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Abstract In this article, our task is to study the existence and Noethericity of
solution for two classes of singular convolution integral equations with Cauchy
kernels in the non-normal type case. To obtain the conditions of solvability for
such equations, we establish regularity theory of solvability. By means of the
theory of Fourier analysis, we will transform the equations into boundary value
problems for holomorphic functions. The holomorphic solutions and conditions
of solvability are obtained by using the method of complex analysis in class
{0}. Moreover, we also discuss the asymptotic property of solution near nodes.
Therefore, our work generalizes and improves the theories of integral equations
and the classical boundary value problems for holomorphic functions.
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1. Introduction

As it is well known, boundary value problems of holomorphic functions and singu-
lar integral equations are developing rapidly and have a wide range of applications.
They have been widely used in elastic theory, quantum mechanics, fluid dynamics,
thin shell theory, fracture mechanics, electromagnetic wave diffraction, atmospheric
radiative transport, neutron migration, cybernetics, prediction of stochastic pro-
cesses, and population theory, etc. The range of applications continues to expand.
Singular integral equations and boundary value problems of holomorphic functions
have been studied extensively in the literature (see, for instance, [2,5,7,8,15-18,34]
and there references) and formed a relatively systematic theoretical system. [33]con-
sidered the Noether theory of singular integral equations in the class of Holder
functions, and obtained the general solutions and conditions of solvability. [9] first
began to study integral equations with discontinuous coefficients and convolution
kernel. [32] studied the solution method for some basic classes of singular integral
equations in the class {0} and put forward the concepts of function classes of (0),
< 0 >. He set up systematically the conditions of solvability and analytical solutions
of the above basic equations. More recently, [19-23] investigated some classes of
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singular integral equations with convolution kernel, and gave the theory of Noether
solvability and holomorphic solutions on the whole real axis X (or, the unit circle)
in the case of the normal-type.

It is often found that some functions have the exponential order decreasing
(or increasing) as the independent variable tends to oo, therefore it is especially
significant to the solution of exponent decreasing (or increasing) in the equations
with convolution kernel. But in general case, the functions all contain the terms
of different exponential estimation, thus different boundary value problems may be
produced according to different exponential addends. So it is impossible to turn
it into boundary value problems by applying Fourier transform directly. For such
kind of problems, [24,25] discussed the solutions for some basic kinds of singular
convolution integral equations in the function class with exponent decreasing (or
increasing). By introducing auxiliary functions and some generalized convolution
operators, the equations are turned into some special kinds of Riemann bound-
ary value problems with discontinuous coefficients on two parallel lines, and such
boundary value problems produced are more important in the course of application.
Motivated by the above researches, this paper is devoted to the study of the follow-
ing two classes of singular integral equations with Cauchy kernel and convolution
kernel in the cases of the non-normal type, which is simply called C-K equation:

(1) Dual singular integral equations

f(7)

(t—7)f(r)dr

hi(t = T)ef(r)dr = g(t), t e R,

f T C2
\/ﬂ/RkQ(th)f(T)dT

+m/ﬁ§h2(t7)ef(7')d7'g(t), teR™,

\ﬁ (1.1)

where a;,b;,cj,d; (j = 1,2) are constants, k;(t), h;(t),g(t) €< 0>, R = (—o0, +00),
R = (0,+00), R~ = R—R™*. Here, we also require that |b;|+|b2| # 0. For equation
(1.1), we want to find its solution f(¢) such that f € {0}.

(2) Wiener-Hopf singular integral equation

b f(7) 4o

f()+7rz R+7’—t \/ﬂ R+ dT—|— - h(t —1)ef(r)dr
=g(t), teRT,
(1.2)
where a,b,c,d are constants with b # 0, k,¢g € (0), and an unknown function
fe{o}.

The notations mentioned above can be found in Section 2.

