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MULTIPLE SOLUTIONS FOR A
NONHOMOGENEOUS
SCHRODINGER-POISSON SYSTEM WITH
CRITICAL EXPONENT
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Abstract In this paper, a nonhomogeneous Schrodinger-Poisson system with
critical exponent was considered. By using the Mountain Pass Theorem and
variational method, two positive solutions were obtained for the system which
generalize and improve some recent results in the literature.
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1. Introduction and Main Result

In this paper, we study the existence and multiplicity of positive solutions for the
following nonhomogeneous Schrodinger-Poisson system with critical exponent

—A¢ = I(x)u?, xr € R3, (L.1)

{—Au +u+nl(z)pu = \f(z) +u®, x€R3
where 7 € R\{0}, A > 0. We will make the following assumptions on f and I:
(Hy) f € LE(R®), f >0, and f #0,
(H)) 1l € L>(R3) N L>*(R3), 1 >0, and [ # 0.

It is well known that the Schrédinger-Poisson system stems from quantum me-
chanics models and semiconductor theory and it has been studied extensively. From
a physical standpoint, Schrédinger-Poisson systems describe systems of identical
charged particles interacting each other if magnetic effects could be ignored and
their solutions are standing waves. For more details about the mathematical and
physical background of Schrodinger-Poisson system, please refer to the papers [1-3]
and the references therein.

The general form of the Schrédinger-Poisson system with critical exponent is as
follows

~Au+u+l(x)pu = g(x,u) +u®, z€R3, (12)
—A¢ = I(x)u?, r € R3. .
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The system (1.2) has been extensively studied, for example: [9-15, 19,20, 24]. Par-
ticularly, when g(z,u) is superlinear, Huang and Rocha [10] studied system (1.2)
in case of g(z,u) = ph(x)|u|?"?u with 2 < ¢ < 6 and established a positive solu-
tion by using variational methods. Recently, Lei et al [12] considered the following
Schrodinger-Poisson system

—Au+u+nou = Af(z)u? "t +u’, x€R3,
—A¢ = u?, x € R3,

where 1 < ¢ < 2,7 € R\{0},A > 0 is a real parameter and f € Lﬁﬁfq(ﬂ@) is a
nonzero nonnegative function. Using the variational methods, they obtained that
there exists a positive constant A, such that for all A € (0, A,), the system has at
least two positive solutions.

Compared to the homogeneous case, there are a few papers concerning the non-
homogeneous case. The nonhomogeneous system with mass m is acquired by cou-
pling together the standing waves of nonlinear Schrédinger equation coupled with
Maxwell’s equations. The form of nonlinear Schrédinger type equation is as follow

0 h? .
iha—? = —%Au — |ulP7u — g(z)e™t, z € R3,
where u is the wave function, h is the Plancks constant, m is the mass of the
particle, e is the electric charge and w is the phase of the wave. The interaction
of u with the electromagnetic field is described by the minimal coupling rule. For
more details as regards the relevance physical of the nonhomogeneous Schrodinger-
Poisson system, we can refer to [6,17]. Recently, Ye [21] studied the following a
class of nonhomogeneous Schrédinger-Poisson system
—Au+u+ Apu = f(u) + h(x), z¢€R3, (1.3)
—A¢p = u?, x € R3, ’

where A > 0 is a parameter and 0 < h(x) = h(|z|) € L3(R?), f satisfies the following
hypotheses:
(f1) f e CR,RT), £(0) =0, f(t) =0 for t < 0 and there exist a > 0 and p € (2,6)
such that

f(t) <a(l+[tP7h), Vvt € R.

(f2) lim f(t)/t = 0.

t—0
(fs) lm f(t)/t = +o0.
She proved that system (1.3) has at least two positive solutions with the aid of
Ekeland’s variational principle, Jeanjean’s monotone method, Pohozaev’s identity
and the mountain pass theorem. However, the author did not consider the case
of the critical exponent. Indeed, when the nonlinear term contains the critical
exponential term, it is more difficult to study system (1.3).

Our paper is mainly inspired by [12,21]. Up to now, there was no information
about system (1.1). Therefore, in this paper, we will study the existence of multiple
solutions of system (1.1) with n € R\{0} by using the Mountain Pass Theorem and
variational method.

