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1. Introduction

In 1954, Kolmogorov [7] first claimed the persistence of quasi-periodic invariant tori
under small perturbations with non-degenerate conditions and Arnold [1] proved
it soon after. In 1962, Moser [11] proved the existence of the invariant curves for
twist mappings with one action and one angular variable. These works [1, 7, 11]
established the celebrated KAM theory. Later, Zehnder [22, 23] took use of the
generalized implicit function theorem to solve some divisor problems. Riissmann [16]
exhibited the optimal result that the invariant tori of twist mappings persist when
the perturbations belong to class C!, [ > 3. Due to the efforts of Cheng and Sun [2],
the persistence of invariant tori for three-dimensional measure-preserving mappings
under small perturbations is proved. And the case of volume-preserving mappings
on n-dimensional space was considered by Xia [20]. For Moser’s invariant curve
theorem, one can find some further developments in Svanidze [17], Herman [6],
Levi [9], and Moser [12-14].

Cong et al. [3] proved the persistence of invariant tori of analytic nearly twist
mappings with different numbers of action and angular variables when having in-
tersection property. The so-called intersection property is that any n-dimensional
torus close to the invariant torus of the unperturbed system intersects its image
under the mapping. Li and Yi [10] introduced a parameter in their consideration
of generalized Hamiltonian systems. It inspired us to consider the corresponding
circumstances of twist mappings with a parameter. Recently, Yang and Li [21]
investigated the existence of periodically invariant tori of twist mappings on reso-
nant surfaces. There are more related works on KAM theory in recent years, for
example, see Chierchia et al. [4], Calleja et al. [5], Koudjinan [8], Sevryuk [18],
and Trujillo [19]. In this paper, we will show detailed proof of the persistence of
invariant tori for twist mappings with intersection property.
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Consider the analytic mapping .% : T" x D x G — T™ x R™*P defined by

. {91:9+w(r,£)+f(9m£)7 (1.1)

Tl :T+g(0’7’"€)7

where § € T" = R"/27Z", r ¢ D C R™, £ € G C RP, D and G are bounded and
closed domains. Assume the following conditions hold:

(A1) f and g are analytic on T" x D x G}

(A2) there exists a positive integer K such that

0w
rank c0< o < K -1} =mn;
(Grgz: 0=l )
(A3) the frequency w satisfies the Diophantine condition
1)

where 7 > n + 1 is fixed.
The unperturbed mapping of (1.1) is

X (1.2)

rt=m,

{91 =0+ w(r, &),

which is called twist mapping.

Hereafter consider the mapping .%# in a complex neighborhood T" x D x G of
T™x D x G, where T" = C" /272", D C C™, and G C CP. For given 0 < p,s,0 < 1,
let

D(p,s,0)={(0,1,) €eT"xDxG: Imf| <p, Imr|<s, Im¢| <o},

and || - ||p(p,s,0) Tepresents the sup-norm of functions in D(p, s, o).
Now we are in a position to state the main results of this paper.

Theorem 1.1. Consider the twist mapping (1.1) with intersection property on
T" x D x G. Assume (A1)-(A3) hold. Then there exists a nonempty Cantor set
Ds C D x G and a sufficiently small constant €, > 0 such that for all € € (0,¢,), if

|| f(evrv 6) ”D(p,s,o) + H 9(97T75) ”'D(p,s,rr)g €, (13)

the mapping F has a Whitney smooth family of invariant tori for (r,§) € D5 C
D x G. And the measure estimate holds:

meas((D x G)\Ds) = O(6%).

The case m = 0 in Theorem 1.1 can be regarded as a parameterized Herman’s
theorem under Riissmann type nondegenerate condition. See the corollary as fol-
lows.

Corollary 1.1. Consider the analytic mapping %' defined by

0! = 0+ w(€) + F(6,€), (1.4)
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where 8 € T™ = R /277", £ € G C RP is a parameter and G is a bounded and
closed domain. Assume (Al), (A3) and (A2)" hold, where
(A2) there exists a positive integer K such that

rank{ J gw

:0<|a| < K -1} =n.
a «@
Then there exist a complex domain D(p, o) = {(0,£) € T"xG: |Im 0| < p, Im | <
o}, a nonempty Cantor set G5 C G, and a sufficiently small constant €, > 0 such
that for all € € (0,¢€.), if

|| f(97£) ||D(p,o’)§ €,

then mapping F' has a Whitney smooth family of invariant tori. And the measure
estimate holds:

meas(G\Gs) = O(5%).

The rest of this paper is organized as follows. Section 2 gives general analytic
KAM steps for twist mappings with intersection property; section 3 draws up the
proof of Theorem 1.1. In Appendix, we introduce the method of measure estimates
mentioned in [15].

2. KAM Steps

In this section, mainly, we consider the KAM steps for mapping (1.1). The symbol
'/ represents the abbreviation of constants appearing in estimates for convenience
that are independent of the iterative process.

2.1. Description of the 0-th KAM step
We first define the following parameters that appear in the 0-th KAM step.

1 a a
s0 = €55, o = €

<)
<)

x
L

O l=

) Mo = €

[«=FN

)

1
KK
6026280 60 IU/O7 pozp7 0‘0:602I(7

D(po, s0,00) = {(0o,70,§) = [Im Oo| < po, [Im o] < 50, [Im &| < 00},

where 0 < ag < 2. We also define p, = (% + ﬁ)po, 5, = 2.7U%so, o, = 27,,%00,
(v=1,2,---). And x is an integer that satisfies 2 < ()X < 4, for instance, y = 3
or 4.
The mapping at 0-th step is
1_
P {90 = 0o + wo(ro,§) + fo, (2.1)

Fy

76 =70 + o,

where (09, 70,&) € D(po, S0, 00), wo = w is the original frequency vector, and fy = f,
go = g are original perturbations.