In the course of solving equations (1.1) and (1.2), we find that the classical Bekya
regularization method used in [9,15,19-21,33] is no longer suitable for the case of
the non-normal type. It is difficult to use only the Fourier transform technique
to study equations (1.1) and (1.2) in the case of non-normal type, thus we shall
introduce a new method to complete our research. On the solutions of (1.1) and
(1.2), we apply the theory of Fourier analysis, the classical boundary value problems
for holomorphic functions, and the principle of analytic continuation to investigate
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their solvability. We give a novel and effective approach, which is different from the
ones in the classical regularization method. By transforming the singular convo-
lution integral equations with Cauchy kernel and constant coefficients to Riemann
boundary value problem with discontinuity, we prove the uniqueness and existence
of solution and obtain the holomorphic solutions. Moreover, we also discuss the the-
ory of Noether solvability and the asymptotic property of solutions, and generalize
the index formula of the classical boundary value problems for holomorphic func-
tions. This article is very significant for the research of developing complex analysis,
integral equations, and boundary value problems for holomorphic functions.

Our paper is constructed as follows. In Section 2 we introduce the function
classes {0} (< 0 >, (0)), {{0}} (<< 0 >>, ((0))), and study their properties.
In Sections 3 and 4, we adopt the Fourier analysis approach to convert (1.1) and
(1.2) into boundary value problems for holomorphic functions with discontinuous
coefficients, and we use the generalized Liouville theorem and the theory of complex
analysis to solving the obtained boundary value problems of holomorphic functions.
We show that the equations are solvable under certain conditions. Finally, in Section
5, we give the conclusion of the paper.

2. Preliminaries

For convenience, we now give some definitions and lemmas. We firstly present the
following Fourier transform operator F and the inverse transform operator F~!:

(Ff)(s r/exp [ist] f(t)dt;

(2.1)
1 2
(F=F)(t) r/exp —ist|F(s)ds, V f e L*.

The integrals that appear in (2.1) are the Cauchy principal values integrals. For
simplification, we denote (2.1) as

(Ff)(s) = F(s), (F'F)(t) = f(t). (2.2)

We denote by H the set of all functions which satisfy the Holder condition on
R =R U {co}. If F(s) € H, then F(s) is a continuous function on R.

In the following, we mainly introduce the concepts of classes {{0}} ( ((0)),
< 0>>) and {0} ( (0), < 0 >), and point out some of their properties.

Definition 2.1. If F((s) € H N L2, we say that F(s) € {{0}}.
Obviously, {{0}} € L>NH, where H is the space of Hélder continuous functions.
Definition 2.2. A function f(t) € {0} if F'(s) € {{0}}, that is,

{0} ={fOIF(s) =Ff(t) € {{0}}}. (2.3)

Definition 2.3. If (1) F(s) = O(|s|™*) (v > 1) for a sufficiently large number |s|;
(2) F(s) € H, then we call F(s) € ((0))* or ((0)). If F(s) € ((0))* or ((0)), we say
that f(t) € (0)* or (0).

Definition 2.4. If (1) F(s) € H'(Nw) (¢ > 1), and F(c0) = 0; (2) F(s) € H, then
we call F(s) €< 0> or < 0>, where N, denotes the neighbourhood of co. If
F(s) e 0>" or < 0>>, then we denote f(t) €< 0 > or <0 >.
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It is clear that << 0 >>C ((0)) C {{0}}, and < 0 >C (0) C {0}. Note that,
in Definitions 2.3 and 2.4, we should require that ¢ > %7 and we give the following
explanation.

Because F(s) € H and F(oo) = 0, then there is a M € RT and a sufficiently
large |s| such that

()] < Mls|,

so we have

[f(s)]? < M2|s| 2.
Since f(s) € L?(R), that is,

/ \f(s)\st < +o00,
R

thus
/M2|s|72Ld5 < 4o00.
R

From the previous discussion, we must have ¢ > %

Definition 2.5. Let f(t) € L?(R), then the Hilbert transform operator € of f(t) is
defined by

ef(t) = P.V.i f(r)

: L teR, (2.4)
T JR T—1

where P.V. stands for the Cauchy principle value. For convenience, (2.4) can also
be simplified as

ef(t)zi/Rf(T)%, tER. (2.5)

™

Sometimes we also call € as the Cauchy integral operator. By [9,32,33] we can
verify that
e =1

where [ is a unit operator.

