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Abstract By using the extension of the continuous theorem of Ge and Ren,
the solvability of integral boundary value problems for Hilfer fractional differ-
ential equations with p-Laplacian is investigated. In order to get this conclu-
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Keywords Hilfer fractional derivative, continuous theorem, p-Laplacian, res-
onance, boundary value problem.

MSC(2010) 34A08, 34B15.

1. Introduction

The fractional differential equations have become an important research field be-
cause of the in-depth development of fractional calculus theory and its wide ap-
plications in many sciences such as physics, engineering, biology and so on [1, 3,
5,10, 14]. The boundary value problem of fractional differential equations with p-
Laplacian plays an indispensable role in the theory and application of mathematics
and physics, so it has been concerned by many experts and scholars [6-8,13,18,19].

There are various definitions of fractional derivatives, such as our common
Riemann-Liouville and Caputo fractional derivatives [2,10]. On this basis, a more
generalized fractional derivative “Hilfer” has been studied [5]. The Hilfer fractional
derivative is an extension of the Riemann-Liouville and Caputo fractional deriva-
tives. Therefore, fractional differential equations with Hilfer derivative have gradu-
ally become a research hotspot [11,16,17].

Recently, the existence of solutions for the p-Laplacian boundary value problem
has been considered in [9, 20, 21].

In [20], the multiple positive solutions for nonlinear high-order Riemann-Liouville
fractional differential equations boundary value problems with p-Laplacian operator
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has been studied by Leggett-Williams fixed point theorem:

O D (pp (D u(t)) = f(t, ult),g Diult), 0 <t <1,
u(Z) (0) = 07 [‘pp(é%D?)](z) (0) = 07 i= 0, ]-7 2- N — 27
[FD/]i=1 =0, 0<B<a-—1,

5D (0p (FDgu(t))]i=1 = 0,

where n—1 < a < n, p,(s) = [s|P72s, p > 1, D¢ is the standard Riemann-Liouville
fractional derivative.

Zhang et al. [21] have obtained the solvability for a fractional p-Laplacian multi-
point boundary value problem at resonance on infinite interval by Mawhin’s con-
tinuation theorem:

(6p(Dg (1)) + f(t,2(t), Dy a(t), Dg,a(t), t € (0,00),
2(0) = 2/ (0) = 0, ¢p(DFy x(+00)) chp (D§ (&),
=1
where 1 < a<2,0< & <& < <&, < Hoo, Zal—lgép() |s|P=2s, p > 1.

Jiang [9] have considered the solvability of fractlonal differential equations with
p-Laplacian:

D§+(s@p(D3+u))()+f(t u(t), D§y 1u<>D0+u< ) =0,

w(0) = DE, u(0) = 0, u / ht

where 0 < <1, 1< a <2, ¢p,(s)=|s|P"2s, p > 1, fo h(t)t*~tdt = 1, Dg, is the
Riemann-Liouville fractional derivative.

In general, we use Mawhin’s continuous theorem [15] to study the existence of
solutions of abstract equation Lr = Nz, where L is a noninvertible linear operator.
Ge and Ren generalized the Mawhin’s continuous theorem and got the existence
of solutions when L is a noninvertible nonlinear operator [4]. This is an effective
tool to solve the p-Laplacian boundary value problems at resonance. Using this
theorem, the author must define two operators P and ), where P is a projection
operator and @) is not a projection operator, but it is difficult to construct the
operator ) in many p-Laplacian boundary value problems. In order to expand the
basic theory of boundary value problems of fractional differential equations and
obtain more generalized results, we will prove that when @ is not a projector but
satisfies certain conditions, the solution of the equation Lz = Nz exists. Next, we
consider the existence of solutions for Hilfer fractional differential equations with
p-Laplacian at resonance:

DL o, (DS P u(t)) = f (527 2u(t)), te (0,1],

1 (1.1)
D§%u(0) = DI u(0) = 0, (1) = [ hoyu(e)ar

where Dg_'j_”g ’ is Hilfer fractional derivative of order «; and type 5;, i — 1 < «; < i,
0 S ﬁz S 1a Vi = Q4 +7/ﬁ7, _aiﬁiv 1= 172a QOP(S) = |S|p_28a p> 17q > 1) %—i_ % = 1a
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f € C((0,1] x R, R) with the resonant condition fol h(t)t"2=2dt = 1, under this
resonant condition the associated linear operator is uninvertible.

