
exponential attractor for the system; Section 5 is devoted to some examples that
show the applicability of our results.

2. Preliminaries

For convenience we use the following notation throughout this paper. We denote
by || - ||z the norm of a Banach space E, by || - || the operator norm . Let

Bp(a, p) ={z € Elllx —a|s <p},

which is the ball of radius p > 0 and center a € E in Banach space E .

We recall some basic facts on analytic semigroups of linear operator and frac-
tional powers space, which are needed to prove our main results.

Throughout this paper, we assume that H be a Hilbert space with inner product
(v, ) and with norm || - ||, A: D(A) C H — H be a positive definite selfadjoint



Pullback exponential attractors for non-autonomous. . . 1597

operator and with compact resolvent. If A has compact resolvent, by the spec-
tral resolution theorem of selfadjoint operator, the spectrum o(A) consists of real
eigenvalues and it can be arrayed in sequences as

By the positive definite property of A, the first eigenvalue A1 > 0. It is well known
in [9,19] —A generates an analytic operator semigroup T'(¢)(t > 0) in H, which
satisfies

1Tt < e M, vt > 0.

We recall some concepts and conclusions on the fractional powers of A in [9,19].
The fractional power A% of the operator A is defined to be A% = (A=%)~! and the
domain D(A*) := H, is a Hilbert space with inner product (-, -)o = (A%, A*)
and associated norm | - |. Especially, Hy = H and H; = D(A).

For 0 < a < B, one has Hp is continuous embedded into H, and

o2 <A Du)2,  for all v € Hp. (2.1)

See [19], Page.93. From Theorem 37.5 in [19], the following statements hold:
For any a > 0, there exist constants M, > 0, a > 0 such that

| AT ()] < Mot~ %e™, for all £ > 0. (2.2)
For 0 < a <1, there exists a constant K, > 0 such that

(T(t) — Dzl < Ko t*|| A%, forall ¢ >0 and = € H,. (2.3)

3. General existence theorems for pullback expo-
nential attractors

We recall some basic definitions and facts in the theory of non-autonomous dynam-
ical systems for evolution process on a Banach space (X, |- || x). Given any subsets
A, B of X, define the Hausdorff semi-distance disty(A, B) of A and B as

disty (A, B) = sup inf ||z — y|/x,
zcAYEB

Definition 3.1. Let ¢, s, 7 € R. The two-parameter family of operators U(t, s) :
X — X,t > s, is called an evolution process in X if it satisfies the following
properties:

(1) Ut, s)oU(s, 7)=U(t, 7), Vt>s>T;
(2) Ut, t)=1d, VteR;
(3) (¢, s, ) = Ul(t, s)x is continuous.
Evolution processes extend the definition of semigroups.There are different ap-
proaches to generalize the notion of global attractors of semigroups to non-autonom-

ous evolution processes (cf. [1,2,10,12,15,16,18]). In this paper we use the notion
of so-called pullback attractors.
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Definition 3.2. The family of nonempty subsets {A(¢)[t € R} of X is called a
pullback attractor for the process {U(t, s)|t > s} if A(¢) is compact for all t € R,
the family {A(¢)|t € R} is strictly invariant, that is

Ul(t, s)A(s) = A(t) for all t > s,

it pullback attracts all bounded subsets of X, that is for every bounded D C X and
teR,

lim distg(U(t,t — s)D, A(t)) = 0,

S§—>00

and the family is minimal within the families of closed subsets that pullback attract
all bounded subsets of X.

Applying the pullback approach and generalizing the concept of exponential
attractors for evolution processes, we obtain the following definition (cf. [6]).

Definition 3.3. Let {U(t, s)|t > s} be an evolution process in X. The family of
non-empty compact subsets M = {M(t)|t € R} is called a pullback exponential
attractor for the evolution process U if

(1) M is positively invariant, i.e.,
U(t, s)yM(s) C M(t), Vt>s;
(2) the fractal dimension of the sections M(t), ¢t € R, is uniformly bounded,

igﬂg{dim? (M(t))} < oo;

(3) M exponentially pullback attracts all bounded sets, i.e., there exists a con-
stant w > 0 such that for every bounded subset D C X and every ¢t € R

lim e**disty(U(t, t — s)D, M(t)) = 0.
§—00
We recall that the fractal dimension of a pre-compact subset A C X is defined
as
In (VX (4))

€

dim* (A) = lim sup ——<——2,
7 (A) ot In(d)
where N, EX (A) denotes the minimal number of e-balls in X with centers in A needed
to cover A.