From (1.3) we have

| £0(61,71,€) 1D(po.50,00) + I 90(01,71,€) 1D(00.50,00)< S0 T Ho-
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For 0 < k,j,h < K, k+j+h = K, denote 0¥ () = 85"0?5‘?() throughout this paper.
Then taking use of Cauchy estimate on f)(pl, s1,01) = D(p1 + %(po —p1),81,01),
we get

| 0% fo(61,71,€) [y | 9% go(01,71,€) 5001 .51,00)
= 5313g13?f0(91,7”175) ||ﬁ(pl7shal) + |l aglaﬂlaggo(%,rhg) ||ﬁ(p1,sl,al)
ARG fo(0r,71,€) H'D(Pmsoﬁo) + 1| go(61,71,€) ”D(Po,so,oo))
(pO - ,01)”(80 - 31)j(00 - Jl)h
Sé{_j(sé(ﬂo

(po — p1)*(00 — 1)

IN

ne

2.2. Description of the v-th KAM step

In this subsection, we will show one cycle of KAM steps from v-th step to v + 1.
For any v =1,2,---, set

1 1 1 4
€ = Sféfuu, Sy = WSO’ oy = (5 + ﬁ)(so’ P = 1,
1 1 1 1
pv = (5 + W)p07 Oy = 577200, Ny = ([log—u] +1)%x,
j—1 . . .
Dj = D(pu+1 + T(pu - pu+1)a]5u+1a]01/+1)7 J = 13273747

3
D(pv41580+1,0041) = D(pus1 + i(p” = Put1)s Su41; Outl),
Dy = D(pu+1; Sv41, Ju+1)'

Suppose that after v KAM steps, we have arrived at the following mapping

1 _
yy . 91/ - QV +wV(TV’§) + fV(9V7TV7£)a (22)
7‘; =7, +gu(0,,7,8),

where (omruag) € D(puaSV7av) = {(emrmg) : ‘Im 0V| < pv, |Im 7al/| < Su, |Im 5‘ <
o, }. Introduce a transformation %, 1:

01/ == 0V+1 + Uu—l—l(eu—‘rla Tv+1, 5)7 (2 3)
Ty = Ty+1 + VV+1(9V+17 ru+17§)a
which satisfies
02/1,+1 o yy+1 = yy o %1,+1. (24)

From (2.4) we have

Op+1 4+ wot1(ro41,€) + fog1(Ovrr, 141, €)

U1 (0vs1 w1 (rog1,€) + fogts Togr + goi1,€)
=0y +wu(r, &) + fu (00,7, €)
=0p11 +Upi1(0vg1,7041,8) +wu(r0, &) + fo(Oosr + Ungr, mog1 + Vg1, §),

Ty41 + gv+1(9u+1v Tv+1, f) + Vu+1(0v+1 + wy+1(7’,,+1, 5) + fost, "ol + Goit, f)
=7+ o0y, 70, €)
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=Ty41+ Vu+l(eu+1a Tv41, 5) + gu(eu—&-l +Ups1,m041 + Vg, E)a
i.e.

Wyt1(To+1,8) + for1(0vt1, 7041, 6)
+Up1(0ps1 + wog1 + fogt, Tog1 + Gog1,€)
= Ups1(0vs1,m041,6) +wu (0, ) + fu(Oppr + Upgr, o1 + Vg1, 6),  (2.5)
Go+1(0u41,7041,8) + Vo1 (Ot + w1 + fot1: o1 + o1, )
=Vor1(0vg1,7041,8) + 90 (01 + Upyr,mo1 + Vg1, §). (2.6)

2.2.1. Estimates of the remainders

Consider the Fourier series expansion of f, (0,41, 7,41, &),

fu(eu-&-laru-‘rlag) = Z fk,V(Tu+1a§)ei<k’6V+l>' (27)

kezn

The operators of truncation and remainder are respectively

TNy foOortsrog, ) = D frw(rugn, et ™0, (2.8)
0<|k|<Ny41

RN,,+1fV<6V+17rV+17§) = Z fk?,l/(ru+17§)ei<k79u+1>7 (29)
|k|>Nu+1

where fi,(rv41,€) = an fl,(9,,+1,7"1,4_1,5)6’“’“’6'"+1> df,, .1 is the Fourier coefficient
of fu(eu+177"u+laf)'

Lemma 2.1. If

+oo PU—Pyt1
(H1) / "e”' T dl < p,, (2.10)
Nyy1
then
” RNV+1fV(6V+17TV+1’§> ||D3S 81{(51{(”12/ (2'11)

Proof. By a direct computation, we have

| BN,yy fo(Oug15m041,6) [y

< Z frew(ryp1, €)eitFo+))

[k|>N, 41
< Z | fiow (o1, ) FOv+1)]

|k|>Ny 1
S Z |fk,u(ry+1,£)‘ |ei<k?,0,,+1>|

|k|>Ny 41
< || fV(9V+17rl/+17£) ||D4 Z e—|k‘(Pu+1+%(p,,_pu_H))e‘kl(py+1+%(py_py+1))

[k|>Nyi1

k| Br=PrtL
< || fV(0V+17rV+1a£) ||D4 Z € I£l 4

[k|>Ny 41
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g P PrtL
< fo(@vs1,m041,€) lIDs Z |k|me Ikl —

[K|>Ny 1
too n 7l01/ ﬂy+1
S || fV(0V+17Tl/+17£) ||D4 e dl
Nyy1
< 5K5K 2

O

Remark 2.1. On the third inequality, we notice that the coefficients fi , (ry41,&)
decay exponentially, that is,

| frw (rog 1, O <[ fo(Ovs1, 7041, 6) s e Rl (pv 1+ (ov—pusn)) (2.12)

From Cauchy estimate we get

| aKRNVH Jo(Ovs1,7011,6)

- ” 801,4—1 Tu+18§ RNI-Hf"( v+1 Totls ) ||@(Pu+1’5u+1v‘7v+l)

H’ﬁ(pu+1 €y+17l7u+1)

) || RN,,+1fV( u—‘rlarl/-i-l? ) ||D Puwsu»o'u)

(B )k (s, — spq1)? (00 — opgr)P
K(;K

IN

(o = poy1)(on — Uu+1)h31j/+1
sy 16, u

= oy — pos1) (00 —opy ) (2.13)

Remark 2.2. Note

%

n .

