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INTERVAL-TYPE CRITERIA OF LIMIT-POINT
CASE FOR CONFORMABLE FRACTIONAL
STURM-LIOUVILLE OPERATORS*
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Abstract In this paper, the classification of limit-point case and limit-circle
case for the 2a-order conformable fractional Sturm-Liouville operator

Ea(y) =-Tu (pTDty) +qy,x € [a7 00)7 a>0

is considered. Two interval criteria of limit-point case in the frame of con-
formable fractional derivatives are obtained. Examples illustrating the main
results are presented.
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1. Introduction

Differential operators play an increasingly important role in describing many phe-
nomena and processes in various fields of science and engineering such as quantum
mechanics, finance, medicine.
For the second-order singular symmetric differential operator (Sturm-Liouville
operator):
() = - @)y + a@)y, @ € [a,50), (L1)

where p, ¢ are real-valued functions with p > 0 and p~!, ¢ € Ljoc[a, 00), there are a
lot of spectral analysis results for (1.1), we refer the readers to papers [2,5,10, 14,
16-19] and references cited therein.

Regarding the study of the spectral theory of differential operator (1.1), the
classification problem of limit-point case(LPC) and limit-circle case(LCC) was first
proposed by H. Weyl in 1910 [21]. After then, Levinson [16], Sears [20], Read [18§]
and other researchers gave a series of classical LPC criteria. By separating the
potential function g(x), Read gave a more general LPC criterion in 1970s.

Theorem 1.1 (Read criterion [18]). Assume w(z) be a non-negative local absolutely
continuous function on [a,o0) and q(z) = q1(z) + q2(z) + q3(x). If

(1) q1(z) > 0, for a positive number §, there exists constant K, such that (1 +
O)p(w')? — qrw? < K;
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(2) —gow® < K;

(3) There exists a constant d with 0 < d < 1 such that wip~/?|Q| < K, where
QI =gq@w "

(4) /OOO w? (q1/p)"* da = 0.

Then (1.1) is of the LPC at co.

Kuffman, Read and Zettl in [12] replaced condition (4) by [;wp~'/2da =
00, conditions (1)-(3) being unchanged, then they deduced that (1.1) is also of
the LPC at co. The Read criterion is an extension of the Levinson criterion. It
generalizes Hartman-Wintner criterion, Levinson criterion and Sears criterion (see
[12] for details).

The above LPC criteria are considering the properties of p and ¢ on the entire
positive half axis. As we all know, LPC for differential operator on [a,c0) is an
interval-type property, it is necessary to consider the nature of p and ¢ in a series
of interval sequences tending to oo. There are two typical methods to obtain the
interval-type LPC criterion, one is restriction p and ¢ on given sequence of interval
by constants, this method appeared in the early 1960s. The first interval-type LPC
criterion was proposed by the Soviet mathematician R. S. Ismagilov in 1963.

Theorem 1.2 ( [10]). Suppose {I} are mutually disjoint intervals whose endpoints
tend to oo. The length of Iy is denoted by hy and p(x) = 1. If there is a sequence
of real numbers qy, such that

(1) 3" Vahi = oo
k=1

(2) q(x) > qi for x € I,
then £(y) is of the LPC at co.

In 1973, Knowles improved Ismagilov criterion to a more general form, he proved
the following conclusions.

Theorem 1.3 (Knowles criterion [14]). If there are mutually disjoint intervals I,
(n=1, 2, ---) with the endpoints tending to infinity as n — oo, and p,, ¢, are
constants such that

(1) q(x) > gn > 0,p(x) > pp >0, (z€1I);

[e’e) dx 3
(2) S p¥/qls? ( / ) ~ e,
n=1

L p()

then £(y) is of the LPC at cc.

Another method of interval-type LPC criterion is obtained by constructing suit-
able nonnegative function w(z) in Therem 1.1. Followed this line, Eastham and
Thompson gave the following result.

