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STATIONARY DISTRIBUTION OF A
LOTKA-VOLTERRA MODEL WITH
STOCHASTIC PERTURBATIONS AND
DISTRIBUTED DELAY

Nan Cao! and Xianlong Ful"f

Abstract This paper devotes to the existence of a stationary distribution for
a one-prey and two-predator Lotka-Volterra model with stochastic nonlinear
perturbations and distributed delay. The studied autonomous system is first
proved having a unique global and positive solution. Then, through construct-
ing appropriate Lyapunov function and using It6 formula, sufficient conditions
guaranteeing the existence of a stationary distribution of the stochastic sys-
tem are obtained. Some numerical simulations are also provided in the end to
illustrate the main results.
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1. Introduction

In recent years, the dynamic relationship of predator-prey for species has been
extensively studied due to its universality and importance in mathematical biology
and ecology (see [2,4,6,13,23,33]). Meanwhile, it is also a common ecological
phenomenon that two predators capture the same prey. Farkas and Freedman
in [9] discussed persistence, extinction and global attractivity properties of the two-
predator and one-prey system. Dubey and Upadhyay [8] analyzed the dynamics of a
two-predator and one-prey system with a ratio-dependent growth rate. Alebraheem
and Hasan [1] considered the existence of limit cycle of the three-species food chain
model, and revealed different dynamics of the persistence and extinction of predators
through numerical simulations. Particularly, in [11], Llibre and Xiao studied the
global dynamics of the following 3-dimensional Lotka-Volterra models with two
predators competing for a single prey species in a constant and uniform environment

da(t) = x(t)[r1 — an1a(t) — a1y (t) — arsya(t)]dt,
dyl (t) Y1 (t)[—T’Q + agla:(t)]dt, (11)
dyg(t) = yg(t)[frg —+ agll'(t)]dt,

where z(t) is the prey population density, y1 () and ya(t) are the predator population
density at time ¢, respectively, r; stands for the intrinsic growth rate of species x,
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i is the carrying capacity of the prey, a1 and a3 are effects of the i—th predation
on the prey, respectively, ro, r3 denote the mortality rate of predators, as; and as;
are the efficiency and propagation rates of the i—th predator in the presence of prey.
Here all these parameters are positive constants. They characterized the qualitative
behavior of the system (1.1) in two cases, one is the resource for prey is limited,
the other is the resource for prey is unlimited. The obtained results there showed
that there are only two coexistence styles for all three species: periodic oscillation
or steady states, which depends on the resource for prey.

At the same time, the models with time delay reflect that the states before
time ¢ have frequently a heavy influence on the state at time ¢. Indeed, as pointed
out by Kuang in [16], neglecting time delays means ignoring reality. So it is quite
essential to take into account in biological models. It is especially of great interest
to consider population models with distributed delays due to the complexity of the
natural environment, see [5, 14, 18,21, 38], for instance.

On the other hand, ecological systems are often influenced by various environ-
mental noises, which inevitably affect the dynamics of populations. However, deter-
ministic systems have many limitations in terms of describing population dynamic
behavior. In the past years many scholars incorporated the white noise into the
models to study the richer and more complex dynamic behaviors of the resulting
stochastic differential systems, see [12,24,30,35]. Among them, most works only con-
sidered linear stochastic perturbations in the models, few are on nonlinear pertur-
bations, see [19-21]. Moreover, it is well known that stochastic perturbations may
destroy the stability of the equilibria existing in the deterministic systems and lead
to a stochastic weak stability named stationary distribution. Recently, existence of
stationary distributions, as an essential and important issue of stochastic systems,
has also been widely investigated by many mathematicians, see [14, 34,36, 37] and
the references therein.

