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Abstract In this paper, the author studies the boundedness for a large class
of sublinear operators T, a € [0,n) generated by Calderén-Zygmund operators
(a = 0) and generated by fractional integral operator (o > 0) on generalized
mixed Morrey spaces M, ;f (R™). Moreover, the boundeness for commutators
of To,a € [0,n) on generalized mixed Morrey spaces M7 (R™) is also studied.
As applications, we obtain the boundedness for Hardy-Littlewood maximal
operator, Calder6n-Zygmund singular integral operators, fractional integral
operator, fractional maximal operator and their commutators on generalzied
mixed Morrey spaces.
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1. Introduction

For x € R, and r > 0, let B(x,r) be the open ball centered at = with the radius r,
and B¢(z,r) be its complement. The well-known fractional maximal operator M,
and fractional integral operator I, are defined by

Mo f(x) = sup .

TR ~Tisain fW)ldy, 0<a<n,
>0 |B(x7r)‘1—a/n /B(z,r)| ( )‘

and

Iaf(x):/ L)_dy’ 0<a<n
o [T —y[rm

respectively, where f is locally integrable and |B(z,r)| is the Lebesgue measure
of B(z,r). If « = 0, then M = M, is the classical Hardy-Littlewood maximal
operator.

Other than fractional maximal operator M, and fractional integral operator
I,,, Calderén-Zygmund singular integral operators (see [8]) are also basic integral
operators in harmonic analyis. A Calderén-Zygmund singular integral operator
is a linear operator bounded from L?(R™) to L?(R"), which takes all infinitely
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continuously differentiable functions f with compact support to the functions f €
Li _(R™) and can be represented by

loc

Kf(x) = / k(z,y)f(y)dy, a.e. off suppf.

Here k(z,y) is a continuous function away from the diagonal which satisfies the
standard estimates: there exists some 0 < € < 1, such that

1
Koy §
K9] S

for all z,y € R™, z # y and
k() — b )] + k(. 2) — k(g 2)] § 1o

) ) ) ) ~ |x _ y|n+6
whenever 2|z — 2'| < |z — y|.

In order to study the above operators and some related operators in harmonic
analysis uniformly, many researchers introduced the following sublinear operators
satisfying some size conditions.

The first one is T = Tj, which is a sublinear opertor, and satisfies that for any
f € LY(R") with compact support and = ¢ suppf,

1/ ()|
Tf(x) < | ——dy. (1.1)
T |z =y
Another one is T,, (0 < « < n), the fractional version of Ty, which is also a sublinear
opertor, and satisfies that for any f € L!'(R™) with compact support and = ¢ suppf,

sl s [ x'_fff'dy (1.2)

We point out that condition (1.1) was first introduced by Soria and Weiss [26]
and condition (1.2) was introduced by Guliyev et al. [12]. Conditions (1.1) and
(1.2) are satisfied by many interesting operators in harmonic analysis, such as the
Calderén-Zygmund singular integral operators, the Carleson’s maximal operators,
the Hardy-Littlewood maximal operators, the Fefferman’s singular multipliers, the
Fefferman’s singular integrals, the Ricci-Stein’s oscillatory singular integrals, the
Bochner-Riesz means and so on (see [16, 26] for more details).

As is well known, commutators are also important operators and play a key
role in harmonic analysis. Recall that for a locally integrable function b and an
integral operator T, the commutator formed by b and T is defined by [b,T] =
bT —Tb. Commutators of fractional maximal operator, fractional integral operator
and Calder6n-Zygmund singular integral operators have been intensively studied,
see [8] for more details. It is worthy pointing out that there are two different
commutators of the fractional maximal operator M. In this paper, the commutator
of fractional maximal operator [b, M,] under consideration is of the form

b, Mo ] f(x) = sup ———

|B(z,r)|1—o/n b(z) —b dy, 0<a<n,
r>0 |B(z,r)|t—a/n /B(z,r)| () = b(y)| | f(y)ldy

for all locally integrable functions f on R™. For simplicity, we denote by [b, M| =
[b, Mo).
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To study a class of commutators uniformly, one can also introduce some sublinear
operators with additional size conditions as before. For a function b, suppose that
the operator T, = T}, represents a linear or a sublinear operator, which satisfies
that for any f € L'(R™) with compact support and z ¢ suppf,