Definition 2.6. For any function f(¢), the operators S and T are introduced as
follows

Sf(t) = f(=t), Tf({t)=sgn(t)f(t), teR. (2.6)

It is clear that
TS+ST=0, S?’=1I, T?>=1. (2.7)

Definition 2.7. The convolution of two functions f(¢) and g(¢) is defined by the
formula

1
f*xg= E /}R ft—=m)g(r)dr, teR. (2.8)

Obviously
frg=gx/f.
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Let
F=Ff, G=Fg,

by the convolution theorem [9,33] we known that
F(f*g) = FQG.

Lemmas 2.1 and 2.2 are obvious facts.

Lemma 2.1. If f,g € {0}, then fxg € {0}; if f € {0} and g € (0), then fxg € (0).

Similarly, if f,g €< 0 >, then fxg €< 0 >; if f € {0} and g €< 0 >, then
fxge<0>.

Lemma 2.2 (see [26,36,38]). The operators F,F~1 ¢, S, T are as the above, then
we have

e=FTF ! SF=FS=F"' (2.9)

Lemma 2.3. For any s, 7 € R, we have

—miexplist], s>0,

St
P. V./ explist] ), s=0, (2.10)
R T~ . .
i explisT], 5 <0.
Proof. We let
T—1= Y,

then in (2.10) we have

P.V. / explist] y _py / explis(r =)l
R t R

N I Y _ (2.11)
oSSy — 15ins sins
:exp[iST]P.V./ Cossy — 1nsy ydy = -2 exp[iST]P.V./ ydy.
R Y R+ Y
Since
. s s> 0,
sins
/ Yay={0, s=0, (2.12)
R+ Y x
R s < O,

thus from (2.11), we know that (2.10) holds.
Moreover, by the generalized Liouville theorem [32,33], we can also prove (2.10).
O
For convenience, from now on we shall omit the symbol P.V..
The following Lemma 2.4 is very important, and we use it to prove some of the
results in this paper.

Lemma 2.4. Let f € {0}, F(s) =Ff(t), then we have

Fef = —TF. (2.13)
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Proof. Note that

exp( zst
— tld — d
Flef(t) 27r/m 7] explist] 277/7TZ/R — (T)dr.
(2.14)
According to Lemma 2.3, we get
1 [ explist] .
E/}R p— ————dt = —sgn(s) explis7], s,7 €R. (2.15)
From (2.14) and (2.15), we have
Flef(t) / —sgn(s)) f(7) explist|dr
\/7
:(—sgn(s))ﬁ /]R f(7) explist|dT = —sgn(s)F(s).
This completes the proof. O

From f € {0}, (0) or < 0 >, generally we could not assure that ef belongs to
the same class. However, we have the following lemma 2.5.

Lemma 2.5. If f € {0}, (0) or < 0 >, and Ff(0) = 0, then ef € {0}, (0) or < 0 >.

Proof. Since f € {0}, we know that F' = Ff € {{0}}. By using definition of {{0}}
and

Ff(o0) =0, Ff(0) =0, (2.16)
we can prove

/ |F(s)sgn(s)|*ds < +oo,
R

and

F(s)sgn(s) € H,
thus F(s)sgn(s) € {{0}}.
It follows from Lemma 2.4 that we get Fef € {{0}}, therefore ef € {0}. Simi-

larly, we can also prove e¢f € (0), <0 >.
The proof is complete. O

Remark 2.1. In Lemma 2.5, it is easy to see that Ff(0) = 0 is necessary, otherwise
Lemma 2.5 is invalid. It follows from [27,40] and Lemma 2.5 that ¢ maps {0} and
< 0 > into themselves respectively.

In the following Sections 3 and 4, we shall study theory of Noether solvability
and methods of solution for two classes of singular integral equations of convolution
type (that is, dual equations and Wiener-Hopf equation) in the case of the non-
normal type.