As far as we know, this is the first paper that uses the extension of the continuous
theorem of Ge and Ren to investigate the boundary value problem of Hilfer fractional
differential equations with p-Laplacian at resonance.

2. Preliminaries

Definition 2.1 ( [4]). Let X and Y be two Banach spaces with norms || - ||x, || - ||y,
respectively. A continuous operator L: X NdomL — Y is said to be quasi-linear, if

(i) ImL := L(X NdomL) is a closed subset of Y,
(ii) KerL :={x € X NdomL : Lz = 0} is linearly homeomorphic to R, n < oo,

where domL denotes the domain of the operator L.

Let X; = KerL and X5 be the complement space of X in X, then X = X; @ Xo.
Let P : X — X; be projector and 2 C X be an open and bounded set with the
origin 0 € Q.

Definition 2.2 ( [4]). Suppose that Ny : Q@ — Y, X € [0,1], is a continuous and
bounded operator. Denote Ny by N. Let ¥y = {x € Q : Lz = Nyz}. N, is
said to be L-quasi-compact in  if there exists a vector subspace Y; of Y satisfying
dimY; = dimX; and two operators @ and R such that for A € [0,1],

(a) Ker@Q =ImL,

(b) QNxz = 60,1 € (0,1) & QNz = 6,

(c) R(-,0) is the zero operator and R(-,\) |s,= (I — P) |s,,
(d) LIP + R(-,M)] = (I = Q)Na,

where @ : Y — Y7, QY = Y7 is continuous, bounded and satisfies Q(1 — Q) = 0 and
R:Q x[0,1] — X3 is continuous and compact.

Lemma 2.1 (Theorem 2.1, [9]). Let X and Y be two Banach spaces with the
norms || - ||x, || - |ly, respectively, and Q@ C X be an open and bounded nonempty
set. Suppose L : domL N X — Y is a quasi-linear operator and that Ny : Q — Y,
A € ]0,1] is L-quasi-compact. In addition, if the following conditions hold:

(a) Lz # Nyz, Vo € 002 NdomL, X € (0,1),

(b) deg{JQN,QN KerL,0} #0,

then the abstract equation Lx = Nx has at least one solution in domL N Q, where
N =Ny, J: ImQ — KerL is a homeomorphism with J() = 6.

Definition 2.3 ( [10]). The left-sided Riemann-Liouville fractional integral of order
a > 0 of a function y : (0,+00) — R is given by

«

T3y0(0) = oy | =" yte)is
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Definition 2.4 ( [10]). The left-sided Riemann-Liouville fractional derivative of
order a > 0 of a function y : (0,+00) — R is given by

n

« d n—ao
Dy y(t) = g7 (Ioy “y)(1),
wheren —1 < a <n.

Definition 2.5 ( [5]). The left-sided Hilfer fractional derivative of order « and type
g for a function y : (0, +00) — R is given by

(n—a) di

g‘fy(t) = If+ dir (Ié}s-_m(n_o‘)y)(t), n—1l<a<n, 0<pB<1.

Remark 2.1. (1) The operator Dsf can also be written as Dg‘f = Ifj”"‘)D;g,
y=a+np— apb.
(2) If 5 = 0, then the left-sided Riemann-Liouville fractional derivative can be
presented as D, = Df;f .
(3) If B =1, then the left-sided Caputo fractional derivative can be presented as
Crha _ 1
Da+ - Dgﬁ- :
Definition 2.6 ( [10]). For 0 <~ < 1, the weighted space of continuous functions
y is defined by
C“/(Ov 1] = {y | tvy(t) € C[Ov 1]}7

and the norm is || y ||, =/ "y ||c. Then, C,(0, 1] is the Banach space.
Lemma 2.2 ( [10]). Ifa>0,8>0, and y € L'[0,1] for t € [0,1], then

IS 05 y(t) = I Py (), D IS y(t) = y(t).

Lemma 2.3 ([10]). Let0 < a < 1,0 <~y < 1. Ify € C,(0,1] and I};*y € C1(0,1],
then the following holds

157 “y(0)

(o) 7, t e (0,1].

