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Abstract In this paper, the existence of positive solutions for Caputo frac-
tional differential equations boundary value problem with infinite points con-
tained in the boundary value condition, and based on Green’s function and its
properties, the existence of multiple positive solutions are obtained by Avery-
Peterson fixed point theorem.
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1. Introduction

In this paper, we consider the following p—Laplacian fractional differential equations
“D. (ep(*Dgra () + F(t,2(), (1), ..., aP () =0, 0<t <1, (L1)

with infinite-point boundary condition

o0
29(0)=0,j=0,1,2,...,n—1,j #i,2(1) = > n;x(&),° D w(0) =0,
j=1

—
[
\]

)
i<
1

i

I

where 0 < 8<ln—1<a<na>i+1,7,2>20,0<&§E << <<
<1 =1,2000), B0 < 1, 6p(s) = [sP s > 1, 6,1 = b, + g
feC(0,1] x [0,+00)" 1 [0, +00)), and ¢Dg, is the standard Caputo derivative.
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Fractional-order system may have additional attractive feature over the integer-
order system, for example, the analytical solutions of the systems

ax(t) =at* PO DMx(t) =at* L 0<a< 1
are t* + x(0) and % + x(0), respectively. Obviously, the integer-order

system is unstable for a € (0, 1), the fractional dynamic system is stable as 0 < a <
1—a, moreover, Fractional-order systems have been shown to be more accurate and
realistic than integer order models and it also provides an excellent tool to describe
the hereditary properties of material and processes, particularly in viscoelasticity,
electrochemistry, porous media, and so on. As a result, there has been a significant
development in the study of fractional differential equations in recent years, for an
extensive collection of such literature, readers can refer to [1-4,7,8,12-15,17-23].
Jong [10] studied the following m point p—Laplacian fractional differential equations

D§+ (¢p (Dg+w)) (t) = f(tu(?)),0 <t <1,

with m— points boundary condition

m—2
u(0) = 0, Dy u(l) = > &Dy, uln),
i=1

D3 u(0) = 0, gy (Dgu(1)) = 3 Cupp (DS ulin)),

i1
where 1 < o, <23<a+8<40<y<l,a—-y—-1>0,0<mn;,,& <1(i=
1,2,...,00), Z:’;Q M <, 211_12 P~ < 1, p-Laplacian operator ¢, is de-

fined as p,(s) = [s[P~2s, p, ¢ > 1, %—&—% =1, and f € C([0,1] x (0, +00), [0, +0)),
Dg. is the Riemann-Liouville differential fractional derivative of order . The au-
thors obtained the existence and uniqueness of solutions by using the fixed point
theorem for mixed monotone operators. Jong [9] obtained the existence and unique-
ness of positive solutions by the Banach contraction mapping principle for equation
in [9]. In [17], the author considered following fractional differential equation

Deu(t) + g(t) f(tu(t) =0, 0< t <1,

with infinite-point boundary condition
u(0) =u'(0) = ... =u2(0) = 0,u™ (1) = > aju(),
j=1

where 2 <o, n—1<a<n, i€ [l,n—2]is a fixed integer, a; > 0,0 < & <& <
< Eim1 < <. <1(j=1,2,--), f permits singularities with respect to both
the time and space variables, Dg, is the Riemann-Liouville differential fractional
derivative of order . According to introducing height functions, the author obtained
the existence and multiplicity of positive solution theorems, and Zhang and Zhai
obtained the existence and uniqueness of positive solution in [16].

Motivated by the excellent results above, in this paper, we investigate the exis-
tence of multiple positive solutions for singular fractional differential equation with
infinite-point boundary value conditions (1.1,1.2). Compared with [10,17], ¢ order
derivative is contained in the nonlinear terms, and the derivative we used is the
standard Caputo fractional derivative. Compared with our paper [5], the equation
in this paper is p—Laplacian fractional differential equation.
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2. Preliminaries and lemmas

For the convenience of the reader, we first present some basic definitions and lemmas
which are useful for the following research are given, and can be found in the recent
literature such as [7,11]. Let E = C"*[0, 1] be the Banach space with the maximum
norm _

Jell = max{lzllo, #'llos - 2 o}

where ||z[o = max;cp,1] [z(t)], .. -, |20 = max;eo,1y{|2P (¥)[}.
Definition 2.1 ( [7,11]). The Riemann-Liouville fractional integral of order & > 0

of a function y : (0,00) — R is given by

1 t
Iyt) = — [ (t—s)*"ty(s)d

Foult) = e [ =9 s

provided the right-hand side is pointwise defined on (0, c0).

