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POSITIVE SOLUTIONS FOR A NONLOCAL
PROBLEM WITH CRITICAL SOBOLEV
EXPONENT IN HIGHER DIMENSIONS*

Xiaotao Qian®f

Abstract This paper is devoted to a nonlocal problem involving critical
Sobolev exponent and negative nonlocal term. By virtue of a cut-off tech-
nique and the concentration compactness principle, we prove the existence
and asymptotic behavior of positive solutions for the considered problem. In
particular, our results generalize the existence results of positive solutions to
higher dimensions N > 5.
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1. Introduction and main results

In this paper, we consider the following nonlocal problem

— (a —b |Vu|2dx) Au =M+ |ul? 2u, z € Q,
0 (1.1)
u =0, x € 01,

where a,b > 0 are constants, A > 0 is a parameter, 2* = 2N/(NN — 2) is the critical
Sobolev exponent and € is a smooth bounded domain in RY with N > 5.

Problem (1.1), in which the equation has a negative nonlocal term —b [, [Vu|?dz,
is a variant type of the following traditional Kirchhoff problem

- (a+b/ Vu|2dm) Au= f(z,u), z € Q,
Q
u =0, x € 09,

(1.2)

which is related to the stationary analogue of the equation

Ut — <a—|—b/ |Vu2d:13> Au = f(z,u), z € Q,
Q

u =20, x € 09,
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presented by Kirchhoff [6] as an extension of the classical d’Alembert’s wave equa-
tion for free vibration of elastic string. We have to point that the negative sign
of the nonlocal term of (1.1) causes some mathematical difficulties different from
typical Kirchhoff problem, which make the study of this kind of problem particu-
larly interesting. In recent years, many researchers pay attention to such nonlocal
problems with subcritical growth

- (a - b/ |Vu|2dac> Au = fy(z)|ulP~2u, x € Q,
Q

u =0, x € 0N,

(1.3)

where 0 < p < 2* and Q is a smooth bounded domain in RY. When N > 1, 2 <
p < 2* and fy(x) = 1, it was proved in [19] that problem (1.3) admits two nontrivial
solutions. The existence and asymptotic behavior of sign-changing solutions to (1.3)
were given in [11,17]. Duan etc [1] extended the existence result of [19] to the case
of 1 < p < 2*. Two positive solutions of (1.3) were obtained in [7] under N = 3,

0<p<1and fr(z) = A > 0 small enough. When N = 3 and f(z) € L7 7 (Q)
is a sign-changing function, the existence of positive solution of (1.3) for 1 < p < 2
and 3 < p < 6 were respectively established in [8,13]. For more related results
of (1.3) with general nonlinearities and its variants on whole space, we refer the
readers to [3,4,14,15,20,21] and the references therein.

However, there are few papers to deal with the critical nonlocal problems like
(1.1), except [16] and [12]. For N = 4, by using minimization argument and
mountain-pass theorem, Wang etc [16] proved the existence of two positive solu-
tions to the problem

- (a - b/ |Vu|2dx) Au = Ag(z) + |u*u, =R, (1.4)
R4

where g(x) € L*/3(R*) is a nonnegative function. When R* and \g(x)+ |u|?u are re-
placed by a bounded smooth domain 2 C R* and A|u|P~?u+ Q(x)|u|*u respectively,
Qian [12] studied how the coefficient function Q(x) of the critical term affects the
number of positive solutions to problem (1.4) with Dirichlet boundary condition,
via Nehari manifold method.

Considering that previous works [12,16] treat only four dimensional case, here we
try to prove the existence and asymptotic behavior of positive solutions to critical
problem (1.1) in higher dimensions (i.e., N > 5). Our main difficulties lie in the
presence of the negative nonlocal term and the lack of compactness of the Sobolev
embedding H} () — L? (). We emphasize that, the arguments used in [12,16] do
not apply here since their arguments heavily rely on the dimension N = 4. In fact,
we should combine a cut-off technique (see [2,9, 18] for some related applications)
with the concentration compactness principle, in order to overcome these difficulties.

