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EXISTENCE OF SOLUTIONS FOR A
COUPLED SYSTEM OF
CAPUTO-HADAMARD FRACTIONAL
DIFFERENTIAL EQUATIONS WITH
P-LAPLACIAN OPERATOR*

Wenchao Sun'?, Youhui Su"' and Xiaoling Han®{

Abstract In this paper, by using the Schauder fixed point theorem and Ba-
nach contraction mapping principle, the existence and uniqueness of solutions
for a coupled system of Caputo-Hadamard fractional differential equations
with p-Laplacian operator are established. As applications, two examples are
given to illustrate the main results. The interesting point of this article is
that the boundary value conditions contain integrals, and the approximate
solutions are given by using the iterative method.
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1. Introduction

Recently, the integer order differential equations have been widely used in physics,
chemistry, biology, engineering and other fields [4,6, 15,20, 25]. However, they also
have some limitations in describing certain practical problems, such as the descrip-
tion of capacitance and inductance in physical, the melting of polymer materials
in chemistry and so on. This has attracted more and more scholars to research
fractional differential equations [7,12,13,22]. Compared with single fractional dif-
ferential equations, the conditions of coupled system are more complex and the
research results are relatively few, see [1,3] and their references. Therefore, it is
meaningful to study the coupled system of fractional differential equations.

The Hadamard fractional derivative was introduced by Hadamard in 1892, its
integral kernel contains a logarithm function of arbitrary exponent. In [1], Aljoudi et
al. studied the following coupled system of Caputo-Hadamard fractional differential
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equations:

(°D* + A°DYyu(t) = f (t,u(t),v(t),” Dv(t)), 1<a<2,0< (<1,
(CDP + ACDF~)y(t) = (t,u(t),c Dfu(t),u(t)) L 1<pB<20<(<1,

(
(

U(l) = 070’1‘[71’0(771) + blu(T) = K1> Y1 > 07 1< 7 < T7
) )

v(1) = 0,a2072u(ng) + bov(T) = Ko, 72 > 0,1 < 75 < T,

where A > 0, “DO) and I) are the Caputo-Hadamard fractional derivative and
Hadamard fractional integral, f,g : [1,e] x R® — R. The uniqueness and existence
results are established by using Leary-Schauder alternative and contraction mapping
principle.

Asis known to all, the differential equations with p-Laplacian operate contain the
general differential equations, moreover, it also has deep engineering and physical
significance. For example, the study of the turbulent flow in a porous media, non-
newtonian fluids and the spontaneous combustion theory of chemically active gases
all involve p-Laplacian differential equations, see [8,16,23,24] and their references.

In [8], relying on the extension of Mawhin’s continuation theorem due to Ge,
Hu et al. considered the existence of solutions for a coupled system of fractional
p-Laplacian equations:

Df, ¢y (Dgiu(t)) = f (t,0(t), Dy, v(t)), t € (0,1),

Dg+¢p( O+v(t)) g( u(t), DS ult )) t € (0,1),

D&, u(0) = D&, u(1) = D5, v(0) = D3, v(1) =0,
where Déz are the standard Caputo fractional derivatives. 0 < «,f3,d,v < 1,
l<a+B<21<vy+68<2 and f,g:[0,1] x R? — R is continuous. They
obtained sufficient conditions for the existence of at least one positive solutions.

In the literature mentioned above, the authors only obtained the existence of so-

lutions from the theoretical aspect, yet, the shape of the solutions is rarely involved,
see [2,9,17,19]. Therefore, it is quite necessary to give the numerical simulation and
existence for positive solutions to fractional differential equations with p-Laplacian
operator.

