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Abstract In this paper, the existence of positive solutions for Caputo frac-
tional differential equations boundary value problem with infinite points con-
tained in the boundary value condition, and based on Green’s function and its
properties, the existence of multiple positive solutions are obtained by Avery-
Peterson fixed point theorem.

Keywords Caputo fractional differential equation, multiple positive solu-
tions, infinite-point.

MSC(2010) 34B16, 34B18.

1. Introduction
In this paper, we consider the following p−Laplacian fractional differential equations

cDβ
0+(φp(

cDα
0+x(t))) + f(t, x(t), x′(t), . . . , x(i)(t)) = 0, 0 < t < 1, (1.1)

with infinite-point boundary condition

x(j)(0) = 0, j = 0, 1, 2, . . . , n− 1, j ̸= i, x(i)(1) =

∞∑
j=1

ηjx(ξj),
cDα

0+x(0) = 0,

(1.2)
where 0 < β < 1, n− 1 < α ≤ n, α > i+1, ηj ≥ 0, 0 < ξ1 < ξ2 < · · · < ξj−1 < ξj <
· · · < 1(j = 1, 2 · · · ), Σ∞

j=1ηjξj < 1, ϕp(s) = |s|p−2s, p > 1, ϕ−1
p = ϕq, 1

p + 1
q = 1,

f ∈ C([0, 1]× [0,+∞)i+1, [0,+∞)), and cDα
0+ is the standard Caputo derivative.
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Fractional-order system may have additional attractive feature over the integer-
order system, for example, the analytical solutions of the systems

d

dt
x(t) = ata−1,C Dα

t x(t) = ata−1, 0 < α < 1

are ta + x(0) and aΓ(a)ta+α−1

Γ(a+α) + x(0), respectively. Obviously, the integer-order
system is unstable for a ∈ (0, 1), the fractional dynamic system is stable as 0 < a ≤
1−α, moreover, Fractional-order systems have been shown to be more accurate and
realistic than integer order models and it also provides an excellent tool to describe
the hereditary properties of material and processes, particularly in viscoelasticity,
electrochemistry, porous media, and so on. As a result, there has been a significant
development in the study of fractional differential equations in recent years, for an
extensive collection of such literature, readers can refer to [1–4, 7, 8, 12–15, 17–23].
Jong [10] studied the following m point p−Laplacian fractional differential equations

Dβ
0+ (φp (D

α
0+u)) (t) = f(t, u(t)), 0 < t < 1,

with m− points boundary condition

u(0) = 0, Dγ
0+u(1) =

m−2∑
i=1

ξiD
γ
0+u(ηi),

Dα
0+u(0) = 0, φp(D

α
0+u(1)) =

m−2∑
i=1

ζiφp(D
α
0+u(ηi)),

where 1 < α, β ≤ 2, 3 < α + β ≤ 4, 0 < γ ≤ 1, α − γ − 1 > 0, 0 < ηi, ζi, ξi < 1(i =

1, 2, . . . ,∞),
∑m−2

i=1 ξiη
α−γ−1
i < 1,

∑m−2
i=1 ζiη

β−1
i < 1, p-Laplacian operator φp is de-

fined as φp(s) = |s|p−2s, p, q > 1, 1
p +

1
q = 1, and f ∈ C([0, 1]× (0,+∞), [0,+∞)),

Dα
0+ is the Riemann-Liouville differential fractional derivative of order α. The au-

thors obtained the existence and uniqueness of solutions by using the fixed point
theorem for mixed monotone operators. Jong [9] obtained the existence and unique-
ness of positive solutions by the Banach contraction mapping principle for equation
in [9]. In [17], the author considered following fractional differential equation

Dα
0+u(t) + g(t)f(t, u(t)) = 0, 0 < t < 1,

with infinite-point boundary condition

u(0) = u′(0) = . . . = u(n−2)(0) = 0, u(i)(1) =

∞∑
j=1

αju(ξj),

where 2 < α, n− 1 < α < n, i ∈ [1, n− 2] is a fixed integer, αj ≥ 0, 0 < ξ1 < ξ2 <
. . . < ξj−1 < ξj < . . . < 1(j = 1, 2, · · · ), f permits singularities with respect to both
the time and space variables, Dα

0+ is the Riemann-Liouville differential fractional
derivative of order α. According to introducing height functions, the author obtained
the existence and multiplicity of positive solution theorems, and Zhang and Zhai
obtained the existence and uniqueness of positive solution in [16].