Theorem 1.4 (Eastham and Thompson interval-type criterion [8]). If there are
mutually disjoint intervals I, = [an,by] (n=1, 2, - -+ ) with b, — 00 asn — oo, and
a sequence of positive numbers {v,}, such that
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b g
(1) vaPn > K >0, wherePn:/ :
A p(x)
=1
(2) — = 005
1 Un

n=

b
(3) / q_(z)dr < CviP? H}in Vp(z).

Then £(y) is of the LPC at cc.
Read improved Knowles’ result and he gave the following conclusion.

Theorem 1.5 (Read interval-type criterion [19]). If there are mutually disjoint
intervals I, (n=1, 2, --- ) with the endpoints tending to infinity as n — oo, such
that

(1) q(x) =0 (z € Lx);
(2) there exist constants v > 0, 0 < ¢ < 1 and interval I, C J,(n=1,2,---), such
that fJ p_%da: > 'ny p_%dx on each connected component J of J,\I,, and

oo f (g)i@] () =

n=1
then £(y) is of the LPC' at cc.

For spectral theory of fractional Sturm-Liouville operator, the research draw
many researchers’ attention in recent years (see [4,6,7,11,22] for detials). Mean-
while, there are a lot of attention being paid to finding the more suitable definitions
of fractional derivatives, and many definitions in the existing literature, such as
the Riemann-Liouville, Caputo, Riesz, Riesz-Caputo, Weyl, Grunwald-Letnikov,
Hadamard, are defined. In 2014, R. Khalil et al. in [13] introduced a new sim-
ple well-behaved definition of the fractional derivative called conformable fractional
derivative. This new definition satisfies almost all the requirements of standard
derivative, such as, the chain rule, integration by part, fractional power series expan-
sions. For recent results from conformable fractional calculus we refer the readers
to [3,13].

In this paper, we consider the following 2a-order conformable fractional Sturm-
Liouville operator

la(y) = —To (pTay) + qy, v € [a,00),a > 0, (1.2)

where p > 0,q are real-valued continuous functions and p is a-differentiable and
T, denotes the conformable fractional derivative of order 0 < o < 1, we note that
when o = 1, (1.2) reduce to (1.1).

In 2018, Dumitru Baleanu [4] promoted the Levinson criterion to 2a-order con-
formable fractional Sturm-Liouville operator.

Theorem 1.6 (Dumitru Baleanu [4]). Suppose M (x) is a positive, a—nondecreasing
function on [a,00),a > 0. If

(i) for sufficiently large value of x, q(x) > —K M (x), where K is a constant;
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< 1
ToM -
(iii) limsupM < 00,

then the operator £, (y) is of the LPC at co.

In 2020, Z. Zheng et.al. [22] promoted the Read criterion to 2a-order conformable
fractional Sturm-Liouville operator.

Theorem 1.7. Suppose that w(z) is a non-negative local absolutely continuous
function defined on [a,00),a > 0 and q(x) = ¢1(x) + q2(x) + g3(x), such that

(1) q1(x ) >0, for some & > 0, there exists a constant K, such that (1+6)p(T,w)? —

(3) There exists a constant d with 0 < d < 1 such that wip~2|Q| < K, where
TaQ = QSwlid;

W [ (‘“) dot = 00

Then the operator £, (y) is of the LPC at co.

Theorem 1.8. Suppose that w(z) is a non-negative local absolutely continuous
function on [a,00),a > 0, and q(x) = q1(x) + g2(z) + g3(x). If conditions (1)-(3)
are fulfilled, and

0 [arhane
then the operator £, (y) is of the LPC at co.

Theorem 1.9. For sufficiently large value of x, if q(x) > —K2**, K > 0, then the
operator £, (y) is of the LPC at cc.

Based on the above information, a natural problem is that whether the Eastham-
Thompson-Read interval-type LPC criterion and Read interval-type criterion can
be improved to the 2a-order conformable fractional Sturm-Liouville operator (1.2).
In this paper, we give a confirm answer to these questions.