Definition 3.4. A family of nonautonomous sets B = {B(t) C X|t € R} is said to
be bounded if B(¢) is bounded in X for all t € R. We say that {B(t)} grows at most
sub-exponentially in the past if

lim diam(B(t))e"" =0, Yy >0,

t——o0
where diam(A) denotes the diameter of a subset A C X.

We slightly generalize the theoretical existence results in [3,8], where the con-
struction of the exponential attractor was based on the compact embedding of the
phase space and an auxiliary normed space. To include the two cases in [3,8], we
require two auxiliary normed spaces satisfying the following property:
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(A0) Let W and V be two auxiliary normed spaces such that the embedding
V —<— W is dense and compact and assume that the embedding V —
X — W is continuous.

Then we don’t have to prove that the evolution process satisfies the Lipschitz prop-
erty in V', which is difficult to verify in some delay problems. The Lipschitz prop-
erty is only required for the weaker space X, (but which is a more regular space in
comparison with W). This generalization is essential when we apply the following
abstract result to prove the existence of pullback exponential attractors for some
non-autonomous retarded differential equations.

Theorem 3.1. Let {U(t, s)|t > s} be an evolution process in X and (A0) be
satisfied. We assume that for some tg € R the following properties are satisfied:

(A1) For the process {U(t, s)|t > s} there exists a family of bounded pullback
absorbing sets B = {B(t)}ter , i.e., for every bounded set D C X and t < to,
there exists Tp > 0 such that

U(t,t—7)D C B(t), Y7 >Tp.

Moreover, there exists t > 0 such that

Ult,t —8)B(t —1) C B(t) Vit > i,

and the diameter of the family of absorbing sets B = {B(t) }+cr grows at most
sub-exponentially in the past.

(A2) The evolution process {U(t, s)|t > s} satisfies the smoothing property in B,
i.e., there exist positive constants t and k such that

(Ut t —t)u—Ut,t — )|y < kl|lu —vllw Yu, v € B(t —1), t < to.

(A3) The evolution process {U(t, s)|t > s} is Lipschitz continuous in B, i.e., for
allt € R,t <s <t+t, there exists Ly, s > 0 such that

U (s, t)u —U(s, t)v||x < Ly sllu—vllx Vu, ve B(t).

Then, for every v € (0, 1/2) there exists a pullback exponential attractor MY =
{M¥ ()} in X, and the fractal dimension of its section is bounded by

dimy (M (t)) <log 1 (N (Bv (0, 1))), VteR.

Proof. See Theorem 3.2 and Theorem 3.3 in [3]. Our conditions (A0), (A1) and
(A2) immediately imply hypothesis (H0),(#1),(#2),(#3), (A1) and (A2) in [3] for
all t < tg. In this case, the construction of the pullback exponential attractor is valid
for all t < to. Firstly, let {U(nt,mt)|n > m,n,m € Z} be the discrete evolution
process in X. We can obtain a pullback attractor { M (kt)|t € Z}, and the fractal
dimension of its sections can be estimated by

dim} (M (k) < log1 (NY (Bv (0, 1)), for all k € Z.

Next, using the Lipschitz continuity of the prooerty (A3), we can construct
pullback exponential attractor {M"(¢)|t < to} for time continuous processes in X.
The proof of above result is similar to that of [3, Theorem 3.2 and Theorem 3.3],
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and we omit the details here. Finally, thanks to Lipschitz continuity of the prooerty
(A3), using similar arguments (see Theorem 4.1 in [8]), the section M"(t) for ¢ > ¢,
can be defined as

MY(t) = Ut to) M” (to).
This ends the proof. O

Remark 3.1. Theorem 3.1 includes the two cases of [3,8]. Obviously, if X =V,
the result is Corollary 2 in [3]; if X = W, the result is Theorem 4.1. in [8].

An immediate consequence is the existence and finite dimensionality of the pull-
back attractor.