3. Solvability of dual equations (1.1)

In this section, we focus on dual singular integral equations (1.1). To do this, we
reduce equation (1.1) to the following system

{alf(t> +ief (1) +erkyx f(8) + dihxef(f) = g(t). tERT; 51)

asf(t) + baef(t) + coka * f(t) + doha x€f(t) = g(t), teR™.
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Without loss of generality, we assume aijby # agb;. Extending ¢ in the first
equation of (3.1) to t € R™, and in the second one of (3.1) to t € RT, that is, we
add ¢_(t) and ¥4 (¢) to (3.1), then equation (3.1) can be rewritten as

9(t) + v (t);

o)+, €% G2

alf(t) + blef(t) + Clkl * f(t) + dlhl * Gf(t)
az f(t) + baef(t) + caka * f(t) + daha x €f(2)

where ¢(t) € {0} is an undetermined function and

Y1) = 0 (1) sen(t) £ 1),
obviously,
Y(0) = ¥ (1) — (1)

Due to Lemmas 2.4 and 2.5, we use the Fourier transforms to equation (3.2) and
get

Yi(s)F(s) = G(s) + ¥ (s);
{%(S)F(s) — Gs) + Ut(s), €R, (3.3)
where
Y;(s) = a; —bjsgn(s) + ¢; K;(s) — djsgn(s)H;(s), j =1,2,
and

F(s) =Ff(t), G(s) =Fg(t), T*(s) = Fyu(t), K;(s) = Fk;(t),
Hj(s) =Fh;(t), j=1,2.

By eliminating F'(s) in (3.3), it gives rise to

L S T(s)] = L s (s
72057 (G + ¥ (9] = s (6(E) + v (o) (3.4)
We denote v v
B =g 20 =2~ 166)

so we can reduce equation (3.4) to the following boundary value problem for holo-
morphic function:

UH(s) = E(s)T(s) + Q(s), (3.5)
where U (s) are the boundary values of the following Cauchy singular integral
1 U(s) _
U(z)=— [ —2L + . .
(2) W/RS_st, seCtuC (3.6)

Note that, using the residue theorem [33], we know that (3.6) is true. And we
can verify that W*(s) are also the one-sided Fourier transforms of 1(t):

1 o

Ut(s) = Tz Jo P (t) explist]dt;
_ 1 .

U= (s) = VT - ¥(t) explist]dt.

It is clear that
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Thus, we should only solve problem (3.5) in place of equation (1.1). Without
loss of generality, we assume that

bl 7& 0, ai + b1 75 0. (37)
Let Y7 (s) have some zero-points eg, ea, - - , €, with the orders &1, &, -+ , &, respec-
tively, and Y2(s) have some zero-points dy, ds, - - - ,d, with the orders 71,72, -+ ,7q

respectively, where £;,n; are the non-negative integers. In this case, we say that
(3.5) is the boundary value problems of non-normal type.
We put
Ii(s) = I}y (s — e;)%, Tlp(s) = II7_ (s — d;)™.

Hence, we can rewrite the problem (3.5) in the form

a(s)
H1 (8)

Ut(s) = D(s)T~(s) +Q(s), seR, (3.8)

where
_ H2 (S)
H1 (S)

Note that, if Y;(s) (j = 1, 2) are non-vanishing functions on R, then (3.5) is called
a boundary value problem of normal type, and this is the special case mentioned
above, that is, II;(s) = 1,IIs(s) = 1. For this case, the detailed discussion will be
omitted also (see, for instance, [16,18,20,21] and there references).

From (3.7), in view of the values of as & bs, we have the following two cases.

Case (1): if |ag + ba| + |az — ba| # 0, then (3.5) is a boundary value problem for
holomorphic function with nodes s = 0, co.

Case (2): if |ag + ba| 4 |az — ba| = 0 (that is, az = by = 0), then (3.5) is a
boundary value problem for holomorphic function with node s = 0.

Here, we only consider case (1), and case (2) can be discussed similarly. Since
f(t) € {0}, so F(s) =Ff(t) € {{0}}. We know that F(s) is continuous at s = 0,
hence it is necessary U*(s) are continuous at s = 0 and

E(s) D(s), and D(s) #0, Vs € R.

G(0) + TE(0) = 0.
Returning to (3.3), we must have F(0) = 0 and
Ut (+0) = U (-0).
From the previous discussions, we take the limits as s — 0 in (3.3), thus we get
(Fg)(0) = 0, i.c., G(0) = 0. (3.9)

Moreover, we require that the solutions of (3.5) should be at least continuous
along the whole real axis X and ¥(co) = 0. Denote by

1 D(+0)

D(+0)
37 108l 5 )

& D(-0)

|+iar }Z’}/Q:ao—‘ri,@o.

