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Abstract In this paper, we consider the persistence of invariant tori for map-
pings under perturbations. Mainly, we give a new proof of Moser type theorem
about invariant tori for twist mappings with intersection property.
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1. Introduction

In 1954, Kolmogorov [7] first claimed the persistence of quasi-periodic invariant tori
under small perturbations with non-degenerate conditions and Arnold [1] proved
it soon after. In 1962, Moser [11] proved the existence of the invariant curves for
twist mappings with one action and one angular variable. These works [1, 7, 11]
established the celebrated KAM theory. Later, Zehnder [22, 23] took use of the
generalized implicit function theorem to solve some divisor problems. Rüssmann [16]
exhibited the optimal result that the invariant tori of twist mappings persist when
the perturbations belong to class Cl, l > 3. Due to the efforts of Cheng and Sun [2],
the persistence of invariant tori for three-dimensional measure-preserving mappings
under small perturbations is proved. And the case of volume-preserving mappings
on n-dimensional space was considered by Xia [20]. For Moser’s invariant curve
theorem, one can find some further developments in Svanidze [17], Herman [6],
Levi [9], and Moser [12–14].

Cong et al. [3] proved the persistence of invariant tori of analytic nearly twist
mappings with different numbers of action and angular variables when having in-
tersection property. The so-called intersection property is that any n-dimensional
torus close to the invariant torus of the unperturbed system intersects its image
under the mapping. Li and Yi [10] introduced a parameter in their consideration
of generalized Hamiltonian systems. It inspired us to consider the corresponding
circumstances of twist mappings with a parameter. Recently, Yang and Li [21]
investigated the existence of periodically invariant tori of twist mappings on reso-
nant surfaces. There are more related works on KAM theory in recent years, for
example, see Chierchia et al. [4], Calleja et al. [5], Koudjinan [8], Sevryuk [18],
and Trujillo [19]. In this paper, we will show detailed proof of the persistence of
invariant tori for twist mappings with intersection property.
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Consider the analytic mapping F : Tn ×D ×G → Tn × Rm+p defined by

F :

{
θ1 = θ + ω(r, ξ) + f(θ, r, ξ),

r1 = r + g(θ, r, ξ),
(1.1)

where θ ∈ Tn = Rn/2πZn, r ∈ D ⊂ Rm, ξ ∈ G ⊂ Rp, D and G are bounded and
closed domains. Assume the following conditions hold:

(A1) f and g are analytic on Tn ×D ×G;
(A2) there exists a positive integer K such that

rank{ ∂αω

∂(r, ξ)α
: 0 ≤ |α| ≤ K − 1} = n;

(A3) the frequency ω satisfies the Diophantine condition

|⟨k, ω⟩ − k0| ≥
δ

|k|τ
, ∀ k ∈ Zn\{0}, ∀ k0 ∈ Z,

where τ > n+ 1 is fixed.
The unperturbed mapping of (1.1) is{

θ1 = θ + ω(r, ξ),

r1 = r,
(1.2)

which is called twist mapping.
Hereafter consider the mapping F in a complex neighborhood Tn × D × G of

Tn×D×G, where Tn = Cn/2πZn, D ⊂ Cm, and G ⊂ Cp. For given 0 < ρ, s, σ ≤ 1,
let

D(ρ, s, σ) = {(θ, r, ξ) ∈ Tn × D×G : |Im θ| ≤ ρ, |Im r| ≤ s, |Im ξ| ≤ σ},

and ∥ · ∥D(ρ,s,σ) represents the sup-norm of functions in D(ρ, s, σ).
Now we are in a position to state the main results of this paper.

Theorem 1.1. Consider the twist mapping (1.1) with intersection property on
Tn × D × G. Assume (A1)-(A3) hold. Then there exists a nonempty Cantor set
Dδ ⊂ D×G and a sufficiently small constant ϵ∗ > 0 such that for all ϵ ∈ (0, ϵ∗), if

∥ f(θ, r, ξ) ∥D(ρ,s,σ) + ∥ g(θ, r, ξ) ∥D(ρ,s,σ)≤ ϵ, (1.3)

the mapping F has a Whitney smooth family of invariant tori for (r, ξ) ∈ Dδ ⊂
D ×G. And the measure estimate holds:

meas((D ×G)\Dδ) = O(δ
1
K ).

The case m = 0 in Theorem 1.1 can be regarded as a parameterized Herman’s
theorem under Rüssmann type nondegenerate condition. See the corollary as fol-
lows.

Corollary 1.1. Consider the analytic mapping F ′ defined by

θ1 = θ + ω(ξ) + f(θ, ξ), (1.4)
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where θ ∈ Tn = Rn/2πZn, ξ ∈ G ⊂ Rp is a parameter and G is a bounded and
closed domain. Assume (A1), (A3) and (A2)′ hold, where
(A2)′ there exists a positive integer K such that

rank{∂
αω

∂ξα
: 0 ≤ |α| ≤ K − 1} = n.

Then there exist a complex domain D(ρ, σ) = {(θ, ξ) ∈ Tn×G : |Im θ| ≤ ρ, |Im ξ| ≤
σ}, a nonempty Cantor set Gδ ⊂ G, and a sufficiently small constant ϵ∗ > 0 such
that for all ϵ ∈ (0, ϵ∗), if

∥ f(θ, ξ) ∥D(ρ,σ)≤ ϵ,

then mapping F ′ has a Whitney smooth family of invariant tori. And the measure
estimate holds:

meas(G\Gδ) = O(δ
1
K ).

The rest of this paper is organized as follows. Section 2 gives general analytic
KAM steps for twist mappings with intersection property; section 3 draws up the
proof of Theorem 1.1. In Appendix, we introduce the method of measure estimates
mentioned in [15].

2. KAM Steps
In this section, mainly, we consider the KAM steps for mapping (1.1). The symbol
′·′ represents the abbreviation of constants appearing in estimates for convenience
that are independent of the iterative process.

2.1. Description of the 0-th KAM step
We first define the following parameters that appear in the 0-th KAM step.

s0 = ϵ
1

2K
0 , δ0 = ϵ

a0
4K
0 , µ0 = ϵ

1
2−

a0
4

0 ,

ϵ0 = ϵ = sK0 δK0 µ0, ρ0 = ρ, σ0 = ϵ
1

2K
0 ,

D(ρ0, s0, σ0) = {(θ0, r0, ξ) : |Im θ0| ≤ ρ0, |Im r0| ≤ s0, |Im ξ| ≤ σ0},

where 0 < a0 < 2. We also define ρν = ( 12 + 1
2ν+1 )ρ0, sν = 1

27ν+2 s0, σν = 1
27ν+2σ0,

(ν = 1, 2, · · · ). And χ is an integer that satisfies 2 < ( 43 )
χ < 4, for instance, χ = 3

or 4.
The mapping at 0-th step is

F0 :

{
θ10 = θ0 + ω0(r0, ξ) + f0,

r10 = r0 + g0,
(2.1)

where (θ0, r0, ξ) ∈ D(ρ0, s0, σ0), ω0 = ω is the original frequency vector, and f0 = f ,
g0 = g are original perturbations.