Corollary 3.1. Let {U(t, s)|t > s} be an evolution process in a Banach space X .
If the hypotheses (A0),(A1),(A2) and (A3) are satisfied, then the evolution process
{U(t, s)|t > s} possesses a global pullback attractor A = {A(t)|t € R}, and the
fractal dimension of its sections is bounded by

dim§ (A(t)) < i(%fl {log_ (N (Bv (0, 1))}, VteR.
ve(0, 5 v e

4. Dissipative and pullback exponential attractor

In this section, we present essential conditions on the nonlinearity F' to guarantee the
dissipation of the equation. Then we consider the existence of pullback exponential
attractor. For convenience, we list the following assumption:

(H1) ||F(t, vo, v1, -+, Upn)]] < Z;L:O Bilvila + K, t € R, (vg, ..., v,) € HIL
(H2) 270 B < A%
(H3) F is a locally Lipschitz continuous mapping from R x H?*! — H for some

0<a<l,ie, VM > 0,3Ly,; > 0 such that for all ¢ € R and v;, w; €
By, (0, M),

n
||F(t7 Vo, - -, U’n) - F(ta wo, - -, wn)” < ZLM,'L‘UZ' — Wi|a-
1=0

4.1. well-posedness of the initial value problem

We first discuss the well-posedness of the initial value problem of the nonlinear
delay evolution (1.1). Let r = max{ry, ..., r,} and Cy, = C([-r, 0], H,) denote
the Banach space of continuous functions from [—r, 0] into H, equipped with the
maximum norm
= ma t)la-
e, = max, u(t)a

For u € C([-r, T), H,) and t € [0, T), we define u; € Cy,, by
ur(s) = u(t+s), s € [-r, 0].

For convenience in statement, the function u; will be referred to as the lifting of u
in CHQ .



Pullback exponential attractors for non-autonomous. . . 1601

Consider the initial value problem of the evolution equation with delays

d
au(t) + Au(t) = F(t, u(t), u(t —r1),..., u(t — 7)), t € R, (4.1)

Ur = ¥,
where ¢ € Cy,, .

Theorem 4.1. Suppose that F : Rx H'"1 — H be continuous and satisfy condition
(H3). Then for any ¢ € Cy, and 7 € R, the problem (4.1) has a unique mild
solution u(t) = u(t; 7,¢) on a mazimal interval [—r,T,), and that is

u(t) € O([—r +7,Tp); Ho) N L7 (1, Tp; H1) N C% (1, T,; Hg),

forall 0 < B < 1,0 < vy <1, which can be expressed by
t
u(t) =Tt — 7)u, + / T(t—s)F(s, u(s), u(s —r1), ..., u(s —ry))ds.  (4.2)

T

Proof. This result can be obtained by combining the proofs of Theorem 3.1 in [17],
Lemma 47.1 in [19] and Theorem 42.12 in [19]. Here we omit the proof details and
the interested readers can be referred to Theorem 5 in [11]. O

4.2. Decay estimate

Then, we can obtain the following estimate about the problem (4.1) under dissipa-
tive conditions (H1) and (H2).

Lemma 4.1. Assume that 0 < a < 1/2 . Let F : R x Hg“ — H be continuous
and satisfy (H1)-(H3). Let u(t) € C([—r + 7, 400); Hy) N L (T, +o0; Hy) be a

loc

solution of (4.1), then for all t > 7, the following estimate holds:
u®)la < Cre™ D ug 2, + Co, (4.3)

where §, C1 and Cy are positive constants.
Proof. By assumption (H2), we can take § > 0 small enough such that

n

—a ory A¥ + ¢
A _BO_Zezﬁi_il ;0> 0. (4.4)
=1
For convenience, denote [; = )\fo‘e%i(i =1, ..., n). Then we take the inner prod-

uct in H of the equation (1.1) with A%2%u, we have

1d

o u(t)? + |“(t)|2%+a = (F(t, u(t), u(t —r1), ..., u(t — 1)), A2u(t)).

By Holder’s inequality, we obtain

57 W@+ w3, < NFE ult), u(t —r1), - ult —ra)]| - A2 u(t)]].
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Using Poincare’s inequality, (H1) and Young inequality, we have

d a— - a— a—
O+ (2 =2X77 80 = D Bl = O D u(bl L,

i=1

— B K?
SZTJU(t—Ti)@ 5
i=1

d n
£|u(t)|i + A2 =220 80 = Y BiliAT* T = A D u(b)[2
i=1

n
. K2
<> qlutt=rle + 5
that is

d n
%\U(t)li +olu(®)la < — (M = 20780 — > BiliA™* — 5A* — 6)[u(t)2
i=1

— b K?
+Zl—i\u(t—n‘)|i + —
i=1

Then
d n
%(eéqu(t)@) < — (20 = 2X0 By — D> BiliAT* = OATY — 8)u(t)[2e”
i=1
2
_’_ZBZ'u |2 tst_'_KTeét.

