Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 12, Number 6, December 2022, 2220-2229 DOI:10.11948,/20210330

PERIODIC DISCRETE NONLINEAR
SCHRODINGER EQUATIONS WITH
PERTURBED AND SUB-LINEAR TERMS

Jie Yang! and Guanwei Chen®'

Abstract In this paper, we study a class of perturbed discrete nonlinear
Schrédinger equations with sub-linear nonlinearities at infinity and obtain the
existence of solitons for this class of equations by using a generalized saddle
point theorem. To the best of our knowledge, there is no published result
focusing on this class of perturbed discrete nonlinear equations by this method.
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1. Introduction and main result
We consider the following discrete nonlinear equation
Lu, — wup = Xnfn(Un) + hn, n€ Z (1.1)

where w € R, L is a Jacobi operator [32] given by Lu, = anUnt1+an—1Un—1+bptn,
where {a, } and {b, } are real valued N-periodic sequences (N is a positive integer),
ie., an+nN = ap and b,y = b, for n € Z, {x,} and {h,} are real valued sequences.
As usual, solitons of (1.1) are spatially localized time-periodic solutions and

decay to 0 at infinity, that is,
lim w, =0. (1.2)

This problem appears when we look for the discrete solitons of the discrete nonlinear
Schrodinger equation

1y = —Athy + enthy — Xngn(wn)7 n € Z, (1.3)

where A, = Y1+ ¥Vn—1 — 21, is the discrete Laplacian in one spatial dimension,
{en} is assumed to be N-periodic and g,(e“s) = e"“g,(s) for any w € R and
(n,s) € Zx R. Making use of the standing wave ansatz
wn = uneii‘ma
where {u, } is a real valued sequence and w € R is the temporal frequency, we arrive
at the equation
—Aup + eqtly, — WUy = Xngn(Un), n € Z. (1.4)
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Clearly, the equation (1.4) is a special case of (1.1) with
an=-1, by,=2+4¢€,, fn=0¢gn, hn,=0, nez

In fact, the non-perturbed equations (1.3) and (1.4) have been studied by many
authors [4-6,8,17-19, 23-26, 28, 29, 34, 35).

As usual, the standard real sequence spaces 1%, ¢ € [1, 0], endowed with the
norm

+o0 1/q
ol :(Z W) L qelL),  ullie = max|ul,

n=—oo

where u = {uy, }nez. The following embedding between such spaces is well-known:
e, fule < lule, 1<q<p< o (1.5)

Note that every element of the space [?> automatically satisfies (1.2), thus we
shall study the existence of solutions for (1.1) in the space 2.

Since the operator L is a bounded and self-adjoint operator in the space [ of
two-sided infinite sequences, we consider (1.1) as a nonlinear equation in [? with
(1.2) being satisfied automatically. The spectrum o(L) of L has a band structure,
i.e., 0(L) is a union of a finite number of closed intervals [32]. Thus the complement
R\ o(L) consists of a finite number of open intervals called spectral gaps and two
of them are semi-infinite. The solitons of (1.1) with the temporal frequency w
belonging to a spectral gap are of considerable importance.

In this paper, we are mainly interested in the case where the problem (1.1) is
strongly indefinite in the sense that dim(I?)~ = +oo, but our result is new also in
the definite case, where (I2)~ is the negative spectral subspace of L — w in [%. We
assume that the temporal frequency w belonging to a spectral gap: finite gap or
semi-infinite gap, i.e.,

(L1) w & o(L), the spectrum of L.
To sate our main result, we still need the following assumptions:

(X1) xp>0forallne€ Z, x = {Xn}nez € 1? and h = {h, }nez € 2.
(F1) f,€C(R,R), fo(s)s>0foralls€ Rand n € Z, ‘f”T(S)‘ < oo if |s] < oo for
all n € Z, and

lim LL(S)

|s|—=oc0 S

=0 uniformly in n € Z (1.6)

As usual, we say that the nonlinearity f, is sub-linear growth at infinity if (1.6)
holds. Now, our main result reads as follows:

Theorem 1.1. If (L1), (X1) and (F1) hold, then (1.1) has at least one soliton.