+o00 e PPyt PV+1 H—l n — 1 (n — 14 )Nn i —Nyi1 pp*Zqul

N, Z — Py +1)Z+1 v .
V1 i=0

Then in order to get

+oo Pv—Py
/ ne Tl <
Nyt
it suffices to hold
qntlin +1 Pv—pPy
(nt 1) Npyje N = <,

(pv = poaa)™+t
ie.
(n+ 1)logd + log(n + 1)! + (v + 2)(n + 1)log2 — (n + 1)logpo
+3xnlog((log=-] + 1) = gorrmo(llog ] + D™
< logi,.

Since 2 < (3)X < 4, we get

(o] + 17 > 2 (3 hog 1)

v
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Po 4 xv 1
— log—1X
> oga(3) o ]

po A
2 —2y+4(§)x [logpio]X

\%

Po
= —?[loguo]x
1.

Y]

It follows that

(n 4+ 1)logd + log(n + 1)! — (n + 1L)logpo + (n + 1) (v + 2)log2

1 1
+3nxlog([logﬂ—] +1)— 2534 ([logu—] +1)3

< (n+ 1)logd + log(n + 1)! — (n + 1)logpy + (n + 1)(v + 2)log2
1 1
+3nxlog([log/7] + 1) — [log—]*¢

1
< —log—.
Mo

2.2.2. Homological equations

Before considering the homological equations in KAM steps, it is necessary to
take time to consider the Diophantine condition in v-th step to make sure that
D(py, Sv,0,) is well defined.

Lemma 2.2. There exist positive constants My, My, and My such that |w,|, \g“:: l,
and \85"5”| are bounded by them on D(p,, s, 0.,) respectively. If
1, a2-1 1
(H2) (My+Ms)([log—]+1)X60° < 77
Ho ||
the frequency w, satisfies
oy
[k, wy (ry, §)) — kol = A V' [k[ € (0, Npqa], V ko € Z. (2.14)
Proof. Due to )
wu(ruyf) ZWO(T0,§)+Zﬁ(Tl+1,€), (215)
1=0

the fi(r41,&) above is the average of f1(0;411,7141,&) and satisfies

|fi(rig1, )| = ﬁl/w Ji(Or1, 7141, 6) dbpa |

1
< 0 do
< o [ 801,708 oty B0
< le(le/J'lv

and then w, is well defined in its domain with

v—1

jwi < lwol + D fil0rs1, rig1, €)| == Mo.
=0
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Therefore, the bounds of |8“" | and |8‘””| are respectively,

Bwl, 8w ! af, r,

V V
v—1 K
‘&UOH'Z sEoE
— 'or, — 51— 8141
= Ml,

Ow, ow 8f r,
5! < | °|+Z| L

v—1

‘ aCU() Z

gy — 0
—0 l I+1

SlK(Sl Hi

= MQ.

We see that

i
v 1 X

— (3 og1+1)

< (3 (ogi ] + D

|<k7wu(rm£) _WV(Txljvgl»‘
< |k, wy (10, &) — wi (1, €) + wy (1), &) —wy(ry,,£))|
< |k, wy (10, &) — wi(ry,, )| + [(k, wy (1, €) —wu( &)l
< k| |wu (1, 8) = wu(ry,, )| + [K| |w, (r5,,€) — 6’)\
oy dw,
< |kl 15 b =l 1R 1 - Slle=¢
<M s,,|k| + Mooy k|
< Nyy1(Mis, + Mao,)
< 26u([]0g$} + 1) 27v+2 (M180 + MQO'())
= g (log )+ 1Pt 5 4 M)
= 2522([1 gul ]+ )% (M +M2)5“°

1 1 1 Z-
52 T 2u+2)50([10gu ]+ 1)°X(M; + M3)d,

oy
2|k|™

IN

IN



A new proof of Moser’s theorem 1687

From the Diophantine condition in v-th step, one has

[(k, wu (10, €)) = kol = [(k, wy (7, &) + wi (ry, §) — wy(r},,€')) = kol
2 |<k‘,wy(7”,//,£/)> - k‘o‘ - |<k’wl/(ru7€) - WV(TI//’g/)H

0y 0y
2 -
k[T 2[RI
oy
> .
20k
O
From (2.5), (2.6), and (2.15) we now get homological equations
Up1(0vs1 + w1, 704158) = U1 (01157041, 8) = Uy fu (B0, m041, 6),
Vu+1 (91/+1 + Wy+1,Tv+1, f) - Vu+1 (0u+17 Tv41, 5) = FNV+191/(9u+17 Tv+1, g)
(2.16)

Then the following lemma yields the solutions of (2.16) and their estimates.

Lemma 2.3. Assume that

(H?)) Sféllfillly S W

v+1
Then the second equation of (2.16) has a unique analytic solution V,411(0,41,7041,&)
of zero average on D(p,, s,,0,) and the estimate

” gu(9V+1a Tv+1, 5) ||D4

H VV+1(0V+17TV+17§) ||D3§ ’ 5y(l)u _ py+1)T+n+1

(2.17)

holds.