Definition 2.2 ( [7,11]). The Riemann-Liouville fractional derivative of order a >
0 of a continuous function y : (0,00) — R is given by

o L dy [P y(s)
Dg#/(f):m(@) /Omd&

where n = [a] + 1, [@] denotes the integer part of the number «, provided that the
right-hand side is pointwise defined on (0, c0).

Definition 2.3 ( [7,11]). The Caputo fractional derivative of order & > 0 of a
function y : (0,00) — R is given by

1 by
CDg+y(t> = F(Tl . OL) A (t 7 5)a7n+1 dSa

where « is fractional number, n = [a] + 1, provided that the right-hand side is
pointwise defined on (0, 00).

Lemma 2.1 ( [7,11]). Assume that u € C™[0,1], then
IS °Dysu(t) = u(t) — Cp — Cot — ... — Cpt™ ™,

where n is the least integer greater than or equal to a, C; € R (i =1,2,...,n).

Lemma 2.2. Given h € L'[0, 1], then the equation
Dy, (op("Dr () + h(t) =0, 0 <t < 1, (2.1)

with boundary condition (1.2) can be expressed by

= ' S L SS—T’B_ITT S
)= [ Gte9e (555 | (6= 07 bl as, e o), (22)
where
1 t'P(s)(1—8)* "t —A(t—s)*"!, 0<s<t <1,
G(tvs) - Ar(a) {tZP(S)(l _ S)a—i—l’ 0<t<s<l, (23)
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moreover,

. Z'P(S)(l _S)a—z—l (a— 1)(a—2) (a—z)A(t—s)a_z_l,
0G'(t,s) 1 0<s<t<i,

ot AT ()

in which P(s) = (o« — 1)(a — 2) x (a — 1) — nggjnj(gj::)o‘_l(l —8) and A =
il = X524 m;E-
Proof. By means of the Lemma 2.1, we can reduce (2.1) to an equivalent integral

equation
o (“Dg (1)) = — 10 h(b),

by ¢Dg.x(0) = 0, we get ¢ = 0, hence

“Deatt) =1 (55 | (i S
=i (55 [ =9 nis1as).

by Lemma 2.1 again, we can reduce (2.5) to an equivalent integral equation

(2.5)

z(t) = — 1§+ pq <F(15) /t(t - s)Blh(s)ds> +do +dit

0
+ -+ di_lti_l + dH_ltH—l + ...+ dntn_l,

for d;(i =1,2,...,n—1) € R. From z4)(0) =0, =0,1,2,...,n—1,j # i, we have
d; = 0,5 #i. Consequently, we get

() = ditt — 1% 5, (F(lﬁ) /Ot(t _ s)ﬁ—lh(s)ds> ,

hence,

% a—i 1 ‘ — .
D (t) = —157"0q (F(ﬂ)/o (t—s)8 1h(s)ds> + ild;.
On the other hand, () (1) = Z;’;l n;x(€;), combining with

2O(1) = ild; — 197, <r(1/3) /01(1 - s)ﬁlh(s)ds) ,

we get

= |, ey (vt ) b o) a
Z”ﬁ/ % —_S;illnjf;‘-)‘”q (r(lm /OS(S — )R )‘”> ds

N
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where P(s) = (a—1)(a—2)x (a—i)—X<¢, 77](
Hence

x(t) =d;t’ — 1§ ¢, (r(lg) /Os(s — T)ﬂlh(T)dT> ds
[ 5 ey [ )
[ e (g | et

_/OIG(t,s)goq (F(lﬁ) /Os(s _T)ﬁlh(f)dr) ds,

therefore, (2.3) holds. By simple calculation, we have

2)* 1 (1—s)'and A = il =¥52 7;&L.

iP(s)(1—s)*" ! —(a—1)(a—2)...(a —i)A(t — s)* !