The rest of the paper is organized as follows: In Section 2, we recall some
definitions and results of conformable fractional calculus. In Section 3, we use an
example to introduce the possibility of 2a-order conformable fractional interval-
type criteria and obtain limit-point interval-type criteria for 2a-order conformable
fractional Sturm-Liouville operator. Two examples illustrating the main results are
presented in Section 4.

2. Conformable Fractional Calculus

In this section, we give the definitions and properties of conformable fractional
derivative and integral, which are important to the proofs of the main results.
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Definition 2.1 ( [13]). For given a function « : [0,00) — R, the left conformable
fractional derivative of u of order « is defined by
(t+e(t —t0)'=") —u(t)

to — (@) =i u
(Tiou)(t) = u™ (1) = lim : ,

for all t > 0, € (0,1). When « = 1, this derivative of u(t) coincides with u'(¢). If
(Ttow)(t) exists on (to,t1) £— then

(Thou)(to) = Jim u® (1)

i
—to

By the definition of the left conformable fractional derivative, we see that
(Ttowu)(t) > 0 on an interval implies the monotone increasing of u on this interval.

Definition 2.2. Let o € (0,1]. The left conformable fractional integral of order «
starting at tg is defined by
t

<mwm=/%—m%w@w:/u@@&

to to
If the conformable fractional integral exists, we call u is a—integrable.
Lemma 2.1 (see [1]). Let a € (0,1], and u € C* ([tg,00),R). Then for all t > t,
we have
e Teou(t) = ult) — ulto),
and
TEoT ou(t) = u(t).
Lemma 2.2 (see [13]).
(1) Tt (au + bv) = aTt (u) + bT (v) for all real constant a, b.
(2) Tt (uv) = uTt (v) + v Tt (u).
(3) Tto(tP) = ptP=* for all p.
vTto (u) — uTte (v
(1) To(x) = T )

2
(5) Tt (c) = 0, where c is a constant.

Lemma 2.3 (see [1]). Let u,v : [to,t1] — R be two functions with u,v being
differentiable. Then

/tl u(s)Tav(s)df,s = u(s)v(s)lyy - /t1 v(s) Tou(s)ds. s.

to to

Lemma 2.4 (Chain Rule, see [15]). Let u : R — R be a differential function and
y(t) : R = R be an a—differentiable function. Then we get

Tou(y(t)) = u'(y(t)Tay(t). (2.1)
Similar to the second order Sturm-Liouvile equation, we introduce the second
order conformable fractional Sturm-Liouville equation as

la(y) = —To (pTay) + qy = Ay, >0, (2.2)

where p > 0, ¢ are real-valued continuous functions and p is a-differentiable on
given interval. By a solution of (2.2), we mean a function y(¢) which satisfies (2.2)
a.e. on [0,00). If the coefficients in (2.2) are smooth sufficiently, then the equation
(2.2) turns into

- xl—a (pxl—ozy/)’ +qy = )\y, x > 0. (23)
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3. Limit-point interval-type criteria

In this section, we give an example to illustrate the possibility of interval-type cri-
teria of LPC for 2a-order conformable fractional differential operator firstly. Then
we give interval-type theorems of LPC for 2a-order conformable fractional Sturm-
Liouville operators.

Example 3.1. Consider the 2a-order conformable fractional differential operator

o

1 1, 1
Mo(y) = —To(Toy) — (™ + axaeEQC cose=” )y on [a,00)

with @ > 0, € (0, 1]. We obtain that M, (y) is of the LPC at co when n < 2a.
Proof. By M,(y) =0, we see that p(z) = 1. Taking