Our main result can be described as follows.
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Theorem 1.1. Assume n € R\{0} and conditions (Hy),(H;) hold. Then there
exists a positive constant \* such that for all X € (0, \*), system (1.1) has at least
two positive solutions (u, ¢,) in H'(R3) x DL2(R3).

Remark 1.1. Compared to [21], on the one hand, our paper gets rid of the re-
striction of the coefficient of the nonlocal term. On the other hand, we consider the
critical system.

This paper is organized as follows. In section 2, we present some notations and
prove some useful preliminary lemmas which pave the way for getting two positive
solutions. Then we give the proof of Theorem 1.1.

2. Proof of Theorem 1.1

Throughout this paper, we make use of the following notations:

o Juls = (fps lu|*dz)* is the usual Lebesgue space L*(R?) norm.

o L>®°(R3) is equipped with the norm ||ul|s, =esssup|u].

e The norm of H'(R?) by |ju]| = (fps |[Vul? +u?dx)3. H~" is the dual space of
H'

o B,(0) (respectively, B,.(0)) the closed ball (respectively, the sphere) of center
zero and radius r i.e B.(0) = {u € HYR?) : |ul| < r},0B,.(0) = {u €
HY(R?) : [luf| = r}.

e C,Ci(i=1,2,...) denote various positive constants, which may vary from line
to line.

o For each p € [2,6), by the Sobolev constants, we denote

s |Vu|?d 2
Joo [VulPdz ol

) p =

S =

ueDL-2(R3)\ {0} || ue HL(RH)\{0} |ul2 '

As we all known that system (1.1) can be reduced to a nonlinear Schrédinger
equation with nonlocal term. Indeed, the Lax-Milgram theorem implies that for
any u € H'(R3), there exists a unique ¢, € D?(R?) such that

~A¢y, = l(z)u?.

We substitute ¢, to the first equation of system (1.1), then system (1.1) can be
transformed into the following equation

— Au+u+nl(z)p,u = Nf(x) +u®, =z € R (2.1)

According to [10] or [23], we have the following conclusions.

Lemma 2.1. For every u € HY(R3), there exists a unique ¢, € DV2(R®) solution

of
—A¢ = I(x)u?

and the following results hold

(1) ||¢UH2 = ng, l(x)(buu2dm;
(2) ¢u >0, moreover ¢, > 0 when u # 0,
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(8) fgs l(@)puriPda = [ps [Vu[Pdz < C|lull*,
(4) F: HY(R3) — R is well defined with F(u) = 1 [3 l(x)¢yuPdz, assume that
Up — u in HY(R®), then ¢y, — ¢, and F(un) — F(u) in HI(R3),

(5) F is C' and
(F'(u),v) = 4n . [(z)pyuvdr, Vv e H'(R?).
The Euler functional of equation (2.1) is defined by Iy: H'(R3) — R, that is,
I(u) = %HUHQ + in/Rs I(x)pyudr — . f(z)udx — %/Rd lu|Sdzx.

From Lemma 2.1, we can deduce that the functional I is of class C* and its critical
points are weak solutions of equation (2.1). Moreover, we can obtain that

(I (u),v) = / (Vu - Vv+uv)dz+n/ (x)gbuuvdxf)\/ f(a:)vd:cf/ lu|Pvdz,
R3 R3 R3
for any v € H'(R3).
Lemma 2.2. There exist Ao, p > 0 such that for each \ € (0,Ag), then it holds
d:= inf I,(u)<0 and I)\|33p(0) > 0. (2.2)

u€B, (0
Proof. When n > 0, by the Sobolev and Hoélder inequalities, we obtain

B = zlal? + g0 [ @owido = [ j@ude— [ s

> gl =2 [ f@ um—f/ﬁm%x

> §IIUII2 - AS?IJ‘IgHUII - @IIUII6

1 -1 1
= llull(Gllull = AS6 *[fle — @IIUII"’)-

Set g(t) = %t — ﬁﬁ, we can easily calculate that there exists a positive constant