Integrating from 7 to ¢, we obtain

[e% t o 1+A — s
| ()‘2 _2(/\1 A BO_Zﬁ )\2 - /| |2 o(t— )dS

=004 (0 |2+Zﬁz/ lus — ri)[2e 0t Dds 4+ K =

t t—r;
/ [u(s —ri)[ae 0 ds = / u(s)[Ze 00—+ ds

t T
< 65”/ |u(s)|ie*5(t75)ds+e‘s”/ lu(s)|2e 0= ds,

[

we have

@ « 5” >‘ +)‘ — s
u ()‘2 —2A¢ ()\1 BO_ZG B — M T A /| |2 5(t=5) 4g

i=1

—5(t—7) 2 Bi sri [T 2 —8(t—s) K?
t+e lur (0)[5 +ZTG : lu(s)|5e ds + <
i=1 "

T—Tg
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which, jointly with (4.4), yields that

() < e=t=7)(1 4 f: Lgaee ™l + 25
a = 5 1\ TICH, 52 .
1=1

Thus, inequality (4.3) is proved. O

4.3. Existence of pullback exponential attractor

By Definition 3.1 and Theorem 4.1, we can define an evolution process U(t,s) :
CHa — CHQ, t > s,ie.,

Ut, s)p=u,  V(s, ) ERxCp,,
where u:(0) = u(t + 6; s, @), 6 € [—r, 0], and u(-; s, ¢) is the solution of (4.1).

Lemma 4.2. Let 0 < o < 1/2. Assume that (H1)-(H3) hold. Then there exists a
bounded uniformly pullback absorbing set By C Cu,, .

Proof. From Lemma 4.1, we can take
p2 =1+ Cs. (4.5)

Given any bounded D € Cy_, by (4.3), there exists Ty, (D) > 0 such that for any
seR, peD,

lu(s; s — 7, ©)|2 < p2, for all 7 > r + Ty (D).
Then for any ¢t € R and 7 > Ty (p) + r, we have that for all ¢ € D,

U, t— T)(p||20H = max |ut(0)|§ < max |u(t+6;t—T, gp)|§ < pi. (4.6)
o oel—r, 0] oc[—r,0]

This means that the closed ball By = B¢, (0, po) forms an uniformly absorbing
set in Cp, . O

Theorem 4.2. Let 0 < o < 1/2. Assume that « < 8 < 1 . If F satisfies
conditions (H1)-(H3). Then, for every v € (0, 1) and n € |, B], there exists a

'3
pullback exponential attractor M = {M"(t)} for process {U(t, s)|t > s} in X and
the fractal dimension of its section is bounded by
dim§ (M (t)) <log 1 (N (Bv (0, 1))), VteR,
where W = Cp,,, X = Cq, and V = C’?I’g.
Proof. Assume that W = Cy,, X = Cy, and V = C%7([-r,0], Hp) := C%’;’.
For any u € C’%’B’Y, define its norm by
fulles,» = Bellow, + fules,
where [“]C%” is y*" — Holder seminorm of u. Since a@ < 8 and a < 7 < 3, (A0) is
8

satisfied due to the compact embedding

VoW,
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and the continuously embedding
VasX—=W

(i) Constructing pullback absorbing set (Al): let ¢y € R be arbitrary
and Bj forms an uniformly absorbing set in W in Lemma 4.2. A family of bounded
pullback absorbing sets is given by

U(t, t —7)(By), for t < to,
B(t) — UTZTHQ(31)+37~ ( T)( 1) 0 (4.7)

U(t, to)B(to), for t > to.