Motivated by the above works, in this paper, we mainly attempt to discuss the
existence of a stationary distribution of a three-species Lotka-Volterra system with
nonlinear stochastic perturbations and time delay. We assume that the intrinsic
growth rate of the prey z(t) and the mortality rate of predators y;(t), y2(t) in Eq.
(1.1) are affected by white noise respectively in the form

r1 = r1+ (o1 + 01296(15))31(16), —r9 = —19 + (021 + U22y1(t))BQ(t)’
—rg3 — —r3+ (031 + (732y2(t))B3(t)'

Here B;(t) (i = 1,2,3) are independent standard Brownian motions defined over
the complete probability space (2, F, {F; }+>0, P) with a filtration {F; };> satistying
the usual condition, i.e., it is right continuous and increasing while F; contains all
P-null sets. And afj >0 (i =1,2,3,7 = 1,2) denote the intensity of the white
noise. Precisely, we consider in this paper the stochastic differential system with
distributed delay expressed as

dl’(t) = x(t) [7"1 — allx(t) — a12Y1 (t) — a13y2(t)]dt + [0'11 + Jlgl'(t)]x(t)dBl (t)7
=

dys (1) = y1(t) [ =72+ az ', F(t = $)a(s)ds| dt + [o21 + o201 (D] ()dBa (1),
dya(t) = ya(t) [_rg tam [LF(t— s)x(s)ds} dt + 031 + o302 (D)2 (£)dBs (2).
(1.2)

with initial conditions () = ¢(0) € Cy((—00,0), R4) and (y1(0),y2(0)) = (39, 49) €
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R? , where the parameters a;; are the same as in (1.1), the kernel F' : [0,00) — [0, c0)
is a L'-function normalized as fooo F(s)ds = 1. MacDonald in [25] initially pointed
out it is reasonable to take the Gamma distribution

Snan+1 —as

F(s) = — g s € (0, 00),
as a kernel function to represent the distribution delay. Here n is a nonnegative
integer, a > 0 denotes the rate of decay of effects of past memories and is also
regarded as exponentially fading memory. In this paper, we take for brevity the weak
kernel for n = 0, i.e., F'(s) = ae~**. Note that the weak kernel and the strong kernel
have been extensively used in biological systems, such as the population systems
discussed in [7,18,21,29] and epidemiology in [3]. Such an infinite distributed delay
means that the variation rate of the predators y; or, say, the prodation rate at
time ¢ depends on the scale of the prey x at every moment in the past or whole
history with weight (kernel) function F(¢). Up to now, the population models of
three-species with finite and infinite delays have been much studied in literature,
see [10,17,31]. However very few considered the three-species systems with infinite
distributed delay.
To deal with the term of distribution delay in (1.2), we set

¢
z(t) = / e =) () ds,

oo

then by the linear chain technique, the model (1.2) is transformed into the following
equivalent system

dz(t) = x(t)[r1 — annz(t) — ar2y1(t) — arsyz(t)]dt + [o11 + o122(1)]2()d By (1),
t) = y1(t)[=r2 + a1 2(t)]dt + [o21 + o22y1 ()]y1 (£)dBa(t),
2(t) = y2(t)[—rs + az12(1)]dt + [o31 + o3212(1)]y2(t)dB3(t),

dz(t) = afz(t) — z(t)]dt

(1.3)
As a result, in what follows we turn to study equivalently the degenerate system
(1.3). That is, we shall discuss the existence of a stationary distribution for system
(1.3). First, in the next section, by applying the It6 formula and using Lyapunov
analysis method, we prove that there exists a global positive solution of the system
(1.3) for any given initial (positive) value. Following that, in Section 3 we investigate
and obtain the sufficient conditions for the existence of stationary distribution of
the system (1.3) by employing the theory of stationary distributions developed by
[15,32]. Finally, in Section 4, we provide some concrete numbers to the coefficients
in (1.3) and do the corresponding numerical simulations to illustrate the obtained
conclusions.

Let’s mention here that, to the best of our knowledge, up to now there are very
few similar results about the dynamical behaviors of three species stochastic Lotka-
Volterra model with distributed delay. On the other hand, because the Fokker-
Planck equation corresponding to system (1.3) is degenerate, as it can be seen later,
it becomes much more difficult for us to construct an appropriate Lyapunov function
in 4-dimensional space. Obviously, the work in this article extends and develops
directly the existing results in [5,11,14,18,19] as well as the above mentioned results
on this topic.
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We now end this section by introducing a differential operator to be used
throughout this paper. Consider a [-dimensional stochastic equation

dx(t) = f(x(t),t)dt + g(x(t),t)dB(t),t > to, (1.4)

with initial value z(to) = 7o € R!, where f € L}(R',R,), g € L2(R™*™ R, ), and
B(t) is an m-dimensional standard Brownian motion. Denote by C%!(R! x R ;R,)
the family of all nonnegative functions V(z,t) defined on R! x R, which are twice
continuously differentiable in x and once continuously differentiable in . We define
the differential operator . associated with (1.4) by