1
2
SG

p1 = (%S§)4 such that r{1>axg() = g(p1) > 0. Let A\, = g(p1), we have

D= = 2421 (0, \,).
When n < 0, by the Sobolev and Holder inequalities, we have

1 1 1
I(u) = §Hu||2 + Zn/RS I(x)pyudr — )\/RS f(z)udx — 5 /R3 lu|Sdx

1 — 1
T l/ () duritdz — )\/ F@)udz — f/ lufSda
2 4 RS R3 6 RS

m\m

1 — 1
szW——ﬂww/Umwm—A/fuwm—f/hmm (2.4)
2 4 R3 R3 6 Jrs
1 _1 1
> Sl = Clull® = x5 1 flglul ~ gl
— Jull S llull = Cllull® — 2S5 fls — g lull)
> ~ sz M)
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Set g(t) = Lt —Ct® — @t", we see that there exists a constant p, > 0 such that

S¢
2lflg
any A € (0, A.). Thus, set Ag = min{A,, Ai}, p = min{p1, p2}, then it follows

that there exists a positive constant o = mln{g )p ,9(p2 p2} such that I > «
for all ||ul]| = p. Moreover, by (2.3) and (2.4), d = 111__;1f( )I,\( u) is well defined.
u€B, (0

(Pz)

r{l;lgcg(t) = g(p2) > 0. Let A\ = 9(p2), we have I||ju=p, > po for

Furthermore, for any v € H*(R3), it holds

Iy (t
lim A(t) ==X/ f(z)udx.
t—0t T R3
Thus, there exists up > 0 such that ||ug|| < p and In(up) < 0. Consequently,
d= igf( )IA(u) < 0. The proof is complete. O
u€B,(0

Theorem 2.1. Suppose 0 < A < Ay (Ao defined in Lemma 2.2). Then system (1.1)
has a positive solution (u., ¢y, ) € HY(R?) x DY2(R3) satisfying Ix(u.) < 0.

Proof. By Lemma 2.2, there exist a > 0,p > 0 such that when A € (0, Ag), for

any ||ul] = p, we have In(u) > a > 0 and d = 1é1f )I)\( u) < 0. There exists a
u€EB,(

minimization sequence {u,} C B,(0). Thanks to I)(|u|) < Ix(u), we can assume
from the beginning that u, > 0 in R®. Since {u,} C B,(0), it’s easy to see that
{un} is bounded in H'(R3). So there exist a subsequence (still denoted by itself)
and u, € H'(R3) with u, > 0 such that

U, — u, in H'(R?)
Un () = us(x) a.ein R? (2.5)
(R%) 2<q<6.

Up — Us 1D LloC

Set wy, = uy, — Us, S0 wy, — 0 in H'(R?). The Brézis-Lieb Lemma ( [7] or [18])
implies that

[unl® = llwn® + [lu]|* + 04 (1)
2.6
/ |un|6dx—/ |wn|6dm+/ |uy|®dz 4 0, (1). (2.6)
Since u, — u, in LS(R?) and f € L3 (R?), we have
A f@updz =X [ f(x)uwdr + on(1). (2.7)
R3 R3
By (2.2), for an appropriate constant p, we can deduce that
1 2 1 6
§||un|| ~6 | |up|°dx >0, for u, € B,(0). (2.8)

If u, = 0, then w, = u,, which follows that w, € B,(0). If u, # 0, we also get
wy, € B,(0) for n large sufficiently. From (2.8), one has

1 1
glonl? =5 [ fwalPaz >0, (2.9)
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Therefore, by Lemma 2.1, it follows from (2.5)-(2.7) and (2.9) that
d = I(uy) + 0,(1)
1 1
= () + gllwal = G [ falPdo -+ 0(1)
R3
> I () + on(1)

as n — oo, it holds that d > I (u.). Since B,(0) is closed and convex, thus
ux € B,(0), we obtain d < I (u.). Hence, one has In(us) = d < 0 and u, # 0. It
follows that w, is a local minimizer of I. By using the strong maximum principle, we
get u, > 0. So u, is positive solution of equation (1.2) with Iy(us) < 0. Therefore,
we can conclude that (u., ¢, ) is a positive solution of system (1.1). This completes
the proof of Theorem 2.1. O