T/ ()] < / oz y‘n [b() = b)) ¢ 14y (1.3)

Similarly, we assume that the operator Ty o, € (0,n) represents a linear or a
sublinear operator, which satisfies that for any f € L!'(R") with compact support

and z ¢ suppf,

Tyof (@) < / oz ‘n D ). (1.4)

The operator T} o, & € [0,n) has been studied in [12, 16].

As we know, the classical Morrey space is an important generalization of Lebesgue
spaces. The classical Morrey space was introduced by Morrey in [18] to study the
regularity of elliptic partial differential equations. Nowadays, the Morrey space has
become one of the most important function spaces in the theory of function spaces.
By a slight modification, Guliyev et al. [3, 12] introduced generalized Morrey spaces
and studied the boundedness of many important operators in harmonic analysis on
generalized Morrey spaces. In particular, the boundedness of sublinear operators T,
Tw, Ty and T, , was considered in [12]. Another interesting extension of the classical
Morrey space is the mixed Morrey space, which was introduced by Nogayama et al.
[20, 21, 22]. The boundedness of many integral operators and their commutators
on mixed Morrey spaces was studied in [20, 21].

Highly inspired by the work of Guliyev [3, 12, 13] and Nogayama et al. [20,
21, 22], we are going to study the boundedness of the operators T, T,, T, and
T} o under some size conditions on generalized mixed Morrey spaces in this paper.
Here, generalized mixed Morrey spaces are the combination of generalized Morrey
spaces and mixed Morrey spaces (see Definition 2.1 in the following section), and
theorefore are much more general. Our main results extend the boundedness of
many operators on Morrey spaces [1, 24, 25, 28], mixed Lebesgue spaces [2, 4],
generalized Morrey spaces [3, 12, 13], and mixed Morrey spaces [20, 21]. Moreover,
one can obtain the boundedness of many integral operators in harmonic analysis on
generalized mixed Morrey spaces from our main theorems.

This paper is organized as follows. The definitions and some preliminaries are
presented in Sect. 2. The boundedness of T" and T, on generalized mixed Morrey
spaces is studied in Sect. 3. The boundedness of T} and T} , on generalized mixed
Morrey spaces is obtained in Sect. 4. Some applications are given in Sect. 5 to
show the power of our main theorems.

2. Definitions and preliminaries

Throughout the paper, we use the following notations.

For any r > 0 and x € R", let B(z,r) = {y : |y — | < r} be the ball centered at
x with radius r. Let B = {B(x,r) : & € R",r > 0} be the set of all such balls. We
also use xg and |E| to denote the characteristic function and the Lebesgue measure
of a measurable set E.



2352 M. Wei

The letter p’ denotes n-tuples of the numbers in (0, 00], (n > 1), 7= (p1,- - ,Pn)-
By definition, the inequality, for example, 0 < p' < oo means 0 < p; < oo for all
i. For 1 < p < oo, we denote p' = (pi,--- ,p},), where p} satisfies i + 1% =1. By
A < B, we mean that A < CB for some constant C' > 0, and A ~ B means that
A< Band B<A.

Let M(R™) be the class of Lebesgue measurable functions on R™. For 0 < ' <
00, a measurable function f on R™ belongs to LﬁC(R") if fxg € LP(R") for any
compact subset F of R"™. We also use C to represent all the complex numbers, and
N to represent the collection of all non-negative integers.