Moreover, the family B = {B(t)|t € R} is positively semi-invariant for the evolution
process {U(t, s)|t > s}. For any u; € B(t), there exist 7 > Ty (B1)+3r and ¢ € B
such that

u =U(t, t —7)ep.
We denote by u(s) = u(s; t — 7, ) the solution of (4.1) with initial value ¢, then

S

u(s)=T(s—(t—7))p+ / T(s—0)F (o, u(o), u(c —r1),..., u(c —ry))do.

t—1
If s—(t —7) > Ty, (B1), by Lemma 4.2 we have
[u(8)la < pa;
then
B(t) C B. (4.8)
Jointly with condition (H;) and (Hz), for any s € [t — 2r, t] we have

[1E(s, u(s), u(s —r1), .., uls — )| < Bolu(s)la + Z&'W(s —7i)la + K

< (Zﬁz> pa+ K = )‘%_apa + K.

i=0
Let ut—9,(0) = u(t — 2r) be initial value, we have

S

u(s) = T(s—(t—?r))ut,gr(O)—i—/ T(s—o)F(o, u(o), u(c—r1),..., u(c—r,))do.

t—2r

Using (2.2) and (2.3), we can obtain, for any s € [t — r, t],

|u(s)]p
<A T (s — ¢+ 2r) | fue—20(0) o

+ /t_g |APT (s — o)|[||F (o, u(o, u(o), u(c —r1), ..., u(o — ry))||do

<Mp_o(s — t 4 2r)~B=emals=t2), L (A=), + K) Mgs(s — o) Pdo
t—2r
<Mp_apo sup {hB-Demah) 4 (M0 p, 4 K)My(1— )1 (2)'F 1= .
he(r, 2r]
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Hence, HUtHCHﬁ < pg, for all t € R.
There remains to show that wu; is Holder continuous. Let 0 < v < min{8 —
a, 1 — B}. Assume that s, s+ € [t —r, t], by (4.2), we obtain

|u(s +6) —u(s)ls
<[(T(0) = DT(s =t + 2r)us—2r(0)] 5

+ /ts [(T(0) —I)T(s —o)F(0, u(o, u(o), u(c —r1), ..., u(c —ry))|sdo

—2r
s+0
+ / |T(s+ 3 —0)F(o, u(o, u(o), u(c —r1), ..., u(oc —ry))|gds
=J1 + J2+ Js.
Next we estimate the three terms on the right hand of inequality. we have
T < (T(0) = DT (s — t +2r)Aupsr |

< K07 AP (s — 1+ 20) g0 (0)
<Ky 0"Mg_aiy(s —t+ 2T)_(ﬂ_a+7)e_“(s_t+2r)pa <Cyd",

n< K ATT(s - a>||da<<2 @-) P+ K)
t—2r

=0

< K’Y(S’YMB"F’Y/t . (s — 0)—(W+5)e—a(s—a)da( <Z Bz) pa+ K)

i=0
§ CJ25’Y7
and
s+6 n
Tz [T (s 5 o) (Z /ai) po+ K)
s i=0
< Mg(1—8)" (Z &-) po + K)§F <Oy
i=0

Comprehensively,

lu(t +6) —u(®)lp < (Cs, +Cpy +Cpy)87, (4.9)
which implies u,; is v""—Holder continuous and

[udley, > < (Co + C + Cy) = py-

Then
luellv < pp + py-
For any t € R, we obtain

B(t) € By (0, pg+py) C V.

(ii) Smoothing property (A2): We show the smoothing property with re-
spect to the space W and V for £ = 2r. Let t < to, for any ¢, ¢ € B(t —2r), denote
by

u(s) = u(s; t —2r, @), v(s) =v(s; t —2r, 1)
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the solutions of (4.1)with initial value ¢, ¥ € B(t — 2r).
Let w(s) = u(s) — v(s), we have

w' (8)+Aw(s) = F(s,u(s),u(s—r1),...,u(s—rn))=F(s,v(s),v(s=r1),...,0(s=rp)).

Taking inner product with A2*w(s) and using Hélder’s inequality, (H3), Poincére’s
inequality and Young’s inequality, we have

1d

575G+ w(s)]

L0|w |a ZL|U} S_T’L a) | (S)‘Qa

AT )2+ A\
<5 Lolw(s)[4 + ZL|w

5) 30

where L; is the Lipschitz coefficients of F' in the set By, which yields that

d 3 n n N
Sl < A (=207 +2L0 + ) L)lw(s)3 + Y A7 Lilw(s — ) 3.
i=1 i=1
Integrating from ¢ — 2r to s, we obtain
[w(s)[5 — lw(t *27")\2
t—2r
<ol ZL / |2da+Z)\°‘ / (o) 2 do,
t—2r—r;

that is

()2 + 228 (M7 =Y L) /t , w(o)Zdo < (14 Y A Lirs)lle — I3, -
—er i=1

=0

Then by Gronwall’s lemma we have

u(s) — v(s)la < 12D o — )|y, (4.10)
where . .
m= 0+ D MLir)E, B =AY L),
=1 1=
Let
L= —B'h 411
plex et (4.11)
then
lu(s) —v(s)|a < Ly = Ylcy, Vt—2r <s<t. (4.12)