If we take the integer p = [ap], then we call p the index of (3.8). Denote
a = ag — u, then we know that 0 < o < 1. Again let

Yo—p=a+ify="1. (3.10)
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Next we investigate the solvability of (3.8). First, we define the following (sec-
tionally) holomorphic function:

logDy(s)

1
(z—l—i)*“exp{ﬂ/ i ds}, z¢eCT
X(z) = 71T . 5 (3.11)
(z—i)*uexp{fm/R%ds}, zeC,
where in (3.11) we have set
5+1
Do(s) = (——)"D(s),
s—i
that is,
s+
logDy(s) = plog—— +logD(s), (3.12)
s—1i

here we have taken the definite branch of (3.12) such that
logDo(+0) = +pumi + logD(+£0).
In addition, the branches of (3.12) can also be obtained by the following way

. s+1
lim log -
s5—00 S —1

=0.

It is easy to verify that X (z) is a canonical function of (3.8). By using Sokhotski—
Plemelj formula [10,13] to X (z) in (3.11), we have

(s+i)"XTt(s) = (s —14)"Do(s) X (s). (3.13)

To solve (3.8), we need to construct the following function:

z+1)"U(z z +,
@(z):{(+) U(z), zeCH

(z—1)™¥(z), ze€C, (3.14)

where
n q
n1:§ &js nzZE ;-
Jj=1 Jj=1

Thus, (3.8) can be transformed into the following boundary value problems for
holomorphic functions in the case of non-normal type:

Iy (s)(s + )" X (s)

(s) = et (s O ), |
T = MG x5 L ¢TI (3.15)

For the sake of simplicity, we only solve (3.15) in the problem Ry. And by
assumptions, ®(z) should take the finite value at z = co. We again put

D(400)
D(—0o0)

1 D(+00)

| +iarg } =Yoo = Qoo + 1800-

Here we have taken the definite branch of logD(s) such that it is continuous at
s = 0o, and we require that 0 < a, < 1. It follows from a1bs # asby that v, # 0.
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We first consider the following homogeneous problem of (3.15) given by

Iy (s)(s —3)"2 X (s)®T(s) = la(s)(s + 1) X T (s)® (s). (3.16)

To do this, we consider the following function

®(z) 5 +.
Lo | XEmGGE 25 @)
- a(:) . |
XM g ¢

thus Z(z) are holomorphic in C* and C~ respectively. From (3.16) we know that
E(z) is holomorphic on C, and it is a polynomial of the degree y—mny —ns. By using
the generalized Liouville theorem and the principle of analytic continuation [18,22],
we obtain the holomorphic solutions of (3.16) as follows:
ngﬁwm@@ﬂWm%%Mdeﬁ (318)
X(2)Ii(2)(z — )™ Py—ny—ny(2), z2€C7,

in (3.18), when pp—n1—ng > 0, P,_p, _n,(2) is a polynomial of the degree p—ns —no
with arbitrary complex coefficients; when p1—n1 —ny < 0, we have P,_,,, _,,,(2) = 0.
Now we solve the non-homogeneous problem (3.15). We define the following

function
1 I, (s)Q(s) ds

il ):% g XT(s) s—2’

According to Sokhotski-Plemelj formula and the generalized Liouville theorem,

we can get the holomorphic solutions for the problem (3.15), which may have the

singularity at e; and di. Thus, to solve (3.15), we construct a Hermite interpolation
polynomial W,(2) (0 = n1 + ng — 1) with the degree g, i.e.,

VzeCtuC™.