The classical Morrey space MP(R™) is a natural generalization of Lebesgue

spaces, which consist of all functions f € L} (R™) with finite norm

1_1
”fHJWf; = ]Eup 0|B(x77a)|p B Hf”Lq(B(I,’r’))v
TER™,r>

where 1 < ¢ < p < oo. Note that MP(R") = LP(R") when p = ¢, and MP(R") =
L>*(R™) when p = oo. If ¢ > p, then MP(R") = O, where © is the set of all
functions equivalent to 0 on R™.

The classical Morrey space is a proper substitution when we consider the bound-
edness of integral operators in harmonic analysis. For example, Chiarenza and
Frasca [5] studied the boundedness of the maximal operator M in MP(R"™). The well
known Hardy-Littlewood-Sobolev inequality was also extented to Morrey spaces by
Spanne (but published by Peetre [23]) and Adams [1]. Since M, f(z) < In|f|(z),0 <
a < n, the fractional maximal operator M, is also bounded on MP(R™).

In recent years, classical Morrey spaces M, g’(R”) were extended to generalized
Morrey spaces by Guliyev et al. [3, 10, 12, 13].

Let 1< g < ooand ¢p(z,r): R" x (0,00) — (0,00) be a Lebesgue measurable
function. A function f € M(R") belongs to M7 (R"), the generalized Morrey
spaces, if it satisfies

_ _1
sz = sup () "B, )" | fllLa(Bar) < 00
zER™ ,r>0

Roughly speaking, generalized Morrey space MS(R™) can be obtained by substi-
tuting |B(z,r)|'/P~1/4 with a more general function in the definition of MP(R™).
From the definition, we recover the classical Morrey space M}ID(R”) by taking
o(xz,r) = |B(z,7)]"'/?. The boundedness of the sublinear operators T, T, T}
and Tj o on spaces M7 (R™) under some size conditions was obtained by Guliyev et
al. [12].

In 2019, Nogayama [21] considered a new Morrey type space, with the LP(R"™)
norm replaced by the mixed Lebesgue norm L7(R™), which is called the mixed
Morrey space.

We first recall the definition of mixed Lebesgue spaces defined in [2].

Let p= (p1,--- ,pn) € (0,00]™. Then the mixed Lebesgue norm ||| ;7 is defined

by
;T Po Pn
1725 = /(/ ([ 1sreas npran) m) e,
R R R
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where f : R® — C is a measurable function. If p; = oo for some j =1,--- ,n, then
we have to make appropriate modifications. We define the mixed Lebesgue space
LP(R™) to be the set of all f € M(R") with || f| .7 < occ.

Let 1 < ¢ < 00,1 <p<ooandn/p<>?, 1/g. A function f € M(R")
belongs to the mixed Morrey spaces MZ(R") if

_ 1-1(xn, )
Hf”Ml’ = sup |B($’r>|p 4 ||fXB(m,T)||L‘T < Q.
4 xzeR™ r>0
Obviously, we recover the classical Morrey space MP(R") when ¢ = g. We point
out that in [20, 21], the author used the cubes to define the mixed Morrey spaces.
It is not hard to verify that the two definitions are equivalent.

In [21], the Hardy-Littlewood maximal operator M, the fractional interal opera-
tor I, and the singular integral operators K were proved to be bounded in M g(R”).
The boundedness of the commutator of I, on M éf (R™) was also obtained in [20].

Noting that generalized Morrey spaces and mixed Morrey spaces are different
extensions of the classical Morrey spaces, it is natural for us to unify the two spaces.

Now we are in a position to give the difinition of generalized mixed Morrey
spaces.

Definition 2.1. Let 1 < ¢ < oo, and p(z,r) : R™ x (0,00) — (0,00) be a Lebesgue

measurable function. A function f € M(R™) belongs to the mixed Morrey space
M;f (R™) if

fllarg = sup Oso(fu7“)_1IIXB(I,T)IIL}HfXB(m,r)Hm < 00,
x n

br>

Generalized mixed Morrey spaces contain generalized Morrey spaces and mixed
Morrey spaces as special cases. In fact, M;f(R") = MZ(R") when ¢ = ¢, and
MZ(R™) = ME(R") when ¢(z,r) = |B(z,7)|~'/P. We point out that generalized
mixed Morrey spaces were also introduced recently by Zhang and Zhou [29] in
different ways.

