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CAPACITY SOLUTION AND NUMERICAL
APPROXIMATION TO A NONLINEAR
COUPLED ELLIPTIC SYSTEM IN
ANISOTROPIC SOBOLEV SPACES*
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and Hajar Talbi?

Abstract In this paper, we analyze the existence and the numerical sim-
ulation of a capacity solution to a coupled nonlinear elliptic system, whose
unknowns are the temperature inside a semiconductor material u, and the
electric potential ¢. The model problem we refer to is

~Apu = p(u)| Vel in Q
div(p(u)Ve) =0 in Q
® = o on 0N
u=0 on 0}

N
where § is an open bounded set of R, N > 2 and Azu = > 8; (|9iul? ~0iu),
i=1

is the p—Laplacian operator. We consider the case of a n(;nuniformly elliptic
problem.

Keywords Anisotropic Sobolev spaces, capacity solutions, weak solution,
nonlinear elliptic equation, thermistor problem.
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1. Introduction

Let Q C RY be an open bounded set, N > 2 an integer and ' = (py,...,pn) € RV,
with p; > 2, for all j = 1,..., N. Without loss of generality, we will assume that

fCorresponding author.

Email address: francisco.ortegon@uca.es(F. Ortegén Gallego), m.rhoudaf@umi.ac.ma(M.
Rhoudaf), hajar.talbi@edu.umi.ac.ma(H. Talbi)

1Departamento de Matematicas, Facultad de Ciencias del Mar y Ambientales, Universidad
de Cadiz, 11510 Puerto Real, Cadiz, Spain

2Département de Mathématiques, Faculté des Sciences, Université Moulay Ismail,
BP 11201 Zitoune, Meknées, Morocco

*F. Ortegén Gallego was partially supported by Ministerio de Ciencia e Innovacién of
the Spanish Government under grant PID2020-117201RB-C21 with the participation
of the European Regional Development Fund (ERDF/FEDER), and by Conserjeria de
Economia y Conocimiento of the Junta de Andalucia.


http://www.jaac-online.com
http://dx.doi.org/10.11948/20210208

Capacity solution to a coupled system. .. 2185

2<p; <py<...<py < oo. We consider the following nonlinear coupled elliptic
system

N
= 0 (0ul20;u) = p(u)|[Ve|* in Q
=1
div(p(u)Ve) =0 in Q (1.1)
¥ = Yo on 02
u=~0 on Of)

where 0; stands for the i-th partial derivative operator, that is, 9; = %, 1<i<N;
the function g is given, and p € C(R) N L*°(R) is such that p(s) > 0, for all s € R.

In this framework, the domain 2 represents the spatial region occupied by a
semiconductor device, p is the electric conductivity, u is the temperature and ¢ is
the electric potential. In this situation, Q2 is called thermistor and for = (2,...,2)
the system (1.1) becomes the classical thermistor problem for an isotropic material.

Notice that we are not assuming that p is bounded below far from zero. In
fact, in many practical cases it is p(s) — 0 as s — +oo. This means that we are
dealing with a nonuniformly elliptic problem and, consequently, the search for weak
solutions to problem (1.1) is not suitable in this context. Indeed, if v is unbounded
in €, the equation for ¢ becomes degenerate, so that no a priori estimates for Vi
will be available. In order to circumvent this difficulty, we will consider the function
® = p(u)Ve as a whole, and then show that it belongs to L?(€2)Y. This means
that a new formulation of the system (1.1) is possible and the solution to this new
formulation will be called capacity solution.

The concept of capacity solution was first introduced by Xu in [20] in the analysis
of a modified version of the evolution thermistor problem. This author adapted this
concept to more general settings by assuming weaker assumptions [19] or with mixed
boundary conditions [21,22].

The existence of a weak solution of the thermistor problem associated with (1.1)

in the case where the first elliptic equation is of the form — div(a(z, Vu)) + g(z,u),
where the operator a is of Leray-Lions type, and ¢ satisfies the sign condition but
without any restriction on its growth, in the classical Sobolev spaces has been proved
in [4]. An existence result of a capacity solution to the parabolic-elliptic equation in
the classical Sobolev spaces is given by Gonzalez Montesinos and Ortegén Gallego
n [11]. Also, Moussa, Ortegén Gallego and Rhoudaf have studied this problem in
the setting of the Orlicz-Sobolev spaces [17]. Other similar situations have been
considered in this direction, including the evolution case. See for instance [2,3,7,
10,12,13,16,18].

In the present work we show an existence result of a capacity solution (Defini-
tion 2.1) to the thermistor problem (1.1). The thesis of this paper generalizes the
one given by Xu in [20] and by Gonzélez Montesinos and Ortegén Gallego in [11]
both in the evolution case. In fact, our functional setting is different since we study
the existence of a temperature v in the anisotropic Sobolev space WP(Q), pj > 2
for all j = 1,..., N, which have never been considered in previous works on the
thermistor problem. We have also carried out some 2D numerical simulations in
order to approximate a solution of problem (1.1). To do so, we have developed a
fixed-point like iterative algorithm, which is then discretized by the finite element
method (FEM) with mesh adapting. These numerical experiments have revealed
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that this algorithm seems to be convergent for all values of the exponents p; and
p2 in the interval (2,5). The rate of convergence is very rapid for p; and ps near 3,
but it becomes lower and lower as one of the exponent tends to 2 or 5.

The remaining part of this paper is organized as follows. In Section 2 we in-
troduce the anisotropic Sobolev spaces W17(Q) and recall some useful results con-
cerning these spaces. In Section 3 we first study the existence of a weak solution
to problem (1.1) under a stronger assumption on p (uniform ellipticity). Then, we
show the existence of a capacity solution to problem (1.1) in several steps: intro-
duction of approximate problems, setting of a priori estimates and passing to the
limit. We show that the sequence of solutions to these approximate problems con-
verge (up to a subsequence) to a capacity solution to the system (1.1). Section 4
is devoted to the description of an iterative algorithm leading to the approximate
solution of the system (1.1). We have implemented this algorithm and run it in the
bidimensional case. We discuss the behavior of this algorithm for different values of
the exponents p; and py in the range [2,5] and show some graphs of the numerical
temperature distribution w.