Proof. The Fourier expansion of V,,41(0,41,7,41,&) is

Vor1Ov1,m041,6) = D Vi (ros, £’ ™0,
=

and the truncation of V41 is still represented by V,,41(0,41,7,41,&), that is,

Vir1(Ovgrsmg, €) = Z Vi1 (T, €)er R0,
0<|k|<Ny 41

Let the Fourier expansion, truncation, and remainder of g, (6,41, r,+1, &) be respec-
tively

G (Ovs1,m041,8) = Z G (Tog1, ) Fbvin),

kezn
FNV+1gV(9U+17TV+17§) = Z gk,u(ru+17§)ei<k79u+l>7
0<|k|<Nyi41
RNV+1gu(0V+17rv+1,£) = Z gk,u(ru+17£)el<k7ey+1>a
[k|>Ny 41

where gi ,(ry4+1,§) = an Gy (O 41,7041,6)e " B041) dh, 1 is the Fourier coefficient
Of gl/(el/-‘rlv TV+17€)'
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Putting them into the second equation of (2.16), we get

§ : i(k,0, v E i(k,0, _ § i(k,0,
Vk,u+1€l< +rtwr) Vk,u+1ez< +1) - gk,yel< +l>a

0<|k|<Ny11 0<|k|<Ny41 0<|k[<Ny41
i.e.
k.0, i (kw,y, _ i (k,0,
E Vi€l i( +1)(€1( Wot1) _ 1) = E gk,yé( +1)’
0<|k|<Nyt1 0<|k|<Nog1
that is
i(k,0uy1)

Z 9k, V(Tl/Jrl 5)

Vi1 (0u41,7m041,8) = b 1 (st ) — 1

0<|k|<Nyi41
Then

H VVJrl (9u+1a Tv+1, 5) ||D3

< Z |gk:,u(7"u+17§)| |ei(k,0,,+1)|

‘6i<k,w,,+1(’l“u+l’5)> — ]_‘

0<IKI<N, 41
|gk,v(7"u+17€)| 1k (o142 (pr—poi1))
< Z ‘ei<k,wy+1(m+17§)> — 1‘6 :
0<|k|<Ny41
27T _ Pv—Py+1
< 5 | 90 (0u+1,7041,6) [|Ds Z |k|Te”HI——
Y 0<[K|<Ny 41
27 Nyy1 . Y
< 5 | 9 (Ovs1,7041,8) |lDs ; [T T dl
v
2w e 4 4z
< — g 0 r ,f D / _ T+an+ne—wd R
5u ” u( v+1,Tv+1 ) ” 4 o (py — perl) (py E—

IN
|

) ) X e dxr
9v 6u+1 Tv+ 5 Dy ( )7_ n

2 4T+n+1
=5 | 90 (Ovs1,m041,€) D, o py+1)7+n+11“(7 +n+1)

4'r+n+2 (T—l—n)
= 0u(py — pogr)THH I 9 (Ovt14,7041,6) s -
v 174 v

O

Remark 2.3. In order to estimate |e?(Fwr+1(rv+1.0) 1| we first consider |ze’® —y|
for z,y € Nand ¢ € R.

lze'® — y|? = |z cos ¢ + iz sin g — y|?

|z cos ¢ — y|> + 22 sin? ¢

= 22 cos® ¢ + y? — 2xy cos p + zsin? ¢
= 2% +y* — 2xycos ¢
2 29¢ 2 ¢ 2 ¢ 2¢

= x“ cos f—i—x sin f—i—y COS f—i—y sin® —

—2zy cos? 5 + 22y sm2 4

2</>

= |z — y|? cos® 5 + |x+y|281n =
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> |z 4 y|* sin? %

— 27l
- |x+y|2sin2¢Tﬂ, (e).
Therefore,
— 2ml
5

Since ‘SlIl(p| > %‘QDL if 7% < ® < ga taking z,Yy = 15 QS = <k7wy+1(7’y+1,€)>,
27l = kg, we obtain

|xei¢ —y| > |z + y|sin 9

kawu+l(TU+1a§)> - Ifo|
2

S é|<kawu+1(7“u+17§)> — ko
- 2

|ei(k,wu+1(7"u+1a§)> _ 1| > 2‘ sin <

B

where kg € Z satisfies | {k “"*1(”“’5) ko <
From Lemma 2.2 we have |(k Wy (ry, §))

| m\:\

| “;“T. Also (H3) implies that

‘<k7fu(ruag)>| < ‘k| |fu('ﬁu€)| < Nyj1s, 5

<N 0y < oy < 61,
>~ y+14N;.|J_r1l = 4N;+1 — 4|]€|T'

Then
|<k,w,,+1(rl,+1,§)> - kO‘ = |<k7wu(7au7§) + fu(rwg» - k0|

= |<kaV(TV7§)> + <k>fu(ru+1>€)> - kOl
Z |<k7wu(7ﬂu7£)> - k0| - |<kvf_u(rv+1a£)>|

O
T2k AR
Oy
> b
Al

and therefore,

& i(k,wy g1 (Tug1,€)) _ 1] > &
2m|k|m

Remark 2.4. Note that f0+°° x™te~" dz is ' function and I'(7+n+1) = (t+n)!.
Then

TR ol DS Nt N iR S
g |k|"e T < I"™"e T dl
0

0<|k|<Ny41
+oo 4 4
S/ (7)T+nxr+ne—w d(il‘)
0 Pv — Pr+1 Pv — Pr+1

4‘r+n+1 e T+n ,—x
gT+n+1

= o0 = gy D(r+n+1)
gT+nt1

= o0 — s (t+n)l
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From Cauchy inequality we get

| 0KV i1 (8yp1, 70g1, ) ||ﬁ(pu+1,su+hgu+l)
” ag az,,+1agvu+l (9,,+1, Tv41, 6)

v41

||’ZA)(p,,+1,S,,+1,f7u+1)
H VV+1 (9V+17 Tv+1, 5) ||D(PU7SV »‘71/)
() (3, — s oy — o)