W,(2) = Boz? + B1227 ' + ...+ B,_12 + By,

which has some zero-points of the orders &;,m, (1 < j < n,1 <k < q) at e;,dy
respectively, where B; € C (0 < ¢ < p). Since ®(z) is bounded on R, thus W,(z) is
required to fulfill the following conditions:

TleEE+)], EW:),
dar ‘z:dj - dar |z:dj7 3.19

Ple)Eri] W) (319)
de Z:€j dzp Z:€j b)

forany r=1,2,...,m, -1, k=1,2,...q; p=1,2,...,§ -1, j=1,2,...,n.
Similar to the discussion in [16-18], we need to define the following function:

X))+ )" [@w(2)(z + )" = Wy(2)]

z€CT;
_ 1 (2) ’ '
HQ(Z) ’ :

By means of the boundary value problems for holomorphic functions and of
a system of linear algebraic equations, we can prove that Y(z) is the particular
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solution of (3.15). In view of linearity, we obtain the holomorphic solution of (3.15)
as follows

D(z) =Y (2) + D.(2), (3.21)
and we can also write ®(z) as the explicit solution:
X \1 1
S () )" = Wole) + T a2) oo (2] 2 € €
1

O(z)= )
X(z)(z—1)™
S e )" Wole) + ) Py (2] 2 € €
(3.22)

Now we investigate the asymptotic property of solutions for the problem (3.15).
First, we discuss the behaviors of solution near s = 0. Since ®(s) is continuous at

s =0, by [13,28,29] we can obtain

XE(s) = exp ;m/Rbf?OZ(“dt}(Eo(s))i%. (3.23)

If s = 0 is an ordinary node, that is, 0 < a < 1, then we know that + given by
(3.10) is a non-integer, so

v #0, exp|ymi] # 1. (3.24)
It is easy to verify that, in the neighbourhood of s = 0,
ng—1 _ B
dF(40) = M[Q(%—O) — exp(—3ymi)Q(—0)];
2sinymw (3.25)
jr—l — 2y '
o+ (—0) = PN Loy exp(—3ymi)(~0)].
(~0) = S5 ZIT0(+0) — exp(~3ymi)2~0)]
From
®F(+0) = &1 (-0)
it follows that
Q(+0) = exp[—3ymi]Q2(-0). (3.26)

If s = 0 is a special node, that is, « = 0, then we require that (3.9) as well as
the following condition of solvability are satisfied:

in=t / T, (s)S2(s) ds o
R

2711, (0)112(0) Xt(s) Fa 11, (0)115(0) — bo, (3.27)

where by, co are the constant terms of P,_,, —n,(2), Wy(2), respectively.
Next, we investigate the asymptotic property and conditions of solvability at
s = 0. It is easy to prove that, near s = oo,

X (s) = s % x(s) (s = ), (3.28)

where x(s) € H(Ny), i-e., x(s) satisfies the Holder condition in the neighbourhood
N of oo.

If s = oo is an ordinary node, then 0 < ao < 1, 7o # 0. From (3.9) and
Q(s) € H, we have w(s) € H, so, when 1 < s <t < 1, we obtain the asymptotic
property of solution at s = oo,

Xt (s)w(s) = o(s7*) (s = o0); (3.29)
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when % <t < as <1, by [11,18,25] we get
XH(s)w(s) = O(s~*=T¢) (s — 00), (3.30)

where € > 0 is arbitrarily small such that as, — e > % Again denote

A(s) = T (8) Py (5) — I;[Vf((j))} XH(s)(s 40 (331)
Therefore, when p — n; — ng > 0, we have
A(s) = O(s™%<) (s — o0); (3.32)

and when p — ny — ng < 0, in order guarantee that ®(z) is bounded at z = oo,
(3.19) should be changed to

Bo=DBy=...=Bp,ny_py_1 =0. (3.33)
Thus, when oo, > %, we have
O (s) =o(s7") (s = ), (3.34)

where v > min{s, s — €}; when ay < %, the discussions may be made fully
analogous to those in [12,26,37].

If s = 0o is a special node, then a,, = 0 but v # 0, one can translate it into
the case that ay, < % Similar arguments can be used ( see, e.g., [10,17,26,29]).
Thus, when p > 0, we obtain

A(s) = o(s7%) (s = o0), (3.35)

in this case, (3.15) has a solution; when u < 0, since z = —i is a singular point of
®(z), in order to eliminate the singularity, we must have
1T, (5)€2(s)

SRR g0, vi=1,2,...,|ul; 3.36
e X 8 1330

and when p = 0, the following conditions (3.37) are fulfilled:

(di, + i)wo(dk) = bo;

(e +i)w(ey) = co. (3.37)

forany k=1,2,...,¢; 7=1,2,...,n.
Moreover, since ®(z) € {{0}}, thus ®(z) is continuous at di,e; (k =1,2,...¢;j =

1,2,...,n), then we also have the following conditions of solvability
+(e)]—1
[ RO,
(S - dk)7
; A (3.38)
/ IL(QS)XT ()], _
s =0,
R (s —ej)P

forany r=1,2,...,m, k=1,2,...¢; p=1,2,...,&, 7=1,2,...,n.
In conclusion, we have the following results.
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Theorem 3.1. Under suppositions by # 0 and a1 £ by # 0, in the case of non-
normal type, the necessary condition of solvability to equation (3.1) is (3.9) in class
{0}.