154 Doty (t) = y(t) —

Lemma 2.4 ( [10]). For n—1 < a < n, n € N, the general solution of the
fractional differential equation D, u(t) =0 is given by

u(t) = At et et

where ¢; ERi=1,2,---,n, n=[a]+ 1.
Lemma 2.5 ( [10]). Ifa>0,8> -1, and 8 #Aa—1i,i=1,2,--- [a] + 1, then
r 1 :
Dglthﬂ — (6 + ) tﬁ—a7 Dngrta—z =0.

'g—a-+1)
Lemma 2.6 ( [10]). Ifa> >0, and y € L1(R™), then
Do I y(t) = 15 £ (0):

In particular, when 8 =k € N and o > k, then

k

d (6% o—
ﬁfow(t) =I5, FE).
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Lemma 2.7 ( [12]). For any u,v > 0, then

(1) op(u+v) <pp(u) +@p(v), 1 <p<2,
(2) p(u+v) < 2:"—2(%7(“) +@p(v)), p>2,

where p,(s) = |s[P72s = sP71, s > 0.

2 . 9_
Remark 2.2. Iy, "u(0) = lim, Iy P u(t).

3. Main results

Take X = C5_,,(0,1], Y = C[0, 1], with norms || u || x= m[aa)il\tz*”f?u(tﬂ, |y lly=
te(o,

m[ax]\y(t)|. We can easily get that (X, || - ||) and (Y] - ||) are Banach spaces.
tefo,1

In order to obtain our main results, we always suppose that the following con-
ditions holds:
(H1) h(t) >0, t € (0,1].

Define operators L : domL N X — Y and N, : X — Y as follows
Lu(t) = Dyt o, (D§2u(t)),  Nau(t) = Af (6,127 2u(t)), t € (0,1], X € [0,1],

where

domL ={u(t) u(t) € X, D" op(D§2 ™ u(t)) € Y, D" u(0) = DIt u(0) = 0,
1
u(l) = / h(t)u(t)dt}.
0

Lemma 3.1. Assuming the resonance condition holds, then L is a quasi-linear
operator.

Proof. 1t is easy to get that KerL = {u € domL|u(t) = ct">72 ¢ € R}.
For y € I'mL, there exists u € domL such that ng_”glwp(Dgi’Bzu(t)) = y(t). Ac-
cording to Remark 2.1, we get
13" DL ep (D52 ™ult) = y(0). (3.1)
Thus, applying Dgi(l_al) to the both sides of (3.1), and by Lemma 2.4, we have
D§rP2u(t) = g (I1y(t) + et ).
Since Dg‘j_’ﬁ2u(0) =0, we can get
D2 u(t) = @g(I51y(1)). (32)
Applying Dgi(PO‘Z) to the both sides of (3.2), and by Lemma 2.4, we obtain

u(t) = I57 0q(Igty(t)) + ot Tl 4 egt72 72,
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Since ng__lu(O) =0, and u(1) = fol h(t)u(t)dt, we can get

153 q(Ig1y(8) =1 —/0 W) 53 pq(Ioy(t))dt = 0. (3-3)

Consequently,

1
L € {y € VI3t — [ hOItoTtue)dt = o,

On the other hand, if y € Y satisfies (3.3), take u(t) = I?pq (It y(t)) + ct?>2.
It is easy to prove that u satisfies the boundary conditions of the problem (1.1),
and we have

Lu(t) = I Doy (182272 D Igpy Igyt) + eI Dt 022
_ [fmon) piri=an o
=y(?).