2. Preliminaries and definitions

Let  be an open bounded domain in RY (N > 2) with boundary 9. We begin by
recalling the definition of the anisotropic Sobolev spaces, and giving some of their
properties.

We denote by 7 = (p1,...,pn) € RY. For a distribution u in €, d;u is the
i-th partial derivative operator, that is, O;u = Ou/9dz;, i = 1,..., N in the sense of
distributions. Without loss of generality, we shall assume that the components of
the vector p’ are ordered as follows

1<pi<p2<...<pn_1 < py <00

We introduce the anisotropic Sobolev space of exponent p, WP(Q), defined as
(notice that, since € is bounded, its measure is finite and thus LPi(2) C LP*(Q) for
alli=1,...,N)

WLo(Q) = {u e LP1(Q), dyu € L (Q), foralli=1,.. .,N} .

The space W1P(1) is a Banach space equipped with the norm

N
lallv = lull o ) + D 105l 2o o (2.1)
i=1
where || - [zri(q) is the usual norm in the Lebesgue space LPi(£2). We define

also ng’ﬁ(ﬂ) as the closure of C*(Q) = {v € C*(Q) / suppwv is compact in Q}
in WHP(Q), i.e.

WAP(Q) = {u e WhPH(Q) [ du e LP(Q), forall i =1, ... ,N},

and, thanks to the Poincaré inequality, we can equip this space with the following
norm

N
el iy = S 105l vy -
=1
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The dual of Wg’ﬁ(Q) is denoted by W_l’pj(Q), where p/ = Py, PN), P €
R U {400} being the conjugate of p;, i.e. 1/p, +1/p; =1foralli=1,...,N.

Remark 2.1. Assume that p; > 2 for all ¢ = 1,..., N then, since € is bounded,
LP(Q) < L*(Q) < LPi(Q), foralli=1,...,N. (2.2)
In particular,
WP (Q) < HY(Q), and H-1(Q) = W17(0).
We will make use of the following anisotropic Sobolev embedding result.

Lemma 2.1. Let 2 be a bounded open set of RY. Then, the natural injection
W,y P() < LP (Q) is compact.

The proof of this lemma follows immediately from the classical embedding the-
orems of Sobolev spaces and the fact that W, ?(Q) < W, () with continuous
injection (see [9]).

Now we state the definition of a capacity solution to problem (1.1).
Definition 2.1. A triplet (u, ¢, ®) is called a capacity solution to problem (1.1) if
the following conditions are fulfilled:

(C1) ueWyP(Q), p e L®(Q) and & € L2(Q)V.
(C2) (u,p, P) satisfies the system of differential equations

N

i=1

div®d =0 1in Q.

Pim29,u) = div(p®) in €,

(C3) For every S € C{(R) = {v e C'(R) / suppv is compact}, one has

S(u)e — S(0)po € Hy(Q) and
S(u)® = p(u)[V(S(u)p) — pVS(u)]. (2.3)

Remark 2.2. The notion of capacity solution requires a triplet (u,p, ®) whereas
the problem (1.1) refers only to two unknowns (u, ). Evidently, the third com-
ponent appearing in the triplet (u,p, ®) is, in some way, related to the first two
components v and . Note that if u is bounded in €2, then it is straightforward
that both notions of solutions (weak solution and capacity solution) are equivalent.
Indeed, taking S € C}(R) such that S =1 in the interval [—|lu||z=(q), [[ullz=@)]
then (C3) becomes ¢ — g € Hi(Q2) and ® = p(u) V.

On the other hand, if u is not bounded, we take m > 0 and a function S,, €
C}(R) such that S, = 1 on {|s| < m}. Using S, in (2.3) and multiplying by
X{Jul<m} We get

X{jul<m}® = X{u|<m}P(W)V (Sm(u)p), forall m >0

which yields ® = p(u)V almost everywhere in €.

In particular, the fundamental difference between a capacity solution and a weak
solution is that, in the first case, Vi is considered in the almost everywhere sense
whereas in the second case, V is regarded in the sense of distributions.
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3. Main results

This section is devoted to formulate and prove the main results of this article. We
consider the system (1.1) under the following assumptions on data:

(A.1) p € C(R) and there exists p € R such that 0 < p(s) < p, for all s € R.
(A.2) o € H'(Q)NL>(Q).

Theorem 3.1. Under the assumptions (A.1) and (A.2), the system (1.1) admits a
capacity solution in the sense of Definition 2.1.

In order to prove this result, we first show the existence of a weak solution
to a similar problem but under a less restrictive assumption rendering the second
equation uniformly elliptic, namely,

(A1) p € C(R) and there exist p; and ps € R, such that
0<p1 <p(s) <pg, forallseR.

Theorem 3.2. Assume (A.1) and (A.2). Then, the problem (1.1) admits a weak
solution (u, ), that is

ueWyP(Q), ¢— o€ HIQ)NL®(Q),

N
i

/ p(u)VpVip =0, for allp € H(Q).
Q

Pi=29.ud;0 = / p(u)|Ve|?v, for allve VVol’ﬁ(Q)7 (3.1)
Q

Proof. Inorder to prove the existence of a weak solution of our problem, Schauder’s
fixed point theorem will be applied together with a result on the existence and
uniqueness of a weak solution to a certain elliptic problem.

Let w € LP1(§)), we consider the elliptic problem

di w)Vy) =0 in Q,
v(p(w) V) )
© =g on Jf.

Thanks to Lax-Milgram’s theorem, (3.2) has a unique solution ¢ € H!(f2), and
thanks to (A.2) it is ¢ € L>(2) N H(Q2). Indeed, by the maximum principle we
have

el () < lleoll Loe(q) - (3.3)

Moreover, by using ¢ — po € Hg () as a test function in (3.2) we get,

/Q PW)VV (4 — o) = 0

hence,

" / Vol? < / o) Vol Vol < p2 / Vel Vol
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By the Cauchy-Schwarz inequality, we obtain
/Q [Vel? < C(p1, p2,0) = C. (3.4)

This means that p(w) |[Ve|* € L*(€2). We can use the equation for ¢ to show that
this last term also belongs to H~1(Q). Indeed, let ¢ € D(Q) and take £ = ¢y as a
test function in (3.2). We have

/Qp(W)WV(W) =0

that is,

/QP(W)|V<P|2¢ = —/QP(W)SDV<PV¢ = (div(p(w)¢Ve), o) p/(Q) D();

and thus,
p(W)[Ve|* = div(p(w)pVep)  in D'(). (3.5)
Since p(w)pVe € L2(Q)Y, we deduce the regularity
o) [Vl € H1(9).