KK
Sy Oy f

<- -
(v = poy1)T TR (0, — Uu+1)h6v5{/+1
<. S 200 (2.18)
- (pl/ - pu+1)7+n+1+ﬁ(au - Uu+1)h
In an analogous manner we obtain
” fv(0V+1v Tv+1, E) ||D4
” UV+1(01/+17TV+17£) ”DsS ’ (511([)1/ _ py+1)7—+n+1 ’ (219)
and
|| aKUV+1(9V+17 TV“Fl? é‘) ||ﬁ(pu+17sy+1’o‘p+1)
j R
= || agy+la’z‘u+1a§ UV+1 (9V+1’ TV+17 f) ||ﬁ(Pu+1;Su+17Uu+1)
U410 g1, 7011, 8) Do, 50,00
M)n(sy _ 5v+1)j(0u _ Uu+1)h
(%=1
<. 51 00 .
B (pl/ - pu+1)T+”+1+H(UV - O'VJrl)h(SVSjuJ,-l
<. s 70,y . (2.20)
- (pv - pv+1>r+n+1+n(gv - Uu+1)h
Remark 2.5. In order to make sure that
02/11—&-1 . D(pu-‘rla 8V+17UV+1) C D?) — D4 - D(ﬂm Sv, Ou)a
it requests
Ty — TV+1| = H Vv+1(9u+17TV+17£) ||D3
< 451/+1 - 3Su-l—l
= Sy41, (2.21)
and
6, = sl =l U (b1, 041, ) 1oy < PPt (2:22)
That is,

47 2n(r )
(H4) 6u(pu - Pu+1)T+n+1 S 0 iy < Su,

and

47’+n+2 !
(H5) ) Kok, <
oy (pu - Pu+1)‘r+n+1

Pv — Pr+1
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2.2.3. Estimates of new perturbations

The following lemma shows the estimates of new perturbations in one cycle of the
iteration.

Lemma 2.4. Assume

(H6) 27K(1+2u+1)%§ <1
Then

I ot 1D(pussssvinionsn) + 11 Got1 1D(onsrss0i,00s0) S Sop10nativrn,  (2.23)
and

K K
|| 9 f”+1 ||ﬁ(Pv+1;Su+1yau+1) + || 9 Gr+1 ||ﬁ(pu+1751/+1)0'1/+1)

K—jsK
Syt 6u+1MV+1

- (PV - p,,+1)"(0,, - UV+1)h

(2.24)

holds.

Proof. We have already obtained the expressions of f,11 and g,4+1 from (2.5) and
(2.6), that is,

for1(Ovg1,m041,8) + Uns1(Oos1 + wos1 (rog1,€) + fort, Togr + got1,€)
- V+1(9V+1 + wy+1(7’y+1,f),7“l,+1 + gu+1v§)
+Up41(0p11 + wor1 (1o41, ), Tot1 + Guy1,§)
~Upi1(0vt1 + wot1 (1041, ), 1041, )
= fu(Ovsr +Upg1,mo41 +Vor1,6) = fu(Oui1,m041,8)
+RNV+1 fu(Bv+1,m041,8), (2.25)
9u+1(91/+17 Tv+1, 5) + Vl/+1(0u+1 + Wu+1(7'u+17 5) + fort, Tog1 + Gy, 5)
—Vu+1 (6V+1 + wy+1(ru+1,§)7r,,+1 + 9V+17§)
+Vu+1(eu+1 + WV+1(TV+17 f)v T+l + Gu+1, 5)
—Vor1(0u41 + wota1(ro41,€)s rot1,€)
=901+ Uvg1,m001 + Vi1, 8) — 00 (0ui1, 7041, 8) + G (1041, €)
+RN, 190 (Ops1, 1041, §). (2.26)

Then f,+1(0p41,7041,&) and g,11(0,41, 7041, &) can be solved by the Implicit Func-
tion Theorem. From

T A TN [F P PO
+ 11 Or, 1 Una Hﬁ(pu+1,s,/+17o'u+1)|| Jv+1 HD(p,,H,suH’JVH)
+ 1 fosr I1D(onra,5041,0040)

SN 00,1 fv B0y 1,501,000l Vvt 1D(pus1,5041,0040)
sl K2y Hﬁ(py+1,s,,+1,cr,/+1)|| Vit ”D(Pwlvswh”wl)

+ || RNu+1fV ||D(Pu+1’5u+1,0u+1)?
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we obtain

|| 89u+1UV+1 ||f)(pu+1,s,,+1,g,,+1)” fot1 ||D(pu+1,8u+1,0u+1)

+ ” aTv-H Ut ||ﬁ(py+17su+170u+l)|| gv+1 ||D(pu+1,su+1,oy+1)

+ ” fV+1 ||D(pu+17$u+170u+1)

KK KK KsSK KSK
<. SV 51/ I’LV SV 5V IJ‘V . 81/ 51/ :uV 81/ 61/ :u'/
- ,01/ - pu+1 51/(/)1/ - pu+1)T+n+1 Sy — Squl 5u(pl/ - Pu+1)T+"+1
KK, 2
+8v 51/ Hy
2K s2K—1,,2 2K—-182K—-1,,2
Sy 61/ Hy Sy 61/ My