For a non-negative locally integrable function w on R", the weighted Hardy
operators H,, and H, are defined by defined

H,g(t) := /tOO g(s)w(s)ds, 0<t< o0

and -
Hg(t) = / (1 +1In %) g(s)w(s)ds, 0<t< oo,
t

respectively, where g € Li (R™).

loc

We have the following boundedness results for the weighted Hardy operators
H,, and H} proved in [9, 11].

Lemma 2.1. The inequality

esssup va(t) Hyg(t) < C esssup vy (t)g(t)
>0 >0

holds for all non-negative and non-increasing g on (0,00) if and only if

oo

d

A =sup Ug(t)/ ws)ds < 00,
+>0 ¢ €SSSUP, ;o0 U1(T)
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and C ~ A.
Lemma 2.2. The inequality

esssup v (t)H g(t) < C esssupvy(t)g(t)
>0 >0

holds for all non-negative and non-increasing g on (0,00) if and only if

o0
A =sup Ug(t)/ (1 +1In ;) w(s)ds < 00,
¢

£>0 €SS SUP; < <o V1(T)

and C ~ A.

3. Sublinear operators 7' and 7, in spaces M/ (R")

In this section, we investigate the boundedness of T" and T, satisfying the size con-
ditions (1.1) and (1.2) respectively, on generalized mixed Morrey spaces M;f (R™).

We first prove two lemmas, which give us the explicit estimats for the LI(R™)
norm of T" and T, on a given ball B(xzg, ).

Lemma 3.1. Let 1 < §< oo, T be a sublinear operator satisfying condition (1.1),
and bounded on LI(R™).
Then for 1 < ¢ < oo, the inequality

no o1 _
ITfllLa(B(zo,r)) S =t a; /2 RN £l La(B(wo,t))dt

holds for any ball B(xq,r) and all f € LIOC(R").

Proof. For any ball B = B(xg,r), let 2B = B(x0, 2r) be the ball centered at xq,
with the radius 2r. We represent f as f = f1 + f2, where

) = fxes(y), foly) = fX(zB)c(y), r > 0.

Since T is a sublinear operator, we have
ITfllazy < 1T fillLasy + 1T f2llLas)
Noting that f; € LI(R") and T is bounded in LI(R™), we have
1T fillpasy < 1T fillLagny S N fillpa@ny = [ fllLaem)-
It is clear that = € B, y € (2B)° imply 3|z —y| < [z —y| < 3|z —yl|, which further

yields
rrwis [ A,
@B)e 1To — y|"

By Fubini’s theorem, we have

|f(y) / /°° dt
———dy ~ fly —dy
/(QB)C lzo — y|™ (2B)¢ 7@ lzo—yl gntt

/ / o dt
Y
2r J2r<|zo— y|<t trtt
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> dt
S fWldy—-
/27" /;(xo,t) | ( )‘ trtt

Applying Holder’s inequality on mixed Lebesgue spaces (see [2]), we obtain

|f(w)l /°° dt
DI gy < P — 3.1
/(23)0 lzo —y|" v or I lzeca o’t))tHZi:l r (3.1)

Moreover, for all 1 < § < oo, we have

s, L o dt
IT foll La(B(zo,ry) S Toi=" @ /ZT ||f||L@(B(xo,t>)m~

Therefore, we get

e dt
1T fllLaB@ory) S NfllLa@sy + ri=ta; /QT 11| (B (xo.0)) RED
On the other hand,
RS > STy Toodar
I fllLaem) ~r I fllza2m) /zr A g
no o1 [ dt
< Zi: qli -
S et /27~ 11l La(B o .t)) IS ST (32)