From (1.3) we have

∥ f0(θ1, r1, ξ) ∥D(ρ0,s0,σ0) + ∥ g0(θ1, r1, ξ) ∥D(ρ0,s0,σ0)≤ sK0 δK0 µ0.
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For 0 ≤ κ, j, h ≤ K, κ+j+h = K, denote ∂K(·) = ∂κ
θ ∂

j
r∂

h
ξ (·) throughout this paper.

Then taking use of Cauchy estimate on D̂(ρ1, s1, σ1) = D(ρ1 +
3
4 (ρ0 − ρ1), s1, σ1),

we get

∥ ∂Kf0(θ1, r1, ξ) ∥D̂(ρ1,s1,σ1)
+ ∥ ∂Kg0(θ1, r1, ξ) ∥D̂(ρ1,s1,σ1)

= ∥ ∂κ
θ1∂

j
r1∂

h
ξ f0(θ1, r1, ξ) ∥D̂(ρ1,s1,σ1)

+ ∥ ∂κ
θ1∂

j
r1∂

h
ξ g0(θ1, r1, ξ) ∥D̂(ρ1,s1,σ1)

≤
4κκ!j!h!(∥ f0(θ1, r1, ξ) ∥D(ρ0,s0,σ0) + ∥ g0(θ1, r1, ξ) ∥D(ρ0,s0,σ0))

(ρ0 − ρ1)κ(s0 − s1)j(σ0 − σ1)h

≤ · sK−j
0 δK0 µ0

(ρ0 − ρ1)κ(σ0 − σ1)h
.

2.2. Description of the ν-th KAM step
In this subsection, we will show one cycle of KAM steps from ν-th step to ν + 1.
For any ν = 1, 2, · · · , set

ϵν = sKν δKν µν , sν =
1

27ν+2
s0, δν = (

1

2
+

1

2ν+1
)δ0, µν = µ

4
3
ν−1,

ρν = (
1

2
+

1

2ν+1
)ρ0, σν =

1

27ν+2
σ0, Nν+1 = ([log

1

µν
] + 1)3χ,

Dj = D(ρν+1 +
j − 1

4
(ρν − ρν+1), jsν+1, jσν+1), j = 1, 2, 3, 4,

D̂(ρν+1, sν+1, σν+1) = D(ρν+1 +
3

4
(ρν − ρν+1), sν+1, σν+1),

D1 = D(ρν+1, sν+1, σν+1).

Suppose that after ν KAM steps, we have arrived at the following mapping

Fν :

{
θ1ν = θν + ων(rν , ξ) + fν(θν , rν , ξ),

r1ν = rν + gν(θν , rν , ξ),
(2.2)

where (θν , rν , ξ) ∈ D(ρν , sν , σν) = {(θν , rν , ξ) : |Im θν | ≤ ρν , |Im rν | ≤ sν , |Im ξ| ≤
σν}. Introduce a transformation Uν+1:{

θν = θν+1 + Uν+1(θν+1, rν+1, ξ),

rν = rν+1 + Vν+1(θν+1, rν+1, ξ),
(2.3)

which satisfies
Uν+1 ◦ Fν+1 = Fν ◦ Uν+1. (2.4)

From (2.4) we have

θν+1 + ων+1(rν+1, ξ) + fν+1(θν+1, rν+1, ξ)

+Uν+1(θν+1 + ων+1(rν+1, ξ) + fν+1, rν+1 + gν+1, ξ)

= θν + ων(rν , ξ) + fν(θν , rν , ξ)

= θν+1 + Uν+1(θν+1, rν+1, ξ) + ων(rν , ξ) + fν(θν+1 + Uν+1, rν+1 + Vν+1, ξ),

rν+1 + gν+1(θν+1, rν+1, ξ) + Vν+1(θν+1 + ων+1(rν+1, ξ) + fν+1, rν+1 + gν+1, ξ)

= rν + gν(θν , rν , ξ)
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= rν+1 + Vν+1(θν+1, rν+1, ξ) + gν(θν+1 + Uν+1, rν+1 + Vν+1, ξ),

i.e.

ων+1(rν+1, ξ) + fν+1(θν+1, rν+1, ξ)

+Uν+1(θν+1 + ων+1 + fν+1, rν+1 + gν+1, ξ)

= Uν+1(θν+1, rν+1, ξ) + ων(rν , ξ) + fν(θν+1 + Uν+1, rν+1 + Vν+1, ξ), (2.5)
gν+1(θν+1, rν+1, ξ) + Vν+1(θν+1 + ων+1 + fν+1, rν+1 + gν+1, ξ)

= Vν+1(θν+1, rν+1, ξ) + gν(θν+1 + Uν+1, rν+1 + Vν+1, ξ). (2.6)

2.2.1. Estimates of the remainders

Consider the Fourier series expansion of fν(θν+1, rν+1, ξ),

fν(θν+1, rν+1, ξ) =
∑
k∈Zn

fk,ν(rν+1, ξ)e
i⟨k,θν+1⟩. (2.7)

The operators of truncation and remainder are respectively

ΓNν+1
fν(θν+1, rν+1, ξ) =

∑
0<|k|≤Nν+1

fk,ν(rν+1, ξ)e
i⟨k,θν+1⟩, (2.8)

RNν+1
fν(θν+1, rν+1, ξ) =

∑
|k|>Nν+1

fk,ν(rν+1, ξ)e
i⟨k,θν+1⟩, (2.9)

where fk,ν(rν+1, ξ) =
∫
Tn fν(θν+1, rν+1, ξ)e

−i⟨k,θν+1⟩ dθν+1 is the Fourier coefficient
of fν(θν+1, rν+1, ξ).

Lemma 2.1. If

(H1)

∫ +∞

Nν+1

lne−l
ρν−ρν+1

4 dl ≤ µν , (2.10)

then
∥ RNν+1

fν(θν+1, rν+1, ξ) ∥D3
≤ sKν δKν µ2

ν . (2.11)

Proof. By a direct computation, we have

∥ RNν+1
fν(θν+1, rν+1, ξ) ∥D3

≤ |
∑

|k|>Nν+1

fk,ν(rν+1, ξ)e
i⟨k,θν+1⟩|

≤
∑

|k|>Nν+1

|fk,ν(rν+1, ξ)e
i⟨k,θν+1⟩|

≤
∑

|k|>Nν+1

|fk,ν(rν+1, ξ)| |ei⟨k,θν+1⟩|

≤ ∥ fν(θν+1, rν+1, ξ) ∥D4

∑
|k|>Nν+1

e−|k|(ρν+1+
3
4 (ρν−ρν+1))e|k|(ρν+1+

1
2 (ρν−ρν+1))

≤ ∥ fν(θν+1, rν+1, ξ) ∥D4

∑
|k|>Nν+1

e−|k| ρν−ρν+1
4
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≤ ∥ fν(θν+1, rν+1, ξ) ∥D4

∑
|k|>Nν+1

|k|ne−|k| ρν−ρν+1
4

≤ ∥ fν(θν+1, rν+1, ξ) ∥D4

∫ +∞

Nν+1

lne−l
ρν−ρν+1

4 dl

≤ sKν δKν µ2
ν .