KsK 2
<- . + s .
(oo — poet) T2 oy — poyy)rrnrt O e

The intersection property is written as

yu%»l%n%:%,/jrlloguo u+176076
= U} o (Fy o UysirTo N Uyir To)
# 9,
where 7 is the initial torus of the mapping. As for || gu41 [|D(p,s1,5051,0041), taking

use of the intersection property of twist mapping, there exists a 6° 11 such that
Gu1(00,1,70,1,€) = 0 for each r0, . Therefore,

Sup || go+1(0u+15704158) 1D(ors1s5011,0051)
=sup || gp+1(0p11,7041,8) — 9u+1(93+177"2+175) 1D(ou 1,50 11.0010)
< o0sc(gy41(0vt1,7041,8))
= 05¢(Gu41(0v41,7041,€) — h)
< 2sup || goy1(Ovs1,7041,8) — h ||D(py+1,su+170u+1)’

where 0sc(gy+1(0v+1, 7041, &)) denotes the oscillation of function g, 1(0,41,741,&).
Specially, taking h = g, (r,+1,£), we have

1
5 || gl/+1(91/+1aru+1’§) ||D(pu+1151/+1701/+1)
< sup ” gv+1(9V+17TV+17§) - gy(rl’+175) HD(PV+1,SV+1¢7V+1) :

Therefore, from

H 69u+1VV+1 ||ﬁ(py+1’sy+l’a'y+1)|| fV+1 “D(pu+1,5u+170u+1)
+ H 8Tu+1v

v+1 Hﬁ(p,/Jrl,qurthl) || Jv+1 HD(Pu+1,Sv+1,Uu+1)

1
+§ || gv+1 |‘D(pu+1,8u+1701/+1)

<100, Vorr 1p0 1 s0insoven) | Frtt 1DGon 1150 41,0040)
1 O Vet 150 150 s1,00 ) || G041 1D(pus1,5011,0041)
+ | gor1(Ovr1,7041,6) = G (1041, 8) 1D(pu 11,50 11,0041)

<1 00,1290 1oy 11501 1,00 ) | Uvt 1D(pus1,5001,0010)
1 090 oy 1 501,00 i)l Vit 1DGons1,5011,0010)

+ H RNV+19V ||D(pu+1551/+1701/+1)’
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we have

2 H 39y+1 Vit ||1§(py+1,sy+l,gu+l)” fo1 |‘D(pu+1,su+1,au+1)
+2 8ru+1VV+1 Hﬁ(p,,Jrhs,,H,g,,H)H gv+1 ||D(pu+175u+laay+l)
+ || gu+1( v+1sTv+1, ) ”D (Pr41,5041,0041)
<201 90,1 Vo1 15,1150 s1.00 ) | ot [DGous1,5000.0040)
+2 Or, 1 Vi ||/D(pu+17sy+l7gy+l)H Gv+1 ||D(pu+1,su+1,ov+1)
20| gor1(Ov4157041,6) = Go(To41, ) [1D(pus1s50 11,00 10)
<2 9,19y Hﬁ(p,,ﬂ,s,,ﬂ’gu“)” Ut ||D(pu+1,su+1,cru+1)
F2 10,190 D00 1.50 1,00 i)l Viort IDGovs1,50 11,0040

+2 ” RNu+1gV(0V+17TD+1a€) HD(pu+1,Su+1,Uu+1)
Sy 0 o sy 0y

o .pu — Pr+1 5u(pu - pu+1)7—+n+1
K(;K 5K5K

Sy — Su+1 5u(pu - pu+1)7+n+1
+ s 0,
N
- (Pu - Pu+1)T+n+2 (pl/ - pu+1)T+n+1

+ sy 0y

If
3rATINT2 (7 4 n)! SK oK

6V(p1/ - pu+1>7—+n+2 o

3rdTH 2 (7 4 p)! KéK
51/(51/ - 5V+1>(Pu - Pu+1)T+n+1 o

the estimate of new perturbation is

(HT) 1+ py <2,

(HS) 1+ <2,

H fV+1 ||D(pu+1,su+1,au+1 + || gv+1 ||D(pu+1,su+1,au+1)

2K S2K—1,,2 2K 182K—-1,,2
. Su 61/ Hy . Su 51/ Hy + ‘SKéK[L2
= (py = pyg1)TTE2 (Pv = pog1)7 T HL v
S SK(SK 2
K <K Su i, O K 2
< '$u+16y+1:uV+1( ) 5 ) b
Sy+1 v+1
1 2
K K TK K
< 'su+161/+1ﬂl/+12 (1 + 2y+1) /J’I\j
K K
S su+15u+1lu’v+1'

Cauchy estimate yields that

K K
107 foa ”D (Pr41+Sv41,0041) + 107 gu11 ”@(Pu+1,5u+1,au+1)
- || 60U+1 7‘r+16§ fl"H ||D(pu+1’5u+1,0y+1)

+ 1l 89u+1 Tu+18€ gv+1 ||D(pu+17su+1,0u+1)
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. H fV+1 HD(PV+1-,SV+1 out1) + H Jv+1 ||D(pu+1 Sy4+1,0041)
(P = Pu+1)"(sy — Su41)7 (00 — Og1)"

)

that is,

K K
|| 0" fut1 ||ﬁ(p,/+1,su+1,o'y+1) + H 0" gu+1 ||1§(pp+173u+lsau+l)

K5K 2
<- -
(Pu - pVJrl)HSf/Jrl(UV - Uu+l)h
sy 00
o (pV - pu+1)K(UV - au+1)h
. u+1 5V+1:LI’V+1 Sy K—j (SV )K %
= (py — py+1 oy — 0pr1)" Sut1 w1’ Y
( ) ( ) S
IO 1 , 1 2
u+1 v+1Hv+1 TK-T K 3
< - 2 J(1+ 5
(v — pu+1) (Uu_au+1)h ( 2u+1) H
u+1 5y+1ul/+1
B (pv pu+1) (UV _UV+1)h

O

Remark 2.6. It allows us to consider the problem in the whole domain in view of
Whitney smoothness in a standard manner, and thus we omit the details.