The identity (3.5) is the key that allows us to solve the classical thermistor problem
(1.1) and to introduce the notion of a capacity solution as well.
Now, we set out the following nonlinear elliptic problem:

N
- Z@i (|8iu|pi_28iu) =div(p(w)pVep) in Q,

. (3.6)
u=0 on 0f.

The variational formulation of this problem is given as follows:

To find u € W} P(Q) such that

N N B (3.7
Z/Q|8iu|p7‘_28iu8iv = —Z/Qp(w)apaiapaiv, for all v € Wol’p(Q).
i=1 i=1

Notice that div(p(w)eVe) € H=1(Q) — W~1#(Q). The problem (3.6) is of
the form Au = f, with f € W‘lvpﬁ'(Q) and the operator A satisfies the Leray-Lions
conditions on Wy #(€2); then, by the Minty-Browder theorem, the problem (3.6) has
at least one weak solution u € W, 7(Q).

We may define the operator G: w € LP1(Q) — G(w) = u € Wol’ﬁ(Q) with u
being the unique solution to (3.7). Since Wol’ﬁ(Q) — LP1(Q), G maps LP*(Q) into
itself. Our strategy is to show that G satisfies the hypotheses of Schauder’s fixed
point theorem, which will then yield the desired weak solution to problem (3.1).

We first show the following estimate:

[ullLey @) < Clpo, p2) = R. (3.8)
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Indeed, taking v = u as a test function in (3.7), from (3.3) and (A.1)" we obtain

N N 1/p} 1/p;
9l < pallpoll = ( / ww) ( ) .

Moreover, using Young’s inequality we obtain

/|au

it follows by (3.4) that

P < ZPZ ||900HL00(Q Q , Di / |az(,0|2

N
Z/ |0;ul"" < C(po, p2).
i=1 70

Due to the Poincaré inequality, for some constant C' = C(2) > 0, it is
||UHLP1 () < OHal’uHLm (£2)»

which yields the estimate (3.8).

From (3.8), for R > 0 large enough, the operator G transforms the ball B =
{veLr(Q) / |[v]lLri < R} intoitself. Since the embedding Wol’ﬁ(ﬂ) — LP1(§2)
is compact, the operator G is compact. To complete the proof, it remains to show
that G is continuous. Indeed, let (w,) C Bgr such that w, — w strongly in LP*(Q)
and consider the corresponding functions to w,, and w, that is, u, = G (wy), ©n,
u = G(w) and ¢. Put F! = p(wy,) pnOipn and F* = p(w)pd;p, 1 <i < N. We
have to show that

Up, = 4 = G(w) strongly in LP*(Q).

It is easy to check that, for some subsequence still denoted in the same way, we
have , 4
F! — F' strongly in L*(Q) for each i, 1 <i < N.

By subtracting the respective equations of (3.7) for u, and u, and taking v = u, —u
as a test function, we obtain

Z/ . "0 0 z/ﬂ (n — ).

Since p; > 2, for all ¢ = 1,..., N, then for some « > 0, we have (see [6])

Pi=29uu,, — |0z

pi_26iun - |81u

pi_Qaiu} Oi(upn, —u) > a|0;(un — u)

pi (3.10)

which implies that, using (3.9),

N N
aZ/Q 10 (un — )P <D ||IF — FU ot g 10i(un = @) Lei (-
=1 =1

Using Young’s inequality, we get

N N ! /s N
1 /1\" - S «
E . o Pi < § — | = i | |Pi E st .
@ i—1 »/Q |8l(u U) - i—1 p; <Oé) ”Fn F ”Lp; (Q)+.,1 Dpi ”82( )”LM(Q
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Therefore
N ‘ N o o\ P/ ) -
3 / 10t — ) ”132,_(@) C@Q,p)|Fy = Fil32) —0.
i=179 =1 Pi

Finally,

U, — u strongly in W&’ﬁ(ﬂ) — LP1(2).

consequently, the operator G has at least one fixed point: u = G(u), which gives a
weak solution to problem (3.6). This completes the proof of Theorem 3.2. O

Proof of Theorem 3.1. The proof of this result is divided into four steps. We
first introduce a sequence of approximate problems and derive a priori estimates
for the approximate solutions. Then, we show two ordinary results, namely the
strong convergence, modulo a subsequence, of both (Vu,,) and (p,,) in L' (Q2), where
(n, pn) stand for a weak solution to the approximate problem of (1.1). The passing
to the limit will lead to the desired result.

Step 1 : Approximate problems and a priori estimates.

For every n € N, we introduce the following regularization of the data,

1
puls) = pls) + (3.11)
and consider the approximate system given as
N
— Z@i (|3iun|p’i_28iun) = pn(un)|Vgpn|2 in Q, (3.12)
i=1
div(pn (un)Ve,) =0 in , (3.13)
Pn = Po on 02, (3.14)
U, =0 on 0. (3.15)

From (A.1), we have that n=! < p,(s) < p+ 1 = ps, for all s € R. Consequently,
for every n € N, p,, satisfies (A.1)". Using Theorem 3.2 we deduce the existence of
a weak solution (u, ¢,) to the system (3.12)-(3.15).