In view of (4.2), we have

|u(s) —v(s)ls
<IT(s =t +2r)(0(0) — ¥(0))[s

+ /S |T(s — o) (F(o, u(o),..., u(lc —ry)) — F(o, v(o),..., v(c —1,)))|gdo
t—2r
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::J4 + J5' (4.13)
Since F is locally Lipshitz, by (4.12),

|F(o, u(o), u(c —r1),..., u(c —ry)) — F(o, v(o), v(c —711),..., v(c — )|l

n

< Lilu(o) = v(0)la < O Li)Llp = Yllcu, -
=0

=0

Next we estimate the two terms on the right hand of inequality. Jointly with
(2.2) and (2.3), we have

Ji <||AP=T(s =t +20)| o = ¥l e, »

(4.14)
< Mﬁ—a(S —t+ QT)—(ﬂ—a)e—a(s—t+2r) ”90 - wHCHQ’
< (L [ 4T = o)ldolle - o,
i—0 t—2r
ln s—t+2r (415)
<L My ol = lea,.
i=0
Let
(B—a) ,—ah - " p
- Mg_oh~ B ea L)L Mgo—Pdo, 4.1
= max My (DL, me | Msotae, (aae)
then
lue = viellcy, < rille = Pllo, (4.17)

There remains to show that [u; — vy o0 Holder semi-norm is bounded. Assume
8

that s, s+ 6 € [t — r, t], we have

|(u(s +8) —v(s +0)) = (u(s) — v(s)))ls
<|(T(8) = D)T(s =t + 2r)(p(0) — P(0)]s

+/t5 (T(6)—DT(s—o0)(F(o,...,u(c —ry)) — F(o,..., v(c —1y)))|gdo

—2r
s5+0
—|—/ |T(s4+ 6 —0)(F(o, u(o),..., u(c —ry))—F(o, v(o),..., v(c—ry)))|gdo
=Jg + J7r + Js.
Next we estimate the three terms on the right hand of inequality. Using (2.2) and
(2.3), we have
Jo < (T (6) = DA T (s —t +2r) || [l = Yl
< K 6 Mgy (s — t+ 2r) et emalst020)) 16—y,

Jr < (Z Li)L/
=0

s
t—2r

I(T(6) = DAPT(s — o)||dolly — ¥llc,,
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< K Mpy (Y Lz‘)L/t , (s — o) e =457 — ¥l cy.
i=0 "

n s+0
Js< (S L)L / 145 (s + 6 — o) |dolle — ¥l
=0 s

n

< Ms(D_ L)L = B) 7787l — Yllc, -

=0

Let

= Ky Mp_ oy 0% 4 K Mp(> " Li)L(2r) 7 + M () Li)Lr' =77,
=0 =0
then
U (0 +8) — v (0 +0)) — (ue(0) — v (0
wp OO 00 48) (@ =@
0,0-+5€[—r,0], 60 ol

Let kK = k1 + Ko, we have the smoothing property, i.e.,
HU(t7 t— 27“)%0 - U(ta t— QT)wHV < "Q”@ - wHWa V% ’(/) € B(t - 27“), t < to.

(iii) Lipschitz continuity (A3): By Theorem 4.1 and the proof of (i),
{U(t, s)|t > s} is an evolution process in Cp, , too. For any bounded setD C Ch,

n?
D is bounded in Cp,, . Consequently, B is absorbing set for {U(t, s), t > s} in Cp,
from the proof of (i). For any ¢t € R and s € [¢, t + 2r|, denote by

u(s) = u(s; t, uy), v(s) =v(s; t, vy)

the solutions of (4.1)with initial value u;, v, € B(%).
The rest of the proof follows from the estimate in (ii) by replacing 8 with n and
t — 2r with ¢. In fact, by (4.13),(4.14) and (4.15), we obtain

lu(s) — v(s)|y
<|T(s — £)(u: (0) — v(0))],

/|TH (0, u(0),..., u(e — 1)) = F(0, 0(0), .., v(0 — 4)))|ydo

:_J4 + ']5a
Ty < NT(s =) lue — vell e, »