Lemma 2.3. The functional I satisfies the (PS). condition provided ¢ < %S% —
DX2, where D = 2(|f]e 5 *)2.
Proof. Let {u,} C H'(R3) be a (PS). sequence of I, that is,

In(up) — ¢, Ii(u,) — 0, as n— oco. (2.10)

We claim that {u,} is bounded in H!(R3). For n large enough and combining with
(2.10), one gets that

—_

c+ 14 o([lunl) > In(un) — < (I3 (un), un)
- —HunHQ — f)\/ f(@)updr + —/ |un|6dx

2 ZHunH2 - Z)‘Ses_§|f|g\|un||

;J;

which implies that {u,} is bounded in H!(R?). Going if necessary to a subsequence,
still denoted by {u,} and there exists v € H(R®) such that u, — v weakly in
H(R?) as n — oo and satisfies (2.5). Set w, = u, — v, if ||w,||* — 0, then the
conclusion holds. Otherwise, there exists a subsequence (still denoted by itself) such
that lim_ |wn||*> = Kk > 0. From (2.10), for any ¢ € H'(R3), we have (I} (un), @) —

0. By Lemma 2.1 and (2.6), as n — oo , it follows that

/ (Vv- Ve + vg)dz 11 / 1@)du()vipde
R3 R3

- )\/3 f(z)pdx — /3 v’ oda = 0.

Taking the test function ¢ = v in (2.11), then it holds that

||v|\2+77/ l(z)ppvidr — A /f vdm—/ [v|®dz = 0. (2.12)

From (2.10), we have (I (uy), un) — 0. By Lemma 2.1, (2.6) and (2.7), we obtain

(2.11)

1) =[lo]? + 7 / U)putPde — A [ f(x)vda
R3

—/ 0] dm+||wn||2—/ (o .
R3 R3

(2.13)
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It follows from (2.12) and (2.13) that
l|lwn||? — / |wy|®dz = 0,(1). (2.14)
R3
By the Sobolev inequality, we have
lw,|2 < S_l/ |Vw, |2dz < S7H|w,|?.
R3

Consequently, we can obtain k > S 2.
On the one hand, by (2.12), Holder inequality, Young inequality and Sobolev
inequality, it holds that

1 1 1
I(v) = 5Hv||2 + 177/]1%3 I(x)pyvide — A 5 f(z)vde — g /}R3 v|da

1, .5 3 1 6
= —[|u]|2 = A do + — d
L /Rs f(z)vdr + - /Rs v’ dz

1, .9 3, -1
> )2 = 2AS; 2
> 1ol = 285 H111g ol o1s)
1 1 9 —1\2
> ol = 301+ § (7155 ]
1, s 1, .5 9 —1\2
> ol = 2100 = 5 (A 1556 F)
> —D)?
where D = §|f|2256—1.
On the other hand, it follows from (2.7), (2.10) and (2.14) that
1 2 1 6
IN(w) = I(un) = S llwall” + 2 | fwn[ de 4 0n(1)
2 6 Jus
1 2
= I)\(un) - g”wnn + On(]-)
c L + o0,(1)
=Cc— —K n
3
1 s
<c— ;52
c—35%
< -DX
which contradicts (2.15). Therefore x = 0. The proof is complete. O
We know that the extremal function
2\ 1
Uz) = (357)41@ cR3
(€% + [x]?)>

solves
—Au=1u® in R3\{O}

and [VU|3 = |U|8 = S%. We choose a function ¢ € C§°(R?) such that 0 < ¢ <1 in
R3. ¢(z) = 1 near = 0 and it is radially symmetric. We define

ue () = ¢(2)U ().
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Besides, since (u«, ¢, ) is a positive solution of system (1.1), by a standard method,
we can obtain that there exist m, M > 0 such that m < u, < M for each z € supp(.

Lemma 2.4. Under the conditions of Theorem 1.1, then there exist A1 > 0,u. €
HY(R3) such that

1 .
sup I (ux + tue) < gS% — D)2, forall A€ (0,A).

t>0

Proof. From [8], one has

ul$ = [U[S + O(e®) = 5% + O(?),

luell* = VU + O(e) = S + O(e), (2.16)
luclh = O(e?), 1<p<3.