32

tj (%iaxj '

1 !
0 o 1 T
If .Z acts on a function V € C?1 (R, x R:; R, ), then

LV (1) = Vi, 1) + Vil £) f(2, ) + %tr(gT(m,t)Vm(x,t)g(x,t)), (1.5)

in which V;(z, t) = 222D v ()= (82(5’”’ e mfafl’t))’ Vaal(z,t)= (88:17592?)&1’

and g7 (x,t) denotes the transpose of g(z,t). Then from It6 formula it follows easily
that, for z(t) € R,

dV (z(t),t) = LV (x(t), t)dt + Vi (z(t), t)g(2(t), t)dB(t).

2. Existence of unique global positive solutions

In this section we focus on the existence and uniqueness of solutions of the system
(1.3). From the view point of biology, the population density x(t),y:1(t), y2(t), 2(t)
should be nonnegative. Hence, we shall prove here that, for any initial values X (0) =

(2(0),41(0), 42(0), 2(0)) € RY, which is given by ((0),50,58, [, ae™*(s)ds)

corresponding to the initial values (¢(-), 4, y39) of (1.2), there exists a unique global
and positive solution X (¢) = (z(t), y1(t), y2(t), 2(¢)) for system (1.3). Namely,

Theorem 2.1. For any initial value X (0) € R, the system (1.3) has a unique
positive solution X (t) almost surely (which is a Markov process).

Proof. Since all the nonlinear terms in system (1.3) satisfy the locally Lipschitz
condition, by the existence and uniqueness theorem of solutions for stochastic dif-
ferential equations, there exists a unique maximal local solution X (t) (¢ € [0, 7))
for any initial value X (0) € R?%, where 7, is the explosion time. In order to prove
that system (1.3) has a global solution, it is sufficient to show 7. = 400 a.s..

Let ko > 0 be sufficiently large so that every component of X (0) lies within the

interval [17107 ko]. For any integer k > kg, we define the stopping time

1

- :inf{te 0,7.) : 2(t) (kk> or yi(t) ¢ (ik) or ya(t) ¢ (ik)
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here we set inf () = +o00. Then it is easily known that 7 is increasing as k — +oo

and clearly 7o, := i lim 7, < 7¢, a.s.. Therefore, we only need to verify 7., = 0o
—+0o0

a.s. in the sequel. If it is false, then there exist two constants 7' > 0 and v € (0, 1)
such that
P{7eo <T} > 1.

Thus there exists an integer k1 > kg satisfying
Pl <T} >, >k (2.1)

Next we derive a contradiction via the method of Lyapunov function. To do so,
we define a C2-function V4 : R — R, as

a1 +a
Vi(z,y1,y2,2) = 2f—lnx+2\/§1 —Iny; +2y, —Inys + 221 T8 2

Then the nonnegativity of this function follows immediately from the inequality
2y/u—Inu > 0, for u > 0. Applying It6 formula to Vi (z, 41, y2, 2) we obtain that

1 1
dVi(x,y1, Y2, 2) =ZLV1(2,y1, Y2, 2)dt + (\/5 - :v) (011 + o122)xd By (1)
# (55 = ) (o + ommmaBa(e)
——— ) (o o
\[1 " 21 22Y1)Y1052

1 1
(\[ - w) (031 + 032Y2)y2d Bs(t),
2

where (by (1.5))

g‘/l(x7y1uy2>z)

1 1

1 1
= (Iz - 1) (ri —anz — a2y — a13y2) — 1’ (011 + 0127)?

(0'11 + 0'121’)2 + 2((121 + (131)2(.% — Z)

DN | =

+

1 1
y? (091 + o20y1)? + 5(021 + 22y1)?