Remark 1.1. Note that (F'1) implies that f,,(0) = 0 for all n € Z. Therefore if
hn, =0 for all n € Z, it is easy to see that the zero function u = {u, }ncz = {O0}nez
is a solution of (1.1).

Remark 1.2. To the best of our knowledge, there is no published result concerning
the discrete nonlinear Schrodinger equation (1.1). If h,, =0 (n € Z), some authors
[4-6,23-26,28,29,34,35] obtained the existence (or multiplicity) of nontrivial solitons
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for (1.1) with the nonlinearity f,, being asymptotically linear (see [5,6,25,26,28,29,
34,35]) or super linear (see [4,23,24]) growth at infinity. i.e., f, satisfies

lim M:an (0<ap,<o0) or lim fL(S):oo, n e Z (1.7)
|s|2o0 S |s|00 S

In our setting, the authors (in the aforementioned references) all used the following
condition near zero on the nonlinearity:

fa(s)=o0(s) as s—=0, ne_Z (1.8)

Besides, they all assumed that f,, and x,, are periodic in n € Z. However, in this
paper, we impose the more weaker condition (F'1) near zero and study (1.1) with
general h,, and f,. Moreover, we assume the nonlinearity f,, is sub-linear growth at
infinity (see (1.6)) and do not need assume x,,, h,, and f,, are periodic. As is shown
in the next example, our assumption (F'1) is reasonable and there is a function such
that the condition (1.7) is not satisfied.

Example 1.1. Let

Ons, |s| <1,
fals) =

Snls|F2s,  |s| > 1.

where (n,s) € Zx R, p € (1,2) is a constant, 0 < inf,cz 9, < sup,cz0, < co. It
is not hard to check that it satisfies the assumption (F'1) but does not satisfy the
conditions (1.7) and (1.8).

The discrete nonlinear Schréodinger (DNLS) equations are one of the most im-
portant inherently discrete models, having a crucial role in modelling of a great
variety of phenomena, ranging from solid state and condensed matter physics to
biology such as nonlinear optics [2], biomolecular chains [16] and Bose-Einstein
condensates [21]. For related problems, we refer the reader to [11-13,30].

The study of the dynamics of the DNLS equations have been an active theme of
research in the past decade, see [1,3,9,10,15] and their references therein. Among
the methods used are the principle of anticontinuity [1], variational methods, centre
manifold reduction [15] and the Nehari manifold approach [25]. If w is below or
above the spectrum of the difference operator L, the existence and nonexsitence of
solutions ware considered by many authors [25,34]. If w lies in a finite gap, then the
associated energy functional is strongly indefinite, thus it is much more difficult to
obtain the existence results (see [7] for discussions on strongly indefinite problem).
We point out that some authors have obtained gap solitons of periodic DNLS with
superlinear nonlinearity, see [4,23,24] and their references therein. However, to
the best of our knowledge, little has been done for periodic DNLS equations with
saturable nonlinearities, see [5, 6,25, 26, 28, 29, 34, 35] and their references therein.
For related results, we refer the readers to see [14,22], and so on.

The rest of our paper is organized as follows. In Section 2, we establish the

variational framework associated with (1.1), and we also give the detailed proof of
our main result.
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2. Variational frameworks and proof of the main
result

In this section, we shall denote by || - [;« the usual ¢ norm and C for different
positive constants.

Let E~ be a separable closed subspace of a Hilbert space F with inner product
(-,+) and norm | - ||, and E+ = (E~)~+. For some R > 0, set

M:={ueE : |ju| <R} (2.1)

Then M is a submanifold of £~ with boundary M. On E we will also use a
topology 7 generated by the norm

(oo}

1
[Jufl- := max <||P+u, > 2;€+1|(P—u76k)|> ;

k=1

where Py : E — E* is the orthogonal projection of E onto ET and {e} is a total
orthonormal sequence in £~. Obviously,

uw) 5 u implies that Pyu/ — Pyu and P_u? — P_u. (2.2)

Let ® € C'(E, R). We say that ® is 7-upper semicontinuous if u/ = u implies
®(u) > lim; 0o ®(u?), and @' is weakly sequentially continuous if u/ — u implies
&' (u?) — ' (u).