Thus - p
s, L ) t
ITfl (B S Te=" % /ZT ||f\|Lq(B(xo,t>>m~

O
The second lemma is about the estimates of ||To f| 5 (5(z0,r))-

Lemma 3.2. Let 1 < < o0, 0 < a < n/q, % %f =, Tw be a sublinear operator
satisfying condition (1.2), and bounded from LI(R™) to LP(R™).
Then for 1 < ¢ < oo, the inequality

N RS S
|ﬂaﬂuq3@mﬂ)5rzwfmté £ B ] oo

r

holds for any ball B(zo,r) and all f € LT _(R™).

loc

Proof. For any ball B = B(xo,r), we also let 2B = B(xq,2r) as before. Write

[ =fi+ f2, with f1 = fxop and fo = fx@B)..
By the fact that T, is a sublinear operator, we have

1T fllre) < 1 TafillLosy + 1 Taf2ll7s)-
Noting that f; € LY(R") and T, is bounded from LI(R") to LP(R™), we have
1TofillLrs) < 1 Tafillrmny S I fillpa@ny = [ fllLa@B)-

Since x € B, y € (2B)° imply 3|z — y| < |v — y| < 2|zo — y|, it yields that

L@l 5 [ O,

@B)e |To —y["™
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By Fubini’s theorem, we have

/()] / > dt
T —ady ~ lf ()l pro )
/(QB)C |20 — y["— (2B)° ooyl £"F17E
dt
fWldy =
/27" /2r<|a:0 y|<t tntl-o
dt
AT /B(I07 ‘dytn-i-l a’

Applying Holder’s inequality on mixed Lebesgue spaces, we obtain
1f ()l / - di
P r—" /N HlLaB@ot) T 3.3
n/(ZB)C |(130 — y|n,a - || ||L (B(zo,t)) t1+zi=1 i ( )
Moreover, for all 1 < § < oo, we have

dt

Y o = B
ITofoll Lo (Bag.r)) ST /2 Hf“L‘I(B(acg,t))Tlpl

Therefore,
PR dt
I Flisotaor S W lisam) + =53 | U aecoton i s
On the other hand,

dt
S &

S i /00 1 flL7(B (o t))L (3.4)
% ’ 1+Z7, 1p;

no1 o
1l ez ~ == 5 | fll 7o) /

Thus - J
3 ) t
N Taf LB o,y STei=" P /QT Hf”L‘?(B(mg,t))m-

Now we can present the first main result in this section.

Theorem 3.1. Let 1 < § < oo, and (¢1,p2) satisfy the condition

no1
/°° essinfic <01 (, s)s i=14q;
T

<
RESS T dt < oz, ).

Suppose T is a sublinear operator satisfying condition (1.1) which is bounded
on LIR™). Then for 1 < ¢ < oo, the operator T is bounded form M (R™) to
M(;f2 (R™). Moreover,

T fllarg> S 1 F 1arer-

n 1
1 - 1

Proof. By Lemma 3.1 and Lemma 2.1 with va(r) =2(z,7) S vi1(r) =1 (z,7) " 'r~ ==t 5,

9r) = fll 1a(Bary and w(r) = r ' 72=13 ) we have

_ —l
||Tf||M;f2 S osup oz, ) 1/ Xima FllLa(Bae)dt

zeR™ r>0
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-2

no1
S sup @1(1’77")717’ =t ”f”L‘T(B(a:,t)) ~ ”fHM;fl'

~

zeR™ r>0

O
By taking ¢ = ¢ in Theorem 3.1, we recover the result of Guliyev et al. [12,
Theorem 4.5], which gave the boundedness of T' on generalized Morrey spaces.
Similarly, for the sublinear operator T,, with the size condition (1.2), we have
the second theorem.

Theorem 3.2. Let 1 < §< o0, 0 < a < n/q,
condition

— % and (p1,p2) satisfy the

Syl
Q=

n 1

/00 essinficscoo1(, 8)s==1 9
1
r t1+ZE‘=1 Pi

dt S e2(, 7).