Let H}(Q) and L"(Q2) denote the usual Sobolev space equipped with respect
to the norm [[ul|® = [, |Vu|?dz and |u]l = [, |u]"dz, respectively. Let — (—)
denote the strong (weak) convergence. We denote by B,.(z) the open ball of center
x and radius 7 > 0. Let S denote the best constant of the Sobolev embedding
H}(Q) — L* (), namely,

Jo [Vulda

S = in —.
uwe HL(Q)\{0} (fQ lu z*dm)z/Q
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Denote by A; the first positive eigenvalue of the operator —A on 2. By the Holder’s
inequality, we easily verify that A\; > S/|Q>/V.
Our first result is the following nonexistence of positive solution to (1.1).

Theorem 1.1. If A > a1, then problem (1.1) has no positive solution.

According to Theorem 1.1, to seek the positive solution of (1.1), it has to be
in the range A € (0,a\;). More precisely, our existence theorem can be stated as
follows.

. A (N=2)(8D)Y2(aS)N/t 48 1
Theorem 1.2. Let 6, = min{=
* { oN/4N1/2 ) 2|Q‘2/Na (16b>\%|Q\(N—2)

If A € (A1 — dx,a\1), then problem (1.1) has at least one positive solution wuy.

)2/(1\7*4) }

Theorem 1.3. Let {\,} be a sequence with /:\n S ad as n — 0o. Suppose that
uy, 1is the positive solution corresponding to A obtained in Theorem 1.2. Then,
lim,, o0 [Juy, || = 0.

Remark 1.1. In (1.1),if b < 0, it reduces to the traditional Kirchhoff type problem.
For this situation, the existence of positive solution when A > a\; has been proved
in [5, Theorem 1.2]. Comparing this with our results, we see that it is quite different
between b > 0 and b < 0, which indicates that the sign of nonlocal term plays an
important role in the nonlocal problems.

Remark 1.2. Comparing with [12,16], we use some new methods to extend the
existence result of the case N =4 to N > 5. Moreover, the asymptotic behavior of
positive solutions of (1.1) is also obtained, which was not observed in [12,16].

The paper contains two more sections. In Section 2, we present some prelimi-
naries. In Section 3, we prove our main results.

2. Preliminaries
The energy functional corresponding to problem (1.1) is

a
I(u) = 5 ||ull?

1
2 2z

5l

b A
— el = Sl -

As we all know, the weak solutions to (1.1) are exactly the critical points of the
functional Iy.
Define a smooth cut-off function ¢ such that

o(t) =1, teo,1),
() =0, t € (2,40),
0<¢(t) <1,  te[L2]
—2<¢'(t) <0, te]0,+00)

Associated with functional I, we consider the following truncated functional I p :
H}(Q) — R given by

a b A 1 X
Inr(u) = §||U||2 - E‘PT(U)HUH4 - 5\“@ - g\“@w
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where for each T' > 0, &7 (u) = ¢ (”;—‘r) Clearly, I\ r is well defined and Iy v €

Cl(H}(Q),R). Furthermore, for any u,v € HJ(f2), one has

(5.5(00) = [a—vorlul? - g6 (L) jul] [ 9uveas

f)\/uvdx— / lu? “2uvda.
Q Q

1/2
For A < aki, let T = (gii525 ) and note that

0< ®p(w)ul® <AT* and —167T° < ¢ ( ull” ) Wlf <o, (21)
Moreover, it is easy to see that if u is a critical point of I r such that ||u| < T,

then w is also a critical point of I. To give the proofs of our main results, we need
the following three lemmas.

_ /2(a§)N/ ) .
Lemma 2.1. Let §; = 21 gzv(?f?;ljé IR If {u,} C HE() is a sequence satis-
fying
1 (aS\"?
Iyr(up) = e < N (2> and I} 7(un) — 0, asn — oo, (2.2)

then {un} has a convergent subsequence for X € (a\y — d1,a\1).

Proof. By the Sobolev inequality, (2.1) and (2.2), we have that

¢+ 1+ o(D)unll ZIx 1 (un) = 52 (I3 7 (un), un)

b b
el + (5 = ) rtulonl!

b o ( MNual? 6 A 2
+ 5yt (L) el = Sl

ad — A ) 8b \
> W2 = 27,
(G2 ) ol -

for n large enough. As A < alp, it follows that ||u,]|| is bounded. Thus, there is a
subsequence (still denoted by {u,}) and u € HZ(Q2) such that

2+

up, —u, in H(Q),
Up — u, in L2(£2),

U, —> U, a.e. in Q.