The maximum principle yields

loall ey < 90l oy (3.16)

therefore, there exists a function ¢ € L*(Q) and a subsequence, still denoted in
the same way, such that

©n — @ weakly-*x in L>=(Q). (3.17)

Now let multiply (3.13) by £ = ¢, — ¢o € HZ(2) and integrate over Q, we get

/Qpn (un) VoV (©n — @o) = 0,

hence,
/ o (un) [Veon|” < €y, foralln > 1 (3.18)
Q
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where C; = Oy (,5, H‘POHHl(Q)) . Consequently, the sequence (py, (un,) V) is bounded

in L2(Q)". Therefore, there exists a function ® € L#(Q)" and a subsequence, still
denoted in the same way, such that

P (Un) Vo, — ® weakly in L2(Q)N. (3.19)

This weak limit function ® € L?(Q)" is in fact the third component of the triplet
appearing in the Definition 2.1 of a capacity solution. We have also

2 - _ 1
(oot 190aP€) == [ () Ve, VE, ¥ € HY(E)

with (div (pn, (un) enVen)) C H71(Q) — WLy (©) a bounded sequence due to
(A.1), (3.16) and (3.18).
Taking u,, as a test function in (3.12), we obtain

N
ain
A

In virtue of (3.11) and (3.16), and applying Hélder’s inequality, we get

N N

. 1/2
3 / Brunl? <3 [lpoll o/ / oo (1) 2|85 |50 |.
i=179 i=1 Q

Using Young’s inequality, we obtain

. / ‘2 / ’
> [ 10unl <3 Clicollf oy [ onlunZoron + 3 - [ o,
i=179 iz Pi Q i PiJo

That is

N
Pi= — Z /Q pn(un)@naigpnaiun-
=1

Pi

N
Z/Q |0;un P < C. (3.20)
=1

Then (u,) is bounded in W, 7()). Therefore, there exists a function u € WP (Q)
and a subsequence, still denoted in the same way, such that

U, — u weakly in Wol’ﬁ(Q). (3.21)

Moreover, due to (3.20) and (3.21), we deduce that (u,) is relatively compact in
LP1(Q), therefore we may assume that

Uy, — u strongly in LP*(Q) and a.e. in . (3.22)
Finally, from (A.1l), we deduce
pn(un) — p(u) weakly-* in L°°(Q2) and a.e. in . (3.23)

On the other hand, due to (3.20), we have

[ N0 "= [ o
Q Q

Pq‘,—Qaiun PO, 1=1,...,N.
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Thus |d;un |P*~2du, is bounded in LPi(Q), then there exists function 9; € LP(Q)
and a subsequence, still denoted in the same way, such that

|0 [P 205, — 9; weakly in LP (), foralli=1,...,N. (3.24)

Step 2: Almost everywhere convergence of the gradients (Vu,,).

In this step we prove that 9; = |9;u|Pi~20;u, for alli = 1,..., N. To do so, we need,

modulo a subsequence, that

Vu, = Vu a.e. in
ie.
Oy, — Oju a.e. in , foralli=1,... N. (3.25)
In fact we will establish the following proposition.
Proposition 3.1. Let (uy, p,) be a solution to the problem (3.12)-(3.15) and u €
Wy P(Q) given (3.21). Then, for a suitable subsequence, still denoted in the same

way,
Oy, — Ozu a.e. in ), foralli=1,... N.

Proof. Let 0 < 8 < 1 and k > 0. We define the truncation function at height k,
Tk, as

s if |s| <k
Ty (s) = min(k, max(s, —k)) =
ks/|s| if |s| > k

Consider

”i*282-un — |81u

N 0
IQ,n = / {Z (|81Un ;Dianiu) az (Un . U)} )
2 Li=1

We will prove that I, — 0 as n — oco. Indeed,

N 0
IQ,n = / {Z (‘azun pi72aiun - ‘azu pi*zaiu) 81 (Un — u)}
Ak Li=1
N 0
+ / Z (10iun [P 2 0pup, — |O5ulP*~?0;u) 95 (un — )
Br {i=1
= IA)“’n + IBk,n7

where

Ap={z € Q:|u(z)| <k}, Br={xe€Q:|ulz) >k}
We can write 14, ,, as:

0

Igpm = /A {Z (|03un P 205w — |0; Tk (w) [P 20, Ti(w)) 0; (wn, — Tk(u))} ;

i=1
which is smaller than

N

/Q{Z (|0iun

i=1

”i*23iun — |81Tk(u)

6
pi*Q&Tk(u)) 0; (un — Tk(u))} = JQm.
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According to the a priori estimate proved in the previous step,

(|8iun|pi_28iun - |8iu|pi_28iu) 0 (up, — u)
1

N
i=

is bounded in L(€2). Using Holder inequality, we get

P20, — |0

0
pi*z&u)) 0; (up, — u)] meas (Bk)l_e

N

Br j—1
hence

Ly +Ipyn < Jau + cameas (By)' ™" = Jon + wi (k).
On the other hand, Jq ,, can be written as (¢ > 0)

N
JQ,n :f { Z (‘8iun|pi72aiun - ‘asz(u)

i=1
{lun = Te(u)| < e}

N 0
’ f { Z (10iun [P 205w — |0; Tk (w) [P 20, Ti () 0; (wn — Tie(u)) } .
i=1

{lun — Tr(u)| > e}

0
pr23iTk(u)) 0 (up — Tip(u)) }

(3.26)
The first integral can be written as

N

/Q{Z (|0iun

i=1

pi*z&vun — |81Tk(u)

0
pi’z&;Tk(U)) OiTe (un — Tk(u))} :

Using Hoélder’s inequality and the a priori estimate of the previous step we obtain

N 4
Jan < {Z/ (|8¢un|pr28iun — 10T (u) pi*28iTk(U)) 0T (uyn — Tk(u))}
i=178

x (meas(2))' % + ¢ meas {z € Q: Ju, — Tp(u)| > e} 7.

On the other hand, using 7% (u, — Tx(u)) in (3.12) as a test function it yields

JSZ,n < C4|:/Qpn (Un) \Vﬁpn|2 T: (Un - Tk(u))

N
3 /Q (16T ()

+csmeas {z € O |up, — Te(u)| > e} 7.