Motivated by above-mentioned ideas, we investigate the following Caputo-Hada-
mard fractional differential equations with p-Laplacian operator:

GD% o, (GD5u(®) = £ (L), v(®), 1<t <e,
G000y (GD50() = g (L) u(r), 1<t <e,
u(1) = ¢, (G0 u())) = 6, (G0 u() =0, )
o(1) = 6, (5050(1)) = & (5D 0() =0,
ute) = [ aluts)ds, vl0) = [ ats)u(s)as

where 1 < 0, 62, €. € < 2 Gyls) = sl 28, 1 < p <2 651 = 6, 1+ 2
1. f,g:[1,e] x RE — Ry are given functions, z(s),y(s) are integrable on [1,

e,
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%Dgl are the standard Caputo-Hadamard fractional derivatives. The existence and
uniqueness of solutions are established by using Schauder fixed point theorem and
Banach contraction principle. In this paper, we obtain some new conclusions, and
use the iterative method to simulate the examples, which further proves our results.

2. Preliminary

In this section, some basic definitions and lemmas are introduced to help us under-
stand the main results and proofs in Section 3 and 4.

Definition 2.1 ( [11]). The Hadamard fractional integral of order o« > 0 for a
function y : [1,+00) — R is defined as

1 = s | t (mt) o) %

provided the integral exists.

Definition 2.2 ( [11]). The Hadamard fractional derivative of order o > 0 of a
function y : [1,+00) — R is given by

=gy () [ (et) v

where n — 1 < a < n,n = [a] + 1, [a] is the integer of a and log(-) = log, ().
Lemma 2.1 ([18]). Letn €N, n—1<a<n, § =t4% and y € AC}[a, T, where

AC}a,T) = {y:[a,T) = R: 6" 'y(t) € AC[a,T]} .

(i) if a # n, the Caputo-Hadamard fractional derivative of order o > 0 is defined

as

Do y(t) = /t e L) T )™ = M ey
HYatY I'n-a)/, s A v

(ii) if @ = n, the Caputo-Hadamard fractional derivative of order n is defined as

DI y(t) = 5"y(t).

Lemma 2.2 ( [10]). Let v € C§([a,T],R). Then

n—1 7
(0% o t
U GO = ult) - o ()
7=0
where C3([a, T],R) = {u: [a,T] = R; 6" *u € C([a,T],R)}, ¢; € R.
Lemma 2.3 ( [14]). p-Laplacian operator has following basic properties:
(1) [f 1< p < 27 ry > Oa and ‘$|,|y| Z m > 0; then ‘(bp(x) - ¢P(y)‘ S
(p— mP~?|z —y.
(2) Ifp =2, |z],Jyl < N, then [¢p(x) — ¢p(y)| < (p = YNP?|z — y].
Lemma 2.4 ( [5], Schauder’s fixed point theorem). Let U is a nonempty convex

subset of a Banach space X. Let S : Q — Q be a continuous mapping such that €
s a relatively compact subset of X. Then, S has at least one fixed point in €.
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Lemma 2.5 ( [5], Banach contraction mapping principle). Assume (X,p) be a
nonempty complete metric space, F C X is a closed set, T : F — F be a mapping.
If there is a constant k € [0,1) such that

p (T, Ty) < kp(z,y).

ThenT has a unique fized point x* and satisfies Tx* = x*, T is called the contraction
mapping.

Lemma 2.6. Let hi,hy € AC}([1,e],R), the p-Laplacian fractional differential
equation system

GD% o, (fpﬁm(ﬂ) =hi(t), 1<t<e 1<0p,& <2,

G D% 6, (gpfiv(t)) =ha(t), 1<t<e, 1<0s6E <2,

u(1) = ¢, (G0 u())) = 6, (G0 u() =0,
v(1) = 6, (5050(1)) = & (G052 0() =0,

we) = [ alsyutsyis, v0) = [ u(eyu(s)as

has a unique solution

u(t) :ﬁ /lt <ln z>§11 bg (1% 1y (7)) % + m
A o f 0 (g [ D) )
- /j <1n z>£ll¢q ("'1%ha(e)) Cf} (2.1)