Therefore,
1
tm 2 {y € YUSeu Iioe)ms = [ hOIEe,I5tu®)de = 0},
0

In summary, we get

1
Il = {y € YU5touI5i0(e) s = [ hOIteaI5iu®)de = 0},
0
Obviously, ImL C Y is closed. So, L is quasi-linear. The proof is completed. O

Define the operator P : X — KerL by
I ul0)
[(y2 —1)

It is clear that P2y = Pu and ImP = KerL, X = KerL ® KerP. So, P: X —
KerlL is a projector.
Define the operator Q : Y — R by

Qy(t) =c,

Pu(t) =

where c satisfies

/01(1 — 5)“21%(/05(8 —w) L (y(u) — c)du)ds
_ /01 h(t) /Ot(t — s)"‘2—1tpq(/os(s —w)* L (y(u) — c)du)dsdt =0. (3.4)

We will prove that ¢ is the unique constant satisfying (3.4).
Fory €Y, let

Fo) = [ (19 / (s =) (yw) = )du)ds
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-/ 'h) / (¢ 5 [ =0 ) - ) asar

Therefore,
F(c) =/01h(t)t”"2/01(1—s)"‘?‘lapq(/os(s—u)al—l(y(u) —c)du)dsdt

[0 [ e[ 0 ) - o) asar

_ /Olh(t)/ot[t'*"’_z(l—s)“?_l—(t—s)o‘rl}cpq (/Os(s—u)al_l(y(u)—c)du)dsdt
—1-/0 h(t)t72_2/t (1- s)‘”_lgaq(/os(s —u)* "y (u) — c)du)dsdt. (3.5)

Obviously, F'(c) is continuous and strictly decreasing in R. We make ¢; = min y(¢),
te(0,1

)

co = Irtgx]y(t). It is easy to see that F(c;) > 0, F(cz) < 0, then, there exists a
te(0,1

unique constant ¢ € [c1, ca] such that F'(¢) = 0. Furthermore, Q(Q?) is bounded if
Q C Y is bounded, i.e. ) is bounded.

By the definition of @, we can easily know that @) is not a projector but satisfies
QU-QY =Q(Y —QY)=0,y€Y.

Lemma 3.2. Q is continuous in 'Y .

Proof. For y1,ys € Y, assume Qy; = ¢1, Qy2 = co. Noticing h(t) > 0 and that
g is strictly increasing. If cg —¢q > m(ax](yg(t) —y1(t)), then
te(0,1

0 :/Olh(t)/ot[tW_Q(l—s)“?_l—(t—s)(’z_l]cpq (/Os(s—u)al_l(yg(u)—CQ)du)dsdt
1 1 s
+/0 h(t)ﬂﬂ’/t (178)”7190(1(/0 (sfu)arl(yg(u)fCQ)du>dsdt
= [y [t ([0 - e
+ (w2(u) ~ 1(w) = (c2 = e1))du)dsdt
+ hiee? / (1 [ =0 - o
+ (y2(u) —y1(uw)) — (c2 — 61))du) dsdt
< /Olh(t)/ot[tw_z(l—s)arl—(t—s)az_l]cpq (/Os(s—u)o”_l(yl(u)—cl)du> dsdt
1 1 s
+/O h(t)ﬂr?/t (1_3)%*1%(/0 (s_u)alfl(yl(u)_cl)du)dsdt:o.

A contradiction. On the other hand, if ¢co — ¢; < n%(i)nl](yQ (t) — y1(t)), then
t€(0,

0:/Olh(t)/ot[mz—z(l—s)a?—l_(t_s)ou_l]%(/OS(S_u)m_l(w(u)_cz)du)dsdt
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+/01h(t)t72‘2 /tl(l—s)a2_1<pq</os(s—u)al_l(yg(u)—@)du)dsdt
- ) / [T B P / (5w () —

+ (ya(u) — g1 () — (ca — 1 ))du) dsdt

+ /01 h(t)t2—2 /tl(l — 8)0‘2_1<pq(/08(s —uw)**  yp(u) — ¢
+ (y2(u) — y1(u)) — (c2 — cl))du) dsdt

S

>/01h(t)/0t[t722(1—s)0‘21—(t—s)a21]<pq (/0 (s—u)* = (ys (1) —ex)du ) dsd
—l—/o h(t)tW_Q/t (1- s)az_lgoq</0. (5 — u) Yy (u) — cl)du)dsdt =0.

A contradiction, too. So, we can get

i t) — t)) < — < t) — t .e. — < — c -
tgtl)fll](yz( )= vy1(t)) <ca—c1 < tlen(gﬁ}(yz( ) —y1(t)),ie [ea —c1] <[l y2 — w1 |le

Therefore, @ is continuous in Y. The proof is completed. O

Lemma 3.3. Define an operator R: X x [0,1] — X2 as

1 t 1 S
R(u,\)(t) = t—5)* "o, (= —r) YN —QN dr)d
)0 = s [ =9 e ([ =)™ () -QNvu(r)ar) s
where KerLGng =X.