Furthermore, according to the concentration compactness principle due to Lions
[10], there exist two measures p, v € M() such that

Vun[* = dp > [V + 3" pde, and fun* = dv = [uf* +37 v,
JjeJ jeJ

where .J is at most a countable index set, {x;} is a sequence of points in Q2 and dy,
is the Dirac mass at x;. Meanwhile, for any j € J, we have

i > Sng/z* and  p;,v; > 0. (2.3)



Critical nonlocal problem 2037

For any € > 0 small, let 15 () be a smooth cut-off function centered at z; such that

V5 (z) = 1, & € Beja(xj),

Y5 (z) =0, z € BZ(z;),

0 <9s(x) < z € Be(x5) \ Beja(x)),
|Vs () _4/6-

It then follows from the boundedness of {u,} and the Holder’s inequality that,

e—0n—oo0

<lim lim / |Vun\2dac
e—0n—o0 Bg(xj)

<lim C, (/ |u|2|v¢§2dx>
e—0 Be(z;)

lim lim ’/unVunVQ/dea:
Q

1
2

[N

( / |un|2|w;|2dx>
Bs(xj)

[T

L
3%

2|~

B (z;)

(/ |u|2*da;>
Be(x;)

( IijlNdx>
< lim O, ( |u|2*dx> =0, (2.4)
B.(z;)

|~

F3

[V

e—0

where C7 and Cy are some positive constants, independent of € and n. Also,

lim lim U 1/J€d:v = lim u%/;j-d:v =0. (2.5)

e—>0n—o0 Q e—0 Be(z;)

Moreover, since for A € (0,a);), we must have T2 < 15 and consequently,

—bd 2 b (Nl > _wr?>2 2.6
a 7 (un) [|un | 572 T2 lun|* > a >3 (2.6)

Combining (2.4)~(2.6) and the fact that {u,15(x)} is bounded in H (), we obtain

0=1lim lim <I>\ 7(Un), unts)

e—>0n—o0

=lim lim {[a—bq>T(un)un|2— b — (”“"” )|| n||4] /|Vun| Ysda

e—0n—oo 272

272
-/ (Aui+|un|2*)¢§d$}
Q
) *
> . . “ 2 € _ 2 €
=t {5 [ 19vPose = o s}

a
Z§MJ — Vj,

b Unp, 2 5
# [a=vprulunl - 756 (V) lul?] [ unFunvusas
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which implies that v; > Su;. Then, it is deduced from (2.3) that
0§\ /2
v; > (2> or v; =0.

Next, we show that the first alternative above does not occur. Let us argue by

contradiction and assume that there is some jo € J such that v;, > (%)Nm. For
A € (aA; — 61,a)), it holds
1
c+o(1) :IA,T(un) - 5(13\ 7(Un), Un)
b 4 ”unH 6 4 1 2*
ol + 756 (V) lunl® + Flualt

1 .
> —4bT* + N|un|§*

1 /aS\V? 1
T A

L1 (e
N\ 2
aS)N/2

which is a contradiction with ¢ < % (7 . This gives J is empty and thus, we

conclude that u,, — u in L% (©2). Hence, using the Holder’s inequality, we get

/ |un\2**1(un —u)dx
Q

as n — 0o. Similarly,

< |un|§:_1|un —u

2 — 0, (2.7)

‘/ Up (U, — w)dz| < |ug 2|ty — ula — 0. (2.8)
Since limy, c0 (I} 7(tn), up — u) = 0, we can infer from (2.7) and (2.8) that
. b [l
_ 2 n 4 _
o= bl P~ 756 (V25 ) | [ 90,900, - s =0

which yields that |u,| — ||u|. This and the weak convergence of {u,} in H}(Q)
imply that u,, — u in Hg(£2). The proof of Lemma 2.1 is completed. O

Lemma 2.2. If A € (0,a\1), then the functional Iy 7 satisfies the mountain-pass
geometry:

(i) There exist p,a > 0 such that I r(u) > o > 0 for all |Jul| = p.

(ii) There exists u € H () with ||u]| > p such that I (1) < 0.

Proof. (i) By the Sobolev inequality,
(1)\1

1 o .
A - HUII4 ST (1
From which it follows that there exist p,« > 0 such that Iy r(u) > a > 0 for all
[ull = p-
(i) For any v € Hg(Q2) \ {0}, t > 0, we have

, A2 2 e
IAT(tv)<—H I ——| = o —|v|5. = —00, ast— +oo.