X {/jx(s) /1 (111;)52_1% <r(z2) /17 (1og :)92_1@(7«)‘?) dTids

where
M, :/ x(s)In(s)ds < 1, My :/ y(s)In(s)ds < 1.
1 1
Proof. According to Lemma 2.2, we can obtain

b (S5 u(t)) = HIPRi(t) + can + cunlnt, (2.3)

by (ngiv(t)) — H 02 () 4 cp1 + con Int. (2.4)
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By the boundary conditions

o (505 u())) = 0, (G085 u() =0,
and )
bp (%D%v(l)) = ¢q (ngiU(l)) =0,

we have cy1 = cy2 = cy1 = Cypo = 0.
Then
GO u(t) = ¢y (I (1)),

and
GD%w(t) = ¢y (F1%2ha(t)) .

In a similar way, the equations (2.3) and (2.4) can be written as
u(t) = 159, (Hlalhl(t)) + cu3 + Ccua Int, (2.5)

and
o(t) = T1%2¢, (HIGQhQ(t)) + Cy3 + Cpa Int. (2.6)

Since u(1) = v(1) = 0, then cy3, cy3 = 0.
Consider the boundary conditions

u(e) = /lex(s)u(s)ds,v(e) = /16 y(s)v(s)ds.
We can obtain that

u(e) = H]51¢q (H191h1(e)) + Cys = /18 x(s)u(s)ds

= /e z(s) (M1 ¢ (17 h1(s)) + cualn's) ds,
1

and
v(e) = TI1%2¢, (F1%hs(e)) + cpa = [y(s)v(s)ds
_ /1 ") (126, (1% ho(s)) + coaIn s) ds.
Therefore
Cus :m x {/lex(s) /1 (1n ;)&_1% (H1% Ry (7)) d%ds
_[ (1112)51_1(;5[1 (Hﬁlhl(e))‘f}, (2.7)
and

om0 [ (02)" e S
- /: (m z>€21¢q (F1%hs(e)) dj} (2.8)

Substituting (2.7), (2.8) into (2.5), (2.6), we get (2.1) and (2.2). O



1890 W. Sun, Y. Su & X. Han

3. Main results

In this section, we set a operator for equation (1.1), and then give some sufficient

conditions for the existence and uniqueness of solutions. In particular, two examples
are simulated by using the iterative method.

Let X = {u:ueC([1,e],R)}, Y = {v:veC(l,e],R)}, be the spaces with

the norm ||u||x = max |u(t)], |v]ly = max |v(t)|. Define the norm ||(u,v)||xxy =
te(0,1] te[0,1]

llul|x + [Jv||y for any (u,v) € X x Y. Obviously, (X x Y, || - ||) is a Banach space.
Define the operator A: X xY — X x Y as follows:

A(u,v)(t) = (Aru(?), Av(t)),
where

G-l s n
) bq (17 f(7,u(r),v(1))) % + IM

1 t
. {/1633(5) /1 (m j)gll%(ré)l) /17 (1“ ;)GH

and

t &2—1 S n
) =gy [ (15) " o Cas0000) S+ i

% {[y(s) /1 (m i>£21¢Q<r(192) [ (m ;)9271

ot o) S ) L [ (1n8) g 01101 21,

r T

In order to establish main results, we need the following assumptions.
(H1) There exist two positive constants L1, Lo such that

Ly = max | (t.u(t).o(1)]

Loy = max g (t,v(t),u(t))].
te(l,e]
(H2) There exist positive functions 1 (t), 2 (t) such that

|f(t,x,y,z) - f(t,x',y',z )| <@ ( )(|.Z’ —iC/l + |y_y/‘ + |Z - ZI|)7
|g(t,x,y,z) - g(tvl'/vylvz )| S ( ) (|£L’ - {E/l + |y - yl‘ + |Z - Z/|) )
for all t € [1,e] and w,x,y,z,u/,2',y, 2" € R. Let a = In[ax |f(£,0,0)], 8 =
tell
t,0,0)|.
Jnax l9(¢,0,0)]
Theorem 3.1. Assume f,g: [1,e] x R® — R are continuous functions, and (H1)
hold, the coupled system of p-Laplacian fractional differential equation (1.1) has at
least one solution.
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Proof. Let
Qo ={(w,v) : (u,v) € X x Y, [ (u,0) [ xxy< w},

w = wy + wa, where

o — 2M1+fleo:(s)ds¢q< : Ly )