Next, we shall use the following generalized saddle point theorem to prove our
main result.

Lemma 2.1 ( [20]). Suppose that ® € C'(E,R) is T-upper semicontinuous and @’
1s weakly sequentially continuous. If

b:=inf® >sup®, d:=sup® < oo, (2.3)
E+ oM M

then for some c € [b,d), there is a sequence {u/} C E such that
d(ul) = ¢, @' (ul)— 0.

Such a sequence is called a (PS). sequence.

Let E := 1% and F,(s) := [; fu(t)dt, (n,s) € Zx R. The corresponding func-
tional of (1.1) is

+oo
d(u) = %((L —wu,w)p = > (XnFu(un) + houn), uw€E,

n—=—oo

where (-, -);2 is the inner product in E and the corresponding norm in E is denoted
by || - lliz- By (L1), we have the decomposition £ = E~ & Et, where E1 and
E~ are the positive and negative spectral subspaces of L —w in FE, respectively. If
o(L —w) C (0,+00), then dim E~ = 0, otherwise E~ is infinite-dimensional. Let

Q(u) = (L —w)u,u)pe.
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Obviously, the quadratic part of ®, Q(u) is positive on E+ and negative on E~.
Moreover, we may define an new inner product (-, -) on E with corresponding norm
|| - || such that

(L — w)u,u)2 = £|jul?, Yue E*.

Obviously, the decomposition £ = E~ @ E* orthogonal with respect to both

(-,-) and (-, -);2. Therefore, ® can be rewritten

400

(12 = lla 1) = D (eaFulun) + haun)

n=—oo

By assumptions (L1), (X1) and (F'1), it is easy to verify that ® € C1(E, R) and
the derivative is given by

D(u) =

I\D\»—l

+oo
(@ (u),v) = (uT,vT) — (u,v7) — Z (XnSn(Un)Vn + hnvy), Yu,v € E. (2.4)

n=-—oo

Equation (2.4) implies that (1.1) is the corresponding Euler-Lagrange equation for
®. Therefore, we have reduced the problem of finding a solution of (1.1) to that of
seeking a critical point of the functional ® on F.

In order to apply Lemma 2.1 to prove our result, we need the following two
lemmas.

Lemma 2.2. Under conditions of Theorem 1.1, the functional ® is T-upper semi-
continuous and @' is weakly sequentially continuous.

Proof. First, we show that the functional ® is 7-upper semicontinuous.
Let w/ 5 u and ®(u/) > Cy for some constant Cy. By (2.2), we have
(W)t —ut, (W) —u and W —wu inE, u) —u,forallnecZ (2.5)

Clearly, (F1) implies F,(s) > 0 for all (n,s) € Zx R. It follows from (X1) that
XnFn(s) > 0for all (n,s) € Zx R, which together with (2.5) and the Fatou’s lemma
implies

+oo —+oo
lim; , Z Xndn(uf,) = Z Xn £ (un).- (2.6)

Note that h = {hy}nez € 1% in (X1), it follows from u/ — u in E = [? that
jli)ngo ; hpul, = hm (h u?) Z: B tip. (2.7)

By (2.6), (2.7), ®(u’) > Cj, the definition of ® and the weak lower semicontinuity
of the norm, we get

—Co > hm]—)oo( ( ))
400
= tim; o5 (1) 17~ 1) I) 4 D (e Fulud) + o)
1 +OC n= o0
> 2 (P = I 4 Y (i) + i)