A
HN‘H

1) —T9 +a21,z —

1 1
Y3 (o031 + 032y2)2 + 5(031 + 032y2)2

/N
<
Mm\»—\

1) —rs + CL312

ot

T NHNH

\ /\

205 4 (a1 + as1 + 012 24 anr+ r1x2 -7+ 011

%‘Q

2

- Tyl + 05,1 + a121 + a212y1 + 72403, + 13+ 03,

0' 5 1
- %yf + 035Y5 + a13y2 + az1zy; — (a1 + az)z?

Obviously, there exists a constant K7 > 0 satisfying ZVi(z,y1,y2,2) < K1. So

d‘/l(m7y1ay27z)

<Kdt + Qz - i) (011 + o102)edBy (1) + <f11 _ ;) (021 + Ga0y1)y1dBa(t)
(\}2 - ;) (031 + 032Y2)y2d B3(1).
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Integrating from 0 to 7, A T on both sides of this inequality and then taking the
expectations lead to

EWVi(z(m AT),y1 (i AT),y2(e AT), 2(7 A T))]
Svl(x(o)vyl(o)7y2(0)v Z(O)) + K\ T.

Note that for every w € {1, < T}, there is at least one of z (7%, w), y1 (7%, w), Y2 (T, w)
and z(7k,w) equal to k or % Hence,

%(-’L’(Tk,W),yl(Tk,W),yQ(Tk7(A}),Z(Tk,w)) > min {2\/E - 1nl€,2\/2— 11’1]16} .

Consequently, due to (2.1),

Vl(a:(O),yl(O),yg(O),z(O)) + KIT
> E[l{mgT}(w)% (x(Tk7w),y1(Tk7w),y2(7k7w)7 Z(T’“’w)ﬂ

> fymin{Q\/Elnk,Q\/glnli},

where 17, <7y(w) is the indicator function of {7, < T'}. Then letting & — +o0
results in the following contradiction

+00 > Vl(a?(O),yl(O),yg(O),z(O)) + K1T = +o0.

Therefore we infer that 7. = oo a.s. and the proof is completed. O

3. Existence of the stationary distribution

Based on the discussion of the previous section, we investigate in this part the
existence of a stationary distribution of the solution for system (1.3). Let Py, +(-)
denote the probability measure induced by x(t) with initial value z(0) = x¢, that is

Py t(A) =P(x(t) € A), Aec B[RY),

where Z(R"} ) is the o-algebra of all the Borel sets A C R"}. If there is a probability
measure £(-) on the measurable space (R, Z(R’)) such that

Ppy¢(-) = p(-) in distribution for any xo € R,

we then say that the SDE model (1.3) has a stationary distribution p(-) (see e.g.
[4,15,26,27]).
Before establishing the main result of this section, here we still need to state a
lemma which comes from [15] and will paly a crucial role in our later discussion.
Let X(t) be a regular time-homogeneous Markov process in R! satisfying the
following stochastic integral equation (which can be interpreted as an integral form
of eq.(1.4))

t k t
X (t) = X(to) —l—/f f(X(s),s)ds—i—Z/t 9i(X(s), 8)dB;(s), (3.1)

where f(-,-) and g;(-,-) : Rl x Ry — R! are vector functions.
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Lemma 3.1. Suppose that the coefficients of (3.1) are independent of t and satisfy
that

(i) For any R > 0, there is a constant K > 0 such that

k
f(a,8) = f(ys)l + D lgi(w,5) = gily, s)| < Kz —y], (3-2)
r=1
k
[f (@, 8)] + Y lgila,s)| < K(1+|a]), (3-3)

for x,y € Ug :== {u € R, |u| < R}.

(ii) There exists a nonnegative C?-function V(x) in RY such that

LV (x) < =1 outside some compact set.
Then the system (3.1) exists a solution which is a stationary distribution.

Remark 3.1. According to Remark 5 in Xu [32], for the equation (3.1) the condi-
tions (3.2) and (3.3) of Lemma 3.1 can be replaced by the global existence of the
solutions, which was just well proved in Theorem 2.1.

Now we are in the position to present the main result of this part.