L(& +1) (1 — M) ', +1)

and

2— Mo+ [} y(s)ds<Z3 ( Ly )
Wy = .
PTT(&+ 1) (1 M) T\T(0y+1)
Since f, g are continuous functions, then A;, A, are also continuous, it implies
that A is continuous. The proof has two steps.
1). A:Q, — Q is uniformly bounded.
According to (H2), for any (u,v) € Q,, we have

[Aru(t)|x

S A R = (S R e
0 0 [ 2 )

[ ) o (e [ ) %)

e | (lnz>gl_l¢ (foss) 5 :
T ey,
WA 01+1 .

o1 ¢< Ly ) J{ 2()6y (et ) ds + 60 (v
TTE+1) T\ D0+ 1) L& +1)(1— M)

2—M1+f1IS S Ll -
ST@+ 1D (- M) % (F(91 +1)> oo

+

—

+

In a similar way, we can get that

—M2+f16y(3)d;¢q< ( Ly ) — o,

140y < Fg Ty~ as L0y + 1)

Hence
[A(u, v) ()| xxy = [[Aru(t)]|x + [|[A20()[ly < w,

which implies that A : Q. — 2, is uniformly bounded.
2). A is equicontinuous.
Let t1,t2 € [1,€] and t; < to, we have

‘Alu(l‘,g) — Alu(t1)|
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t1 £1—1 £1—-1
st ((03) -0%) )elmss) S
L&) Sy s E r,+1)) s
1 tz 5171
crty [ () )
L&) Ji, s L1 +1)) s
lntg—hltl /e /s s\&i—1 ( L1 ) dr
+ X In — — | —d
(&) (1— M) { S (HT) Yo\t rn) 7"
t1 £1—1 £1—1
t2 tl L1 ds
In = —(In—= — | —
S () 08) ) ()
o\t Ly ds
In = — | — .
f (%) elmmim)
Then, if t2 — t1, we have |Aju(ts) — Aju(ty)| — 0.
Similarly, if to — t1, we can obtain that |Agv(t2) — A2v(t1)| — 0, it shows that
A is equicontinuous. By Arzela-Ascoli’s theorem, the operator A is compact on €.

Hence, all the conditions of Lemma 2.4 are satisfied, the coupled system of
p-Laplacian fractional differential equation (1.1) has at least one solution. O

Example 3.1. Consider the following coupled system of p-Laplacian fractional
differential equation

P R t2 1 1
D} (D2 t):— 1 J1<t<e,
Dy D)) = oo (M ium T e ) PSS

u(1) = 6, (501u(1)) = 0, (5DLu() =0 (3.1)
o(1) = 6, (5D} 0(1) = 6 (507, 0(1)) =0,
u(e) = /1 z(s)u(s)ds, v(e) = /1 y(s)v(s)ds
L6t91:1392:g7 51:%; 52:%,.%(8):%, y(s):%ap:q:2»
2 1 1 3¢2
o000 = 50 (14 1 + T ) S o
and VI Ve
4t 5 7V/4e
gt v(t),u(t)) = 3= (2 T+ a(t) +v(t)> =73
We get that Ly = 35 Ly = D £y =1 [log(s)ds = L, My = L [ log(s)ds =

1, w1 & 0.7786, wy ~ 14.427, w &~ 15.2056.
According to Theorem 3.1, the coupled system of p-Laplacian fractional differ-
ential equation (3.1) at least has one solution.
Now, we use the iterative method that proposed by Wei et al in [21] to simulate
this process and give the iterative error.