It is obvious that the following inequality
(a+b)° > a® +b° + 6a°b + 6ab®

holds for each a,b > 0. Since u, is a positive solution of equation (2.1) with Iy (u.) <
0, by the above inequality, for all ¢ > 0 we have

Iy (us + tue)

1
:I,\(u*)+§t2\|u5||2+t/ [V, - Vue+usue +0l(z) o, wsue —uu. — A f (z)u. | do
R

3

1
+ 177/ I() [¢u*+tua (us + tue)Q - qu*uz - 4t¢u*u*ue] dzx
R3
1
_ ,/ (Jus 4 tue|® — u|® — 6tusu.)dx
6 Jps

1 1
Lo - ftﬁ/ .S — t5/ woue PP + g (1)
2 6 RS ]R3
L, s 1l 6 5 5
<=tP|ue|)® — =t lue|®dz — t°m |ue|°dz + g:(t),
2 6 R3 ]Rf_’)
where

1
9:(t) = 177/ I() [¢u*+tus (s + tu€)2 - (bu*ui - 4t¢u*u*us] dz.
R3

According to [12], we can get that
g=(t) < Ct?e + CHPe? + Ctie>.
Set

1 1 -
he(t) 2ug||* = =t5 / |u|®dx — t5m/ luc|Pda + Ct%e + Ct3es + Otte?.
R3 R3

= —t
2 6
Since lim h.(t) = —oo and h.(0) = 0, there exist t1,t2 > 0 such that
t——+o00

0<t; <t <ty <00 (2.17)
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and

he (ts) = sup he (t)a h/s (t)lt:te =0.
+>0

Note that
/ luffda = b + O(e3),
R3

it follows from (2.16) and (2.17) that

where C,Cy > 0 (independent of £,\). Let € = \2,0 < A < A} = Clcﬁ, then we
have that

Ore — Che? = C4A2 — O\
= X\2(Cy — CoA 7Y
< —D)?

which implies that sup h.(t) < %S 2_DNforall A € (0, A1). The proof is complete.
>0
O

Theorem 2.2. Under the conditions of Theorem 1.1, system (1.1) has another
positive solution (w*, ¢yx) with Ix(u*) > 0.

2
Proof. Let \* = min{Ao, A1, (*g%)%} By Lemma 2.4, we can choose a sufficiently
large Ty > 0 such that I (u. + Toue) < 0, with the fact that I(u.) < 0. Then
we apply the mountain-pass Lemma (see [4]) to obtain that there exists a sequence
{un} € HY(R?) such that

I(uy) — ¢ > 0 and I} (u,) — 0,

where
= inf I t
¢ = inf max A(v(®))
and
I'= {7 € C([()) 1]vH1(R3)) l 7(0) = u*,’y(l) = Ux +T0u£}'

By Lemma 2.3, there exists a convergent subsequence {u, } (still denoted by {u,})
and u* € H'(R3) such that u,, — v* in H*(R?), thus u* is a solution of equation
(2.1). Since Ix(Ju|) < Ix(w), by Theorem 10 in [5], we can get u* > 0 and u, # 0.
By using the strong maximum principle, we have u* > 0 in R3. Thus, (u*, ¢,+) is
a positive solution of system (1.1). The proof is complete. O

Acknowledgements

The authors expresses their gratitude to the reviewers for careful reading and help-
ful suggestions which led to an improvement of the original manuscript.



Schrodinger-Poisson system with critical 1711

References

[1]

A. Ambrosetti, On Schrédinger-Poisson systems, Milan J. Math., 2008, 76(1),
257-274.

A. Azzollini and A. Pomponio, Ground state solutions for the nonlinear

Schréodinger-Mazwell equations, J. Math. Anal. Appl., 2008, 35(1), 90-108.

A. Ambrosetti and R. Ruiz, Multiple bound states for the Schrodinger-Poisson
problem, Commun. Contemp. Math., 2008, 10(3), 391-404.

