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1. Introduction
In this paper we investigate the existence of nontrivial radial solutions for the fol-
lowing system of second order elliptic equations

∆u+ g(|x|)f1(v) = 0, R1 < |x| < R2,

∆v + g(|x|)f2(u) = 0, R1 < |x| < R2,

u = 0, |x| = R1;u = 0, |x| = R2,

v = 0, |x| = R1; v = 0, |x| = R2,

(1.1)

where the functions g, fi(i = 1, 2) satisfy the following conditions
(H1). g is the nonnegative continuous function on [R1, R2],
(H2). fi ∈ C(R,R), i = 1, 2.
For the elliptic boundary value problem−∆u = f(|x|, u), x ∈ Ω,

u|∂Ω = 0,
(1.2)
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where Ω is the unit ball in RN , there is a large number of papers studying the
existence of radial solutions using different techniques; for example see [1–7, 9–12,
16–25] and the references therein. In [17] the author used the method of lower and
upper solutions to obtain the positive radial solutions of the elliptic equation with
a nonlinear gradient term−∆u = f(|x|, u, |∇u|), x ∈ Ω,

u|∂Ω = 0,

where Ω is as in (1.2). In [10], the authors used the fixed point index to study the
existence of positive solutions for the following elliptic system on an annulus

∆u+ λk1(|x|)f(u, v) = 0, in Ω,

∆v + λk2(|x|)g(u, v) = 0, in Ω,

α1u+ β1
∂u

∂n
= 0, α2v + β2

∂v

∂n
= 0, on |x| = R1,

γ1u+ δ1
∂u

∂n
= 0, γ2v + δ2

∂v

∂n
= 0, on |x| = R2,

where λ is a positive parameter, αi, βi, γi, δi ≥ 0 with ρi ≡ γiβi+αiγi+αiδi > 0, ki :
[R1, R2] → [0,∞) are continuous and do not vanish identically on any subinterval
of [R1, R2] for i = 1, 2, and the nonlinearities f, g satisfy the conditions

f∞ ≡ lim
(u,v)→∞

f(u, v)

u+ v
= ∞, g∞ ≡ lim

(u,v)→∞

g(u, v)

u+ v
= ∞. (1.3)

Inspired by the works mentioned, in this paper we use the topological degree
and the Krein-Rutman theorem to investigate the existence of nontrivial radial
solutions for (1.1). Our nonlinearities fi(i = 1, 2) grow superlinearly at infinity and
they involve the eigenvalues of a relevant linear operator, which improves condition
(1.3).

2. Basic Notions
Our aim is to find radial solutions for the system (1.1). Let |x|=r, x=(x1, x2, ..., xN )
and then (1.1) can be transformed into the system of second order ordinary differ-
ential equations

u′′(r) +
(
N−1
r

)
u′(r) + g(r)f1(v(r)) = 0, R1 < r < R2,

v′′(r) +
(
N−1
r

)
v′(r) + g(r)f2(u(r)) = 0, R1 < r < R2,

u(R1) = u(R2) = 0,

v(R1) = v(R2) = 0.

(2.1)

If we choose p(r) = rN−1, a(r) = g(r) ·rN−1, then the system (2.1) can be rewritten
as 

(p(r)u′(r))
′
+ a(r)f1(v(r)) = 0, R1 < r < R2,

(p(r)v′(r))
′
+ a(r)f2(u(r)) = 0, R1 < r < R2,

u(R1) = u(R2) = 0,

v(R1) = v(R2) = 0.

(2.2)
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From [15] we obtain that the system (2.2) can be rewritten as
u(r) =

∫ R2

R1

G(r, s)a(s)f1(v(s))ds,

v(r) =

∫ R2

R1

G(r, s)a(s)f2(u(s))ds,

(2.3)

where

G(r, s) =



(∫ s

R1

1
p(τ)dτ

)(∫ R2

r
1

p(τ)dτ
)

∫ R2

R1

1
p(τ)dτ

, s ⩽ r,

(∫ r

R1

1
p(τ)dτ

)(∫ R2

s
1

p(τ)dτ
)

∫ R2

R1

1
p(τ)dτ

, r ⩽ s.