Then R : Q x [0,1] — X5 is continuous and compact, where Q@ C X is an open
bounded set.

Proof. Obviously, R is continuous. Let A be any bounded set in X, for Vu € A,
A € [0,1], by the continuity of f and the boundedness of @, we can get that there
exist constants k; > 0, kg > 0 such that | f(t,t2772u(t))| < k1, |Qf] < ka.

For u € Q,

‘t2_72R(u, )\)(t)‘

:‘;2(;:)) /Ot(t — s)%_lgoq(ﬁ /Os(s — ) Y (Nyu(r) — QN,\u(r))dr)ds‘

«

Srl /Ot(tS)“zlsoq( 1 /OS(ST)Q”INAU(T)QNA“(T)W)dS

SF(flﬁéz) /0 (&= S>”‘1%(W /0 (s — r)‘“‘ldr)ds

k1 + ko
< .
_F(OLQ + ]_)(Pq(]_—‘(al + 1))

So, R is bounded in Q x [0, 1].
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For (u,\) € Q x [0,1], 0 < t; < ta <1, we have

157 ROw M) (t2) — 117 RO A) (1)

7t§i ’ —5)*! L szralfl u(r) — w(r))dr)ds
Fan) ) =9 ey [ 6077 (utr) — @avucpar)a

~—

gy 0= el [ i) - ¥t
< [ st - (e
:

_|_

2 ki +k
2—2 as—1 1 2
12772 (ty — 5)*2 1722 )d
F(az)/t 2 M2 =) wq(F(a1+1)) ’

1

k1+ko

S"q(r,+1) b, _ _

A e R R
0

F(Oég)
k1+ko
<Pq<r(a1+1)> t2
— 22 (4 — s 0‘2_1}ds+7/ to — 5)*27lds
1 ( 1 ) F(Oég) ” ( 2 )
k1+tko
@q(r(al-s-l)) 9 b1
<7{ 1272 g2 / to — )27 1ds
= F(ag) (2 1 ) 0 (2 )
t1 t2
+ t%_w / (ty — 5)*27 1 — (t; — 5)*2 " 1ds —|—/ (ty — 5)*2 tds
0 t1
wq(l‘]zl+k2))
ar+1 2 2 2— 2—
< 1 {tazt V2 f2T2Y ()2 (42702 _ 22 192 (o — 1,)22
(o + 1) 2° (£ 1) = (b2 — 1) ™2 (3 1) g = (te — )
— 57 4 (ta — 1)
a1+ 2— 2—
< L |: t Y2 t Y2 tOl2 _ t042 .
F(O{Q—l-l) (2 1 )+(2 1)

So, {R(u, ) | (u,\) € Q x [0,1]} is equicontinuous. By Arzela-Ascoli Theorem, we
get that R : Q x [0,1] = X5 is compact. The proof is completed. O

Lemma 3.4. Assume that Q C X is an open and bounded set. Then Ny is L-quasi-
compact in €.

Proof. It is clear that ImP = KerL, dimKerL = dimImQ, Q(I — Q) = 0,
Ker@ = ImL, R(-,0) = 0 and that Definition 2.2(b) holds.

For u € ¥y = {u € Q| Lu = Nyu}, we can get Nyu € ImL = KerQ. Thus,
we have QNyu = 0 and Nyu = Dgi’ﬁl ©p (Dgf’BQU). It follows from Dg‘j’ﬁzu(()) =
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D2 u(0) = D" R(u, \)(0) = R(u, \)(0) = 0 that

R(u, \) = 1820 (I (Nu(t) — QNyu(t) )

2 1 1—ay 2—a
= Iz, (T804 DY oy (167 D (1))

d 1 ‘ d o2
=132 D32 u(t) = a{m/o (t — s)”(E)QIngW u(s)ds}

d ! Ld o, Dz (0
= S [ B s - D ey

d 1 ! _ 127 72u(0)
_ ¢ Y2—2 1272 d 0+ g2t
dt{F(Vz -1) /0 (t=) o " uls)ds L'(v2) J

iy B
= (I - P)u?