_ 1 a 1 a
w=2x aa‘]lz(),(h:*xn,%:*axae“w cosea” |

we verify all the conditions of Theorem 1.8. According to the conformable frac-
tional calculus, we get (1 + §)p(Toz™)? — qrw? = (1 + §)a?x=? < K, thus
condition (1) holds; we get —guw? = z"2x 2% = 2"~2% and since n < 2, we
get 1”72 is bounded, hence condition (2) is fulfilled. Moreover, we see that
[ wp~2dar = [Z a7z = iln(xo‘)’zc = oo implies (4)’ holds. Now, let
d=1, g3 = —ixo‘eé””a cosea® Q = N —étaeita cosex!"d,t, we obtain that
wip=2|Q| = L ff—éto‘eita cosex'"dyt| < K. According to Lemma 2.3 and

integrating by parts, we obtain

1
1,0 1,0
/ —Zt%at cogeat dut
1

1 a i Lt ; C Lo
=— |——t%-sine= + sine«" dt
T 1 1
1 1 . 1,0 1. 1 1 1
<— (‘—xo‘-smeax —|—|s1nea+x°‘—)
i « « « «
2
<—-<K
@

Hence all conditions of Theorem 1.8 are fulfilled, so the 2a-order conformable frac-
tional differential operator M, (y) is of the LPC at oo when n < 2a. O

This example shows that although the oscillation of ¢(x) is strong, it even break
through the speed of ¢(x) — oo in Theorem 1.8, but it still maintains the LPC
for conformable fractional Sturm-Liouville operators. Therefore, in order to ensure
that M is of the LPC, there is no requirement for the whole property of g(x) in
the interval [a, 00), ¢(z) needs only to have better properties in a part of the range.
This leads to the following interval-type criteria of LPC.

Theorem 3.1. If there exist mutually disjoint intervals I, = [an,by] (n=1, 2, ---)
with by, — 00 as n — 00, and a sequence of positive numbers {v,}, such that

b
" 1
(1) Unpg > K > 0, where P, :/

dax;
an p(z)
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(2) 3 - =oo;

n=1 "

bn
() [ a-(@)das < CoZ P min (o), where g (z) = min{g(),0).

Then £ (y) is of the LPC at cc.

Proof. We give the proof by three steps.

Step One. Defining function w(zx).
We define [vnP,ﬂ as the integer part of vnPﬁ , then we get 1 < [vnPfL] < vnPfL <
[v,P2] + 1. We divide I,, into [v,P2] + 1 intervals J,,, (i=1, 2, ---, [0, P2] + 1),
we see that

1 \ 1
< T2 < .
20, P, = /J P (eMan < (31)

at each of such intervals J,,.
If more than half of the intervals satisfy

/ 4 (2)daz > 200, Py min /p(z),

Tn; "

then we get
[vnPﬁ] +1

5 / g (2)daz > Cv, P, ([v, P2] 4+ 1) rrllin Vp(z) > Cvip3 IrIlin vp(x).
J n n

So the remaining intervals J,,; must be satisfied

/J q—(2)dpz < 2Cv, P, IIII:LH V(). (3.2)

J

On each such an interval .J,,; = [c,d], we take e € [c,d], such that

/C T () ez = % / ), (3.3)

we define

On the other parts of I, and the complementary set of U,,I,,, we define w(z) = 0.
Hence w(z) is a non-negative local absolutely continuous function, and

1 1 1
= = = 2 < . .
m}xw(m) w(e) 5 /Jp (x)dox < 50, P, (3.4)

Moreover, on the intervals .J,,, = [c,d] satisfying (3.2),

To(w(z)) =
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On the other parts of I,, and the complementary set of U, I, To(w(z)) = 0 a.e., so
p(Tow)? < K.

Step Two. Dividing potential function p(z).
On the [v,P?] + 1 subintervals J,,, = [c, d] of each interval I,,, we define

Between I, and I,,41, i.e., [by, ant1], we define

@ An 41
qo(x) = aib/b q—(x)dyx.

p— (a3
Apt1

Then go(x) is the step function on [a,00). Obviously, [a,c0) contains some subin-
tervals I, which satisfies

[ la-@) - a@))duz .
I
Let q1(x) = 0,q2(2) = q4(x) — qo(x), ¢3(2) = —¢— () + qo(x). Then q(z) = qu(z) +
q2(z) + g3 ().