Pi=20. Ty (u) 0y Te (un — Ti(u)) '

We remark from (3.18) that

/Q P 1) [V 2 T (1 — Ti(w) < /Q P (t0n) [Vipnl? < <C,
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we have

N
Jm 3 [ (0T 203007 (= Tutu)

1=

- i [ a7

= (JJQ(k),

P29, Ty (u)0; Te (u — Tho(w))

and also

lim sup meas {|u,, — Tx(u)| > 5}1_9 < meas {|u — T (u)| > 5}1_9 = ws(k),

n— oo

Thus
limsup Jo ,, < ¢4 (eC — WQ(]C))G + czws (k).

n—oo

Hence we have shown that

lim sup [IAk,n + IBk,n} < wl(k) + ¢4 (EC - OJQ(IC))Q + 03W3(l{3),

n—oo

where w; (k) converge to zero as k tends to infinity. Letting k¥ — oo then e — 0, we
obtain that I, — 0, that is

pi*zaiun — |8zu

0
pi*Q@m) 0; (up, — u)} — 0.

LY Q)

{i (1

=1

Thus, for a suitable subsequence still denoted by (uy,), we have

0
pi*z&u) 0; (up, — u)} —0 a.e.

N
{Z (1050 [P 2B, — |00
=1

Since @ is positive, we have

N
{Z (|8iun|p"'_23iun — |0 p"’_zc’?iu) 0 (uy, — u)} —0 a.e.

i=1
Finally, from (3.10), it yield
Oitt, — Qju a.e. fori=1,...,N
and so
Vu,, — Vu a.e.
O

Step 3 : L'-convergence of (©,).

In this step, we will show that ¢, — ¢ strongly in L'(£2) modulo a subsequence.
This result generalizes Lemma 4 of Gonzélez Montesinos and Ortegén Gallego in [11]
which, in its turn, is an adaptation of a result due to Xu in [20] (see also [4]).
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Lemma 3.1. Let = (p1,... ,pN) such thatp; > 2 foralli =1,...,N and let (uy,)
be a bounded sequence in W, P(Q)). Then, there exists a subsequence (Un(ky) C (Un),
such that for every € > 0, there correspond a positive number M = M(e) and a
function 1 € WHY(Q) satisfying the following properties:

0<y<1, (3.27)
1Y =1l @) + IVl o) <e, (3.28)
ul, |un(k)‘ <M on {y >0} forallk > 1, (3.29)

where U k) — u strongly in LP1(Q) and a.e. in §2.

Proof. Since p; > 2, we have
LPY(Q) < LF1 (). (3.30)

Since (uy) is relatively compact in LP*(Q2) and owing to (3.30), we can extract a
subsequence (un(k)) C (uy,) such that

Z [ “HLPi @ =1 (3-31)
Fix K > 0, we define the function v as
= (jul = K)" + 3 (Junay —ul - ).
k=1

Putting vy = upx) — u, k > 1, and vo = u, we have

[ =507+ [ 9 ul - 57|
Q

:/ (o] — 1) 1221 +/ ¥ (ol = K)* vl

{low|>K} okl St 1y o
1

< % <||vk||L,,1(Q) + ||VUkH(Lm (Q))N) l[vell o "

Summing these inequalities, bearing in mind that (un(k)) and (vg) are bounded in

W, (), and using (3.31), we obtain
vo)

k
Cy — C >
Sfo ||'UkHLP’1(Q) = fo <||U|LP,I(Q) + Z Hun(k) - UHLPII(Q)>
k=1
Co
K

(o] — )|

Y (Joel = K|
ey [ ¥ el = )

C
(”“”Lp’l(m + 1) K
Hence,

C
IVllwiro) < e
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Finally, for a given ¢ > 0, take K = C/e, then

VL) + IVAllzr@) < e
If we take the function 1 = (1 — )T, then it is easy to check that the conditions
(3.27)-(3.29) are all satisfied for K > C/e and M = K + 1. O

Lemma 3.2. For any function S € C}(R) there exists a subsequence, still denoted
in the same way, such that

S (un) on — S(u)p weakly in H*(Q). (3.32)

Furthermore, if 0 < S < 1, then there exists a positive constant C, independent
of S, such that

limsup/gpn (un) IV [S (un) on = S(w)ll” < O8]l o 1+ 118"l 0) -

n—0o0

Lemma 3.3. There exists a subsequence (gon(k)) C (pn) such that

lim / |<pn(k)f<p| =0.
Q

k—oc0

Proof. The proof of these lemmas are identical to those of Lemma 3.5 and 3.6
in [4]. O
Now we are ready to end the proof of Theorem 3.1.

Step 4 : Passing to the limit.

Owing to (3.17), (3.19) and (3.21) it is straightforward to check the condition (C1)
of Definition 2.1. The convergences in Proposition 3.1 and Lemma 3.3 lead us to
the condition (C2) of Definition 2.1. In order to obtain the condition (C3), using
Proposition 3.1 and Lemma 3.3 again with (3.32), it is enough to make k — oo in
the following expression:

S (tntiy) Puk) (Unm)) Vo) = pai) (unie)) [V (S (Unm)) @nr) = Pain VS (tner )] -
This completes the proof of Theorem 3.1. O

Remark 3.1. We recall that if we choose p; = p, for any ¢ = 1,..., N, we obtain
the classic results.

Remark 3.2. All the results in Section 3 also hold if our anisotropic operator
is changed to a more general one, i.e., a non linear differential operator A from
W, () into its dual of the form

N

A(u) = — Z O;a;(x,u, Vu)

i=1

where each a;(x, 5, &) is a Caratheodory function on Q x Rx R such that, for some
constants o, 3 > 0, and for all £, ¢’ € RN, and a.e. € Q, the following inequalities
hold:

[ai(xasaf) - ai(xasan)} (fl - 777,) > a'gl - 771|p’, for all i = 17 .- '7N7

and
ai(z,5, )| < 8 [e(z) + s/ + [P 1] forall i =1,..., N,

where ¢; € LPi(Q), for all i = 1,..., N and a;(z,s,0) =0 forall i = 1,..., N.
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4. Numerical simulations

We have carried out some 2D numerical simulations for the approximation of the
solution to system (1.1). In this case, this problem can be written as

o [loul”2ou| 8 [|ou]>? du ,
896[890 %]%[&u gy | ~ PVl i
div(p(u)Ve) =0 in Q, (4.1)
© = 0o on 01,
u = ug on 0f,

where Q = (0,L) x (0,L) C R?, L = 0.05 m, p1,p2 > 2, p = (p1,p2), the electric
conductivity p is given by

p(s) = 10e~157301/20 5 ¢ R, (4.2)

The potential on the boundary has been taken as ¢o(x,y) = Voy/L, where Vj is
the potential difference applied between the north and south sides of €. Finally,
the boundary condition for the temperature is assumed to be constant, ug = 30 °C
(that is, the u of system (1.1) is in fact u — ug of (4.1) and p(s) is p(s — up)).