)

8Gl(t,s): 1 0<s<t<l,
ot AT () ,
iWP(s)(1—s)*"" o<t <s<1,
therefore, (2.4) holds. O

Lemma 2.3. Take 1,3 € (0,1) with v < j such that
P(s)' > ALl > (a— 1) (a—2) x (a—d)y* !
and take &;,n; such that

& —S\a-1 i
@ 1-s)<1
e ARICE L

P(s) = (o= 1)(a—2) x (@ —1i) — Bs<g; n;(
then we have

G(t,s) < il —1) (o = 2) x (. —d)g(s), ¢, s €0,1],
G(t,s) > pg(s) >0, t € [n,9],5 €[0,1];

D G(t,s)
otJ
Gt s)
otJ

<illa—1)(a—-2) x (a—1), t, s€][0,1],

> pig(s) >0, t€e,g], s€0,1],5=2,...,4,

g(S) = W7 P = min{ph p2a"'api+1}7
pr=A0 =721, pj =A@ — (@ —1)(a—2) x (@—i)y* "), j=2,...,i+1

Proof. By simple calcution, we get P'(s) > 0,s € [0,1], and so P(s) is nonde-
creasing with respect to s. For s € [0,1], for a — 4 > 1, we get

P(s) =(a— (= 2) % (0~ ) = Spzgy (S =2)0 711 — o)

1—
>l — 230'0:1773'55‘ =A
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and obviously,

Sj — S)a—l(l _ S)l

P(s) =(a = 1)(e = 2) x (o —1) = Ve i (3=

<(a—1)(a—2) x (a—1),s €]0,1].

Hence, for t, s € [0, 1], we have

tiP(s)(1 — s)>—i-t < P(s)(1 — s)a—i-1

Glt,s) < AT(a) =T AT(a)
< (o —1)(a—2) x (a—i)g(s)
<ila—1)(a—2)x (a—1i)g(s),

0'G(t,s) _ilP(s)(1 —s)*—i7t
ot AT ()
<il(a—1)(a—2) x (a—i)g(s).

Furthermore, for 0 < s <1, we get

tiP(s)(1 —s)* 71 — A(t —s)2 L
ATl'(«)
(t'P(s)(1 —5)* " = At =) H(t — s)'
ATl'(@)

G(t,s) =

>0

)

and, obviously, for 0 < ¢t < s < 1, we get G(t,s) > 0. On the other hand, for
0<s<t<1, wehave

J'G(t,s) ilP(s)(1—5)*""t —(a—1)(a—2)...(a — i)A(t — s)> "1

ot AT ()
ilPO)(1—s)*t—(a—1)(a—2)...(a —i)A(t —s)*—¢L
B AT (a)
L EEimga e —2) . (a—i) i1 EF, e -1)
B AT (a)
>0,

and for 0 <t <s <1, % > 0 obviously holds.
For t € [1,7],s € [0, 1], we have

tiP(s)(1 —8)* =t — A(t — s)*7!

G(t,s) =

AT (@)
S PP(s)(1 =) T = Ay — gs)* T
- AT ()
[Py = a0 = g
- AT (@)

> B e o)
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and for ¢ € [1, 7], s € [0, 1], we have

PG(t,s)  JIP()A—s)* " = Ala—1(a=2)...(a = f)(t = )"

ot~ AT (o — 4)
iP(s)(1 = s)* 771 — Afa - 1)(04 —2)...(a—j)b—bs)*""""
- Al(a)
AG! = (= 1)(a —=2)...(a—jb* 1)1 = s)* i1

AT (@)
=pig(s), j=1,...,i
Now we define a cone P on E and an operator A : P — C%[0, 1] as follows
P={zrcE: x(t)>0, 2/(t) >0,...,2°(t) > 0, t € [0,1],

min {x(j)(t)} >pllzll, 5=0,1,...,i},
€[]

where 17, 7 are the same as in Lemma 2.3, and

= /01 G(t, 8)¢q (F(lﬂ) /Os(s — ), a(7), 2 (7)), . .. ,x@)dT) ds, © € P.