(2.4)

Lemma 2.1 (see [15, Lemma 2.1]). The Green function G has the following prop-
erties:

(i) q(r)Φ(s) ≤ G(r, s) ≤ Φ(s) for r, s ∈ [R1, R2],

(ii) ω(r) =
∫ R2

R1
G(r, s)a(s)ds ≤ ∥a∥∞ξmaxq(r) for r ∈ [R1, R2],

where

q(r) = min


∫ R2

r
1

p(τ)dτ∫ R2

R1

1
p(τ)dτ

,

∫ r

R1

1
p(τ)dτ∫ R2

R1

1
p(τ)dτ

 ,

Φ(s) =

∫ R2

s
1

p(τ)dτ ·
∫ s

R1

1
p(τ)dτ∫ R2

R1

1
p(τ)dτ

, R1 < r < R2,

ξ1 =

∫ R2

R1

τ −R1

p(τ)
dτ, ξ2 =

∫ R2

R1

R2 − τ

p(τ)
dτ, ξmax = max{ξ1, ξ2}.

Let X = C[R1, R2] and ∥u∥ = supr∈[R1,R2] |u(r)| for u ∈ X. Note (X, ∥ · ∥) is a
Banach space. Define the following sets as follows

P = {u ∈ X : u(r) ≥ 0, r ∈ [R1, R2]}, P0 = {u ∈ X : u(r) ≥ q(r)∥u∥, r ∈ [R1, R2]}.

Then P, P0 are cones on X. Moreover, X2 = X × X is a Banach space with the
norm ∥(u, v)∥ = ∥u∥+ ∥v∥, (u, v) ∈ X2, and P 2 = P × P is a cone on X2.

Lemma 2.2. Let (Lu)(r) =
∫ R2

R1
G(r, s)a(s)u(s)ds. Then L(P ) ⊂ P0.

Proof. If u ∈ P , then from Lemma 2.1(i) we have

(Lu)(r) =

∫ R2

R1

G(r, s)a(s)u(s)ds ≤
∫ R2

R1

Φ(s)a(s)u(s)ds,∀r ∈ [R1, R2].

Therefore, we obtain

∥Lu∥ ≤
∫ R2

R1

Φ(s)a(s)u(s)ds.
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From Lemma 2.1(i) again, we find

(Lu)(r) =

∫ R2

R1

G(r, s)a(s)u(s)ds ≥ q(r)

∫ R2

R1

Φ(s)a(s)u(s)ds.

Thus
(Lu)(r) ≥ q(r)∥Lu∥,∀r ∈ [R1, R2].

Lemma 2.3 (Krein-Rutman, see [14], [8, Theorem 19.3], [26, Theorem 7.C]). Let
P be a reproducing cone in a real Banach space E and let L : E → E be a compact
linear operator with L(P ) ⊂ P. Let r(L) be the spectral radius of L. If r(L) > 0,
then there exists φ ∈ P\{0} such that Lφ = r(L)φ.

Lemma 2.4 (see [13, Theorem A.3.3]). Let Ω be a bounded open set in a Banach
space X, and T : Ω → X be a continuous compact operator. If there exists x0 ∈
X\{0} such that

x− Tx ̸= µx0, ∀x ∈ ∂Ω, µ ≥ 0,

then the topological degree deg(I − T,Ω, 0) = 0.

Lemma 2.5 (see [13, Lemma 2.5.1]). Let Ω be a bounded open set in a Banach
space X with 0 ∈ Ω, and T : Ω → X be a continuous compact operator. If

Tx ̸= µx, ∀x ∈ ∂Ω, µ ≥ 1,

then the topological degree deg(I − T,Ω, 0) = 1.

3. Main Results
From (2.3) we can define operators Ti(i = 1, 2) : X → X, and T : X2 → X2 as
follows:

(T1v) (r) :=

∫ R2

R1

G(r, s)a(s)f1(v(s))ds,

(T2u) (r) :=

∫ R2

R1

G(r, s)a(s)f2(u(s))ds,

and
T (u, v)(r) = ((T1v) , (T2u)) (r), r ∈ [R1, R2], u, v ∈ X,

where G is as in (2.4). We note that Ti(i = 1, 2) and T are completely continuous
operators, and (u, v) solves (1.1) if and only if (u, v) is a fixed point of the operator
T .

Theorem 3.1. r(L) > 0, where r(L) is the spectral radius of L in Lemma 2.2.