Remark 2.1. On the third inequality, we notice that the coefficients fk,ν(rν+1, ξ)
decay exponentially, that is,

|fk,ν(rν+1, ξ)| ≤∥ fν(θν+1, rν+1, ξ) ∥D4
e−|k|(ρν+1+

3
4 (ρν−ρν+1)). (2.12)

From Cauchy estimate we get

∥ ∂KRNν+1
fν(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

= ∥ ∂κ
θν+1

∂j
rν+1

∂h
ξRNν+1

fν(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

≤ ·
∥ RNν+1

fν(θν+1, rν+1, ξ) ∥D(ρν ,sν ,σν)

(ρν−ρν+1

4 )κ(sν − sν+1)j(σν − σν+1)h

≤ · sKν δKν µ2
ν

(ρν − ρν+1)κ(σν − σν+1)hs
j
ν+1

≤ · sK−j
ν δKν µ2

ν

(ρν − ρν+1)κ(σν − σν+1)h
. (2.13)

Remark 2.2. Note

∫ +∞

Nν+1

lne−l
ρν−ρν+1

4 dl =

n∑
i=0

4i+1

i︷ ︸︸ ︷
n(n− 1) · · · (n− i+ 1)

(ρν − ρν+1)i+1
Nn−i

ν+1e
−Nν+1

ρν−ρν+1
4 .

Then in order to get ∫ +∞

Nν+1

lne−l
ρν−ρν+1

4 dl < µν ,

it suffices to hold

4n+1(n+ 1)!

(ρν − ρν+1)n+1
Nn

ν+1e
−Nν+1

ρν−ρν+1
4 < µν ,

i.e.

(n+ 1)log4 + log(n+ 1)! + (ν + 2)(n+ 1)log2− (n+ 1)logρ0

+3χnlog([log
1

µν
] + 1)− 1

2ν+4
ρ0([log

1

µν
] + 1)3χ

< logµν .

Since 2 < ( 43 )
χ < 4, we get

ρ0
2ν+4

([log
1

µν
] + 1)χ ≥ ρ0

2ν+4

(
(
4

3
)ν [log

1

µ0
]

)χ
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≥ ρ0
2ν+4

(
4

3
)χν [log

1

µ0
]χ

≥ − ρ0
2ν+4

(
4

3
)χν [logµ0]

χ

≥ −ρ0
24

[logµ0]
χ

≥ 1.

It follows that

(n+ 1)log4 + log(n+ 1)!− (n+ 1)logρ0 + (n+ 1)(ν + 2)log2

+3nχlog([log
1

µν
] + 1)− ρ0

2ν+4
([log

1

µν
] + 1)3χ

≤ (n+ 1)log4 + log(n+ 1)!− (n+ 1)logρ0 + (n+ 1)(ν + 2)log2

+3nχlog([log
1

µν
] + 1)− [log

1

µν
]2χ

≤ −log
1

µν
.

2.2.2. Homological equations

Before considering the homological equations in KAM steps, it is necessary to
take time to consider the Diophantine condition in ν-th step to make sure that
D(ρν , sν , σν) is well defined.

Lemma 2.2. There exist positive constants M0, M1, and M2 such that |ων |, |∂ων

∂rν
|,

and |∂ων

∂ξ | are bounded by them on D(ρν , sν , σν) respectively. If

(H2) (M1+M2)([log
1

µ0
]+1)3χδ

2
a0

−1

0 ≤ 1

|k|τ
,

the frequency ων satisfies

|⟨k, ων(rν , ξ)⟩ − k0| ≥
δν

2|k|τ
, ∀ |k| ∈ (0, Nν+1], ∀ k0 ∈ Z. (2.14)

Proof. Due to

ων(rν , ξ) = ω0(r0, ξ) +

ν−1∑
l=0

f̄l(rl+1, ξ), (2.15)

the f̄l(rl+1, ξ) above is the average of fl(θl+1, rl+1, ξ) and satisfies

|f̄l(rl+1, ξ)| =
1

(2π)n
|
∫
Tn

fl(θl+1, rl+1, ξ) dθl+1|

≤ 1

(2π)n

∫
Tn

∥ fl(θl+1, rl+1, ξ) ∥D(ρl,sl,σl) dθl+1

≤ sKl δKl µl,

and then ων is well defined in its domain with

|ων | ≤ |ω0|+
ν−1∑
l=0

|f̄l(θl+1, rl+1, ξ)| := M0.
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Therefore, the bounds of |∂ων

∂rν
| and |∂ων

∂ξ | are respectively,

|∂ων

∂rν
| ≤ |∂ω0

∂rν
|+

ν−1∑
l=0

|∂f̄l(rl, ξ)
∂rν

|

≤ |∂ω0

∂rν
|+

ν−1∑
l=0

sKl δKl µl

sl − sl+1

:= M1,

|∂ων

∂ξ
| ≤ |∂ω0

∂ξ
|+

ν−1∑
l=0

|∂f̄l(rl, ξ)
∂ξ

|

≤ |∂ω0

∂ξ
|+

ν−1∑
l=0

sKl δKl µl

σl − σl+1

:= M2.

We see that

Nν+1 = ([log
1

µν
] + 1)3χ

=

(
(
4

3
)ν [log

1

µ0
] + 1

)3χ

≤ (
4

3
)3χν([log

1

µ0
] + 1)3χ

≤ 26ν([log
1

µ0
] + 1)3χ.

Moreover, for (θν+1, rν+1, ξ) and (θ′ν+1, r
′
ν+1, ξ

′) belonging to D(ρν , sν , σν), we have

|⟨k, ων(rν , ξ)− ων(r
′
ν , ξ

′)⟩|
≤ |⟨k, ων(rν , ξ)− ων(r

′
ν , ξ) + ων(r

′
ν , ξ)− ων(r

′
ν , ξ

′)⟩|
≤ |⟨k, ων(rν , ξ)− ων(r

′
ν , ξ)⟩|+ |⟨k, ων(r

′
ν , ξ)− ων(r

′
ν , ξ

′)⟩|
≤ |k| |ων(rν , ξ)− ων(r

′
ν , ξ)|+ |k| |ων(r

′
ν , ξ)− ων(r

′
ν , ξ

′)|

≤ |k| |∂ων

∂rν
| |rν − r′ν |+ |k| |∂ων

∂ξ
| |ξ − ξ′|

≤ M1sν |k|+M2σν |k|
≤ Nν+1(M1sν +M2σν)

≤ 26ν([log
1

µ0
] + 1)3χ

1

27ν+2
(M1s0 +M2σ0)

=
1

2ν+2
([log

1

µ0
] + 1)3χ(M1ϵ

a0
4K

2
a0

0 +M2ϵ
a0
4K

2
a0

0 )

=
δ0

2ν+2
([log

1

µ0
] + 1)3χ(M1 +M2)δ

2
a0

−1

0

≤ (
1

22
+

1

2ν+2
)δ0([log

1

µ0
] + 1)3χ(M1 +M2)δ

2
a0

−1

0

≤ δν
2|k|τ

.
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From the Diophantine condition in ν-th step, one has

|⟨k, ων(rν , ξ)⟩ − k0| = |⟨k, ων(r
′
ν , ξ

′) + ων(rν , ξ)− ων(r
′
ν , ξ

′)⟩ − k0|
≥ |⟨k, ων(r

′
ν , ξ

′)⟩ − k0| − |⟨k, ων(rν , ξ)− ων(r
′
ν , ξ

′)⟩|

≥ δν
|k|τ

− δν
2|k|τ

≥ δν
2|k|τ

.