By Lemma 2.3, we have that 2 € P is a solution of (1.1,1.2) if it is a fixed point of
Ain P. O

Lemma 2.4. The operator A: P — E is continuous.

Proof. First, for x € P, by the continuity of G(t, s) and f(s, z(s), z'(s), ..., 2" (s)),
we have

Ax(t)/olG(t,s)gaq (r(lg) /0(5 — 7)Y (rx(r), 2 (1), . .. ,x<i>(7))d7> ds, z € P

is well defined on P. It thus follows from the uniform continuity of G(¢, s) in [0, 1] x
[0,1] and

|Az(te) — Ax(t1)|

/ Gk, 5) — Gltr, )| 0y (F(lﬂ)/Os(s—T)B_lf(T,x(T),x’(T),...,x(i))d7'>ds

that Az € C[0,1], € P. Furthermore, by the uniform continuity of GEg (t,s) for
t,s € [0,1], we get
Aac(’) / el g (t,s) ( T3) / (s — T)B_lf(T,x(T),a?/(T), . ,SL’(i)<T))dT> ds
0
€ Clo,1].

On the other hand, Let x, — x in C*[0, 1], there exists A > 0 such that ||z,| <
A (n=1,2,---), and then ||z|| < A. Furthermore,

Pq (F(lﬁ) /os(s — 1) (1,20, 21, - .. 7xi)d7>
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is continuous on [0, 1] x (RT)™+1 50 ¢, (ﬁ Jo (s = 1)  f(T, 20,1, .. ,zi)d7'> is

uniformly continuous on [0, 1] x [0, A]**1. Hence, for any € > 0 there exists § > 0

such that, for any si, so € [0,1], z§, 23, z1, 23,..., 21,22 € [0, 4], |s1 — 82| <
S, |lzd — 23| < 6, |xt — 23| < 4,..., |z} — 22| < § we have
1 S
g <P(5)/o (s—T)ﬁ_lf(r,xé,x%,...,x%)dT)
- ¥ (1 /S(S—T)B_lf(T x3, w3 dr) | <e. 0
q F(ﬂ) 0 L0 17"'7 7

By ||z, — z|| — 0, then for the above € > 0, J > 0, there exists N, when n > N, we
have
(@) = 2(®)], (&) =2 (B, 0D (1) 2D (B)] < llzn — ] < 6, for any ¢ € [0,1].

n

Thus, for n > N, s € [0,1], by (2.6), we have
[(Azy,)(t) — (Az)(t)]

s s— 1) (r, an(T), 2 (1), ..., 29D (7))dr ) ds
/Gt (55 [ 6= P ). e ) a

0

—/O G(t,5)¢, (F(ﬁ)/o (s—Tl)ﬁ—lf(Tl,x(T),x/(T),...,x@)(T))dT)’
Sa/olg(S)ds,

and
|(Azy) (1) — (Az) D (1)]
1 93 s
| [ e, (1 | 6= )l o
1 i s
7/0 aGa(;’ S) SDQ (F(16> /0 (5 - Tl)ﬁilf“.?x(T)vxln(T% e 7I£:)(T))d7-) ‘
1
S{-:/ g(s)ds,
0
hence, we get || Az, —Az|o — 0, ||(Az,) —(Az) |lo = 0,..., ||(Az,) D —(Az) D], —
0 (n = o0). That is [|Az, — Az|| — 0(n — ), i.e. A is continuous in the
space(E, ||.]]). O

Lemma 2.5. A: P — P is completely continuous.