= —®(u).
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It implies that ®(u) > Cy. Therefore, ® is T7-upper semicontinuous.
Now, we show that ®’ is weakly sequentially continuous. Clearly, (F'1) implies
that
()] <C(1+1s]), (n,s)€ ZxR. (2.8)

Let v € E = [2, then for any € > 0 there exists a positive constant Ny € Z such

that
1/2

oo <e. (2.9)
{n€Z: |n|>No}

Let v/ — w in E, then |[v/| < C and u), — u, for all n € Z. By (X1), (2.8),
(2.9), [|[u?|);2 < C (|| -] and || - ||;2 are equivalent), ||x||;= < ||x|l;z (see (1.5)) and the
Cauchy-Schwartz inequality, we have

Z ann(u%)vn

{n€Z: |n|>No}

<C Yoo balloal Flixll= Y0 el
{n€Z: |n|>No} {n€Z: |n|>No}
1/2

<C (lIxlliz + lxlleee [l [12) > [on |?
{n€Z: |n|>No}
<Ck.

Similarly, we get

Z ann(un)vn < Ce.

{n€Z: |n|>No}

Therefore, we have

Z ann(u%)vn - Z ann(un)’l)n < Ce.

{n€Z: |n|>No} {n€Z: |n|>No}

It implies that

i J —
JILIEO Z XnJn(U,)vn = Z X fn(Un)Vn,

{n€Z: |n|>No} {n€Z: |n|>No}
which together with uf, — u,, for all n € Z implies that

“+o0

i J
i 3 s

— M j
{n€Z: In|<No} {n€Z: |n|>No}
+oo

= Y Xnfa(un)vn.

n=—oo
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Consequently, by (2.10) and v/ — u in E, we have

+oo
lim (@'(u’),0) = lim [((«/)",07) = (@) 7,07) = D (xaful(ud)vn + hyon))

Jj—o0 Jj—oo
n=-—0oo

+oo
= (u+7v+) - (uivvi) - Z (ann(un)vn + hnvn)
= (®'(u),v), YveE.
That is, ® is weakly sequentially continuous. The proof is finished. O

Lemma 2.3. Under conditions of Theorem 1.1, the geometric assumption (2.3) in
Lemma 2.1 is true. i.e.,

b:=inf® >sup®, d:=sup® < oco.
Bt oM M

Proof. Obviously, if x, = 0 (n € Z), then assumption (L1) implies that (1.1)
becomes to a linear equation and it is easy to see that it has a solution. Therefore,
we may assume that ||x||; 7# 0. The equivalence of norms || - || and || - ||;2 implies
that there is a constant Cy > 0 such that

Collull < ||lull?, Yuec E=1I2 (2.11)

Clearly, (F'1) implies that

Is| + C, |Fn(s)|<3”§(|) s2+Cls|, (n,s) € ZxR. (2.12)
loo

For uw € ET, by (2.11), (2.12) and the definition of ®, we have

Co
()| < =——
(o < g

“+oo

1
®(u) = lul® = Y (xnFnlun) + hntin)
n=-—oo
+oo 400
1 Co
> gl = X ol (gt 4 Clunl ) = X ol
n—=—oo n=—oo

1 Co
> Slull® = - llulliz = (Clixlle + 1Rl ]) lfule

1
cy?

1
> lul® - (Clixllez + lAll]) ffull-
It follows form ||x||;2 + ||h]l;z < 0o (see (X1)) that b:=infg+ & > —oo.
>

For w € E~, by (2.11) and x,,Fn(s) > 0 for all (n,s) € Zx R (see (F1) and
(X1)), we have

1 =
<I>(u) = _5”’“”2 - Z (XnFn(un) + hnun)

n=-—oo
1
< —§||U||2 + |22 || a2
1

co?