From (2.5), (2.6), and (2.15) we now get homological equations{
Uν+1(θν+1 + ων+1, rν+1, ξ)− Uν+1(θν+1, rν+1, ξ) = ΓNν+1

fν(θν+1, rν+1, ξ),

Vν+1(θν+1 + ων+1, rν+1, ξ)− Vν+1(θν+1, rν+1, ξ) = ΓNν+1
gν(θν+1, rν+1, ξ).

(2.16)
Then the following lemma yields the solutions of (2.16) and their estimates.

Lemma 2.3. Assume that

(H3) sKν δK−1
ν µν ≤ 1

4Nτ+1
ν+1

.

Then the second equation of (2.16) has a unique analytic solution Vν+1(θν+1, rν+1, ξ)
of zero average on D(ρν , sν , σν) and the estimate

∥ Vν+1(θν+1, rν+1, ξ) ∥D3
≤ ·∥ gν(θν+1, rν+1, ξ) ∥D4

δν(ρν − ρν+1)τ+n+1
(2.17)

holds.

Proof. The Fourier expansion of Vν+1(θν+1, rν+1, ξ) is

Vν+1(θν+1, rν+1, ξ) =
∑
k∈Zn

Vk,ν+1(rν+1, ξ)e
i⟨k,θν+1⟩,

and the truncation of Vν+1 is still represented by Vν+1(θν+1, rν+1, ξ), that is,

Vν+1(θν+1, rν+1, ξ) =
∑

0<|k|≤Nν+1

Vk,ν+1(rν+1, ξ)e
i⟨k,θν+1⟩.

Let the Fourier expansion, truncation, and remainder of gν(θν+1, rν+1, ξ) be respec-
tively

gν(θν+1, rν+1, ξ) =
∑
k∈Zn

gk,ν(rν+1, ξ)e
i⟨k,θν+1⟩,

ΓNν+1
gν(θν+1, rν+1, ξ) =

∑
0<|k|≤Nν+1

gk,ν(rν+1, ξ)e
i⟨k,θν+1⟩,

RNν+1
gν(θν+1, rν+1, ξ) =

∑
|k|>Nν+1

gk,ν(rν+1, ξ)e
i⟨k,θν+1⟩,

where gk,ν(rν+1, ξ) =
∫
Tn gν(θν+1, rν+1, ξ)e

−i⟨k,θν+1⟩ dθν+1 is the Fourier coefficient
of gν(θν+1, rν+1, ξ).
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Putting them into the second equation of (2.16), we get∑
0<|k|≤Nν+1

Vk,ν+1e
i⟨k,θν+1+ων+1⟩−

∑
0<|k|≤Nν+1

Vk,ν+1e
i⟨k,θν+1⟩=

∑
0<|k|≤Nν+1

gk,νe
i⟨k,θν+1⟩,

i.e. ∑
0<|k|≤Nν+1

Vk,ν+1e
i⟨k,θν+1⟩(ei⟨k,ων+1⟩ − 1) =

∑
0<|k|≤Nν+1

gk,νe
i⟨k,θν+1⟩,

that is
Vν+1(θν+1, rν+1, ξ) =

∑
0<|k|≤Nν+1

gk,ν(rν+1, ξ)e
i⟨k,θν+1⟩

ei⟨k,ων+1(rν+1,ξ)⟩ − 1
.

Then

∥ Vν+1(θν+1, rν+1, ξ) ∥D3

≤
∑

0<|k|≤Nν+1

|gk,ν(rν+1, ξ)|
|ei⟨k,ων+1(rν+1,ξ)⟩ − 1|

|ei⟨k,θν+1⟩|

≤
∑

0<|k|≤Nν+1

|gk,ν(rν+1, ξ)|
|ei⟨k,ων+1(rν+1,ξ)⟩ − 1|

e|k|(ρν+1+
1
2 (ρν−ρν+1))

≤ 2π

δν
∥ gν(θν+1, rν+1, ξ) ∥D4

∑
0<|k|≤Nν+1

|k|τe−|k| ρν−ρν+1
4

≤ 2π

δν
∥ gν(θν+1, rν+1, ξ) ∥D4

∫ Nν+1

0

lτ+ne−l
ρν−ρν+1

4 dl

≤ 2π

δν
∥ gν(θν+1, rν+1, ξ) ∥D4

∫ ∞

0

(
4

ρν − ρ
ν+1

)τ+nxτ+ne−x d(
4x

ρν − ρν+1
)

≤ 2π

δν
∥ gν(θν+1, rν+1, ξ) ∥D4

4τ+n+1

(ρν − ρν+1)τ+n+1

∫ ∞

0

xτ+ne−x dx

=
2π

δν
∥ gν(θν+1, rν+1, ξ) ∥D4

4τ+n+1

(ρν − ρν+1)τ+n+1
Γ(τ + n+ 1)

≤ 4τ+n+2π(τ + n)!

δν(ρν − ρν+1)τ+n+1
∥ gν(θν+1+, rν+1, ξ) ∥D4

.

Remark 2.3. In order to estimate |ei⟨k,ων+1(rν+1,ξ)⟩−1|, we first consider |xeiϕ−y|
for x, y ∈ N and ϕ ∈ R.

|xeiϕ − y|2 = |x cosϕ+ ix sinϕ− y|2

= |x cosϕ− y|2 + x2 sin2 ϕ

= x2 cos2 ϕ+ y2 − 2xy cosϕ+ x2 sin2 ϕ

= x2 + y2 − 2xy cosϕ

= x2 cos2
ϕ

2
+ x2 sin2

ϕ

2
+ y2 cos2

ϕ

2
+ y2 sin2

ϕ

2

−2xy cos2
ϕ

2
+ 2xy sin2

ϕ

2

= |x− y|2 cos2 ϕ

2
+ |x+ y|2 sin2 ϕ

2
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≥ |x+ y|2 sin2 ϕ

2

= |x+ y|2 sin2 ϕ− 2πl

2
, (l ∈ Z).

Therefore,
|xeiϕ − y| ≥ |x+ y| sin ϕ− 2πl

2
.

Since | sinφ| ≥ 2
π |φ|, if −π

2 ≤ φ ≤ π
2 , taking x, y = 1, ϕ = ⟨k, ων+1(rν+1, ξ)⟩,

2πl = k0, we obtain

|ei⟨k,ων+1(rν+1,ξ)⟩ − 1| ≥ 2| sin ⟨k, ων+1(rν+1, ξ)⟩ − k0
2

|

≥ 4

π
| ⟨k, ων+1(rν+1, ξ)⟩ − k0

2
|,

where k0 ∈ Z satisfies | ⟨k,ων+1(rν+1,ξ)⟩−k0

2 | ≤ π
2 .

From Lemma 2.2 we have |⟨k, ων(rν , ξ)⟩ − k0| ≥ δν
2|k|τ . Also (H3) implies that

|⟨k, f̄ν(rν , ξ)⟩| ≤ |k| |f̄ν(rν , ξ)| ≤ Nν+1s
K
ν δKν µν

≤ Nν+1
δν

4Nτ+1
ν+1

≤ δν
4Nτ

ν+1

≤ δν
4|k|τ

.