Proof. From Lemma 2.3, we have (Az)Y)(¢) > 0, j=0, 1,2,...i, t € [0,1] and

tren[gﬁ](Aw)“ (1)
. ! ajG(t, S) 1 s — / ()
= tren[gﬁ]/o i Pa (I‘(ﬁ) /o (s —7)P7 f(r,2(7), 2/ (1), ..., (T))dT) ds

1 Vi s s )
< max 9 G(t.’ )gaq (Fl ] /0 (s T)B1f(7',a?(7'),o:'(7'),...,x(’)(T))dT) ds

o te[o,] Ot
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<[ pos (s [ =P (o)) e ) s

(B
|Az[lo, [I(Az) llo, - -, | (Az) @ o
1 s 1 SS—T L a(r), o (1 @D (7))dr | ds
< [ 906y (555 | 6= 7 a0, aOar ) s
Consequently

[ Az|| = max{||Azllo. |(Az)'llo. - .., | (Az) @ lo}

< /Olg(s)apq (F(lﬂ) /Os(s - 7)5—1f(7,x(7),x/(7),...,x@)(T))dT) ds.

Hence, for all x € P, we have

min (Az)7)(t)
t€fe,g]
i ,
:tren[ig] i ‘8 G@tj 5 ©q (F(lﬁ (s — 7)1 f (7, 2(7), x’(7’),...71'(l)(7'))d7'> ds
Lo 0IG(t,s 1 ;
= Jo B o0 @q<r(ﬂ T natr )x/(T)""’x()(T))dT> *

- | () (rw) / (s = )P, (), 2 (), 2 <T>>df) s

- 1OVG(Ls) ! S5—7'571 Tx(7), ' (1 2D (r))dr ) ds
> i [ T ey (5 | - P a0, a O ) d

> oy | 510 (55 | = 7 10 (1) a i) s

> pj+1 Az
> pl|Az|, 5 =0,1,2,....i.

Thus, A(P) C P.
Next we will proof that AV is relatively compact in E for bounded V' C P. For
z eV, tel0,1], for s € [0,1], we have

Ax(t) = [ 1G<t,s>wq( G / (s = 1) (), (1) -2 >>dr) ds

< /01 Mo - 1>(Zr(2)) (@ )soq (F(lﬁ) /Os(s - T)ﬁlw(v)dT) ds
)

iNa—1)(@—2)...(a—1)
= AT(a) #a (F(ﬁ+ )

Similarly, we can derive

i illa—1D)(a—2)...(a—1) M
()9 1) < = ¢ (taes ) te bl




Multiple solutions for fractional differential equation 1795

these show that AV is bounded in E. Next we will verify that (AV)® is equicon-
tinuous. Let t1,t5 € [0,1],t; < t3,x € V, we get

|(A2) D (t2) — (Az)W (1)

- /01 z‘!P(s)(Fl(Q)Z)a_i_1 X g (ﬁ AS(S — )P (r a(r), 2 (1), ... 736(1')(7))0{7) s

_/tz (@ —D(a—2)... (¢ —1i)— (tg — 5)*~2
0 I(c)

X ¢q (ﬁ /05(8 P (r w(r), 2 (), .,I(i)(T))dT) ds

-/ S o (1 | 7P a0 o)) ) s

_/tl (a—1)(a—2)...(a—1i)— (t; — )2
0 I'(a)

X 94 (ﬁ /05(8 - T)ﬂlf(m(T),x"(T), y .,m<i>(7))d7) ds|
—’I‘(l)/otz(tg—s)“%q (FL) /Os(s—T)ﬁflf(T,x(T),x'(T),...,m<i>(T))dT) ds

a—i (8
e ¥ " (- 9", (5 [ = 0t a0t ) s

<Ml ra ([t — 10— [T =g

_ pq(Alle() (t(;ﬂ: —t(l’fi).

MNa—i+1)

From above and the uniform continuity of t*~% on [0, 1], and together with the
theorem 1.2.7 of [6], we can derive than AV is relatively compact in C?[0, 1], so we
can get A : P — P is completely continuous. O

Definition 2.4. The map « is said to be non-negative continuous concave func-
tional on P, provided o : P — RTis continuous and

alte + (1 - )y) > ale) + (1 - Haly),

for all z,y € P, ¢t € [0,1].