< e MOy, — villen,

and

n

Ji < <Z / JATT (s — o) ldo|jus — vrllc,

i=0

( LAT™ 77/ M,(s—o0) 7a(57”)d0||ut *UtHCHn
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< QL)LY My (L =) (s = )" g — vl e,

i=0
Let .
_ . a—n _ —1 _ 1—-n
Loy =1+ (z; LOLAT "My (1 =m)™" max (s —1)'7".
1=
We have
[u(s) —v(s)ly < Ls, tllue — vill ey, » Vit <s<t+2r (4.18)
then
U (s, t)us — U(s, t)ve|lx < L ¢|lur — vel| x, Yug, vy € B(t).

(iv)Existence of pullback exponential attractor: By Theorem 3.1, we can
obtain the existence of pullback exponential attractor for the process {U(t, s), t >
spin X =Cp, .

Then, for every v € (0, 3) there exists a pullback exponential attractor M =
{M¥(t)} for {U(t, s), t > s} in X and the fractal dimension of its section is bounded
by

dim§ (MY (t)) <log 1 (N (Bv (0, 1))), VteR.

The proof is complete. O

5. An Example

We now give an example to demonstrate how the abstract results in previous sections
can be applied to nonautonomous parabolic equations with delays.
Let L be a differential operator on a bounded domain Q ¢ RY,

Lu:=— )" % <aij(x)§;2) + ag(z)u,

i,5=1 """

where a;;,a0 € L>®(Q2), and a;; = a;; for all 1 < 4,7 < N. We assume that there
exists a constant v > 0 such that for a.e. x € €,

aij(2)6€ > vIE)?,  VE= (&, ..., En) ERY,

i,j=1
and that -
ap(x) > 0, a.e. v € Q.

Hence L is uniformly elliptic on 2.
Let f : R? — R be a locally Lipschitz continuous function. Consider the retarded
parabolic equation on €2:

% + Lu = f (u(x, t =), Vule, t = r2)) + g(a, 1) (5.1)

associated with the homogeneous Dirichlet boundary condition:

U‘QQ =0, (5.2)
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where 71, 7o > 0 denote time lags.
Let H = L?(2). Define a symmetric bilinear form B(u,v) on H}(€2) as follows:

B(u,v) = /Q (aij(x) Ou v —|—a0(m)uv) dz, u,v € Hy(Q).

It is clear that B(u,v) is bounded and coercive. Thanks to the Lax-Milgram Theo-
rem, B(u, v) generates a self-adjoint positive-definite operator A on H with compact
resolvent. Note that

H(Q) = D(AY?) == H, .

We assume f satisfies the following linear growth condition:

(F1) There exist positive constants by, ..., by and k , such that
N
F(2)] < bilzl + &, Vz=(z0,..., 2n) € RNt
i=0

Then one easily sees that the mapping F': H; /22 — H defined by
Fluv) = f(u, Vo), wve Hyp

makes sense and is locally Lipschitz. Setting g(¢) = g(-, %), the problem (5.1)-(5.2)
can be reformulated as an abstract equation in H as follows:

% + Au= F(u(t — 1), Va(t —r2)) + g(¢). (5.3)

Now we are in a situation of the equation (1.1).

If we impose on f appropriate conditions, then one can easily verifies that the
mapping F satisfies (H1) and (H2) in the previous sections, and hence the abstract
results obtained therein apply. In particular, we have

Theorem 5.1. Let % <f<1landy=min{l -3, 5 — %} Assume that f is local
Lipschitz and satisfies the linear growth condition (F1) with the positive constants
b;'s therein satisfying

N
oAy 2+ b < A2 (5.4)
=1

where Ay is the first eigenvalue of A. Let g € Cy(R; H).
Then the following assertions hold:

(1) For everyv € (0, 3) andn € [3, B], the equation (5.1) has pullback exponential
attractor M” = {M"(t) }+er in X, and the fractal dimension of its section is
bounded by

dim} (M (1)) <log s (N (Bv (0, 1))), VteR,

whelr'e W frng CH1/27 X = CH,,] and V = C%Z .

(2) The equation (5.1) has pullback attractor A = {A(t)}ier, and the fractal
dimension of its sections is bounded by

dimy (A(t)) < inf ){10%(]\1?(%(0, 1))}, VteR.

- ve(o, %
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