Then

|⟨k, ων+1(rν+1, ξ)⟩ − k0| = |⟨k, ων(rν , ξ) + f̄ν(rν , ξ)⟩ − k0|
= |⟨k, ων(rν , ξ)⟩+ ⟨k, f̄ν(rν+1, ξ)⟩ − k0|
≥ |⟨k, ων(rν , ξ)⟩ − k0| − |⟨k, f̄ν(rν+1, ξ)⟩|

≥ δν
2|k|τ

− δν
4|k|τ

≥ δν
4|k|τ

,

and therefore,
|ei⟨k,ων+1(rν+1,ξ)⟩ − 1| ≥ δν

2π|k|τ
.

Remark 2.4. Note that
∫ +∞
0

xτ+ne−x dx is Γ function and Γ(τ+n+1) = (τ+n)!.
Then ∑

0<|k|≤Nν+1

|k|τe−|k| ρν−ρν+1
4 ≤

∫ Nν+1

0

lτ+ne−l
ρν−ρν+1

4 dl

≤
∫ +∞

0

(
4

ρν − ρν+1
)τ+nxτ+ne−x d(

4

ρν − ρν+1
x)

≤ 4τ+n+1

(ρν − ρν+1)τ+n+1

∫ +∞

0

xτ+ne−x dx

=
4τ+n+1

(ρν − ρν+1)τ+n+1
Γ(τ + n+ 1)

=
4τ+n+1

(ρν − ρν+1)τ+n+1
(τ + n)!.
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From Cauchy inequality we get

∥ ∂KVν+1(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

= ∥ ∂κ
θν+1

∂j
rν+1

∂h
ξ Vν+1(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

≤ ·
∥ Vν+1(θν+1, rν+1, ξ) ∥D(ρν ,sν ,σν)

(ρν−ρν+1

4 )κ(sν − sν+1)j(σν − σν+1)h

≤ · sKν δKν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)hδνs
j
ν+1

≤ · sK−j
ν δK−1

ν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)h
. (2.18)

In an analogous manner we obtain

∥ Uν+1(θν+1, rν+1, ξ) ∥D3
≤ ·∥ fν(θν+1, rν+1, ξ) ∥D4

δν(ρν − ρν+1)τ+n+1
, (2.19)

and

∥ ∂KUν+1(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

= ∥ ∂κ
θν+1

∂j
rν+1

∂h
ξ Uν+1(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

≤ ·
∥ Uν+1(θν+1, rν+1, ξ) ∥D(ρν ,sν ,σν)

(ρν−ρν+1

4 )κ(sν − sν+1)j(σν − σν+1)h

≤ · sKν δKν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)hδνs
j
ν+1

≤ · sK−j
ν δK−1

ν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)h
. (2.20)

Remark 2.5. In order to make sure that

Uν+1 : D(ρν+1, sν+1, σν+1) ⊂ D3 → D4 ⊂ D(ρν , sν , σν),

it requests

|rν − rν+1| = ∥ Vν+1(θν+1, rν+1, ξ) ∥D3

≤ 4sν+1 − 3sν+1

= sν+1, (2.21)

and
|θν − θν+1| =∥ Uν+1(θν+1, rν+1, ξ) ∥D3≤

ρν − ρν+1

4
. (2.22)

That is,

(H4)
4τ+n+2π(τ + n)!

δν(ρν − ρν+1)τ+n+1
sKν δKν µν ≤ sν+1,

and

(H5)
4τ+n+2π(τ + n)!

δν(ρν − ρν+1)τ+n+1
sKν δKν µν ≤ ρν − ρν+1

4
.
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2.2.3. Estimates of new perturbations

The following lemma shows the estimates of new perturbations in one cycle of the
iteration.

Lemma 2.4. Assume

(H6) 27K(1+
1

2ν+1
)Kµ

2
3
ν ≪ 1.

Then

∥ fν+1 ∥D(ρν+1,sν+1,σν+1) + ∥ gν+1 ∥D(ρν+1,sν+1,σν+1)≤ sKν+1δ
K
ν+1µν+1, (2.23)

and

∥ ∂Kfν+1 ∥D̂(ρν+1,sν+1,σν+1)
+ ∥ ∂Kgν+1 ∥D̂(ρν+1,sν+1,σν+1)

≤
sK−j
ν+1 δ

K
ν+1µν+1

(ρν − ρν+1)κ(σν − σν+1)h
(2.24)

holds.

Proof. We have already obtained the expressions of fν+1 and gν+1 from (2.5) and
(2.6), that is,

fν+1(θν+1, rν+1, ξ) + Uν+1(θν+1 + ων+1(rν+1, ξ) + fν+1, rν+1 + gν+1, ξ)

−Uν+1(θν+1 + ων+1(rν+1, ξ), rν+1 + gν+1, ξ)

+Uν+1(θν+1 + ων+1(rν+1, ξ), rν+1 + gν+1, ξ)

−Uν+1(θν+1 + ων+1(rν+1, ξ), rν+1, ξ)

= fν(θν+1 + Uν+1, rν+1 + Vν+1, ξ)− fν(θν+1, rν+1, ξ)

+RNν+1
fν(θν+1, rν+1, ξ), (2.25)

gν+1(θν+1, rν+1, ξ) + Vν+1(θν+1 + ων+1(rν+1, ξ) + fν+1, rν+1 + gν+1, ξ)

−Vν+1(θν+1 + ων+1(rν+1, ξ), rν+1 + gν+1, ξ)

+Vν+1(θν+1 + ων+1(rν+1, ξ), rν+1 + gν+1, ξ)

−Vν+1(θν+1 + ων+1(rν+1, ξ), rν+1, ξ)

= gν(θν+1 + Uν+1, rν+1 + Vν+1, ξ)− gν(θν+1, rν+1, ξ) + ḡν(rν+1, ξ)

+RNν+1
gν(θν+1, rν+1, ξ). (2.26)

Then fν+1(θν+1, rν+1, ξ) and gν+1(θν+1, rν+1, ξ) can be solved by the Implicit Func-
tion Theorem. From

∥ ∂θν+1
Uν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1
Uν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

≤ ∥ ∂θν+1fν ∥D̂(ρν+1,sν+1,σν+1)
∥ Uν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1fν ∥D̂(ρν+1,sν+1,σν+1)
∥ Vν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ RNν+1
fν ∥D(ρν+1,sν+1,σν+1),



1692 C. Liu & J. Xing

we obtain

∥ ∂θν+1Uν+1 ∥D̂(ρν+1,sν+1,σν+1)
∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1
Uν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

≤ · s
K
ν δKν µν

ρν − ρν+1

sKν δKν µν

δν(ρν − ρν+1)τ+n+1
+ · s

K
ν δKν µν

sν − sν+1

sKν δKν µν

δν(ρν − ρν+1)τ+n+1

+sKν δKν µ2
ν

≤ · s2Kν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+2
+ · s2K−1

ν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+1
+ sKν δKν µ2

ν .