i.e. Definition 2.2(c) holds.
For u € Q, we have

L[Pu(t) + R(u, \)(t)]

1277 u(0)
:Dal’ﬁl (132(2—@2)D’72 0+ t7272>
o+ ¥r\do+ 0+ T(72 —1)
+ 1330 Dl (1937 DY I (153 (Nau(®) — QNsu(t) ) )
=11 DY IS (Nau(t) — QNyu(t))
=Nyu(t) — QNyu(t) = (I — Q)Nyu(t),
i.e. Definition 2.2(d) holds. Therefore, Ny is L-quasi-compact in €. The proof is
completed. O

Theorem 3.1. Suppose (Hy) and the following conditions hold:

(Ha) There exists a constant M > 0 such that one of the following inequalities
holds:
(1) (2772u(t)) f(t, 27 2u(t)) > 0, t € (0,1], | 27 72u(t) |[> M,
(2) (27 2u(t))f(t,t272u(t)) <0, t € (0,1], | 27 2u(t) |> M.

(Hs) There exist nonnegative functions a(t),b(t) € Y, such that

(0
(0

Ft,2702u(t)| < a(t)ep (|27 u(t)]) + (1), t € (0,1],

-1 llelle llalle
where I'(ag + 1) > qe?(},&foo){% Ca(Tari ) 20a(Fas iy

Then the problem (1.1) has at least one solution in X.

Before we prove theorem 3.1, we show two Lemmas.

Lemma 3.5. Let Oy = {ulu € domL\KerL, Lu = Nyu, A € (0,1)}. Assume (H1)—
(Hs) hold. Then § is bounded in X.
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Proof. Let u € Q, we have Lu=Nyu, Nyu€ImL=KerQ, we get QN u(t)=0.
It follows from (Hz) that there exists a constant tg € (0, 1], such that ’tg_'”u(to ‘ <

M.
By Lu(t) = ANwu(t) and boundary condition ng’ﬁgu(()) = D> 'u(0) = 0, we
have
u(t) = I8, (AI@‘iNu(t)) Foet2, (3.6)

Taking t = ¢y into equation (3.6), we have

Qa2

ulto) = ﬁ /Oto(to_s)%l‘:pq(l—\(il) /OS(S_T)allf(r, 7‘2772u(7‘))d7“)ds+ct32_2.

That means

| |§1€§(;:) /Oto(to — s)az_ltpq(r(zl) /Os(s — )T f(r 2T 2u(r)) | dr) ds

+ |t u(to) |

1 to ag—1 1 s o o
S@/O (to—s) (pq<I‘(a1)/0 (s—7) [a(r)ep(| 7772 u(r) |)—|—b(r)]dr)ds
+ K
Lalleep(lullx) | 1ol
§K+F(a2+1)<pq( oy +1) +F(a1+1))'

So, we have
| 2772 u(t) |

ag

1 t _ o1 1 88_7’0”710’71 P22 (1 Vdr)ds
< | -9 (g | 6= atren( R ute) )+ b)) d

[ allcep(llullx) [0l
T(as + 1)“"‘7( T(a;, + 1) - T(a, + 1))

I alleep(lulx) 1l
F(aﬁl)“"I( T(o + 1) +r(a1+1))'

+K+

<K+
If 1 < p <2, then

Jullx<K +

Lalle ol llx) N0l
[(an + 1)%( I'(aq + 1) I'(oq + 1))

20-1 [ al. 2071 10l
<K .
=AY, f 1)“’Q(r(a1 n 1)) Fellx + v 1)""‘1(r(a1 ¥ 1))

By sorting out the above formula, we get

KT(ag + 1) + 2q_1@q(r(|(‘xb1“+c1))
I(ax +1) - 2q_190q(r(|(‘1al”£1))

Jullx<
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If p > 2, then

2 Lalle el llx)  _lole
(g + 1)%( I(ag +1) * (g + 1))

skt 2 (el 2 (bl )
- F(CMQ —|— 1) a F(Oél —|— 1) F(QQ —|— 1) a F(Oél —|— 1) ’

lullx < K+

) lulx +

Therefore,
b c
KT(a3 + 1) + 204 (pless)
[(az +1) = 24 (s £)
We can conclude that €27 is bounded in X. O

Lemma 3.6. Let Q2 = {ulu € KerL,QNu = 0}. Suppose (Hy)— (Hz) hold. Then
Qs is bounded in X.