Step Three. Verifying the conditions of Theorem 1.8.
Firstly, it is easy to see that

(1 + 6)p(To¢w)2 - QIw2 = (1 + 6)p(Taw)2 < (1 + 5)K (35)

Secondly, on the intervals where the inequality (3.2) is not satisfied, w(x) = 0, then
gow? = 0. And on the intervals satisfying the inequality (3.2),

do — ¢ P2’

d
1
gow? = ( o / q(x)dax> W< o =200, Py min /p(x)
c — C~ n

Because of

d d
1 da _
/ p*%(x)daa: < max / doz = .—C,
c p(z) ) Je aming, v/p(x)

we have

aming, v/p(x) 1

7o o S 1 < 20, Py,
Jop2(x)dan
then we get
gow” < C.
So for the interval U, I,,,
— qouw? = (qo —q)w* < C — g uw? < C. (3.6)

Thirdly, we take d = 1 and notice that wp~2 |f; qs3 (t)dat| # 0 only in the interval
Jn, that satisfies inequality (3.2). When z € J,, = [c, d],

/: qa(t)dat:/:qg(t)dawr/: q3(t)dat:/; g3 (t)dat.
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Hence we get

1 x 1 xr
wp 5 /a QS(t)dat Sm /C Q3(t)dat
1 xT xr
= — |- _(t)dat t)dt
TN | a-@aat+ [
1 T l(ma_coc)a T
= — |- _(t)dgt + &¥=——"-—"— _(t)dat
20, Pu /P R = A
1 d 2Cv,, P, mi
Si/ qi(t)dtgv—mIH\/ﬁSQC_
U Prur/P Je U Pry/D

(3.7
Finally, since

By (3.5)-(3.8), the conditions (1)-(4) of Theorem 1.8 are fulfilled, so ¢,(y) is of the
LPC at oo. O

Remark 3.1. For the special case of a = 1, Theorem 3.1 reduces to Theorem 1.4
in [8].

Theorem 3.2. If there exist mutually disjoint intervals J,, (n=1, 2, --- ), such that

(1) q(x) >0 for xz € J,.

(2) There exist constants v > 0, 0 < ¢ < 1 and subinterval I, C J,(n =1,2,--),
such that fJ p_%da:lc > vfl p_%dax on each connected component J of J,\I,

and N % 2
$foo]ef ()] ([ ey =

Then Lo (y) is of the LPC at co.
Proof. We give the proof by three steps.
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Step One. Defining function w(z).
For given J,, = [an, b,], we divide it appropriately into three subintervals [coy, ¢15],
I, = [c1n, c3n] and [esp, can] With ¢, = apn, c4n = by, such that

Cin 1 Can i N
/ p2dyx = / p 2dax = 'y/ p~2dyx, (3.9)
Con C3n JIn

then we take cap, € (¢1n,¢3n), such that

[ Qe o
Cin p C2n p

Outside the interval U, J,,, we take w(z) = 0, and define w(x) on J, as follows:

z 1
/ piidatv Con S X S Cin,
Con
T /g 1
w (c1p) exp C/ (> dat|,  c1n <z < c2p,
cin \P
w(z) = ) . (3.11)
s g 2
w (Cln) €Xp | € - dot|, con <o <cay,
x p
Can
1
/ P 2dat, C3n ST < Cyp-
xT

By (3.11), we get when ¢y, < * < c1, and c3,, < T < C4p, there is p(Tpw)? = 1,

and when ¢, < x < cap, We get
z q 2 T q 5
UT,(w(z)) = w (c1n) €xp c/ () dat c/ () dyt
Cin p Cin p

o <(3)

and using the same method, when ¢, < x < c3,,, we have

[e%

To(w(z)) = —w(z) - ¢ (g)é.