(1) When p—mnq —ng >0, (3.1) has p—ny — ng linearly independent solutions;
when p—ny —ng <0, (8.1) has the unique solution.

(2) Let s = 0 be an ordinary node, one requires that (3.26) holds; let s =0 be a
special node, when (3.9) and (3.27) hold, (3.1) has a solution.

(3) Let s = oo be an ordinary node, if cos > %, then (3.29), (3.30), and (3.34)
hold. When p —ny —ng > 0, (3.82) holds, then (3.1) has p1 — ny — ng linearly
independent solutions; when p —ny —ng < 0, (3.83) holds. If cs < %, the only
difference lies in that, we write Py_p, _n,—1(8) instead of Py, —pn,(s) in (3.22),
then (8.1) has p — ny — na — 1 linearly independent solutions.

Let s = 0o be a special node, when p > 0, (3.85) holds; when pu < 0, (3.36)
holds; when p = 0, (3.87) holds. Moreover, the solvable condition (3.38) should
also be supplemented, then (3.1) has a unique solution.

Assume that (2) and (3) are fulfilled, then (3.1) has a general solution

f(t) =F"1F(s), (3.39)

where F(s) is given by (3.3). It is also obvious that the solution f € {0}, actually
fe<0>.

Remark 3.1. In (3.1), if a1by = a2b;, we know that v, and v may be zero, then in
which cases the analysis is even simpler. Further discussions will be omitted also.

4. Solvability of Wiener-Hopf equation (1.2)

The method used in Section 3 is applicable to solving Wiener-Hopf type singular
integral equation. After simplification, equation (1.2) may be written as

afi(t) +befi(t) +ckx fr(t) +dh*xefi(t) =g(t), teRT. (4.1)

In order to give a solution of equation (4.1), we need to extend (4.1) to ¢t € R, that
is, the right-hand side of (4.1) is augmented with f_(t), so (4.1) can be written as
the following form

afy () +befy(t)+ck* fi(t)+dhxefy(t) =gt)+ f-(t), teR (4.2)

Applying the Fourier transforms to (4.2), and by Lemmas 2.4 and 2.5, we may
get

1
a — bsgn(s) + cK(s) — dsgn(s)H(s)

Ft(s) = [F~(s)+ G(s)], s€eR, (4.3)

where
F*(s) =Ffe(t), G(s) =Fg(t), K(s) =Fk(t), H(s) = Fh(t).
So we easily find that (4.3) is equivalent to (4.2). Denote

1
a — bsgn(s) + cK(s) — dsgn(s)H(s)’

E(s) =
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Now we again give the definitions of v, 70, p as follows

Llo B(zoo) _ Llo a-b
2mi gE(—|—<>o) “omi Patb

Yoo = Qoo + 1f00 = (4.4)
Note that log E(s) is taken to be continuous branch such that it is continuous at
s =o00and 0 < ay < 1. It is not difficult to prove that 7., # 0 since b # 0. We
also have

E(-0) 1. a—b+cK(0)—dH(0)

SB(+0) ~ 371 %8 + b+ cK(0) + dH(0) (4.5)

) 1
Yo =ag +ify = 5—lo
2w

Then choose the integer u = [ap], we say that p is the index of (4.3). We denote
v, as in (3.10). It follows from F*(co) = 0 that F~(c0) = F(c0) = 0. Assume
that (E(s))~! has some zero-points wi,ws, -+ ,w; with the orders ¢1,¢a, - , d;
respectively, then (4.3) can also be written as

_ (s+9)" _
F(s) = SR F (0) + BE)G), (4.6)
where .
dodj=n, V(s) =TI (s —w))%,
j=1
and

(s+1i)"
V(s)
Without loss of generality, we only discuss the case

E(s) =

Ei(s), Ei(s)#0, VseR.

atb#0.