The intersection property is written as

Fν+1T0 ∩ T0 = U −1
ν+1 ◦ Fν ◦ Uν+1T0 ∩ T0

= U −1
ν+1 ◦ (Fν ◦ Uν+1T0 ∩ Uν+1T0)

̸= ∅,

where T0 is the initial torus of the mapping. As for ∥ gν+1 ∥D(ρν+1,sν+1,σν+1), taking
use of the intersection property of twist mapping, there exists a θ0ν+1 such that
gν+1(θ

0
ν+1, r

0
ν+1, ξ) = 0 for each r0ν+1. Therefore,

sup ∥ gν+1(θν+1, rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

= sup ∥ gν+1(θν+1, rν+1, ξ)− gν+1(θ
0
ν+1, r

0
ν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ osc(gν+1(θν+1, rν+1, ξ))

= osc(gν+1(θν+1, rν+1, ξ)− h)

≤ 2 sup ∥ gν+1(θν+1, rν+1, ξ)− h ∥D(ρν+1,sν+1,σν+1),

where osc(gν+1(θν+1, rν+1, ξ)) denotes the oscillation of function gν+1(θν+1, rν+1, ξ).
Specially, taking h = ḡν(rν+1, ξ), we have

1

2
∥ gν+1(θν+1, rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ sup ∥ gν+1(θν+1, rν+1, ξ)− ḡν(rν+1, ξ) ∥D(ρν+1,sν+1,σν+1) .

Therefore, from

∥ ∂θν+1Vν+1 ∥D̂(ρν+1,sν+1,σν+1)
∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+
1

2
∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

≤ ∥ ∂θν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ gν+1(θν+1, rν+1, ξ)− ḡν(rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ ∥ ∂θν+1gν ∥D̂(ρν+1,sν+1,σν+1)
∥ Uν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ ∂rν+1gν ∥D̂(ρν+1,sν+1,σν+1)
∥ Vν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ RNν+1
gν ∥D(ρν+1,sν+1,σν+1),
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we have

2 ∥ ∂θν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+2 ∥ ∂rν+1Vν+1 ∥D̂(ρν+1,sν+1,σν+1)
∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+ ∥ gν+1(θν+1, rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ 2 ∥ ∂θν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ fν+1 ∥D(ρν+1,sν+1,σν+1)

+2 ∥ ∂rν+1
Vν+1 ∥D̂(ρν+1,sν+1,σν+1)

∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

+2 ∥ gν+1(θν+1, rν+1, ξ)− ḡν(rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ 2 ∥ ∂θν+1
gν ∥D̂(ρν+1,sν+1,σν+1)

∥ Uν+1 ∥D(ρν+1,sν+1,σν+1)

+2 ∥ ∂rν+1gν ∥D̂(ρν+1,sν+1,σν+1)
∥ Vν+1 ∥D(ρν+1,sν+1,σν+1)

+2 ∥ RNν+1gν(θν+1, rν+1, ξ) ∥D(ρν+1,sν+1,σν+1)

≤ · s
K
ν δKν µν

ρν − ρν+1

sKν δKν µν

δν(ρν − ρν+1)τ+n+1

+ · sKν δKν µν

sν − sν+1

sKν δKν µν

δν(ρν − ρν+1)τ+n+1

+ · sKν δKν µ2
ν

≤ · s2Kν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+2
+ · s2K−1

ν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+1

+ · sKν δKν µ2
ν .

If

(H7) 1+
3π4τ+n+2(τ + n)!

δν(ρν − ρν+1)τ+n+2
sKν δKν µν ≤ 2,

(H8) 1+
3π4τ+n+2(τ + n)!

δν(sν − sν+1)(ρν − ρν+1)τ+n+1
sKν δKν µν ≤ 2,

the estimate of new perturbation is

∥ fν+1 ∥D(ρν+1,sν+1,σν+1) + ∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

≤ · s2Kν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+2
+ · s2K−1

ν δ2K−1
ν µ2

ν

(ρν − ρν+1)τ+n+1
+ ·sKν δKν µ2

ν

≤ ·sKν δKν µ2
ν

≤ ·sKν+1δ
K
ν+1µν+1(

sν
sν+1

)K(
δν

δν+1
)Kµ

2
3
ν

≤ ·sKν+1δ
K
ν+1µν+12

7K(1 +
1

2ν+1
)Kµ

2
3
ν

≤ sKν+1δ
K
ν+1µν+1.

Cauchy estimate yields that

∥ ∂Kfν+1 ∥D̂(ρν+1,sν+1,σν+1)
+ ∥ ∂Kgν+1 ∥D̂(ρν+1,sν+1,σν+1)

= ∥ ∂κ
θν+1

∂j
rν+1

∂h
ξ fν+1 ∥D̂(ρν+1,sν+1,σν+1)

+ ∥ ∂κ
θν+1

∂j
rν+1

∂h
ξ gν+1 ∥D̂(ρν+1,sν+1,σν+1)
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≤ ·
∥ fν+1 ∥D(ρν+1,sν+1,σν+1) + ∥ gν+1 ∥D(ρν+1,sν+1,σν+1)

(ρν − ρν+1)κ(sν − sν+1)j(σν − σν+1)h
,

that is,

∥ ∂Kfν+1 ∥D̂(ρν+1,sν+1,σν+1)
+ ∥ ∂Kgν+1 ∥D̂(ρν+1,sν+1,σν+1)

≤ · sKν δKν µ2
ν

(ρν − ρν+1)κs
j
ν+1(σν − σν+1)h

≤ · sK−j
ν δKν µ2

ν

(ρν − ρν+1)κ(σν − σν+1)h

≤ ·
sK−j
ν+1 δ

K
ν+1µν+1

(ρν − ρν+1)κ(σν − σν+1)h
(

sν
sν+1

)K−j(
δν

δν+1
)Kµ

2
3
ν

≤ ·
sK−j
ν+1 δ

K
ν+1µν+1

(ρν − ρν+1)κ(σν − σν+1)h
27K−7j(1 +

1

2ν+1
)Kµ

2
3
ν

≤
sK−j
ν+1 δ

K
ν+1µν+1

(ρν − ρν+1)κ(σν − σν+1)h
.

Remark 2.6. It allows us to consider the problem in the whole domain in view of
Whitney smoothness in a standard manner, and thus we omit the details.

3. Proof of Theorem 1.1
In this subsection, Iteration lemma is used to prove Theorem 1.1. Let s0, δ0, µ0,
ρ0, σ0, ϵ0, f0, g0, F0, D(ρ0, s0, σ0) be given in subsection 2.1, we define

ϵν = sKν δKν µν , sν =
1

27ν+2
s0, δν = (

1

2
+

1

2ν+1
)δ0, µν = µ

4
3
ν−1,

ρν = (
1

2
+

1

2ν+1
)ρ0, σν =

1

27ν+2
σ0, Nν+1 = ([log

1

µν
] + 1)3χ,

Dj = D(ρν+1 +
j − 1

4
(ρν − ρν+1), jsν+1, jσν+1), j = 1, 2, 3, 4,

D̂(ρν , sν , σν) = D(ρν+1 +
3

4
(ρν − ρν+1), sν+1, σν+1), D1 = D(ρν+1, sν+1, σν+1),

for any ν = 1, 2, · · · .
The Iteration lemma is stated as follows.