Motivated by the excellent results above, in this paper, we investigate the exis-
tence of multiple positive solutions for singular fractional differential equation with
infinite-point boundary value conditions (1.1,1.2). Compared with [10, 17], i order
derivative is contained in the nonlinear terms, and the derivative we used is the
standard Caputo fractional derivative. Compared with our paper [5], the equation
in this paper is p−Laplacian fractional differential equation.
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2. Preliminaries and lemmas
For the convenience of the reader, we first present some basic definitions and lemmas
which are useful for the following research are given, and can be found in the recent
literature such as [7, 11]. Let E = Ci[0, 1] be the Banach space with the maximum
norm

∥x∥ = max{∥x∥0, ∥x′∥0, . . . , ∥x(i)∥0},

where ∥x∥0 = maxt∈[0,1] |x(t)|, . . . , ∥x(i)∥0 = maxt∈[0,1]{|x(i)(t)|}.

Definition 2.1 ( [7,11]). The Riemann-Liouville fractional integral of order α > 0
of a function y : (0,∞) → R is given by

Iα0+y(t) =
1

Γ(α)

∫ t

0

(t− s)α−1y(s)ds,

provided the right-hand side is pointwise defined on (0,∞).

Definition 2.2 ( [7,11]). The Riemann-Liouville fractional derivative of order α >
0 of a continuous function y : (0,∞) → R is given by

Dα
0+y(t) =

1

Γ(n− α)
(
d

dt
)n

∫ t

0

y(s)

(t− s)α−n+1
ds,

where n = [α] + 1, [α] denotes the integer part of the number α, provided that the
right-hand side is pointwise defined on (0,∞).

Definition 2.3 ( [7, 11]). The Caputo fractional derivative of order α > 0 of a
function y : (0,∞) → R is given by

cDα
0+y(t) =

1

Γ(n− α)

∫ t

0

y(n)(s)

(t− s)α−n+1
ds,

where α is fractional number, n = [α] + 1, provided that the right-hand side is
pointwise defined on (0,∞).

Lemma 2.1 ( [7, 11]). Assume that u ∈ Cn[0, 1], then

Iα0+
cDα

0+u(t) = u(t)− C1 − C2t− . . .− Cnt
n−1,

where n is the least integer greater than or equal to α, Ci ∈ R (i = 1, 2, . . . , n).

Lemma 2.2. Given h ∈ L1[0, 1], then the equation

cDβ
0+(φp(

cDα
0+x(t))) + h(t) = 0, 0 < t < 1, (2.1)

with boundary condition (1.2) can be expressed by

x(t) =

∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds, t ∈ [0, 1], (2.2)

where

G(t, s) =
1

∆Γ(α)

{
tiP (s)(1− s)α−i−1 −∆(t− s)α−1, 0 ≤ s ≤ t ≤ 1,

tiP (s)(1− s)α−i−1, 0 ≤ t ≤ s ≤ 1,
(2.3)
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moreover,

∂Gi(t, s)

∂t
=

1

∆Γ(α)


i!P (s)(1− s)α−i−1 − (α− 1)(α− 2) . . . (α− i)∆(t− s)α−i−1,

0 ≤ s ≤ t ≤ 1,

i!P (s)(1− s)α−i−1, 0 ≤ t ≤ s ≤ 1,
(2.4)

in which P (s) = (α − 1)(α − 2) × (α − i) − Σs≤ξjηj(
ξj−s
1−s )

α−1(1 − s)i and ∆ =

i!− Σ∞
j=1ηjξ

i
j .

Proof. By means of the Lemma 2.1, we can reduce (2.1) to an equivalent integral
equation

φp(
cDα

0+x(t)) = −Iβ0+h(t),

by cDα
0+x(0) = 0, we get c = 0, hence

cDα
0+x(t) = φq

(
− 1

Γ(β)

∫ t

0

(t− s)β−1h(s)ds

)
= −φq

(
1

Γ(β)

∫ t

0

(t− s)β−1h(s)ds

)
,

(2.5)

by Lemma 2.1 again, we can reduce (2.5) to an equivalent integral equation

x(t) =− Iα0+φq

(
1

Γ(β)