Inr(u) >
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Hence, there is ¢y > 0 large such that I r(@) < 0 and ||@|| > p, where @ = tov. O

Lemma 2.3. Let e1(z) be a positive eigenfunction associated with \y. For X\ €
(0,aX1), we have

1
sup Iy r(ter) < —[Q|(ar; — N)N/2.
>0 N

Proof. By the Holder’s inequality and the fact ||e1||? = Aie1 3,
a A 1 o« .
sup I r(ter) <sup {t2||el||2 — Zt?eq |2 — =2 |el|g*}
>0 (2 2

t>0 2%
ar; — A 1 o« .
zsup{ N 61|§*}
t>0 2 2

A1 — A * 1 o«
sSup{“;thel@* ~ L

o*
2 .

>0 2*
For t > 0, set
ary — A 2% —2 1 ook
h(t) = D) |Q| 2% |lep g*t2 — 5‘61|§*t2 .

By easy calculation, we obtain that h(t) attains its maximum at

. 1/(2°~2)
P <(“/\1 - /\)|Q|22*261|%*>

and 1
sup In r(te1) < h(tmas) = =2 (a — MNN/2,
t>0 N
This ends the proof of Lemma 2.3. O

3. Proofs of main results

Proof of Theorem 1.1. If u € H}(Q2) is a positive solution of (1.1), it follows

that
—)\/ueldx:(a—b/ |Vu|2dx> /Aueldﬂc—k/u?_leldx
Q Q Q Q
>(a—b/ |Vu|2dx> /Aueldx
Q Q
=—)\ <a—b/ |Vu|2dw> /ueldx
Q Q

> —a); / uerdr,
Q

where e; is defined as in Lemma 2.3. Therefore, we obtain that, for all A > alq,
problem (1.1) has no positive solution. O

Proof of Theorem 1.2. By Lemma 2.2, using the mountain-pass theorem, there
is a sequence {u,} C H}(2) such that Iy 7(u,) — cx and I 7(uy) — 0 for

;= inf I t)) >
ox = inf max Dr (v(t)) = a >0,
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where
I:={yeC([0,1,Hj(®)) : v(0) =0and I 1 (y(1)) < 0}.

By Lemma 2.3, it is easy to see that ¢y < +|Q[(aA; — A\)N/2. Let 65 = W and
note that when A € (aA; — d2,a)1), it holds

/2
1 vz L fas\*¥
Sl lar = )2 < = ( 5 :

Set 6 = min{dy, 2}, then by Lemma 2.1, if A € (a)\; — §,a)\;), we know that {u,}
possesses a convergent subsequence. Thus, we may assume that u,, — uy in H(Q).
As a consequence, for A € (a\; — ,al\;), one has

1

~1Qlar - MY 2 Lur(ua) = Tim Ir(un) = ex > a >0, (3.1)
and I} 7(uy) = 0, namely, uy is a nontrivial critical point of I 7. We next show
that ||uy|| < T. To proceed, let §, = min{J,
A € (aA; — b4, a\1) we have

((1)\1 — )\)TQ _ 8bT4 o ((1)\1 — )\)2
N\ 2 16bA?N(N —2)

then it follows from (3.1) that
(a\ —N)T?  8bT*

5 1 . Slnce f()I'
(1617)\2] ‘Q'(N*Q)) /(N ) }

1
> N(ax\l—/\)N“m\, (necessarily N > 5)

1
>Ixr(un) = o (I (ua), un)

N\ 2+ 2
:%HUAHQ + (21* — i) b (uy)||ual*
> s> b —
> DA s - b,

which provides that [Juy|] < T and hence, uy is a nontrivial solution to (1.1).
Similar to the proof of [16, Theorem 1.2], we can further derive that uy is a positive
solution. 0

Proof of Theorem 1.3. For any sequence {\,} with An 2 al as n — 00, let
uy,, be the positive solution of problem (1.1) with A = A,, obtained in Theorem 1.2.
Then, there holds

1
ex, =I5, (ux,) = 5o (5, (us, ) us, )

a>\1—)\n 2 1 1 4
= " Pus — — 2 ) bllus
o 2 (5 = ) bllus, |

1 1
> (5 - 1) s I

Combing this with the fact that 0 < ¢5 < +|Q|(aX1 — X,)™/? , we conclude that
limy, 0 [Jus, || = 0. O

Y
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