1
< —5lul* + 1Pz o]l
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It follows form ||h||;2 < oo (see (X1)) that for R large enough we have

b:=inf® >sup®, d:=sup® < o0,
Et oM M

where M is defined in (2.1). The proof is finished. O
Now, Lemmas 2.2 and 2.3 imply that Lemma 2.1 holds. We give the detailed
proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.1, for some ¢ € R, there is a sequence
{w/} C E such that

O(u!) = ¢, @'(u?)—0. (2.13)
Let @/ = (w/)™ — (u?)~, then ||@?| = ||u?||. Therefore, by (2.11)-(2.13) and the
spaces E* orthogonal with respect to (-, -);2, we have
Cllu|| = |
> (' (), @)
= 1@ P+ )P = Y (endnlud) @, + o))
. = Co . . .
> 01— 3 [l (Grom—tudl + ) + fhal ()1 + )

n=—oo

. Cy . , o
> o2 = (e + Il + ke ) (1) + 10) )

. ) Cy .
> o2 = 2l (Sl + Clicle + ol
1,y 2 .
> 31 = =575 (Clixle + ) 1)
0

It follows from [|x|[;z + ||l < 0o (see (X1)) that {u} is bounded in E.
Consequently, up to a subsequence, we may assume that v/ — u in E. By the
fact that @ is weakly sequentially continuous (see Lemma 2.2), we have

leI&(@'(uj),v) = (®'(u),v) =0, Vve k.

Therefore, ®’'(u) = 0 and w is a solution of (1.1). The proof is finished. O

References

[1] S. Aubry, Breathers in nonlinear lattices: existence, linear stability and quan-
tization, Physica D, 1997, 103, 201-250.

[2] D. N. Christodoulides, F. Lederer and Y. Silberberg, Discretizing light be-
haviour in linear and nonlinear waveguide lattices, Nature, 2003, 424, 817-823.

[3] J. Cuevas, P. G. Kevrekidis, D. J. Frantzeskakis and B. A. Malomed, Discrete
solitons in nonlinear Schradinger lattices with a power-law nonlinearity, Physica
D, 2009, 238, 67-76.

[4] G. Chen and S. Ma, Discrete nonlinear Schriodinger equations with superlinear
nonlinearities, Appl. Math. Comput., 2012, 218, 5496-5507.



2228

J. Yang & G. Chen

[5]

G. Chen and S. Ma, Ground State and Geometrically Distinct Solitons of
Discrete Nonlinear Schrédinger Equations with Saturable Nonlinearities, Stud.
Appl. Math., 2013, 131, 389-413.

G. Chen, S. Ma and Z. Wang, Standing waves for discrete Schrédinger equations
in infinite lattices with saturable nonlinearities, J. Differential Equations, 2016,
261, 3493-3518.

Y. Ding, Variational Methods for Strongly Indefinite Problems, Interdisci-
plinary Mathematical Sciences, World Scientific, Hackensack, 2007, 7.

L. Erbe, B. Jia and Q. Zhang, Homoclinic solutions of discrete nonlinear sys-
tems via variational method, J. Appl. Anal. Comput., 2019, 9, 271-294.

S. Flach and C. R. Willis, Discrete breathers, Phys. Rep., 1998, 295, 181-264.

S. Flach and A. V. Gorbach, Discrete breathers-advance in theory and appli-
cations, Phys. Rep., 2008, 467, 1-116.

J. W. Fleischer, T. Carmon, M. Segev, N. K. Efremidis and D. N.
Christodoulides, Observation of discrete solitons in optically induced real time
waveguide arrays, Phys. Rev. Lett., 2003, 90, 023902.

J. W. Fleischer, M. Segev, N. K. Efremidis and D. N. Christodoulides, Ob-
servation of two-dimensional discrete solitons in optically induced nonlinear
photonic lattices, Nature, 2003, 422, 147-150.

A. V. Gorbach and M. Johansson, Gap and out-gap breathers in a binary
modulated discrete nonlinear Schrodinger model, Eur. Phys. J. D, 2004, 29,
77-93.

Y. Hanif and U. Saleem, Degenerate and mon-degenerate solutions of PT-
symmetric nonlocal integrable discrete nonlinear Schridinger equation, Phys.