Definition 2.5. The map (3 is said to be non-negative continuous convex functional
on P, provided B : P — R* is continuous and

Blte + (1 —t)y) < B(z) + (1 —1)B(y),

for all z,y € P, t € [0, 1].

3. Main result

Let ¢,0 be non-negative continuous convex functional on P, ¢ be non-negative
continuous concave functional on P, and 1 be non-negative continuous functional
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on P. Then for non-negative number e, f, g, h, we define the following convex
sets:
P(e,h) = {x € Plp(z) < h}
P(sa 0 ¢,f,g, h) =A{z €P|f< ¢( ),0(z) < g, ¢(x) < h,
( ) < h}.

We will apply the following fixed point theorem of Avery and Peterson to solve
the problem (1.1,1.2).

IN

R(p,9,e,h) ={z € Ple < ¢(z), p(z

Lemma 3.1 ( [25]). Let P is a cone of E. p,0 be non-negative continuous convex
functional on P, ¢ be non-negative continuous concave functional on P, and v be
non-negative continuous functional on P, ¥(ux) < p(x), 0 < pu <1, such that for
some positive numbers L and h, satisfy

¢(x) < p(x) and [lz] < Leo(z)
for all x € P(p,h). If

A: P(p,h) = P(p,h)

is completely continuous, and there exist positive number e, f, g with e < f, such
that the following conditions are satisfied:

($) {& € P(p.0,6,f.9.h) : ¢(x) > [} # ¢ and §(Ax) > f, for z €
P(p,0,9, f,g,h);

(SQ) (rb(AI) > f; fOT’ T e P(soad)a fa h) and G(Al’) >g;

(S3) 0 € R(p,,e,h) and Y(Ax) < e, for x € R(p,, e, h) with ¢(x) =e. Then
A at least exist three fized points x1, x2, T3, such that

QD(Z‘Z) < h7 fori =1 2 3,

and
f<o(@), e <tp(x2), dx2) < f, ¥(xs) <e.
Let convex functions ¥(x) = 0(x) = ¢(x) = Hx|| on P, deﬁne a concave function
o(x) = mm{mmt6 |:c( )|,mlnte [0.7] |2’ ()], .. ,minge, g |x( (t)|}, where v, j are

the same as in lemma 2.35.
Theorem 3.1. Assume that there exist positive numbers e, f, g, h with f > e,
g > max{%,el_%}f, h> 5f and h > g, such that

(H3) @q(f(t,l',l'l, cee ,U(Z))) < %7 fO’f’ (t,.T, x/a cee ax(l)) € [O’ 1] X [07 h’]i+1;

() o105 5) > L for (!, a) € o) x [l

(Hs) po(F(t, 2, x@)) <& for (b, .., 2) € [0,1] x [0, ]+,
where = ¢q(tTT [3+1) fo s)ds, Q [ g(s)ds. The problem (1.1,1.2) has at least
three fized points x1, x9, T3 satisfying ||xl|| <h, i=1, 2 3, and f < ¢(x1), e <
¢($2)7 ¢($2) < f7w(x3> <e.
Proof. Let x € P(p,h). By condition (Hs), we get

S

| Azllo = masx Aa:(t)|</1 () (1/ (s = 7)P~1f(r, z,a" x@))dT) ds
° = o = Jo TP\ TB) o T

<o)y [ olds <h
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O (Ax)(t)

O = max
I42) 9l = s (7500
S/Olg(s)goq (F(lﬂ) /Os(s—T)ﬁ_lf(r,x,x’,...,x(i))d7> ds
< (L)ﬁ 1 (s)ds < h
= Pgq F(ﬂ+1) r Jo g =N,

consequently, we obtain ¢(Ax) = ||Az| < h. This, together with Lemma 2.4 and
2.5, means that A : P(p,h) — P(p, h) is completely continuous.

Take z(t) = fe!=9% t € [0,1]. According to simple calculation, we can have
that z € P, ||z| < g, and ¢(z) > f, so

{z e P(,0,0,f,9,h): [ <)} #0.