Proof. From the definition of the norm, we have

∥L∥ = max
r∈[R1,R2]

∫ R2

R1

G(r, s)a(s)ds ≥ max
r∈[R1,R2]

q(r) ·
∫ R2

R1

Φ(s)a(s)ds.
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Similarly, for all n ∈ N+ we obtain

∥Ln∥= max
r∈[R1,R2]

∫ R2

R1

· · ·
∫ R2

R1︸ ︷︷ ︸
n

G(r, s1)a(s1)G(s1, s2)a(s2) · · ·G(sn−1, sn)a(sn)ds1 · · · dsn

≥ max
r∈[R1,R2]

q(r) ·
∫ R2

R1

· · ·
∫ R2

R1︸ ︷︷ ︸
n

Φ(s1)a(s1)q(s1)Φ(s2)a(s2)

· · · q(sn−1)Φ(sn)a(sn)ds1 · · · dsn

= max
r∈[R1,R2]

q(r) ·
∫ R2

R1

Φ(s)a(s)ds ·

(∫ R2

R1

q(s)Φ(s)a(s)ds

)n−1

,

and from Gelfand’s theorem we have

r(L) = lim
n→∞

n
√
∥Ln∥ ≥

∫ R2

R1

q(s)Φ(s)a(s)ds > 0.

Now from Theorem 3.1 we have r(L) > 0, and thus from the Krein-Rutman
theorem, there exists φ ∈ P\{0} such that

(Lφ)(r) = r(L)φ(r), r ∈ [R1, R2], (3.1)

i.e. ∫ R2

R1

G(r, s)a(s)φ(s)ds = r(L)φ(r), r ∈ [R1, R2], (3.2)

and this means that φ is a positive solution for the boundary value problem{
(p(r)u′(r))

′
+ λ1a(r)u(r) = 0, R1 < r < R2,

u(R1) = u(R2) = 0,
(3.3)

where λ1 = 1
r(L) . Moreover, from Lemma 2.2 and (3.2) we obtain

φ ∈ P0. (3.4)

Theorem 3.2. Suppose that (H1)-(H2) and the following conditions hold:
(H3). There exist bi, ci > 0 and K1(v),K2(u) ∈ C [R,R+] such that

f1(v) ≥ −b1 − c1K1(v), f2(u) ≥ −b2 − c2K2(u),∀u, v ∈ R, i = 1, 2,

(H4). lim
|v|→+∞

K1(v)

|v|
= 0, lim

|u|→+∞

K2(u)

|u|
= 0,

(H5). lim inf
|v|→+∞

f1(v)

|v|
> λ1, lim inf

|u|→+∞

f2(u)

|u|
> λ1,

(H6). lim sup
|v|→0

|f1(v)|
|v|

< λ1, lim sup
|u|→0

|f2(u)|
|u|

< λ1.

Then the system (1.1) has at least one nontrivial radial solutions.
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Proof. From (H6) there exist ε1 ∈ (0, λ1) and r1 > 0 such that

|f1(v)| ≤ (λ1 − ε1)|v|, |f2(u)| ≤ (λ1 − ε1)|u|, ∀u, v ∈ R with |u|, |v| ≤ r1.

This gives us

| (T1v) (r)| ≤
∫ R2

R1

G(r, s)a(s)|f1(v(s))|ds ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)|v(s)|ds,

and

| (T2u) (r)| ≤
∫ R2

R1

G(r, s)a(s)|f2(u(s))|ds ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)|u(s)|ds.

Now we prove that

(u, v) ̸= µT (u, v) for all u, v ∈ ∂Br1 and µ ∈ [0, 1]. (3.5)

Suppose that there exist u, v ∈ ∂Br1 and µ ∈ [0, 1] such that

(u, v) = µT (u, v).

Then,
u = µT1v, and v = µT2u.

This implies that

|u(r)| = µ |(T1v) (r)| ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)|v(s)|ds, r ∈ [R1, R2],

and

|v(r)| = µ |(T2u) (r)| ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)|u(s)|ds, r ∈ [R1, R2].

Consequently, we have

|u(r)|+ |v(r)| ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)(|u(s)|+ |v(s)|)ds.

Let z(r) = |u(r)|+ |v(r)|. Then z ∈ P and

z(r) ≤ (λ1 − ε1)

∫ R2

R1

G(r, s)a(s)z(s)ds = (λ1 − ε1)(Lz)(r), r ∈ [R1, R2].