Theorem 3.1. Assume that

2 2

031 (2a12 + as1)

Z2r i TRl oS, 3.4
7‘2+ 4 80’210’22 ( )

2 2

031 (2&13 + agl)

2o A8 T S, 3.5
7’3+ 4 80’310’32 ( )
2a11—20f2—a21—a31—\/k* >O (36)

o2y — 1

and

>0, (3.7)

5

,_ 2
n=m"—0n— 57—

1 (4)‘51 0'%2(2(111720'%27(@170,317 \/k*)
4

0'%2 — T
where k* 1= 2a11 —r1 — 302 — % > 0. Then for any initial value X (0) € R4,
there exists a stationary distribution u(-) for the system (1.3).

Proof. As mentioned above, we prove this result by applying Lemma 3.1, namely,
we only need to construct a nonnegative C2-function V (z, y1, y2, 2) and a closed set
UcC Ri such that

,,?V(x,yl,yg,z) <-1, for any (xvylay27z) € Ri \ U.
To do this, we first define a C?-function Va; : Ri — R as
k* 1

1 1 1k
Vor(z,y1, Y2, 2) = 2k122 + o — Inx + 2yf + 2y3 + 3222 + EZ_ Elnz,

where k1 and ko will be determined later. Applying Itd formula to Vo yields that

g‘/Ql(x,ylayQaz)
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1 ki 1 1
= (kle +z— 1) (rl — a11T — a12Y1 — G13Y2) + (_41%; + 2> (011 + 01233)2

1
Y5 (031 + 032y2)2

| =

1 1 1
+yi (=ro + a212) — ~yf (021 + 022y1)* + y3 (—7r3 + az12) —

+2kaz(x—2)+ k" (x —2) — i(x— 2)

k102 s
<k1ri2? 4+ iz — a2 — 11+ @i + a1eyr + a1zys — 14121;3 +o2? + 0%,
2 2
1 1 o 5 1 1 1 1 o 5
—Troyf +anzyi — %yf i (031 4 2021092291) — T3Y3 + az12y3 — %yf
1 2 T 1
— —y3 (03, + 2031032Y2) + kow® — ko2® + k*w — k¥ 2 — — + —
4 4z 4
]{1 2
< %125 (11 — 0%y — ko) + (11 + a1 + k*)z + kyra? — Viras
2 2
05y % 1 ao +2aq2 1| 021022 05, 5 1
I
2 2
03y 2 L azr +2a13 11031032 o a1 + asy
229227"31122+2y22122{ 9 y2+i’1}+<2k2)22

kiot k*
=~ 7205 4 (4 — 0y — ko) (—a? ¢ LN +_ r)+ (km -V k*) 2’
4 a1l — 07y k‘z

1
2
1

021022 sy +2a12\° (2012 +a2)? | o3
e e L
2 2021022 8021022 4

2
b |30 _ 31+ 213 _M+L§’l+r
2 2 2031032 8031032 4 °

az1 +a 1
+(21231_k2>22_7"1+0%1+4.

Take here ky = %2591 then it follows from (3.4) and (3.5) that

LVor(z,y1,Y2,2)

kyo? k*
< _ 101256% + (all - 0%2 _ kz) (_12 + 7“1+a121+$> + (klrl — \/kj) x%
4 aiy —oig — k2

s 1
—ritoli+ g

1

=f@) =mtoh +

where

ko2, s k* 1
f(l")2—710123354‘(@11—0%2—/@) <—$2+T1+a121+ $>+(/€1T1—\//€*) xZ. (3.8)
4 01170'127]{52

Next we estimate the function f(z). Since it is assumed k* = 2a;; — ry — 302 —
M (> 0), we get easily that ritatk” 3 Thus, making use of the

a11—012—k2

inequality (see [22] Lemma 4.2)
—z?2 +3x<2yz, for x>0,
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we deduce that

((le — 0'%2 — kQ) (—1’2 +

:(a11 — 0'%2 — kQ) (—.’E2 + 31[,’)

1
<2(a1y — 07y — k2)a?,

1 + ail + k* (E)
2
ajl — 079 — ]4;2

from which (3.8) implies

kio2, -
fz) < —%m% + (k:lrl +2(a1; — 03y — k) — \/l?*) 2. (3.9)

Now we consider the function g(v) := c1v? —cov3 with c1, ¢ > 0, for v > 0.
1
Cc1

It is easy to show that g(v) reaches its maximum at v* = (502)5 on (0,+00),

1

ie. Iil;“i()](g(v) = 4% (%) ‘) Applying this fact to (3.9) we further obtain that

fa)< (g)4(k1r1+2(a11_‘7%2_k2)_\/]?*) . <k1r1+2(a11—0%2—k2)—\/k>*> .