3. Proof of Theorem 1.1

In this subsection, Iteration lemma is used to prove Theorem 1.1. Let sq, dg, fo,
00, 00, €0, fo, 90, %0, D(po, So,00) be given in subsection 2.1, we define

€, =5L00 Sy = 27T1+250, 5, = (; 2y+1)5o’ o = 1,

b= Gt gt 0= gmmon Now = (logn]+ 1%,

Dj =D(py+1 + %(Pu = Put1)s JSu41,J0u41), J=1,2,3,4,

D(py,50,00) = D(pyi1 + g(Pu = Pu+1)s Su+1,0v41), D1 =D(put1, Svs1,0041),

forany v =1,2,---.
The Iteration lemma is stated as follows.
3.1. Iteration Lemma
Lemma 3.1. Assume (H1)-(HS8). Then for mapping %, on D(p,,S,,0.), if

” fv(el/-i-l)ru-&-laf) H'D(pu,su,o’y) =+ || gV(9V+17TU+1’§) ||D(PV,SV,UU)S 31{(5511117

the following hold for allv =1,2,---
(i) There exists a transformation %, 11:

eu = 0u+1 + Uv+1(011+17 Tv+1, 5);
Ty =Tyr1+ Vu+1(eu+17 Tv+1, 5)7
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such that
%u+loyu+1:yuo v+1,

and

K—jsK—1
sy, 10,

K ~ .
R ORI AnE (py = po) T (0, — 0y ) (31)
K—j§K—1
K Sy v 17
107 Vost 5o, 11801100040 S (v = poa) TR (0, — a1 )P (3:2)
(i)
K K
H fV+1 ||D(pu+l1su+17‘7u+1) + H gv+1 ||D(pu+175u-¢-1,0u+1)S Su+161/+1:u’l/+17 (33)
K K
107 fusr ||ﬁ(ﬂu+17su+1;0u+1) 107 g1 ||@(pu+178u+170u+1)
I
< Sl/+1](sl{(+1/j/l/+1 (3-4)
- (pv - pu+1)H(JV - JVJrl)h ’
(i7)
) K—j(sK
S
102, O (@osr(rus1,€) — wi (1, )] < -or—w (3.5)

(Uy - CTl/+1)h.

Proof. It is easy to see that we can take sufficiently small € such that (H1)-(H8)
hold. Now (¢) follows from Lemma 2.3, (2.18), and (2.20), (i7) follows from Lemma
2.4. As for (4i7), we have

\8¥V+16?(wy+1(7“u+1, 5) - wu(rl/a 5))‘

) e
< ” 87]“u+185 f”(ru""l’g) ||ﬁ(pu+1,8u+1,au+1)

- (2%)“ ol 0k ( /T SO, 7001) d0011) U,y 0 00000)
) (271r)” /T 107, 08 St ros1 ) iy, 1 s ) Bt
= (0w — Uu-&-l)h.
Above all, the proof is complete. O

3.2. Convergence

Denote ., by
]u:%lo%QO"'o%m

then
F, = fy_l o Fyo S,

Note that ., has the form

00 == 91/ + Pu(auﬂ”u,f) - 01/ + Z Ul(ol,rl,g)a

=1
v

To =Ty +Qu(9wrm€) =7, + Z ‘/l(glarlaf)a
=1
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and

| (01, 71,6) [1D(or,50,00) + 1| Qu01,71,6) [1D(01,50,00)

v

D U071, Ipiprsion + 11 Vil 71,€) [D(on,s1,00))

=1

IN

v

3 | f1im1(00,70,8) lp(or,si.00 + 11 91100071, €) 1 D(pr,50,00)
Si—1(p1—1 — pr) 71

IN

=1
v K sK-1

< Z S1-101-1 -1
>~ o (,01—1 _pl)r+n+1
K sK—1

50 00 Mo

= T+n+1
Po

Therefore, P, and Q; are uniformly convergent on D(peo, Soo, 0o ). Let P = llim P,
—00

Q= llim Q;, then Z, becomes
—00

00 == 900 +P(07T7§)7
o = Too T Q(evrv 5)

Moreover, from -
wu+1(7'u+1»£) = wu(rvag) + fu(Tqul»g)a

and y ey
. h = _]6” -
|6£u+1a£ <WV+1(TU+1a€) - wy(TV7£))| S .m7
we get
100, 0 (oo ro0r ) — (0 )] < 10, (D @osr (s, ) — wy (1 E)
v=0

< Z |3Z,,+18?(wu+1(7"u+17 f) - wl,(h,, §>)|
v=0

i sy 00
(Ju - Uu+1)h

v=0
K—jsK
5000 Ho
ol 7

that is, w, is uniformly convergent t0 Weo (700, &) 00 D(Poo, Soo, 0o ). Therefore S,
transforms .%; into

1 _
Too = Too-

{eéo - 900 +woo(’roo7€>7

3.3. Measure estimates

The KAM steps are independent of the relationship between n and m + p, but
measure estimates are not. For this purpose, let us consider the following three
cases.
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Case 1: n=m+ p. ~ ~
We assume & = (w,—1), 7 = (1,&,n41), k = (k, ko), D =D x G x (1,2), and