∫ t

0

(t− s)β−1h(s)ds

)
+ d0 + d1t

+ · · ·+ di−1t
i−1 + di+1t

i+1 + . . .+ dnt
n−1,

for di(i = 1, 2, . . . , n−1) ∈ R. From x(j)(0) = 0, j = 0, 1, 2, . . . , n−1, j ̸= i, we have
dj = 0, j ̸= i. Consequently, we get

x(t) = dit
i − Iα0+φq

(
1

Γ(β)

∫ t

0

(t− s)β−1h(s)ds

)
,

hence,

x(i)(t) = −Iα−i
0+ φq

(
1

Γ(β)

∫ t

0

(t− s)β−1h(s)ds

)
+ i!di.

On the other hand, x(i)(1) =
∑∞

j=1 ηjx(ξj), combining with

x(i)(1) = i!di − Iα−1
0+ φq

(
1

Γ(β)

∫ 1

0

(1− s)β−1h(s)ds

)
,

we get

di =

∫ 1

0

(1− s)α−i−1

Γ(α− i)(i!−
∑∞

j=1 ηjξ
i
j)
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds

−
∞∑
j=1

ηj

∫ ξj

0

(ξj − s)α−1

Γ(α)(1−
∑∞

j=1 ηjξ
i
j)
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds

=

∫ 1

0

(1− s)α−i−1P (s)

Γ(α)∆
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds,



1790 L. Guo, J. Zhao & S. Dong

where P (s) = (α−1)(α−2)×(α−i)−Σs≤ξjηj(
ξj−s
1−s )

α−1(1−s)iand ∆ = i!−Σ∞
j=1ηjξ

i
j .

Hence

x(t) =dit
i − Iα0+φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds

=−
∫ t

0

∆(t− s)α−1

Γ(α)∆
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds

+

∫ 1

0

(1− s)α−i−1tiP (s)

Γ(α)∆
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds

=

∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1h(τ)dτ

)
ds,

therefore, (2.3) holds. By simple calculation, we have

∂Gi(t, s)

∂t
=

1

∆Γ(α)


i!P (s)(1− s)α−i−1 − (α− 1)(α− 2) . . . (α− i)∆(t− s)α−i−1,

0 ≤ s ≤ t ≤ 1,

i!P (s)(1− s)α−i−1, 0 ≤ t ≤ s ≤ 1,

therefore, (2.4) holds.

Lemma 2.3. Take ı, ȷ ∈ (0, 1) with ı < ȷ such that

P (s)ıi > ∆ȷα−1, i! > (α− 1)(α− 2)× (α− i)ȷα−i−1

and take ξj , ηj such that

P (s) = (α− 1)(α− 2)× (α− i)− Σs≤ξjηj(
ξj − s

1− s
)α−1(1− s)i < 1,

then we have

G(t, s) ≤ i!(α− 1)(α− 2)× (α− i)g(s), t, s ∈ [0, 1],

G(t, s) ≥ ρg(s) > 0, t ∈ [ı, ȷ], s ∈ [0, 1];

∂jG(t, s)

∂tj
≤ i!(α− 1)(α− 2)× (α− i), t, s ∈ [0, 1],

∂jG(t, s)

∂tj
≥ ρjg(s) > 0, t ∈ [ı, ȷ], s ∈ [0, 1], j = 2, . . . , i,

where

g(s) =
(1− s)α−i−1

Γ(α)∆
, ρ = min{ρ1, ρ2, . . . , ρi+1},

ρ1 = ∆(ıi − ȷα−1), ρj = ∆(i!− (α− 1)(α− 2)× (α− i)ȷα−i−1), j = 2, . . . , i+ 1.

Proof. By simple calcution, we get P ′(s) ≥ 0, s ∈ [0, 1], and so P (s) is nonde-
creasing with respect to s. For s ∈ [0, 1], for α− i > 1, we get

P (s) =(α− 1)(α− 2)× (α− i)− Σs≤ξjηj(
ξj − s

1− s
)α−1(1− s)i

≥i!− Σ∞
j=1ηjξ

i
j = ∆,
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and obviously,

P (s) =(α− 1)(α− 2)× (α− i)− Σs≤ξjηj(
ξj − s

1− s
)α−1(1− s)i

≤(α− 1)(α− 2)× (α− i), s ∈ [0, 1].