In order to compute the numerical approximation of (4.1), we propose the iter-
ative algorithm below. First, take some values £g,&1; > 0 small enough, § > 0 and
introduce the functions a1 (Vu) and as(Vu) given by

p1—2 8u p2—2

, as(Vu) =g9 + a—y

0
a1(Vu) =¢go + ’az

Then, proceed as follows:
Step 1: Initialization. Take an initial guess u® € H*(Q) with u° = ug on 9.

Step 2: Intermediate iteration. Assume u" is already known. Compute ¢"+! €
H'(€) solution to

div(p(u™)Ve" 1) =0 in Q,

(4.3)
" = g on 0.
Then, compute 7" *! € H!(Q) solution to
a9 o O
] Oz [al(Vu ) ox ]
~n+1
% [“z(vma%y ] = p(u™)| V"2 in Q, 44
antl =y on ON.

Step 3: New iteration u"*!. Define the new iteration as

,&n-‘rl + u™
D) .

un—i—l _
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Step 4: Termination test. If ||a"*! — u"|| < &; then stop and we keep u"*! as

the approximate solution to (4.1), otherwise we increase n by one and repeat the
procedure from Step 2.

Remark 4.1. The numerical algorithm described in steps 1-4 generates a sequence
(u™, ™), n=0,1,2,... Each function u™ and ™ is computed from the resolution
of certain linear elliptic problems in Q. The equations (4.3) and (4.4) consist of a
fixed point technique. We could consider the same procedure without the first term
in (4.4), that is, (@" Tt —u™) /4. In this case, in general, the resulting algorithm does
not show good convergence properties. The introduction of the term (@ —u™)/§
may lead to the stabilization of the method and to the convergence of the sequence
(u™, ™). However, in general, the convergence of this algorithm is not guaranteed
and our numerical computations have shown that this property is strongly related
to the choice of the parameter ¢ for values of p; or ps close to 2 or 5. In a certain
interval (p.,p*), with 2 < p, < p* < 5, this algorithm has shown to be convergent
for p1,pa € (p«,p*) and a wide range of values of § even for 6 > 1 (see Tables 1-3
below).

Remark 4.2. The introduction of the small parameter g > 0, in the definition
of the diffusion functions a;(Vu) and a2(Vu), is necessary in order to assure the
well-posedness of the problem (4.4). In our numerical simulations, we have taken
g0 = 10712,

Remark 4.3. We may consider a different approach by just taking u"*+! = @"*!
so that the Step 3 is skipped. This approach generates a new sequence (u", ™)
which, in most cases, is not convergent. In fact, the sequence (u™) shows an os-
cillatory behavior. Thus, by defining u"*! as the average between @"+! and u”
given in Step 3, we stabilize the sequence (u™) and, in all cases for pi,ps € (2,5),

its convergence as it is shown in Tables 1-3.

Remark 4.4. In order to select the initial guess u® we did the following. First, we
compute the function ¢° solution to

div(p(ug)Ve®) =0 in Q,

00 = o on 0f.
Then, we compute u" as the unique solution to the elliptic problem

—Au = p(ug) |V [? in Q,

u? = wy on Of.
Remark 4.5. The norm || - || in the termination test of Step 4 may be || - || z1(q),
|- 1lzze)s I Nz or |- lwrro)-

Since the boundary-value problems (4.3) and (4.4) have been solved by means
of the FEM, where the discrete solutions are always bounded, we have used instead
the L>-norm in € with tolerance €; = 0.5 x 10~!!, that is, the algorithm is stopped
at iteration n + 1 if ||[a" ! — u"||, < 0.5 x 10711,

Obviously, since the convergence of this method is not in general guaranteed,
this stop condition may or may not be ever achieved. Thus, we need to consider
a maximum number of iterations Npax iter, high enough, so that whenever n =
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Nax_iter + 1 the algorithm is forced to stop since it may not be convergent. In
that case, one may try to change the value of the parameter ¢ to a smaller one and
start over again. In fact, we have successfully proceeded this way when one of the
exponent p; or ps are close to 2 or 5, where for § = 102 we reached the maximum
number of iterations Npax iter Whereas for 6 = 1076 the algorithm seems to be
convergent in some cases but with a very low rate of convergence (tables 1 and 2).

In our numerical simulations, for § = 1072 we took Npyax iter = 600 whereas for
§ = 1075 we took Npax iter = 1200.

Remark 4.6. Another possible algorithm consists of keeping the monotone struc-
ture of the original operator in the equation for w. Thus, instead of (4.4) we may
consider for instance

an—&-l_un o aan+1 p1—2 8@71-&-1
o - Ox ’ Oz oz
~n41|P2=2 g9~n+1
*a% U&éy a%y ] — p(") V"2 in Q, (45)
4™t = ug on 0.

This is a nonlinear problem and no direct method can be used to solve it. Of course,
we may characterize its solution #"*! as the minimum of a certain energy functional
and then, in its turn, solve this optimization problem by generating a minimizing

sequence [5, 6].

Figure 1. Initial triangulation of Q.