]‘31‘7%2
We choose
2 —02,— ko) —VEk*  2a1; — 202, — —as1 — Vk*
oy = (a11—0fy—k2) _ 2a11 0122a21 431 \/>>0 (due t0(3.6))

2
010 —T1 019 —T1

I

so that (k17'1+2(a11—<7f2—k2)—\/k7*>

Y =1, then we have
1072

ot

f(z) < (é) ots(2(an _ijz_—rlk@) — k)

o 4 % 0%2(20,11720'%27CL2170,317 \/k’*)
\5 o2y =1 '
Therefore, we return to the estimate of .ZV5; to obtain that

g‘/Ql('ra Y1,Y2, Z)
5
1

4\ * 0%, (2a11 — 202, — az) — agz — V" 1
<(3) mlmstmmencam sV ol B0
) Oy — T1 4

=—n. (by(3.7))
We then introduce the function

1
Vao (2,91, Y2, 2) = 5(5170 +yf +y8) +

Mzz —Inz, 6€(0,1).

Also conducting It6 formula to Voo we see

3%2(x7y15y27z)

= 2(r1 — an@ — aroys — a1zy2) + 44 (—r2 + a2 2) + y5(—r3 + azi2)
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1
+ 2(ag1 + asy)zz — 2(ag; + az1)z* — 5(1 - 9)x9(011 + o191)?

1 1 ax
— (1= 0)y (021 + 0229)” — Z1= 0)ys (o351 + 03291)% — — ta

2
1—0)o? 1—0)o2 1—0)o2
<_ %xew,% f+2,%yg“wwhamzy%amﬁ
axr
+ (az1 + as1)z? — (a1 + as1)2” — 2 ta (8.11)
Now, let

%(xaylvaaZ) = M‘/Zl(xayhyQ) + VZQ(xayhyZaZ)v

where M > 0 is a constant will be determined below. Observe that Va(z,y1, 42, 2)
is continuous and tends to +oo as (z,y1, Y2, 2) goes to the boundary of Ri. Hence

Va(x,y1,2, 2) reaches its minimum in the interior of Ri, which is denoted by
Va(z*, yT,vy5,2*). Hence we can define the nonnegative Lyapunov function V5 :

Ri — Ry as
Va(@,y1, 42, 2) = Va(a, 91,2, 2) — Val(a™, 7}, 3, 2%)
= MVaui(z,y1,92) + Vaz(, 91,42, 2) — Va(2*, 47, y3, 27).
Combining (3.10) and (3.11), we then find that
LVa(2, 91,92, 2)

1—0)of 1—0)o3 1—0)o3
S—MU—( 2)012x‘9+2—( 2)‘722 ?+2_( 2)032yg+2

ox
+ a312’yg + (ag1 + a31)x2 — (a21 + a31)z2 - + o

0 0
+ 7’ + a212y;

_ (1-— 9)‘7%21,94-2 _ (1—0)035 942 _ (1—0)035 942 _ G21 F a3 52

- 4 4 1 4 2 3
~ =~ M+ A
z
::G(x’y17y2az)7
where
1—0)o; 1—6)o2 1—0)02
4= (er ) ERY {_WIM - %?/W - %ygﬁ

2(a21 + a
—%22 + (a21 + a31)x2 +rz? + aglzyf + aglzyg + a} )

Clearly A < 4+00 and so we are able to take M > 0 so that —Mn+ A < —1. Thus,
from the expression of G it follows that

= —00, x — +00,
= —00, Y1 — +00,
= —00, g — +00,
G(x,yl,yg,z) = —00, z—>++oo,
=—00, z—0T,