Hence, for t, s ∈ [0, 1], we have

G(t, s) ≤ tiP (s)(1− s)α−i−1

∆Γ(α)
≤ P (s)(1− s)α−i−1

∆Γ(α)

≤ (α− 1)(α− 2)× (α− i)g(s)

≤ i!(α− 1)(α− 2)× (α− i)g(s),

∂iG(t, s)

∂ti
≤ i!P (s)(1− s)α−i−1

∆Γ(α)

≤ i!(α− 1)(α− 2)× (α− i)g(s).

Furthermore, for 0 ≤ s ≤ 1, we get

G(t, s) =
tiP (s)(1− s)α−i−1 −∆(t− s)α−1

∆Γ(α)

=
(tiP (s)(1− s)α−1 −∆(t− s)α−i−1)(t− s)i

∆Γ(α)

≥ 0,

and, obviously, for 0 ≤ t ≤ s ≤ 1, we get G(t, s) ≥ 0. On the other hand, for
0 ≤ s ≤ t ≤ 1, we have

∂iG(t, s)

∂ti
=
i!P (s)(1− s)α−i−1 − (α− 1)(α− 2) . . . (α− i)∆(t− s)α−i−1

∆Γ(α)

≥ i!P (0)(1− s)α−i−1 − (α− 1)(α− 2) . . . (α− i)∆(t− s)α−i−1

∆Γ(α)

≥
∑∞

j=1 ηjξ
i
j(α− 1)(α− 2) . . . (α− i)− i!

∑∞
j=1 ηjξ

i
j(α− 1)

∆Γ(α)

≥ 0,

and for 0 ≤ t ≤ s ≤ 1, ∂
iG(t,s)
∂ti ≥ 0 obviously holds.

For t ∈ [ı, ȷ], s ∈ [0, 1], we have

G(t, s) =
tiP (s)(1− s)α−i−1 −∆(t− s)α−1

∆Γ(α)

≥ ıiP (s)(1− s)α−i−1 −∆(ȷ− ȷs)α−1

∆Γ(α)

≥ [P (s)ıi −∆ȷα−1](1− s)α−i−1

∆Γ(α)

≥ [∆(ıi − ȷα−1)(1− s)α−i−1

∆Γ(α)
= ρ1g(s),
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and for t ∈ [ı, ȷ], s ∈ [0, 1], we have

∂jG(t, s)

∂tj
≥ j!P (s)(1− s)α−i−1 −∆(α− 1)(α− 2) . . . (α− j)(t− s)α−i−1

∆Γ(α− i)

≥ i!P (s)(1− s)α−i−1 −∆(α− 1)(α− 2) . . . (α− j)(b− bs)α−i−1

∆Γ(α)

=
∆(i!− (α− 1)(α− 2) . . . (α− j)bα−i−1)(1− s)α−i−1

∆Γ(α)

= ρjg(s), j = 1, . . . , i.

Now we define a cone P on E and an operator A : P → Ci[0, 1] as follows

P ={x ∈ E : x(t) ≥ 0, x′(t) ≥ 0, . . . , xi(t) ≥ 0, t ∈ [0, 1],

min
t∈[ı,ȷ]

{x(j)(t)} ≥ ρ∥x∥, j = 0, 1, . . . , i},

where ı, ȷ are the same as in Lemma 2.3, and

Ax(t) =

∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i))dτ

)
ds, x ∈ P.

By Lemma 2.3, we have that x ∈ P is a solution of (1.1, 1.2) if it is a fixed point of
A in P .

Lemma 2.4. The operator A : P → E is continuous.

Proof. First, for x ∈ P, by the continuity ofG(t, s) and f(s, x(s), x′(s), . . . , x(i)(s)),
we have

Ax(t)=

∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds, x ∈ P

is well defined on P. It thus follows from the uniform continuity of G(t, s) in [0, 1]×
[0, 1] and

|Ax(t2)−Ax(t1)|

≤
∫ 1

0

|G(t2, s)−G(t1, s)|φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i))dτ

)
ds

that Ax ∈ C[0, 1], x ∈ P. Furthermore, by the uniform continuity of G(i)
(t)(t, s) for

t, s ∈ [0, 1], we get

Ax(i)(t) =

∫ 1

0

G
(i)
(t)(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

∈ C[0, 1].