3.1. Iteration Lemma
Lemma 3.1. Assume (H1)-(H8). Then for mapping Fν on D(ρν , sν , σν), if

∥ fν(θν+1, rν+1, ξ) ∥D(ρν ,sν ,σν) + ∥ gν(θν+1, rν+1, ξ) ∥D(ρν ,sν ,σν)≤ sKν δKν µν ,

the following hold for all ν = 1, 2, · · · .
(i)There exists a transformation Uν+1:{

θν = θν+1 + Uν+1(θν+1, rν+1, ξ),

rν = rν+1 + Vν+1(θν+1, rν+1, ξ),
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such that
Uν+1 ◦ Fν+1 = Fν ◦ Uν+1,

and

∥ ∂KUν+1 ∥D̂(ρν+1,sν+1,σν+1)
≤ · sK−j

ν δK−1
ν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)h
, (3.1)

∥ ∂KVν+1 ∥D̂(ρν+1,sν+1,σν+1)
≤ · sK−j

ν δK−1
ν µν

(ρν − ρν+1)τ+n+1+κ(σν − σν+1)h
; (3.2)

(ii)

∥ fν+1 ∥D(ρν+1,sν+1,σν+1) + ∥ gν+1 ∥D(ρν+1,sν+1,σν+1)≤ sKν+1δ
K
ν+1µν+1, (3.3)

∥ ∂Kfν+1 ∥D̂(ρν+1,sν+1,σν+1)
+ ∥ ∂Kgν+1 ∥D̂(ρν+1,sν+1,σν+1)

≤
sK−j
ν+1 δ

K
ν+1µν+1

(ρν − ρν+1)κ(σν − σν+1)h
;

(3.4)

(iii)

|∂j
rν+1

∂h
ξ (ων+1(rν+1, ξ)− ων(rν , ξ))| ≤ · sK−j

ν δKν µν

(σν − σν+1)h
. (3.5)

Proof. It is easy to see that we can take sufficiently small ϵ such that (H1)-(H8)
hold. Now (i) follows from Lemma 2.3, (2.18), and (2.20), (ii) follows from Lemma
2.4. As for (iii), we have

|∂j
rν+1

∂h
ξ (ων+1(rν+1, ξ)− ων(rν , ξ))|

≤ ∥ ∂j
rν+1

∂h
ξ f̄ν(rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

=
1

(2π)n
∥ ∂j

rν+1
∂h
ξ

( ∫
Tn

fν(θν+1, rν+1) dθν+1

)
∥D̂(ρν+1,sν+1,σν+1)

≤ 1

(2π)n

∫
Tn

∥ ∂j
rν+1

∂h
ξ fν(θν+1, rν+1, ξ) ∥D̂(ρν+1,sν+1,σν+1)

dθν+1

≤ · sK−j
ν δKν µν

(σν − σν+1)h
.

Above all, the proof is complete.

3.2. Convergence
Denote Iν by

Iν = U1 ◦ U2 ◦ · · · ◦ Uν ,

then
Fν = I −1

ν ◦ F0 ◦ Iν .

Note that Iν has the form
θ0 = θν + Pν(θν , rν , ξ) = θν +

ν∑
l=1

Ul(θl, rl, ξ),

r0 = rν +Qν(θν , rν , ξ) = rν +
ν∑

l=1

Vl(θl, rl, ξ),
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and

∥ Pl(θl, rl, ξ) ∥D(ρl,sl,σl) + ∥ Ql(θl, rl, ξ) ∥D(ρl,sl,σl)

≤
ν∑

l=1

(∥ Ul(θl, rl, ξ) ∥D(ρl,sl,σl) + ∥ Vl(θl, rl, ξ) ∥D(ρl,sl,σl))

≤ ·
ν∑

l=1

∥ fl−1(θl, rl, ξ) ∥D(ρl,sl,σl) + ∥ gl−1(θl, rl, ξ) ∥D(ρl,sl,σl)

δl−1(ρl−1 − ρl)τ+n+1

≤ ·
ν∑

l=1

sKl−1δ
K−1
l−1 µl−1

(ρl−1 − ρl)τ+n+1

≤ ·s
K
0 δK−1

0 µ0

ρτ+n+1
0

.

Therefore, Pl and Ql are uniformly convergent on D(ρ∞, s∞, σ∞). Let P = lim
l→∞

Pl,
Q = lim

l→∞
Ql, then I∞ becomes{

θ0 = θ∞ + P (θ, r, ξ),

r0 = r∞ +Q(θ, r, ξ).

Moreover, from
ων+1(rν+1, ξ) = ων(rν , ξ) + f̄ν(rν+1, ξ),

and
|∂j

rν+1
∂h
ξ (ων+1(rν+1, ξ)− ων(rν , ξ))| ≤ · sK−j

ν δKν µν

(σν − σν+1)h
,

we get

|∂j
rν+1

∂h
ξ (ω∞(r∞, ξ)− ω0(r0, ξ))| ≤ |∂j

rν+1
∂h
ξ (

∞∑
ν=0

(ων+1(rν+1, ξ)− ων(rν , ξ))|

≤
∞∑
ν=0

|∂j
rν+1

∂h
ξ (ων+1(rν+1, ξ)− ων(rν , ξ))|

≤ ·
∞∑
ν=0

sK−j
ν δKν µν

(σν − σν+1)h

≤ ·s
K−j
0 δK0 µ0

σh
0

,

that is, ων is uniformly convergent to ω∞(r∞, ξ) on D(ρ∞, s∞, σ∞). Therefore I∞
transforms F0 into {

θ1∞ = θ∞ + ω∞(r∞, ξ),

r1∞ = r∞.

3.3. Measure estimates
The KAM steps are independent of the relationship between n and m + p, but
measure estimates are not. For this purpose, let us consider the following three
cases.
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Case 1: n = m+ p.
We assume ω̃ = (ω,−1), r̃ = (r, ξ, rn+1), k̃ = (k, k0), D̃ = D ×G× (1, 2), and

D̃δ = {r̃ ∈ D̃ : |⟨k̃, ω̃⟩| ≥ δ|k|−τ , ∀ k̃ ∈ Zn+1\{0}},

then meas((D ×G)\Dδ) is equivalent to meas(D̃\D̃δ).
Clearly on D̃,

rank{∂α
r̃ ω̃(r̃) : 0 ≤ |α| ≤ K − 1} = n+ 1,

we have
meas(D̃\D̃δ) ≤ c0δ

1
K ,

that is
meas((D ×G)\Dδ) ≤ c0δ

1
K ,

where c0 is a constant. See Appendix for details.
Case 2: m+ p < n.
Assume r̃ = (r, ξ, rm+p+1, · · · , rn, rn+1), ω̃(r̃) =

(
ω,−1

)
, k̃ = (k, k0), then

rank{∂α
r̃ ω̃(r̃) : 0 ≤ |α| ≤ K − 1} = n+ 1,

and D̃ = D ×G× (1, 2)× · · · × (1, 2)︸ ︷︷ ︸
n+1−m−p

, D̃δ = Dδ × (1, 2)× · · · × (1, 2)︸ ︷︷ ︸
n+1−m−p

. Then

|⟨k̃, ω̃⟩| ≥ δ|k|−τ , ∀ k̃ ∈ Zn+1\{0},

on D̃δ is equivalent to the Diophantine condition

|⟨k, ω⟩ − k0| ≥ δ|k|−τ , ∀ k ∈ Zn\{0}, ∀ k0 ∈ Z,

on Dδ.
Then from the estimates of measure, we obtain

meas(D\Dδ) ≤ c0δ
1
K .

Case 3: n < m+ p.
We have known that

Dδ = {(r, ξ) ∈ D ×G : |⟨k, ω(r, ξ)⟩ − k0| ≥
δ

|k|τ
, ∀k ∈ Zn\{0}, ∀k0 ∈ Z}.