Lett. A, 2020, 384(32), 126834.

G. James, Centre manifold reduction for quasilinear discrete systems, J. Non-
linear Sci., 2003, 13, 27-63.

G. Kopidakis, S. Aubry and G. P. Tsironis, Targeted energy transfer through
discrete breathers in nonlinear systems, Phys. Rev. Lett., 2001, 87, 165501.

G. Lin and Z. Zhou, Homoclinic solutions of discrete ¢-Laplacian equations
with mized nonlinearities, Comm. Pure Appl. Anal., 2018, 17, 1723-1747.

G. Lin, J. Yu and Z. Zhou, Homoclinic solutions of discrete nonlinear
Schrodinger equations with partially sublinear nonlinearities, Electron. J. Dif-
fer. Equ., 2019, 96, 1-14.

G. Lin, Z. Zhou and J. Yu, Ground state solutions of discrete asymptotically lin-
ear Schréadinger equations with bounded and non-periodic potentials, J. Dynam.

Differential Equations, 2020, 32, 527-555.

S. Liu and Z. Shen, Generalized saddle point theorem and asymptotically linear
problems with periodic potential, Nonlinear Anal., 2013, 86, 52-57.

R. Livi, R. Franzosi and G. L. Oppo, Self-localization of Bose-Finstein conden-
sates in optical lattices via boundary dissipation, Phys. Rev. Lett., 2006, 97,
060401.

M. I. Molina, The two-dimensional fractional discrete nonlinear Schrodinger
equation, Phys. Lett. A, 2020, 384(33), 126835.



Existence of solutions for non-periodic. . . 2229

[23]

[24]

[25]

A. Pankov, Gap solitons in periodic discrete nonlinear Schrodinger equations,
Nonlinearity, 2006, 19, 27—40.

A. Pankov, Gap solitons in periodic discrete nonlinear Schrodinger equations
II: A generalized Nehari manifold approach, Discrete Contin. Dyn. Syst., 2007,
19, 419-430.

A. Pankov and V. Rothos, Periodic and decaying solutions in discrete nonlinear
Schréodinger with saturable nonlinearity, Proc. R. Soc. A, 2008, 464, 3219-3236.

A. Pankov, Gap solitons in periodic discrete nonlinear Schrodinger equations
with saturable nonlinearity, J. Math. Anal. Appl., 2010, 371, 254-265.

M. Schechter and W. Zou, Weak linking theorems and Schrodinger equations
with critical Sobolev exponent, ESAIM Control Optim. Calc. Var., 2003, 9,
601-619.

H. Shi and H. Zhang, FExistence of gap solitons in periodic discrete nonlinear
Schrodinger equations, J. Math. Anal. Appl., 2010, 361, 411-19.

H. Shi, Gap solitons in periodic discrete Schrodinger equations with nonlinear-
ity, Acta Appl. Math., 2010, 109, 1065-1075.

A. A. Sukhorukov and Y. S. Kivshar, Generation and stability of discrete gap
solitons, Opt. Lett., 2003, 28, 2345-2347.

A. Szulkin and T. Weth, Ground state solutions for some indefinite problems,
J. Funct. Anal., 2009, 12, 3802-3822.

G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices
(Mathematical Surveys and Monographs vol 72) (Providence, RI: American
Mathematical Society), 2000.

M. Yang, W. Chen and Y. Ding, Solutions for Discrete Periodic Schrodinger
FEquations with Spectrum 0, Acta Appl. Math., 2010, 110, 1475-1488.

Z.Zhou and J. Yu, On the existence of homoclinic solutions of a class of discrete
nonlinear periodic systems, J. Differential Equations, 2010, 249, 1199-1212.

Z. Zhou, J. Yu and Y. Chen, On the existence of gap solitons in a periodic dis-
crete nonlinear Schrodinger equation with saturable nonlinearity, Nonlinearity,
2010, 23, 1727-1740.



	Introduction and main result
	Variational frameworks and proof of the main result