<-Mn+A<-1, z—0",
< —-Mn+A<-1, y1 = 0%,
< -Mn+A< -1, yo —0F.
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As a result, there is a closed set U C Ri such that ZV5 < —1 on Rﬁ_ \ U. Conse-
quently, by virtue of Lemma 3.1, we conclude that the system (1.3) has a stationary
distribution u(-). The proof is completed. O

4. Numerical simulations

In this section, we give some numerical simulations to illustrate the obtained results.
By using the Eular-Maruyama Method developed in [28], we mainly observe the
relations and differences between the solutions of the considered deterministic and
stochastic systems by simulating their solutions.

For the system (1.3), let 1 = 0.2, ro = 1, r3 = 1, a;; = 0.26, a;2 = 0.1,
a13 = 0.1, as; = 0.01, az; = 0.01. Then we obtain by direct computation that
the corresponding deterministic system of (1.3) has a positive equilibrium point
X = (0.6962,1.10937,0.1331,0.9709). Next, we explore the effects of the stochastic
fluctuation of the environment white noise on population density.

We take Jg11 = 0.23, g12 = 0.01, J91 = 0.05, g99 = 0.06, Jg31 = 0.05, J39 = 0.06,
we then have k* = 0.0997 > 0, rp + %0 — Guztaen)® _ 9506 5 0 py+ %0 —

8021022

Caatan)® _ 8506 > 0, 2=k VET _ 1993 > 0 and

8031032 o?,—r1

= 0.0031 > 0.

5

5
_ 5 1 4\ 0%5(2a11 — 20%y — ag1 — az — VE*)
nN=7r—05 - 9

o2y — 1
Thus, all conditions of Theorem 3.1 are fulfilled and consequently the system (1.3)
admits a stationary distribution, which is well illustrated in Fig.1 below.

The left diagrams of Fig.1 represent the solution x(t), y1(t), y2(t) of the stochas-
tic system (1.3) and of the corresponding deterministic system respectively. We can
find that after some initial transients the population density fluctuates near the de-
terministic steady state values £ = 0.6962, y; = 1.0937, 9o = 0.1331, respectively.

The right diagrams are the probability density functions of the prey x(t) and
the predators y1 (), y=2(¢), respectively. It is clear that they are distributed normally
around the mean values 0.6962, 1.0937 and 0.1331 separately. This indicates that
the system may still remains some stability if the intensity of the white noises are
relatively small.

5. Conclusion

In this work we study a one-prey and two-predator Lotka-Volterra model with
stochastic nonlinear perturbations and distributed delay. We first establish the re-
sult of existence and uniqueness of global positive solutions for this system. Based
on this result we then explore the existence of stationary distributions for the con-
sidered stochastic system and achieve successfully some sufficient conditions on it
(Theorem 3.1), which is the main result of this note. Meanwhile, we also present
some numerical simulations to support the obtained results.

The obtained theoretical result here and the numerical simulations reveal that
the dynamics of the system depends apparently the vital rates appearing in it. In
particular, white noises may affect directly the dynamical behaviors of this stochas-
tic Lotka-Volterra model. Actually, as manifested exactly by the result of Theorem
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deterministic system
stochastic system

0 1000 2000 3000 4000 5000 o 05 Y s > 25
time t — ()

deterministic system
stochastic system

0 1000 2000 3000 4000 5000 o 05 1 15 2 25
time t —

deterministic system
stochastic system

0
0
0 1000 2000 3000 4000 5000 0 005 01 015 02 025 03 035 04 045 05
time t — Yo

Figure 1. The left is the solution of the stochastic system (1.3) and the corresponding deterministic
system. The right is the density function of x(t), y1(¢) and y2(t) for the system (1.3) obtained by 10,000
simulations running at t = 200.

3.1 and the numerical simulations above, if the intensity of white noise in the sys-
tem is relatively small, the population of the species can maintain a certain stability
(stochastic weak stability), which is conducive to the survival and development of
the species. If, however, the intensity of white noise is relatively large, its impact on
species for the system is somewhat heavy and even harmful, and some may possibly
lead to species extinction, for which we are going to further study in the next work.
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