Assume

D1
δ = {(r, ξ) ∈ D ×G : |⟨k, ω⟩+ ⟨ǩ, ř⟩ − k0| ≥

δ

|k|τ
,

∀ k ∈ Zn\{0}, ∀ ǩ ∈ Zm+p−n, ∀ k0 ∈ Z},

where ǩ = (kn+1, kn+2, · · · , km, · · · , km+p), ř = (rn+1, rn+2, · · · , rm, ξ), if n < m,
(resp. ǩ = (kn+1, · · · , km+p), ř = (ξn−m+1, · · · , ξp), if m < n < m+ p). Obviously,
D1

δ ⊂ Dδ, therefore,

meas((D ×G)\Dδ) ≤ meas((D ×G)\D1
δ).
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From the non-degenerate condition (A2), we have

rank{ ∂αω

∂(r, ξ)α
: 0 ≤ |α| ≤ K − 1} = n.

Let ω′ = (ω, rn+1, rn+2, · · · , rm, ξ), (resp. ω′ = (ω, ξn−m+1, · · · , ξp)), it is easy to
see that

rank{ ∂αω′

∂(r, ξ)α
: 0 ≤ |α| ≤ K − 1} = m+ p.

If ω̃ = (ω′,−1), r̃ = (r, ξ, rm+p+1), k̃ = (k, ǩ, k0), D̃ = D × G × (1, 2) and D̃δ =
D1

δ × (1, 2), that is,

D̃δ = {r̃ ∈ D̃ : |⟨k̃, ω̃⟩| ≥ δ

|k|τ
, ∀ k̃ ∈ Zm+p+1\{0}},

one has
rank{∂α

r̃ ω̃(r̃) : 0 ≤ |α| ≤ K − 1} = m+ p+ 1.

Hence, from the Appendix we get

meas(D̃\D̃δ) ≤ c0δ
1
K ,

and
meas((D ×G)\D1

δ) = meas(D̃\D̃δ).

Therefore,

meas((D ×G)\Dδ) ≤ meas((D ×G)\D1
δ) = meas(D̃\D̃δ) ≤ c0δ

1
K .

4. Appendix
Here we use the method of measure estimates mentioned in [15, p1787].

Assume ω̃ = (ω,−1), r̃ = (r, rn+1), k̃ = (k, k0), D̃ = D × (1, 2), and

D̃δ = Dδ × (1, 2) =
{
r̃ ∈ D̃ : |⟨k̃, ω̃⟩| ≥ δ|k|−τ , ∀ k̃ ∈ Zn+1\{0}

}
.

Then meas(D\Dδ) is equal to meas(D̃\D̃δ).
Assume

R =
{
r̃ ∈ D̃ : |⟨k̃, ω̃⟩| ≤ δ|k|−τ , ∀ k̃ ∈ Zn+1\{0}},

and
z(r̃) = ⟨ζ, ω̃⟩, ζ =

k̃

|k̃|
∈ Sn+1,

where Sn+1 is a (n+ 1)-dimensional unit sphere. The Taylor expansion of z(r̃) is

z(r̃) = ζTΛ(r̃)r̄,

where,

Λ(r̃) =

(
ω̃(r̃), ∂r̃ω̃(r̃), · · · , ∂n

r̃ ω̃(r̃),

∫ 1

0

(1− t)|n+1|∂n+1
r̃ ω̃(r̃0 + (r̃0 + tr̂0)) dt

)
,

r̄ = (1, r̂, · · · , r̂n, r̂n+1),
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r̂ = r̃ − r̃0.

By the non-degenerate condition (A2), rank(Λ(r̃)) = n+1 for r̃ ∈ D̃ when |α| = K.
Then there exists an orthogonal matrix Or̃0 = (oij) whose elements in different
columns and rows are only one is 1 and others are 0, such that

Λ(r̃)Or̃0 =
(
A(r̃), B(r̃)

)
,

where detA(r̃) ̸= 0 and r̃ is in the neighborhood D̄ ⊂ Rn of r̃0. Therefore,

z(r̃) = ζTΛ(r̃)r̄ = ζTΛ(r̃)Or̃0O
−1
r̃0

r̄ =
(
ζTA(r̃), ζTB(r̃)

)
O−1

r̃0
r̄,

and

zT (r̃) = r̄TOr̃0

(
ζTΛ(r̃)Or̃0

)T
= r̄TOr̃0

A(r̃)ζ

B(r̃)ζ

 .

From the non-degenerate condition

rank
{
∂α
r̃ z(r̃) : 0 ≤ |α| ≤ K − 1

}
= 1,

which is equivalent to the non-degenerate condition that appears in this paper, we
get

rank

AT (r̃)ζζTA(r̃) AT (r̃)ζζTB(r̃)

BT (r̃)ζζTA(r̃) BT (r̃)ζζTB(r̃)

 = 1, r̃ ∈ D̄r̃0 , ζ ∈ Sn+1.

Therefore, for all r̃ in the neighborhood of r̃0, there exists an orthogonal matrix Or̃

continuously depending on r̃ such that

O−1
r̃

AT (r̃)ζζTA(r̃) AT (r̃)ζζTB(r̃)

BT (r̃)ζζTA(r̃) BT (r̃)ζζTB(r̃)

Or̃ = diag
(
0, · · · , 0, λ(r̃, ζ)︸ ︷︷ ︸

i−th

, 0, · · · , 0
)
,

where the position of λ depends on ζ, and

|(O−1
r̃0

r̄)i| = |(Or̃0)ir̄| ≥ min
j

|r̂j |K .

Taking use of the Poincaré Separation Theorem, we have

zT (r̃)z(r̃) = r̄TOr̃0O
−1
r̃0

ΛT (r̃)ζζTΛ(r̃)Or̃0O
−1
r̃0

r̄

= r̄TOr̃0

AT (r̃)ζζTA(r̃) AT (r̃)ζζTB(r̃)

BT (r̃)ζζTA(r̃) BT (r̃)ζζTB(r̃)

O−1
r̃0

r̄

≥ r̄TOr̃0diag
(
0, · · · , 0, λ(r̃, ζ), 0, · · · , 0

)
O−1

r̃0
r̄

= minλ(r̃, ζ)|(Or̃0 r̄)i|2

≥ λr̃0(min
j

|r̂j |)2K .

Then

meas
(
{r̃ ∈ D̃ ∩ D̄r̃0 | |⟨ζ, ω̃⟩|2 ≤ δ2|k|−2τ}

)
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< meas
(
{r̃ ∈ D̃ ∩ D̄r̃0 | λr̃0(min

j
|r̂j |)2K+2 ≤ δ2|k|−2τ}

)
≤ 1

λr̃0

(diamD̃)nδ
1
K |k|− τ

K

≤ c0δ
1
K ,

where diamD̃ is the diameter of area D̃ and c0 is a constant dependents on D̃,
diamD̃, n, and λr̃0 , that is,

meas(R) ≤ c0δ
1
K .

Thus
meas(D̃\D̃δ) ≤ meas(R) ≤ c0δ

1
K ,

due to D̃\D̃δ ⊂ R, and
meas(D\Dδ) ≤ c0δ

1
K .
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