Remark 4.7. Other iterative algorithms are possible in order to approximate a
solution of the nonlinear problem (1.1). For instance, me may consider Newton’s
method or a least squares technique combined with the conjugate gradient method.
In both cases, the corresponding algorithm requires to compute the gradient of
certain operators with respect to u. In particular, we would need an additional
regularity assumption for the electric conductivity, namely p € W1(R). How-
ever, the definition of these two methods cannot be developed for the continuous
problem (1.1) but for a FEM discretized version of the variational formulation (3.1).
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The linear problems (4.3) and (4.4) have been solved by the FEM and imple-
mented in Freefem++ software package [15]. We first build a mesh of the domain Q
with high density small triangles near the boundary, as shown in Figure 1. When
the iteration n = 15 is reached, we perform a mesh adapting technique in order to
better capture the possible high slope of the solution w. This adapting technique is
applied again at iterations n = 201 and n = 402 whenever these values are reached.
To do so, Freefem++ has a built-in function called adaptmesh based on the mesh
adapting software BAMG [14]. In this way, the following line within a Freefem++
script

if (n==15 || n%201==0){Th=adaptmesh(Th,un);}

will execute the mesh adapting algorithm just at the desired iterations n = 15,
n = 201 and n = 402. We use two degree Lagrange polynomial approximation.

Figure 2 exhibits the distribution of the temperature u for the exponents p; =
3.6 and p, = 2.8, 3.2, 3.6, 4.0, 4.4 and 4.8, respectively. The behavior of the
solution puts in evidence the anisotropy of the semiconductor material occupying
the region Q. In figures 2(a) and 2(b) we have p; > po and the solution takes values
very close to its maximum along an interval parallel to the y-axis. This interval
reduces to just one point when p; = ps (Figure 2(c)) which is quite similar to the
isotropic case. Then, for p; < py (figures 2(d)-2(f)) the situation is reversed so that
the solution now takes values close to its maximum along an interval parallel to the
r-axis.

Figure 3 shows the final meshes after the adapting technique in several cases.
We notice that the updated mesh is conveniently adapted and the high slope of the
temperature u are adequately captured.

Tables 1-3 detail the number of iterations executed until the convergence con-
dition of Step 4 is verified, or otherwise the corresponding entry equals the preset
maximum number of iterations. It is remarkable how good the algorithm works for
many values of (p1,p2), the closer to some value near (3,3), the better rate of con-
vergence is shown. On the other hand, when we consider values of p; or ps near 5,
the rate of convergence becomes worse or even no convergence at all. Amazingly,
we have found a similar behavior of the algorithm when p; and ps are close to 2, at
least for the case Vy = 220.

The information provided by these numerical simulations may be essential for
the design of a thermistor with an anisotropic temperature gradient dependent
diffusion. For instance, if we need a thermistor working inside an electrical circuit
with normal voltage around 10 V, we want this device to switch off the current in
the event of an unattended increase of the voltage, say 220 V. In this situation,
it would be interesting to have a semiconductor material described by a model
like (1.1) with p; and py very close to the value 2.2, but not necessarily equals. Now,
according to the figures 4(a) and 4(b), the normal working temperature would be
less than 50°C. Thus, the thermistor could be connected to a thermometer that is
programmed to switch off the current as soon as the measured temperature reaches
the value of say 70°C. This surely would happen if suddenly the potential difference
grows up to 220 V, since the thermistor would reach a temperature of about 152°C
(Figure 4(b)). In this way, some sensitive parts (usually, very much expensive
than a thermistor and a thermometer) inside the circuit would be protected from
unattended potential difference increase.
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(a) p2 = 2.8, ||lulloo = 36.23. (b) p2 = 3.2, ||ulles = 36.3018.

(¢) p2 = 3.6, ||ulleo = 35.7709. (d) p2 = 4.0, ||uljeo = 33.1028.

(e) p2 = 4.4, |Jullec = 31.769. (f) p2 = 4.8, |Jullco = 31.1297.

Figure 2. Distribution of the temperature u for p1 = 3.6 and the indicated pa. We took § = 1072 and
voltage Vo = 220.
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(a) p2 =2.2, Vo = 10 V, ||u|loo = 44.4279. (b) pa = 2.2, Vo =220 V, ||ullec = 152.676.

(¢) pa = 3.4, Vo =10 V, [lulloo = 30.8131. (d) p2 = 3.4, Vo =220 V, [|ullee = 39.8339.

0.05

(e) p2 = 4.8, Vo = 10 V, [|lullo = 30.2232. (f) p2 = 4.8, Vo = 220 V, ||ufleo = 31.1306.

Figure 4. Distribution of the temperature u for p; = 2.2 and the indicated ps. We took § = 1072 in
all these cases but (b) where § = 107°.
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Table 1. Number of iterations n executed by the algorithm described by steps 1-4 for § = 102 and
Vo = 220 V. An entry below 600 means that the convergence condition ||a@" 7! —u" oo < €1 = 0.5x 1071
was verified for the first time for n equal to that entry. When this entry n equals Nyax iter = 600,
the sequence (un,¢n) does not converge, usually by exhibiting some oscillatory behavior, or else its
convergence is very slow. In those cases, we repeat the algorithm for § = 107,

P2
1
2.0 600 | 600 | 600 | 600 72 44 43 43 42 44 53 65 85 | 128 | 379 | 600
2.2 600 | 600 | 600 | 600 71 42 37 36 39 44 53 65 85 | 128 | 380 | 600
2.4 | 600 | 600 | 600 | 380 66 41 35 36 39 44 53 65 85 | 128 | 377 | 600
2.6 389 | 103 99 80 53 40 35 36 39 44 53 65 85 | 128 | 381 | 600
2.8 78 61 50 45 41 36 35 36 39 44 53 65 85 | 128 | 380 | 600
3.0 53 41 39 37 34 32 32 36 39 44 53 65 85 | 128 | 378 | 600
3.2 47 39 33 33 33 31 31 34 40 44 53 65 85 | 128 | 577 | 600
3.4 40 39 35 35 34 34 33 33 38 44 53 65 85 | 127 | 396 | 600
3.6 43 39 38 38 37 36 36 36 38 43 53 65 84 | 127 | 402 | 600
3.8 47 45 45 44 44 43 43 42 42 42 52 66 82 | 127 | 577 | 600
4.0 55 50 49 49 49 49 48 48 48 49 52 64 80 | 128 | 383 | 600
4.2 67 65 65 64 64 64 63 62 61 61 61 64 78 | 129 | 393 | 600
4.4 87 84 84 84 83 83 82 81 80 79 78 7 78 | 126 | 392 | 600
4.6 123 | 119 | 119 | 118 | 117 | 302 | 117 | 116 | 116 | 116 | 116 | 116 | 117 | 125 | 376 | 600
4.8 589 | 377 | 378 | 376 | 377 | 377 | 377 | 374 | 374 | 372 | 374 | 370 | 371 | 367 | 382 | 600
5.0 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600