A. Ambrosetti and P. H. Rabinowitz, Dual variational methods in critical point
theory and applications, J. Funct. Anal., 1973, 14(4), 349-381.

H. Berestycki, I. Capuzzo-Dolcetta and L. Nirenberg, Variational methods for
indefinite superlinear homogeneous elliptic problems, NoDEA Nonlinear Differ-
ential Equations Appl., 1995, 2(4), 553-572.

V. Benci and D. Fortunato, An eigenvalue problem for the Schrodinger-Mazwell
equations, Topol. Methods Nonlinear Anal., 1998, 11(2), 283-293.

H. Brézis and E. H. Lieb, A relation between pointwise convergence of functions
and convergence of functionals, Proc. Amer. Math. Soc., 1983, 88(3), 486—490.

H. Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equations
involving critical Sobolev exponents, Commun. Pure. Appl. Math., 1983, 36(4),
437-477.

J. Chen, L. Huang and E. M. Rocha, Ground state, bound states and bifurcation
properties for a Schrodinger-Poisson system with critical exponent, Electronic
J. Diff. Equa., 2019, 2019(28), 1-23.

L. Huang and E. M. Rocha, A positive solutions of Schrédinger-Poisson system
with critical exponent, Commun. Math. Anal., 2013, 14(1), 29-43.

L. Huang, E. M. Rocha and J. Chen, Positive and sign-changing solutions of
a Schriodinger-Poisson system involving a critical nonlinearity, J. Math. Anal.
Appl., 2013, 408(1), 55—69.

C. Lei, G. Liu, C. Chu, et al, New multiple solutions for a Schrédinger-Poisson
system involving concave-conver nonlinearities, Turk J. Math., 2020, 44(3),
986—997.

J. Liu and A. Qian, Ground state solution for a Schrodinger-Poisson equa-
tion with critical growth, Nonlinear Anal. Real World Appl., 2018. DOI:
10.1016/j.nonrwa.2017.09.008.

M. Li and C. Tang, Multiple positive solutions for Schridinger-Poisson system
in R3 involving concave-convex nonlinearities with critical exponent, Commun.
Pure. Appl. Anal., 2017, 16(5), 1587-1602.

A. Qian, J. Liu and A. Mao, Ground state and nodal solutions for a Schridinger-
Poisson equation with critical growth, J. Math. Phys., 2018, 59(12), 121509.

D. Ruiz, The Schridinger-Poisson equation under the effect of a nonlinear local
term, J. Funct. Anal., 2006, 237(2), 655-674.

A. Salvatore, Multiple solitary waves for a nonhomogeneous Schridinger-
Mazwell system in R®, Adv. Nonlinear Stud., 2006. DOI: 10.1515/ans-2006-
0203.



1712 L.J. Zhu & J.F. Liao

[18] M. Willem, Minimax Theorems, Birkhauser, Boston, 1996.

[19] D. Wang, H. Zhang and W. Guan, Existence of least-energy sign-changing
solutions for a Schrodinger-Poisson system with a critical growth, J. Math.
Anal. Appl., 2019, 479(2), 2284-2301.

[20] W. Xie, H. Chen and H. Shi, Multiplicity of positive solutions for Schrodinger-
Poisson systems with a critical nonlinearity in R, Bull. Malays. Math. Sci.
Soc., 2019, 42(5), 2657-3680.

[21] Y. Ye, Multiple positive solutions for nonhomogeneous Schrédinger-Poisson
system in R, J. Lithuanian Math., 2020, 60(2), 276-287.

[22] J. Zhang, On ground state and nodal solutions of Schrodinger-Poisson equations
with critical growth, J. Math. Anal. Appl., 2015, 428(1), 387-404.

[23] L. Zhao and F. Zhao, Positive solutions for Schrodinger-Poisson equations with
a critical exponent, Nonlinear Anal., 2009, 70(6), 2150-2164.

[24] X. Zhong and C. Tang, Ground state sign-changing solutions for a Schriodinger-
Poisson system with a critical nonlinearity in R3, Nonlinear Anal. Real World
Appl., 2018. DOI: 10.1016/j.nonrwa.2017.06.014.



	Introduction and Main Result
	Proof of Theorem 1.1