For x € P(p,0,9, f,g,h), by (Hy), we get

#(Az) = min{ min |Az(t)|, min |[(Az)'(t)|,..., mi

tE€fz,7] t€[z,g] t€[z,g] |

mm@w@

1 s
Zp/o 9(8)eq (I‘(lﬁ)/o (s—T)B_lf(r,x,x’,...,x(i))d7> ds
3
>/Z pg(S)piQdSZJ,

which shows that condition S; is satisfied.
Take z € P(p, ¢, f,h) and ||Az|| > g¢. Since Az € P, we obtain

$(Az) = min { min |Az(t)|, min |(Az)'(t)],..., min |(Az)® (t)}

t€[2,9] t€(v,g] | t€[2,9]
> pllAz|| = pg > f,

which means that condition (S3) holds.
Next we will verify condition (S3) holds. For 1(0) = 0, we have 0 € R(p, 1, e, h).
Let = € R(p,9,e,h) and ¥(x) = ||z|| = e, by (Hs), we get

= max |Az 1 s L szTﬁfl T, @, N dr S
Al = mx 1400)| < [ ey (555 [ (6= 0P M maccaar ) a
<o) [ s <e
|(Az)'||lo = Jnax B(A;t)(t)‘
! 1 ° -1 / i
S/o g(s)g(s)eq (F(ﬁ)/o (577')6 f(T,x,x,...,z())dT) ds

e 1
< Lol | o <e
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Az) Do =
[(Az)™ o = Jnax

< /019(5)9(8)% (F(lﬁ) /08(8 =) (L ,fc(“)dT) ds

e 1 !
) [ sls <

Consequently, we have ¥(Azx) = ||Az|| < e. Then, condition (S3) holds. Conse-
quently, we have ¢(Az) = ||Az|| < e. Then, condition (S3) holds.

By Lemma 3.1, we can get that (1.1,1.2) exists at least three positive solutions
xy, x5, x3, satisfying

lzi|| < h, i=1, 2, 3, and f < ¢(x7]), e < (x3), d(xh) < f, ¥(z5) <e.

0'(Az)(t) ‘
ot

O
4. An example
Consider the following infinite-point boundary value problem:
A1 eI
‘Diy (op(“D2a(t))) + f(t,2(t), 2"(t) =0, 0 <t <1,
— 1 4.1
2(0) = 2/(0) = ™ (0) = 0, 2'(1) = Zj 2),£D22(0) =0, (1)
]:1
where ¢ (f(t,21,22)) is continuous in [0,1] x RT x RT, ¢ (f(t,x1,22)) < 19923,

for (t,x1,x2) € [0,1] x Rt x RT, such that

gl o) (e € (0.1 x 0. 5] x [0, 5]
ool f(ts 21, 22)) = 43%(f+ﬁ) (t 0, 2) € (0,1] x [1,20]  [1,20],
499

NS (t, 21, 72) € (0,1] x [100, 00) x [100, 00).

By means of Theorem 3.1, we take a = %,ﬁ = %,a = % b= g,pl = A(a? -
b2) > Ala — b 1) ~ 0.0283A, py = P(s ) Al — 1572 > A(1 — 2.5(2)3)
0.2592A > 0,A =il = X52 m;&8 = 2! — ¥ ,0;67 =~ 09177, P(s) = (a — 1)(a -

2) — Byce,mi($2)0 711 - 5)2 < 1, apparently, pe < p1p=pa =356 =5,
— (=9 _ 1 i _ 3

9(s) = “Faa = F(%)A(]‘ = 8)2, 1= @t +1) fo = W (ZNIA”

ffg(s)ds = ﬁ[(%)% - (g)f] Let e =1, f =1, g =20, d = 500. By direct

calculation, we can obtain that the conditions of Theorem 3.1 are satisfied. So, the

BVP (4.1) exists at least three positive solutions x7, x3, x5 satisfying

xr <500, i=1, 2, 3,

and

1 * * * 1
5 <23, o(x3) <1, |lz3] < 5.

1 < ¢(a7), 5 5
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