20 22|24 |26 |28|301|32]34)]36]|38]|40 |42 |44 |46 | 48] 5.0

Table 2. Same as Table 1 for § = 10767 Vo = 220 V and Nmax iter = 1200. In this situation, the
sequence (un, pn) converges very slowly for p; = 2 and p2 = 2 or po = 2.2, and also for po = 2 and
p1 = 2.2, po = 2.4 or po = 2.6. The case p; = 5 or p» = 5 generates a sequence (u™) with an oscillatory
character.

b2
P1
2.0 | 1200 | 1200 120 51 44 44 43 43 42 42 45 57 7 117 | 368 | 1200
2.2 | 1200 791 122 50 38 38 37 36 35 37 45 57 7 115 372 | 1200
24 | 1200 | 598 90 48 33 32 32 32 33 38 45 57 e 113 | 369 | 1200
2.6 | 1200 180 104 40 31 29 28 30 33 37 45 57 76 114 | 370 | 1200
2.8 114 84 66 46 31 26 28 30 33 38 45 57 76 113 | 369 | 1200
3.0 59 43 42 40 32 26 27 31 33 37 45 57 76 112 368 | 1200
3.2 46 39 33 30 29 27 27 30 33 38 45 58 76 115 373 | 1200
34 36 39 31 30 30 30 29 29 33 38 45 57 e 113 | 375 | 1200
3.6 40 39 33 33 33 33 33 32 33 37 45 57 s 112 376 | 1200
3.8 46 39 38 37 38 38 38 37 37 38 44 57 76 111 377 | 1200
4.0 52 46 45 45 45 44 45 44 44 44 45 56 75 111 375 | 1200
4.2 64 57 58 57 56 57 56 55 55 54 54 56 73 113 | 378 | 1200
44 81 76 76 s 76 76 75 74 73 72 72 72 73 110 | 386 | 1200
4.6 117 111 109 110 109 109 109 108 109 109 108 107 105 111 379 | 1200
4.8 395 | 373 | 369 | 366 | 366 | 369 | 372 | 368 | 373 | 369 | 366 | 369 | 368 370 | 370 | 1200
5.0 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200 | 1200

2.0 2.2 2.4 2.6 2.8 3.0 3.2 34 3.6 3.8 4.0 4.2 44 4.6 4.8 5.0

5. Conclusions

We have analyzed the existence of a certain kind of solutions to a nonlinear system
of two coupled partial differential equations of nonuniformly elliptic type in the
framework of anisotropic Sobolev spaces. This model arises in the study of a small
semiconductor device inside an electrical circuit called thermistor. The unknowns
of this system are the temperature and the electric potential. Since we are dealing
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Table 3. Same as tables 1 and 2 for § = 10_2, Vo =10 V and Npax_ iter = 600. In this situation, the
sequence (un, pr) converges very slowly for p; = 5 or po = 5. In the other cases, the maximum number
of iterations was not reached.

P2
D1
2.0 44 42 42 41 40 39 39 38 38 38 40 50 68 | 101 | 199 | 600
2.2 45 36 36 35 34 34 33 34 34 34 40 50 68 | 102 | 200 | 600
2.4 45 35 32 31 30 30 30 30 31 34 41 51 68 | 102 | 201 | 600
2.6 46 34 31 28 27 27 27 27 31 35 40 51 68 | 102 | 351 | 600
2.8 46 34 30 27 24 24 24 27 30 35 41 51 68 | 102 | 351 | 600
3.0 46 34 30 27 24 13 24 27 30 35 41 51 68 | 102 | 353 | 600
3.2 45 33 30 26 24 24 24 27 31 34 41 51 68 | 102 | 350 | 600
3.4 45 33 29 27 27 27 27 28 31 35 41 52 68 | 102 | 201 | 600
3.6 45 33 31 30 31 31 31 30 31 34 41 51 68 | 102 | 199 | 600
3.8 45 36 35 35 35 35 35 34 35 35 41 51 69 | 102 | 197 | 600
4.0 45 41 41 40 40 40 41 41 40 40 41 50 68 | 102 | 196 | 600
4.2 54 51 51 50 50 50 50 50 50 50 51 51 67 | 101 | 195 | 600
4.4 69 68 68 68 68 68 68 68 67 67 67 67 68 99 | 196 | 600
4.6 101 | 101 | 101 | 101 | 101 | 101 | 101 | 101 | 101 | 100 | 100 99 99 | 101 | 197 | 600
4.8 200 | 200 | 200 | 201 | 201 | 200 | 199 | 198 | 197 | 196 | 195 | 196 | 196 | 197 | 197 | 600

5 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600 | 600

20 22|24 |26 |28|30]|32]34)]36]|38]|40| 42|44 |46 | 48] 5.0

with a temperature dependent electric conductivity, p(u), under the assumption
p(s) > 0 for all s € R, the search of weak solutions is not well-suited in our setting
and we need to introduce the concept of capacity solution (Definition 2.1). The
main result of this work is the existence of a capacity solution to the problem (1.1)
in the setting of anisotropic Sobolev spaces (Theorem 3.1). This kind of solution
is obtained by approximation so that the capacity solution is, in fact, the limit of
solutions to certain regularized problems.

We have implemented an algorithm for the numerical resolution of system (1.1)
for different values of the exponents p; and ps. This algorithm has shown numer-
ically to be convergent for any values of the exponents in the interval (2,5) and
certain values of the parameter ¢ (tables 1-3) which may depend on the applied
potential difference Vj as well. These numerical simulations may yield a valuable
information in the design of thermistors inside electric circuits.

Acknowledgements. The authors would like to thank an anonymous reviewer for
his/her comments and suggestions which have led to an improvement of the present

paper.
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