Let o2
v(t) = f(tu(t),v), v(t) = f(0,0)= 205"
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and

() = 0 (1,0(0), u(t)) , olt) = g(0,0.0) = "2

By Lemma 2.6, we have

and

The iteration formulas are

Vi1 (t) = [t uk(t), vi(t)) = : (1+ L] ),

and

,Uk+1(t) = g(t7vk(t)a“k(t)) = g <2+ 1 —l—uk(tf; +Uk(t)> ’

The iterative process and iterative error values is given in Figure 1 and Table 1.

Table 1. iterative error values E(uy) and E(vg)

k 2 5 8 12 15
E(ui) 5.7776e-02 2.0016e-05 5.8581e-08 2.3974e-12  1.7764e-15
E(vi) 2.8563e-01 1.4098e-04 2.8096e-07 7.8142e-12  9.7700e-15

By Figure 1 and Table 1, we find the iterative process of u; and vy are conver-
gent. Thus, the coupled system of p-Laplacian fractional differential equation (3.1)
at least have one solution.

Theorem 3.2. Assume f,g:[1,e] x R® = R are continuous functions, (H2) hold,
and there exists a constant p such that p = p1 + p2 < 1, where
(g — 1)N{ %01 x { [ x(s)ds +2 — My}

L&+ 1IN0 + 1) (1 = M) ’

p1=

and
(¢ — 1)N2q_2<p2 X {fle y(s)ds +2 — Mg}
I'(&+ 1002 +1) (1 — M) '

p2 =
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(e) k=5 () k=10

Figure 1. iterative process uy and vy

the coupled system of p-Laplacian fractional differential equation (1.1) has a unique
solution.

Proof. Let

Qr = {(u,0) : (u,0) € X XY, || (u,0) | xxv< R},



Existence of solutions to FDEs 1895

where

R97% < 2max { (1-M)T(& + D0 4+1) (1 - Ma)T(& + 1T (A2 + 1) } .

K1 (2= My + [{ z(s)ds) TOKT! (2= Mz + [{ y(s)ds)
The proof has two steps.

1). AQp C Qg
By condition (H2), for any (u,v) € Qg, there are constants K1, K5 such that

[f (), v(®) [ <[f (& ult), vt) = f(2,0,0)] + [f(#0,0)|

<1 (Ju@®)] + [v(@)]) + o
<p1R+a < KiR,

and

< ‘g (tv U(t), u(t)) - g(t, 0= 0)| + |g(t, 07 0)|
<@ (Jo(B)| + |u(®)]) + 5
<R+ B < KaR.

lg (&, v(t), u(t))

Consequently, we can obtain that

2— M + [{ z(s)ds KiR )

which shows that

2 — M +fea:(s)d8 KiR ) R
At x < - =5
|| 1u( )HX = 1—‘(51_’_1) (]_—M1) q (F(01+1) -2
Furthermore
2— M+ [ y(s)ds ( K>R > R
Aot < 1 < —.
14200 = g v (- P 1@+ 1)) = 2
Hence

[A(w, 0) ()| xxy = [[Aru(®)llx + [A2v(®)]ly < R,

it implies that AQgr C Qg.
2). A is a contraction mapping.
Let

Ny > ‘r(lel)/l (in 2)9171 f(t,u(t),v(t))%

Mo | [ ()" st o)

)

Since 1 < p < 2, then ¢ > 2. By Lemma 2.3 and (H2), for any (u,v) € Qg,
t € [1,e], we have

[ A1 (u, 0)(8) = Ar (', 0") (1))l x

S & / (lnz)gll
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N, <>>
o (e [ ()" s )

% (r(lel) /1 (ln ;)9171 f (7 u(r),0(7)) d:)
ﬁ /16 (ha?)eli1 [ (' (7),0'(7)) d:) dss}

(¢ — 1)N{1_2 A , s ds

* L&)l (?gzi)i\)](l—Ml) {/1 -Z‘(S)/l (1117)51 o1(Ju — |

d b\t d
+\v—v’|)—7ds+/ (ln> 1 (|u—u’|+|v—v’|)8}
T 1 S S

L= DN ,0) ~ W)
N P&+ +1)
(0= ONT 2l 0) = )] > o) +1)
I(& +DT(0 +1) (1 - M)
SN e x oo 22 My, ) )
- IN(SIEIA (91+1) (1 — M)
—palw0) = )]