On the other hand, Let xn → x in Ci[0, 1], there exists A > 0 such that ∥xn∥ ≤
A (n = 1, 2, · · · ), and then ∥x∥ ≤ A. Furthermore,

φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x0, x1, . . . , xi)dτ

)
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is continuous on [0, 1]× (R+)i+1, so φq

(
1

Γ(β)

∫ s

0
(s− τ)β−1f(τ, x0, x1, . . . , xi)dτ

)
is

uniformly continuous on [0, 1] × [0, A]i+1. Hence, for any ε > 0 there exists δ > 0
such that, for any s1, s2 ∈ [0, 1], x10, x

2
0, x

1
1, x

2
1, . . . , x

1
i , x

2
i ∈ [0, A], |s1 − s2| <

δ, |x10 − x20| < δ, |x11 − x21| < δ, . . . , |x1i − x2i | < δ we have

∣∣φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x10, x
1
1, . . . , x

1
i )dτ

)
− φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x20, x
2
1, . . . , x

2
i )dτ

) ∣∣ < ε.

(2.6)

By ∥xn − x∥ → 0, then for the above ε > 0, δ > 0, there exists N, when n > N, we
have

|xn(t)−x(t)|, |x′n(t)−x′(t)|, . . . , |x(i)n (t)−x(i)(t)| ≤ ∥xn−x∥ < δ, for any t ∈ [0, 1].

Thus, for n > N, s ∈ [0, 1], by (2.6), we have

|(Axn)(t)− (Ax)(t)|

=

∣∣∣∣∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ1)
β−1f(τ1, xn(τ), x

′
n(τ), . . . , x

(i)
n (τ))dτ

)
ds

−
∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ1)
β−1f(τ1, x(τ), x

′(τ), . . . , x(i)(τ))dτ

)∣∣∣∣
≤ε

∫ 1

0

g(s)ds,

and

|(Axn)(i)(t)− (Ax)(i)(t)|

=

∣∣∣∣∫ 1

0

∂iG(t, s)

∂ti
φq

(
1

Γ(β)

∫ s

0

(s− τ1)
β−1f(τ, xn(τ), x

′
n(τ), . . . , x

(i)
n (τ))dτ

)
−
∫ 1

0

∂Gi(t, s)

∂ti
φq

(
1

Γ(β)

∫ s

0

(s− τ1)
β−1f(τ, x(τ), x′n(τ), . . . , x

(i)
n (τ))dτ

)∣∣∣∣
≤ε

∫ 1

0

g(s)ds,

hence, we get ∥Axn−Ax∥0 → 0, ∥(Axn)′−(Ax)′∥0 → 0, . . . , ∥(Axn)(i)−(Ax)(i)∥0 →
0 (n → ∞). That is ∥Axn − Ax∥ → 0(n → ∞), i.e. A is continuous in the
space(E, ∥.∥).

Lemma 2.5. A : P → P is completely continuous.

Proof. From Lemma 2.3, we have (Ax)(j)(t) ≥ 0, j=0, 1,2,…,i, t ∈ [0, 1] and

max
t∈[0,1]

(Ax)(j)(t)

= max
t∈[0,1]

∫ 1

0

∂jG(t, s)

∂tj
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≤
∫ 1

0

max
t∈[0,1]

∂jG(t, s)

∂tj
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds
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≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds,

so
∥Ax∥0, ∥(Ax)′∥0, . . . , ∥(Ax)(i)∥0

≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds.

Consequently

∥Ax∥ = max{∥Ax∥0, ∥(Ax)′∥0, . . . , ∥(Ax)(i)∥0}

≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds.

Hence, for all x ∈ P , we have

min
t∈[ı,ȷ]

(Ax)(j)(t)

= min
t∈[ı,ȷ]

∫ 1

0

∂jG(t, s)

∂tj
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≥
∫ 1

0

min
t∈[ı,ȷ]

∂jG(t, s)

∂tj
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≥
∫ 1

0

ρjg(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≥ ρj+1

∫ 1

0

∂(j)G(t, s)

∂tj
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≥ ρj+1

∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≥ ρj+1∥Ax∥
≥ ρ∥Ax∥, j = 0, 1, 2, . . . , i.