Ds={reD: |(k,&)|>dkl~", ¥ ke zZ""\{0}},

then meas((D x G)\Ds) is equivalent to meas(D\ Ds).
Clearly on D,

rank{0f@(r): 0<|a| < K -1} =n+1,

we have o )
meas(D\Dg) < ¢gd ¥,

that is 1
meas((D x G)\Ds) < cod ¥,

where ¢g is a constant. See Appendix for details.
Case 2: m+p < n. ~
Assume 7 = (1,&, Pimapti1, - 5 o, Tng1), W(F) = (w, —1), k = (k, ko), then

rank{0f@(7): 0<|a| < K -1} =n+1,

and D =D x G x (1,2) x --- x (1,2), Ds = Ds x (1,2) x --- x (1,2). Then

n+l—-m-—p n+l—-m-—p
(k@) > olk[™", ¥ ke Z"\{0},
on Dy is equivalent to the Diophantine condition
[(k,w) — ko| > 0)k|™T, YV keZ"\{0}, VkoeZ,

on D(;.
Then from the estimates of measure, we obtain

meas(D\Dy) < oK.

Case 3: n < m+p.
We have known that

)
D(S = {(T7£) eDx GZ \(l@w(r,g)} — k0| 2 W’ Vk € Zn\{o}7 Vko c Z}
Assume
7 1)
D} ={(r,§) e DxG: |(k,w)+ (k,7) — ko| > e
VkezZ™\{0}, VkeZ™P", V k€ Z},
Where k - (kn+lakn+2,-.~ 7km’~.~ 7k'fn,+p), r = (Tn+17Tn+27"' 77~m’€)7 ifn < m,

(resp. k= (kpg1, - emap), T = (§n—m+1, -+, &p), if m <n <m+ p). Obviously,
Dé C Ds, therefore,

meas((D x G)\Ds) < meas((D x G)\Dj).
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From the non-degenerate condition (A2), we have

0%w
rank 0< ol <K K—-1}=n.
{3(T7§)a || }
Let W' = (W, "nt1, Tnt2, 5 Tm, &), (resp. w' = (W, &nm+1,- -+ ,&p)), it is easy to
see that
rank{ 0w 0<|a|<K-1}=m+p
or,)> "~~~ '

o= (',=1), 7 = (& rmipr1), k = (k,k, ko), D = D x G x (1,2) and D5 =
D} x (1,2), that is,

Ds={reD: (k&) > V ke ZmPHI\{0}},

]
&
one has

rank{0f0(7): 0<|a| <K —-1}=m+p+ 1
Hence, from the Appendix we get
meas(D\Ds) < o6 %,

and
meas((D x G)\D}) = meas(D\Ds).

Therefore,

meas((D x G)\D;) < meas((D x G)\D}) = meas(D\Ds) < o %

4. Appendix

Here we use the method of measure estimates mentioned in [15, p1787].
Assume @ = (w,—1), 7 = (r,741), k = (k, ko), D =D x (1,2), and

Ds=D;s x (1,2) ={Ffe D: (k@) >dk|"", Vkez™\{0}}.

Then meas(D\Ds) is equal to meas(D\Ds).
Assume } : 5
R={rFeD: [(ka)| <olkl™", V ke Z"T"\{0}},
and -
k
2(7:):<C,(:)>, C:@ esn-‘rl,
where S"1 is a (n + 1)-dimensional unit sphere. The Taylor expansion of z(7) is

2(F) = (T A(F)r,

where,

A(F) = (@(f),@;cb(i),~-~ ,6?@(77),/0 (1 — ) FHer 15 (7 + (fo—i-tfo))dt),

F= (1,7, 7" P,
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P =7 — .

By the non-degenerate condition (A2), rank(A(7)) = n+1 for # € D when |a| = K.
Then there exists an orthogonal matrix Oz, = (0;;) whose elements in different
columns and rows are only one is 1 and others are 0, such that

A(7)Or, = (A(F), B(7)),
where det A(7) # 0 and 7 is in the neighborhood D C R™ of 7y. Therefore,
2(7) = ¢TA()T = (TA(R)O5, 077 = (CTA(F), ¢ B(7) 07T,
and

T

21 (F) = 7705, (C"A(F)O5,) " =77 05,

From the non-degenerate condition

rank{0¢2(7): 0<|a| < K —1} =1,
which is equivalent to the non-degenerate condition that appears in this paper, we
get

rank =1, 7€ Dy, (eS"th

Therefore, for all 7 in the neighborhood of 7, there exists an orthogonal matrix Oz
continuously depending on 7 such that

T(7)CCTA(F) AT (7)¢CTB(7
o-t [ATOCTAD ATDCTBDN o 0000 0),
BT (7)¢CT A7) BT (7)¢CTB(7) —

where the position of A\ depends on (, and
(07,'7)il = 1(Or, )it| > mjinlfle-
Taking use of the Poincaré Separation Theorem, we have

T (#)2(F) = 7 05, 05 AT (7)CCT A7) 05, O 1

1o, (AT DECTAG) AT B
"\ BT(#)(CTA(F) BT (7)¢CTB(F
> 7 Oy, diag (0, -+, 0, A(7,¢), 0, ,0)O
= min \(7, {)|(O5,7)4|*

> A, (min |7])?5
J

)) o;'r
)

1

7o I

_

Then

meas ({7 € D N Dy, | [(¢,@)[* < 5%|k[7*"})
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< meas({F € D N Dyl sy (min |75])25+2 < 8%k 727}
J

1

Ao

0(5 )

< —(diamD)"§ % |k|~ %

A=

IN
o

where diamD is the diameter of area D and ¢g is a constant dependents on D,
diamD, n, and Az, that is,

meas(R) < oS % .

Thus

meas(D\Ds) < meas(R) < o6,

due to D\Ds C R, and

meas(D\Ds) < o6 % .
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