I llx<

Proof. Let u € Q5, we have
u(t) =ct?™2 c€ R. (3.7

Since QNu(t) = 0, according to (Ha), there exists tg € (0, 1] such that ‘tgfwu(to)’ <

M. Taking t =ty into equation (3.7), we have |c| = \tg_“’zu(toﬂ <M.
Therefore, €25 is bounded in X. O

Proof of Theorem 3.1. Let Q D Q; UQy U {z]z € X,| = ||< M} be an open
and bounded set of X. By Lemma 3.5 and Lemma 3.6, we can get Lu # Njyu,
u € domL NI and QNu # 0, u € KerL N OS).

Let H(u,8) = pdu+ (1 —6)JQNwu, § € [0,1], u € KerL N Q, where J : ImQ —
KerL is a homeomorphism with Jk = kt72~2,

1, if (Hs)(1) holds,
p:
—1,if (H3)(2) holds.

For u € KerL N 99, we have u(t) = kot’2=2 and [t~ 2u(t)] = |ko| > M.
Therefore
H(u,8) = pbkot™ 2 + (1 - 5)(QF)F=2.

If 6 = 1, then H(u,1) = pkot"2=2 # 0. If 6 = 0, then H(u,0) = (Qf)t"2~2 # 0.

If 0 < § < 1, suppose H(u,d) = 0, then pdkot?2=2 = —(1 — 6)(Qf)t">~2. So,
ko = 77(1*‘?[56”). By (Hs), we get
e 0=00Qn) _

op
A contradiction. So, H(u,0) #0, u € KerLN9oQ, § € [0,1].
Therefore, via the homotopy property of degree, we obtain
deg(JQN,QN KerL,0) = deg(H(-,0),Q2N KerL,0)
=deg(H(-,1),QN KerL,0)
= deg(pI, 2N KerL,0) # 0.

Applying Lemma 2.1, we conclude that problem (1.1) has at least one solution in
X. The proof is completed. O
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4. Example

Consider the following boundary value problem at resonance:

33 2.3 Lo 1 2 3
Dg? op(Dg2u(t)) = gt sin(tTu(t))” +2 —¢>, t € (0,1],
1 1 (4.1)
D u(0) = D, u(0) =0, u(1) = [ 2tfu(t)dt

Corresponding to problem (1.1), we have a; = %7 Qg = %7 B = %7 By = %7
v = %, Yo = %, h(t) = 2t1 and

ft, 27 2u(t)) = %t2 sin(tiu(t))? +2 — 1%,

Take a(t) = §t%, b(t) =2 — 3.

If p = 3, we can obtain

T(as + 1) ~ 1.3296 > 2%(%) ~0.75

and
P2l < R0 +2 — 8 = agptu)]) +0).

That means condition (H3) holds.
Next, we show that condition (Hs) holds. Let M = 2, if tiu(t) > M holds for
any ¢ € (0,1], then

(tiu(t)) f(t tTu(t) = (tiu(t)) étQ sin(tiu(t))? +2 — 8

1
> M(—étQ +2 1)

If tau(t) < —M holds for any ¢ € (0, 1], then

(Eal)F(t tru(t)) = (ru(e) [ 22 sin(tiu(®)? + 2 — £

8
1 :
< —M(f§t2+27t3)
™
< —— <.
8

Hence, condition (Hs) holds. Therefore, by an application of Theorem 3.1, we
obtain that problem (4.1) has at least one solution.
Ifp= g, then

lalle

T 1) ~ 1.3296 > 20~ (7
(a2 +1) =2 P o + 1)

) ~ 1.062,



Existence of solutions to Hilfer differential equations 2281

and

(&2 72u()] < 2| u®)?] +2 — £ = at)pp ([ u(t)]) + bt).
That means the condition
get that the condition (Hs
has at least one solution.

Hs) holds. Let M =2, by simple calculations, we can
holds. By Theorem 3.1, we obtain that problem (4.1)

~— —~ o | =
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