Thus, A(P ) ⊂ P .
Next we will proof that AV is relatively compact in E for bounded V ⊂ P . For

x ∈ V, t ∈ [0, 1], for s ∈ [0, 1], we have

|Ax(t)| =
∫ 1

0

G(t, s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

≤
∫ 1

0

i!(α− 1)(α− 2) . . . (α− i)

∆Γ(α)
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1φ(τ)dτ

)
ds

≤ i!(α− 1)(α− 2) . . . (α− i)

∆Γ(α)
φq

(
M

Γ(β + 1)

)
.

Similarly, we can derive

|(Ax)(i)(t)| ≤ i!(α− 1)(α− 2) . . . (α− i)

∆Γ(α)
φq

(
M

Γ(β + 1)

)
, t ∈ [0, 1],
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these show that AV is bounded in E. Next we will verify that (AV )(i) is equicon-
tinuous. Let t1, t2 ∈ [0, 1], t1 < t2, x ∈ V , we get

|(Ax)(i)(t2)− (Ax)(i)(t1)|

=

∣∣∣∣∫ 1

0

i!P (s)(1− s)α−i−1

Γ(α)∆
× φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

−
∫ t2

0

(α− 1)(α− 2) . . . (α− i)− (t2 − s)α−2

Γ(α)

× φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

−
∫ 1

0

i!P (s)(1− s)α−i−1

Γ(α)∆
φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

−
∫ t1

0

(α− 1)(α− 2) . . . (α− i)− (t1 − s)α−2

Γ(α)

× φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds|

=

∣∣∣∣ 1

Γ(α− i)

∫ t2

0

(t2 − s)α−2φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

− 1

Γ(α− i)

∫ t1

0

(t1 − s)α−2φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x(τ), x′(τ), . . . , x(i)(τ))dτ

)
ds

∣∣∣∣
≤φq(Λ∥φ(τ)∥q1)

1

Γ(α− i)
(

∫ t2

0

(t2 − s)α−i−1ds−
∫ t1

0

t1 − s)α−i−1)ds

=
φq(Λ∥φ(τ)
Γ(α− i+ 1)

(tα−i
2 − tα−i

1 ).

From above and the uniform continuity of tα−i on [0, 1], and together with the
theorem 1.2.7 of [6], we can derive than AV is relatively compact in Ci[0, 1], so we
can get A : P → P is completely continuous.

Definition 2.4. The map α is said to be non-negative continuous concave func-
tional on P , provided α : P → R+is continuous and

α(tx+ (1− t)y) ≥ α(x) + (1− t)α(y),

for all x, y ∈ P , t ∈ [0, 1].

Definition 2.5. The map β is said to be non-negative continuous convex functional
on P , provided β : P → R+ is continuous and

β(tx+ (1− t)y) ≤ β(x) + (1− t)β(y),

for all x, y ∈ P , t ∈ [0, 1].

3. Main result
Let φ, θ be non-negative continuous convex functional on P , ϕ be non-negative
continuous concave functional on P , and ψ be non-negative continuous functional
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on P . Then for non-negative number e, f, g, h, we define the following convex
sets:

P (φ, h) = {x ∈ P |φ(x) < h},
P (φ, ϕ, f, h) = {x ∈ P |ϕ(x) ≥ f, φ(x) ≤ h},
P (φ, θ, ϕ, f, g, h) = {x ∈ P |f ≤ ϕ(x), θ(x) ≤ g, φ(x) ≤ h,

R(φ,ψ, e, h) = {x ∈ P |e ≤ ψ(x), φ(x) ≤ h}.

We will apply the following fixed point theorem of Avery and Peterson to solve
the problem (1.1, 1.2).

Lemma 3.1 ( [25]). Let P is a cone of E. φ, θ be non-negative continuous convex
functional on P , ϕ be non-negative continuous concave functional on P , and ψ be
non-negative continuous functional on P , ψ(µx) ≤ µψ(x), 0 ≤ µ ≤ 1, such that for
some positive numbers L and h, satisfy

ϕ(x) ≤ ψ(x) and ∥x∥ ≤ Lφ(x)

for all x ∈ P (φ, h). If
A : P (φ, h) → P (φ, h)

is completely continuous, and there exist positive number e, f, g with e < f , such
that the following conditions are satisfied:

(S1) {x ∈ P (φ, θ, ϕ, f, g, h) : ϕ(x) > f} ̸= ϕ, and ϕ(Ax) > f , for x ∈
P (φ, θ, ϕ, f, g, h);

(S2) ϕ(Ax) > f , for x ∈ P (φ, ϕ, f, h) and θ(Ax) > g;
(S3) 0 ̸∈ R(φ,ψ, e, h) and ψ(Ax) < e, for x ∈ R(φ,ψ, e, h) with ψ(x) = e. Then

A at least exist three fixed points x1, x2, x3, such that

φ(xi) ≤ h, for i = 1, 2, 3,

and
f < ϕ(x1), e < ψ(x2), ϕ(x2) < f, ψ(x3) < e.