Other cases can be discussed similarly. In this case, (4.6) is also a boundary value
problem for holomorphic function with nodes s = 0,00. It is easy to see that
(4.1) and (4.6) have the same solutions. By means of the classical Riemann-Hilbert
boundary value approach and the generalized Liouville theorem, we can obtain the
general solution of (4.6).
Firstly, we consider the homogeneous problem of (4.6) (that is, G(s) = 0):
(s+9)"

F(s) = - o B, (4.7)

So we again use the results obtained in [15,32,33] and Section 3, we can get a
general solution of (4.7) as follows:

X (2)(z4+19)"Py—n-1(2), zeCTt,
Fi(z) = {X(Z)V(Z)P#_n_l(z), e (4.8)

Similarly, according to the extended residue theorem [33], we can verify that
F5(z) given by (4.9) is the particular solution of (4.6):
X i)
L) i - W), e e,
Fy(z) = (4.9)

X() W e
e U ACH ec,
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in which we have put

_zti V(s)G(s)E(s)ds B
1= 2mi /]R X+ (s)(s+ i)t (s —z2)’ vzeCTuCT, (4.10)

here P,_,,_1(%) is a polynomial of the degree y1—n—1(> 0), which contains arbitrary
complex coefficients, and W,(z) is a Hermite interpolation polynomial with the
degree n — 1. Note that X (z) given by (3.11) is the canonical function of (4.6) and
satisfies

X1 (s) = E1(s) X (s).

Thus, by means of the solvability theory of linear equations, we obtain the
general solution of (4.6) as follows

F(z) = Fi(2) + Fa(2). (4.11)

Therefore, using the results in [5,15,33], we get the following conclusions (1)-(3).
(1) If s=0 is an ordinary node, then (3.9) must be fulfilled.
(2) If s = 0 is a special node, under (3.9) and the following condition of solvability

do — Y(0)i#
by = ————"— 4.12
0 V(O) ) ( )
(4.6) has a solution.

(3) At the node s = oo, if the following conditions (4.13) and (4.14) are also
fulfilled:

V(s)G(s)
= =1,2,...,05; k=1,2,... 4.1
/RX+(S)(S+Z~)TL(S —wk)rds 07 T 3 ) )ak7 k ) ) ’t7 ( 3)

and

V(s)G(s)E(s) B .
/R)sto, i=12,...|ul (4.14)

then all the results as stated in Section 3 remain true.

From the above analysis, we now formulate the main results about the solvability
of equation (4.1) in the case of the non-normal type.

Theorem 4.1. Under suppositions a = b # 0, (3.9) is the necessary condition of
solvability to equation (4.1) in class {0}. Assume that (4.12)-(4.14) are satisfied,
then (4.1) has the general solution given by

f(t)=F~"F(s),
where F(s) is given by (4.11), and f(t) € {0} (or (0)).
Remark 4.1. In equations (1.1) and (1.2), if k1, k2,9 €< 0 > (or k € (0)), then

f€<0> (or f€(0)). Similarly, if k1, k2,9 €< 0 >* (or k € (0)*), then f €< 0 >*
(or f € (0)" ), where 0 < ¢ < 1.
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5. Conclusions

In this article, we dealt with two classes of singular convolution integral equations
with Cauchy kernel in the case of non-normal type. By using the boundary-value
problems of holomorphic functions and method of complex analysis, we obtain the
expression of solution and conditions of solvability for two kinds of equations in some
classes of functions. On the other hand, we can study the stability of solutions for
equations (1.1) and (1.2), and we can also consider the solvability of equations (1.1)
and (1.2) in Clifford analysis (see [1,3,4,6,11,12,14,30,31,35,37,39]).

Moreover, in recent years, there appear the singular integral equations with the
order of a singular point higher than the special dimension in the fields of aerome-
chanics, electron optics, fracture mechanics and others. Some mathematicians have
made a series of useful research and have obtained many important achievements.
Therefore, we need further discuss and study these problems.
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