The nth iteration of this inequality shows that

z(r) ≤ (λ1 − ε1)
n
(Lnz) (r)(n = 1, 2, . . .),

and then
∥z∥ ≤ (λ1 − ε1)

n ∥Ln∥ · ∥z∥, i.e., 1 ≤ (λ1 − ε1)
n ∥Ln∥ .

This yields

1 ≤ (λ1 − ε1) lim
n→∞

n
√

∥Ln∥ = (λ1 − ε1) r(L) =
λ1 − ε1

λ1
< 1.



2214 H. Zhang, J. Xu & D. O’Regan

This is a contradiction. Hence, (3.5) holds, and Lemma 2.5 guarantees that

deg (I − T,Br1 , 0) = 1. (3.6)

On the other hand, from (H5) there exist ε2 > 0 and r2 > 0 such that

f1(v) ≥ (λ1 + ε2) |v|, f2(u) ≥ (λ1 + ε2) |u|, for |u|, |v| > r2.

Let M1 = max|v|≤r2 [|f1(v)|+ (λ1 + ε2) |v|], M2 = max|u|≤r2 [|f2(u)|+ (λ1 + ε2) |u|].
Then

f1(v) ≥ (λ1 + ε2) |v| −M1, f2(u) ≥ (λ1 + ε2) |u| −M2,∀u, v ∈ R. (3.7)

For any given ϵ, ϵ with ε2 − c1ϵ > 0, ε2 − c2ϵ > 0, by (H4) there exists r3 > r2
such that

K1(v) ≤ ϵ|v|, K2(u) ≤ ϵ|u|, ∀|u|, |v| > r3.

Let K∗
1 = max|v|≤r3 K1(v), and K∗

2 = max|u|≤r3 K2(u). Then we obtain

K1(v) ≤ ϵ|v|+K∗
1 , K2(u) ≤ ϵ|u|+K∗

2 ,∀u, v ∈ R. (3.8)

Note ϵ, ϵ can be chosen arbitrarily small, so we can let Λ1 > max{r1, N1, N2, N3, N4},
and let

N1 =
2(2b2 + 2c2K

∗
2 +M2)

∫ R2

R1
Φ(s)a(s)ds

1− 2ϵc2
∫ R2

R1
Φ(s)a(s)ds

,

N2 =
2(2b1 + 2c1K

∗
1 +M1)

∫ R2

R1
Φ(s)a(s)ds

1− 2ϵc1
∫ R2

R1
Φ(s)a(s)ds

,

N3 =
N5

[
(ε2 − c1ϵ)

∫ R2

R1
Φ(s)a(s)ds+ (λ1 + ε2 − c1ϵ) ∥a∥∞ξmax

]
N6(ε2 − c1ϵ)− (λ1 + ε2 − c1ϵ) (c1ϵ+ c2ϵ)∥a∥∞ξmax

,

N4 =
N5

[
(ε2 − c2ϵ)

∫ R2

R1
Φ(s)a(s)ds+ (λ1 + ε2 − c2ϵ) ∥a∥∞ξmax

]
N6(ε2 − c2ϵ)− (λ1 + ε2 − c2ϵ) (c1ϵ+ c2ϵ)∥a∥∞ξmax

,

where

N5 = 2b1 + 2b2 +M1 +M2 + 2c1K
∗
1 + 2c2K

∗
2 ,

N6 = 1− (c1ϵ+ c2ϵ)

∫ R2

R1

Φ(s)a(s)ds.

Now we claim that

(u, v)− T (u, v) ̸= µ (φ,φ) ,∀u, v ∈ ∂BΛ1 , µ ≥ 0, (3.9)

where φ is as in (3.1). Suppose that there exist u, v ∈ ∂BΛ1
and µ ≥ 0 such that

(u, v)− T (u, v) = µ (φ,φ) .

This means that
u = T1v + µφ, v = T2u+ µφ. (3.10)

Let

u(r) =

∫ R2

R1

G(r, s)a(s)[2b2 + c2K2(u(s)) +M2 + c2K
∗
2 ]ds,
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v(r) =

∫ R2

R1

G(r, s)a(s)[2b1 + c1K1(v(s)) +M1 + c1K
∗
1 ]ds.