Let convex functions ψ(x) = θ(x) = φ(x) = ∥x∥ on P , define a concave function
ϕ(x) = min{mint∈[ı,ȷ] |x(t)|,mint∈[ı,ȷ] |x′(t)|, . . . ,mint∈[ı,ȷ] |x(i)(t)|}, where ı, ȷ are
the same as in lemma 2.3.

Theorem 3.1. Assume that there exist positive numbers e, f, g, h with f > e,
g > max{ 1

ρ , e
1− ı

2 }f, h > r
ρQf and h ≥ g, such that

(H3) φq(f(t, x, x
′, . . . , u(i))) < h

r , for (t, x, x′, . . . , x(i)) ∈ [0, 1]× [0, h]i+1;

(H4) φq(f(t, x, x
′, . . . , x(i))) ≥ f

ρQ , for (t, x, x′, . . . , x(i)) ∈ [ı, ȷ]× [f, g]i+1;

(H5) φq(f(t, x, x
′, . . . , x(i))) < e

r , for (t, x, x′, . . . , x(i)) ∈ [0, 1]× [0, e]i+1,

where r = φq(
1

Γ(β+1) )
∫ 1

0
g(s)ds, Q =

∫ ȷ

ı
g(s)ds. The problem (1.1, 1.2) has at least

three fixed points x1, x2, x3 satisfying ∥xi∥ ≤ h, i = 1, 2, 3, and f < ϕ(x1), e <
ψ(x2), ϕ(x2) < f, ψ(x3) < e.

Proof. Let x ∈ P (φ, h). By condition (H3), we get

∥Ax∥0 = max
t∈[0,1]

|Ax(t)| ≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

≤φq(
1

Γ(β + 1)
)
h

r

∫ 1

0

g(s)ds ≤ h,
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∥(Ax)(i)∥0 = max
t∈[0,1]

{|∂
i(Ax)(t)

∂ti
|}

≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

≤ φq(
1

Γ(β + 1)
)
h

r

∫ 1

0

g(s)ds ≤ h,

consequently, we obtain φ(Ax) = ∥Ax∥ ≤ h. This, together with Lemma 2.4 and
2.5, means that A : P (φ, h) → P (φ, h) is completely continuous.

Take x(t) = fet−0.5ı, t ∈ [0, 1]. According to simple calculation, we can have
that x ∈ P , ∥x∥ < g, and ϕ(x) > f, so

{x ∈ P (φ, θ, ϕ, f, g, h) : f < ϕ(x)} ̸= ∅.

For x ∈ P (φ, θ, ϕ, f, g, h), by (H4), we get

ϕ(Ax) = min

{
min
t∈[ı,ȷ]

|Ax(t)|, min
t∈[ı,ȷ]

|(Ax)′(t)|, . . . , min
t∈[ı,ȷ]

|(Ax)(i)(t)|
}

≥ ρ

∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

>

∫ ȷ

ı

ρg(s)
f

ρQ
ds = ȷ,

which shows that condition S1 is satisfied.
Take x ∈ P (φ, ϕ, f, h) and ∥Ax∥ > g. Since Ax ∈ P , we obtain

ϕ(Ax) = min

{
min
t∈[ı,ȷ]

|Ax(t)|, min
t∈[ı,ȷ]

|(Ax)′(t)|, . . . , min
t∈[ı,ȷ]

|(Ax)(i)(t)|
}

≥ ρ∥Ax∥ ≥ ρg > f,

which means that condition (S2) holds.
Next we will verify condition (S3) holds. For ψ(0) = 0, we have 0 ∈ R(φ,ψ, e, h).