In a similar process, we get that

[ A2 (u, v) () — Aa(u', 0")(1)[ly
- (g — V)N 20 x { [ y(s)ds +2 — My}
- L&+ D02+ 1) (1 — M)
=pa|l(u,v) = (u', )]

H(U, U) - (Ul7’l)/)H

Then

[A(u, 0)(t) — A, o) (£)]

<p1ll(u,v) = (', )| + 2l (u, 0) = (', ")
=pll(u,v) = (', )]

Hence A is a contraction mapping. By using the Banach contraction principle,
the coupled system of p-Laplacian fractional differential equation (1.1) has a unique
solution. 0

Example 3.2. Consider the following coupled system of p-Laplacian fractional
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differential equation
5 3 2

DLy (GDFub) = S +ult) +o), 1<t <e,
Doy (GDIT0()) = \115(1 +ut) + (D), 1<t <e,
u(1) = 6, (§DLu(D) = 6, (GDLum) =0, (32)
o(1) = ¢ (5Df10(1)) = &, (gDﬁvu))/ =0,
u(e) :/1 z(s)u(s)ds, v(e) = /le y(s)v(s)ds

Wherelel = 37 0% %7 fl - %a 52 = %(1)7 SC(S) - 5107 y(S) = To00P = 4 = 4
My = 55, My = 155-
We have )
[t u,0) = f(t o )] < 5 (u =+ o = o)),

and

olt,10,0) — 90,00, 07)] < Y (ju |+ fo o),

P1 =S oo = Y2 py & 0.2521, py &~ 0.2403, p ~ 0.4915 < 1.
Thus, all the conditions of Theorem 3.2 are satisfied, it show that the coupled
system of p-Laplacian fractional differential equation (3.2) has a unique solution.

Now, we use the iterative method to simulate the example, and give the iterative
process and iterative error.

Let
2

v(t) =10

/ (t7u(t)vv(t)) ) VO(t) - f(ta 0’0)

and

u(t) = g (to(®)u(®)) . polt) = g(t,0,0) = YL

By Lemma 2.6, we have
t 3 5 d In
u(t):F(lg)/l (mi) b4 (H14V(T));+1Xrt(§,)
1 [ [° 3 1 T T\ 1 dr\ dr
* {2/1 /1 (m ;) %4 (r(g)/1 (log ?) ”(T):> s
_ /j (logz>2 ®q (I‘(li) 15 (lng)% V(T)dTT> cis} )

and
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t t\ 10 1 € e\ s dr\ ds
_ In < In < ar ) a5
/1 . Pq I‘(%) /1 (n7'> #lr) T ) s

u(t)

01

0 _— ==

-0.1 0.1
1 12 14 16 18 2 22 24 26 28 1 1.2 1.4 1.6 1.8 2 22 24 26 28

(e) k=5 () k=10

Figure 2. iterative process uj and vy

The iteration formulas are

t2

Vg1 (t) = f(t up(t), ve(t)) = 10 (1 +up(t) +vk(t)),
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and

pr1(t) = g(t, v (t), ur(t)) = %Oi(l + ug(t) + vk(2)).

The iterative process and iterative error values is given in Figure 2 and Table 2.

Table 2. iterative error values E(uj) and E(vy)

k 2 4 6 8 10
E(ur) 5.1460e-03  7.4105e-06 6.8046e-09 7.6688e-12  8.8818e-15
E(vi) 2.4443e-03  3.9906e-06 3.0372e-09 4.2119e-12  3.9968e-15

By Figure 2 and Table 2, we find the iterative process of uy and vy are conver-

gent. Thus, the coupled system of p-Laplacian fractional differential equation (3.2)
at least have one solution.
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