Step Two. Dividing potential function p(z).
We take ¢1(z) = 0, ¢2(z) = p(x), ¢3(x) = 0 outside the interval U, J,, and take
q1(z) = q(x), g2(z) =0, g3(x) = 0 on the interval Uy, J,.

Step Three. Verifying the conditions of Theorem 1.7.
Obviously, q1(z) > 0, we take § = & > 0, K > C% then by (3.5),

c2
(1+0)p(Tow)? — uw* < K, (3.12)
hence (1) holds. (2) holds obviously since

—qpu?=0<K. (3.13)
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Now, g3 = 0, then Q = C. So
wlp™2|Q| = wip~3|C| < K (3.14)

implies (3) is true. Finally, since

[ () wem [ () e [T (3) e
:z el [ (2) o ([ (4) 0]
:w Lesp |2¢ [ (2) doat
e[ (1)
=“Jf”{expl%/f<z>%aw]—l}

[ (@) wes g5 ol f (9 e -} ([ ) -~

T I
N—
N
o
Q
8
[ —
|
—_
—
VY
I
’BI
[N
o
8
N—
)

(3.16)
i.e., (4) holds. By (3.5)-(3.8), the conditions (1)-(4) of Theorem 1.7 are fulfilled,
then ¢, (y) is of the LPC at co. O

Remark 3.2. For the special case of a = 1, Theorem 3.2 reduces to Theorem 1.5
introduced in [19].

4. Examples

In this section, we give two examples to verify our main results.

Example 4.1. Consider the 2a-order conformable fractional differential operator
My (y) = —Tu(Tay) — 2°sin(z?)y on [a,o0)
with a > 0, € (0,1]. We obtain that M, (y) is of the LPC at oo when 0 < 8 < 2a.

Proof. We take I,, = [((Qn - 1)7r)%, (2n7r)ﬂ (n=1,2,---), obviously ¢(z) > 0
on I,, so g—(z) = 0 and by the definition of P,, in Theorem 3.1,

P, = (@2nm)% — (2n—1)m)% = (2nm)5 [1 - (1 - zln)[ =0 (n¥7). (1

Then we take v, = n 2371 and verify the conditions of Theorem 3.1. According
to the conformable fractional calculus, we get vnP2 =n 25D .0 (nz(%_1)> >
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K >0;and )7, i =>, n?(5 7Y hence when 2(5-1) = -1,ie,0< B < 20,

oo 1 oo

o
E 725 nz(ﬂ 1):oo;
n=1 Un n=1

since g_(xz) = 0, it is obviously that f;: q—(x)dor < Cv2P3ming, \/p(x) holds.
Hence by Theorem 3.1, the 2a-order conformable fractional differential operator
M, (y) is of the LPC at oo when 0 < 8 < 2a. O

Example 4.2. Consider the 2a-order conformable fractional differential operator
My(y) = —To(Tay) — 2° sin(rz®)y on  [a,00)

with a > 0, « € (0,1], 6,8 > 0. We obtain that M,(y) is of the LPC at oo when

68— g < a.

Proof. By the definition of M, (y), it is clear that the potential function ¢(z) — oo
1 1

on some intervals. Then we take Jn:[(2n)f%, (2n+1)71*] ) In:[(2n+%) 7, (2n+3) 5] )

and verify the conditions of Theorem 3.2. We get:

(1) It is clear that ¢(z) > 0, when = € Jy;
(2) According to the conformable fractional calculus, we get

1
2 1
/ (q> de = z%\/sinwxﬁd:cz —/ z3dx
I, I, V2 i,

p
(2n+ Z) #(3+a) - (2n+ é)é(%a)]

ﬁ(SlH) (27” Z)é(%) 1- (1 . 27%31 2>é(3+a)

(4.2)

Since there is an exponential function in (2), we only need to make 3 (3 +a)-1>0,
ie. B — % < a. Then

S fon e (8)!w] 1} ([ ) =

Hence, the 2a-order conformable fractional differential operator M, (y) is of the
LPCatoowhenﬂ—g<oz. O
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