Let x ∈ R(φ,ψ, e, h) and ψ(x) = ∥x∥ = e, by (H5), we get

∥Ax∥0 = max
t∈[0,1]

|Ax(t)| ≤
∫ 1

0

g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

<
e

r
φq(

1

Γ(β + 1)
)

∫ 1

0

g(s)ds ≤ e,

∥(Ax)′∥0 = max
t∈[0,1]

∣∣∣∣∂(Ax)(t)∂t

∣∣∣∣
≤

∫ 1

0

g(s)g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

<
e

r
φq(

1

Γ(β + 1)
)

∫ 1

0

g(s)ds ≤ e,

. . .



1798 L. Guo, J. Zhao & S. Dong

∥(Ax)(i)∥0 = max
t∈[0,1]

∣∣∣∣∂i(Ax)(t)∂ti

∣∣∣∣
≤

∫ 1

0

g(s)g(s)φq

(
1

Γ(β)

∫ s

0

(s− τ)β−1f(τ, x, x′, . . . , x(i))dτ

)
ds

<
e

r
φq(

1

Γ(β + 1)
)

∫ 1

0

g(s)ds ≤ e.

Consequently, we have ψ(Ax) = ∥Ax∥ < e. Then, condition (S3) holds. Conse-
quently, we have ψ(Ax) = ∥Ax∥ < e. Then, condition (S3) holds.

By Lemma 3.1, we can get that (1.1, 1.2) exists at least three positive solutions
x∗1, x

∗
2, x

∗
3, satisfying

∥x∗i ∥ ≤ h, i = 1, 2, 3, and f < ϕ(x∗1), e < ψ(x∗2), ϕ(x
∗
2) < f, ψ(x∗3) < e.

4. An example
Consider the following infinite-point boundary value problem:

cD
1
2
0+(φp(

cD
7
2x(t))) + f(t, x(t), x′′(t)) = 0, 0 < t < 1,

x(0) = x′(0) = x′′′(0) = 0, x′′(1) =

∞∑
j=1

1

j2
x(

1

j
),cD

7
2x(0) = 0,

(4.1)

where φq(f(t, x1, x2)) is continuous in [0, 1] × R+ × R+, φq(f(t, x1, x2)) ≤ 499×3√
π

,
for (t, x1, x2) ∈ [0, 1]×R+ ×R+, such that

φq(f(t, x1, x2)) =



1

2
√
π
(x21 + x22), (t, x1, x2) ∈ (0, 1]× [0,

1

2
]× [0,

1

2
],

499

2
√
π
( 6
√
x1 + 6

√
x2), (t, x1, x2) ∈ (0, 1]× [1, 20]× [1, 20],

499

2
√
π
, (t, x1, x2) ∈ (0, 1]× [100,∞)× [100,∞).

By means of Theorem 3.1, we take α = 7
2 , β = 1

2 , a = 2
5 , b = 4

9 , ρ1 = ∆(a2 −
b

5
2 ) ≥ ∆(a − bα−1) ≈ 0.0283∆, ρ2 = P (s) − ∆(α − 1)bα−2 ≥ ∆(1 − 2.5( 49 )

3
2 ) ≈

0.2592∆ ≥ 0,∆ = i! − Σ∞
j=1ηjξ

i
j = 2! − Σ∞

j=1ηjξ
2
j ≈ 0.9177, P (s) = (α − 1)(α −

2) − Σs≤ξjηj(
ξj−s
1−s )

α−1(1 − s)2 ≤ 1, apparently, ρ2 < ρ1 ρ = ρ2, ηj = 1
j2 , ξj = 1

j ,
g(s) = (1−s)α−3

Γ(α)∆ = 1
Γ( 7

2 )∆
(1 − s)

1
2 , r = φq(

1
Γ(β+1) )

∫ 1

0
g(s)ds = 3

2Γ(φq(
2√
π
)) 7

2∆
, L =∫ b

a
g(s)ds = 2

3Γ( 7
2 )∆

[( 35 )
3
2 − ( 59 )

3
2 ]. Let e = 1

2 , f = 1, g = 20, d = 500. By direct
calculation, we can obtain that the conditions of Theorem 3.1 are satisfied. So, the
BVP (4.1) exists at least three positive solutions x∗1, x∗2, x∗3 satisfying

x∗i ≤ 500, i = 1, 2, 3,

and
1 < ϕ(x∗1),

1

2
< ∥x∗2∥, ϕ(x∗2) < 1, ∥x∗3∥ <

1

2
.
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