(i) Note ∥u∥ = ∥v∥ = Λ1, and from (3.8) we have

∥u∥ ≤
∫ R2

R1

Φ(s)a(s)ds · [2b2 + c2(ϵ∥u∥+K∗
2 ) +M2 + c2K

∗
2 ] <

1

2
Λ1,

and

∥v∥ ≤
∫ R2

R1

Φ(s)a(s)ds · [2b1 + c1(ϵ∥v∥+K∗
1 ) +M1 + c1K

∗
1 ] <

1

2
Λ1.

(ii) From Lemma 2.2, u, v ∈ P0.
(iii) u+ v ∈ P0, v + u ∈ P0.
Indeed, from (3.10) we have

u(r) + v(r)

= (T1v)(r) + v(r) + µφ(r)

=

∫ R2

R1

G(r, s)a(s)[f1(v(s)) + 2b1 + c1K1(v(s)) +M1 + c1K
∗
1 ]ds+ µφ(r),

and
v(r) + u(r)

= (T2u)(r) + u(r) + µφ(r)

=

∫ R2

R1

G(r, s)a(s)[f2(u(s)) + 2b2 + c2K2(u(s)) +M2 + c2K
∗
2 ]ds+ µφ(r).

Note Lemma 2.2 and (3.4), so (iii) is true.
Note ∥u∥ = ∥v∥ = Λ1, u+ u+ v ∈ P0, v + u+ v ∈ P0. Hence, we obtain

u(r) + u(r) + v(r) ≥ q(r)∥u+ u+ v∥ ≥ q(r)(Λ1 − ∥u∥ − ∥v∥),

and
v(r) + u(r) + v(r) ≥ q(r)∥v + u+ v∥ ≥ q(r)(Λ1 − ∥u∥ − ∥v∥),

for r ∈ [R1, R2]. Therefore

(ε2 − c1ϵ)(Λ1 − ∥u∥ − ∥v∥)− (λ1 + ε2 − c1ϵ) ∥a∥∞ξmax[N5 + c1ϵ∥v∥+ c2ϵ∥u∥]

≥(ε2 − c1ϵ)

(
Λ1 −

∫ R2

R1

Φ(s)a(s)ds · [N5 + c1ϵΛ1 + c2ϵΛ1]

)
− (λ1 + ε2 − c1ϵ) ∥a∥∞ξmax[N5 + c1ϵΛ1 + c2ϵΛ1]

≥0,

and
(ε2 − c2ϵ) (Λ1 − ∥u∥ − ∥v∥)− (λ1 + ε2 − c2ϵ) ∥a∥∞ξmax[N5 + c1ϵ∥v∥+ c2ϵ∥u∥]

≥ (ε2 − c2ϵ)

(
Λ1 −

∫ R2

R1

Φ(s)a(s)ds · [N5 + c1ϵΛ1 + c2ϵΛ1]

)
− (λ1 + ε2 − c2ϵ) ∥a∥∞ξmax[N5 + c1ϵΛ1 + c2ϵΛ1]

≥0.
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Therefore, from Lemma 2.1(ii) we find

(ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)[v(s) + u(s) + v(s)]ds

− (λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + v(s)]ds

≥(ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)q(s)(Λ1 − ∥u∥ − ∥v∥)ds

−(λ1+ε2−c1ϵ)

∫ R2

R1

G(r, s)a(s)

∫ R2

R1

G(s, τ)a(τ)[N5+c1K1(v(τ))+c2K2(u(τ))]dτds

≥(ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)q(s)(Λ1 − ∥u∥ − ∥v∥)ds

− (λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)q(s)∥a∥∞ξmax[N5 + c1ϵ∥v∥+ c2ϵ∥u∥]ds

≥0,

and

(ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + u(s) + v(s)]ds

− (λ1 + ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + v(s)]ds

≥ (ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)q(s)(Λ1 − ∥u∥ − ∥v∥)ds

−(λ1+ε2−c2ϵ)

∫ R2

R1

G(r, s)a(s)

∫ R2

R1

G(s, τ)a(τ)[N5+c1K1(v(τ))+c2K2(u(τ))]dτds

≥ (ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)q(s)(Λ1 − ∥u∥ − ∥v∥)ds

− (λ1 + ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)q(s)∥a∥∞ξmax[N5 + c1ϵ∥v∥+ c2ϵ∥u∥]ds

≥0.

As a result, from the above two inequalities we obtain∫ R2

R1

G(r, s)a(s)[f1(v(s)) + 2b1 + c1K1(v(s)) +M1 + c1K
∗
1 ]ds

≥
∫ R2

R1

G(r, s)a(s)[(λ1 + ε2) |v(s)| −M1 − b1 − c1K1(v(s)) + b1 +M1 + c1K
∗
1 ]ds

≥
∫ R2

R1

G(r, s)a(s)[(λ1+ε2) |v(s)|−M1−b1−c1(ϵ|v(s)|+K∗
1 )+b1+M1+c1K

∗
1 ]ds

=(λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)|v(s)|ds

≥ (λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)v(s)ds
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=(λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)[v(s) + u(s) + v(s)]ds

− (λ1 + ε2 − c1ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + v(s)]ds

≥λ1

∫ R2

R1

G(r, s)a(s)[v(s) + u(s) + v(s)]ds

≥λ1

∫ R2

R1

G(r, s)a(s)[v(s) + u(s)]ds

=λ1L(v + u)(r),

and ∫ R2

R1

G(r, s)a(s)[f2(u(s)) + 2b2 + c2K2(u(s)) +M2 + c2K
∗
2 ]ds

≥
∫ R2

R1

G(r, s)a(s)[(λ1+ε2) |u(s)|−M2−b2−c2(ϵ|u(s)|+K∗
2 )+b2+M2+c2K

∗
2 ]ds

=(λ1 + ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)|u(s)|ds

≥ (λ1 + ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + u(s) + v(s)]ds

− (λ1 + ε2 − c2ϵ)

∫ R2

R1

G(r, s)a(s)[u(s) + v(s)]ds

≥λ1L(u+ u+ v)(r)

≥λ1L(u+ v)(r).

Consequently, we have

T1v + v ≥ λ1L(v + u), T2u+ u ≥ λ1L(u+ v).

Thus from (3.10) we have

u+ v + u+ v = T1v + T2u+ u+ v + 2µφ ≥ λ1L(u+ v + u+ v) + 2µφ ≥ 2µφ.

Define µ∗ = supSµ := sup {µ > 0 : u+ v + u+ v ≥ 2µφ} . Then Sµ ̸= ∅, µ∗ ≥ µ
and u+ v + u+ v ≥ 2µ∗φ. From φ = λ1Lφ, we obtain

λ1L(u+ v + u+ v) ≥ λ1L (2µ∗φ) = 2µ∗λ1Lφ = 2µ∗φ.

Hence
u+ v + u+ v ≥ λ1L(u+ v + u+ v) + 2µφ ≥ 2 (µ+ µ∗)φ,

which contradicts the definition of µ∗. Therefore, (3.9) holds, and from Lemma 2.4
we obtain

deg (I − T,BΛ1
, 0) = 0. (3.11)

Now (3.6) and (3.11) together imply that

deg
(
I − T,BΛ1\Br1 , 0

)
= deg (I − T,BΛ1 , 0)− deg (I − T,Br1 , 0) = −1.

Therefore the operator T has at least one fixed point in BΛ1
\Br1 . Equivalently,

(1.1) has at least one nontrivial solution.
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Example 3.1. Let

f1(v) =


n∑

i=1

(−1)iai − |v| 13 ln(|v|+ 1) + ln 2, v ∈ (−∞,−1),

n∑
i=1

aiv
i, v ∈ [−1,+∞),

f2(u) =


n∑

i=1

(−1)iai − |u| 13 ln
(
|u| 13 + 1

)
+ ln 2, u ∈ (−∞,−1),

n∑
i=1

aiu
i, u ∈ [−1,+∞),

where 0 < a1 < λ1, ai ≥ 0 and ai ̸≡ 0(i = 2, 3, · · · , n). Then fi(i = 1, 2) are
unbounded from below. Choose cj = 1, bj =

n∑
i=1

ai + ln 2(j = 1, 2), K1(v) =

|v| 13 ln(|v|+1), K2(u) = |u| 13 ln
(
|u| 13 + 1

)
, and we see that (H1)-(H6) hold. There-

fore, (1.1) has at least one nontrivial solution.
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