Suppose Ty, is a sublinear operator satisfying condition (1.2) which is bounded from
Li(R™) to LP(R™). Then for 1 < § < oo, the operator T, is bounded form M;fl(]R”)
to M7*(R™). Moreover,

1T lagz < 1l

n 1

Proof. By Lemma 3.2 and Lemma 2.1 with va(r)=p2(z,7) ™", vi (r)=¢1 (z,r) " 'r ==t 2,

N D o O
9(r) = £ a(per and w(r) =r~" =137 we have

_ e —1— Tgli
ITofllae S sup  ala,r) ™! / T |l e dt
p x 2r

€R™,r>0

1
- Z?:l @

< osup gi(ar)T e

Ffllzaseey) ~ 1fllaer
z€R™ r>0 4

O
By taking ¢ = ¢ in Theorem 3.2, we recover the result of [12, Theorem 5.4].

4. Sublinear operators 7, and 7}, in spaces M;f(R”)

In this section, we investigate the boundedness of T,, and T; , satisfying the size
conditions (1.3) and (1.4) respectively, on generalized mixed Morrey space M (R™).

First, we review the definition of BMO(RR™), the bounded mean oscillation space.
A function f € L{ _(R™) belongs to BMO(R™) if

loc

1
| fllBMo = sup |f () = fB(a.w)|dy < o0.

zER™,r>0 |B(£L‘, T)l B(z,r)
If one regards two functions whose difference is a constant as one, then the space
BMO(R"™) is a Banach space with respect to norm || - ||pmo. The John-Nirenberg
ineuqalitiy for BMO(R"™) yields that for any 1 < ¢ < oo and f € BMO(R"), the
BMO(R™) norm of f is equivalent to

1
q

1
| fllBMOd = sup <W |f(y) — fB(w,T)qdy>

z€R™,r>0 T, T)‘ B(z,r)

Recall that for any ¢ = (g1, - ,qn) € (1,00)", the John-Nirenberg inequality for
mixed norm spaces [15] shows that the BMO(R™) norm of all f € BMO(RR") is also
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equivalent to
I(f = fBem)XB@n L

[ fllemor = sup B (4.1)
z€R™,r>0 ||XB(ZE,T) ||Lq
The following property for BMO(R™) functions is valid.
Lemma 4.1. Let f € BMO(R"™). Then for all 0 < 2r < t, we have
< t
|fB(:v,r) - fB(z,t)' ~ ||f||BMO In ; (42)

We first prove two lemmas, which give us the explicit estimats for the LI(R™)
norm of T; and T} o on a given ball B(xzg,r).

Lemma 4.2. Let 1 < §< o0, b € BMO(R"™), T}, be a sublinear operator satisfying
condition (1.3), and bounded on LI(R™).
Then for 1 < ¢ < oo, the inequality

n o1 [ t _{_yn L
IToflLa(B o) S =" / (1 1 r> B
2

T

Tl La(B(wo.0)dt

holds for any ball B(xg,r) and all f € LIOC(R”),

Proof. For any ball B = B(zg,r), let 2B = B(xg,2r). Write f as f = f1 + fo,

where f1 = fx2p and fa = fx2B)e.
Since T}, is a sublinear operator, we have

ITofllLasy < I TofillLacsy + 1 TofallLas)-
Noting that f; € LY(R"™) and T}, is bounded in LI(R™), we have
ITs f1llLacsy < 1 TofillLawny S N fillLagny = 1fllLa@n)-

Since z € B, y € (2B)° imply 1|z — y| < |z — y| < 2|zo — yl, we get

mpaol s [ PO

) - b
/(2B)c lzo —y|” 1#(w)ldy

By using generalized Minkowski’s inequality on mixed Lebesgue spaces, we have

[ RO,
(2B)°

lzo — y|"

lbp — b(y)|
Jom oo e 01
(2B) Li(B(wo,r))

/( o) = bl ¢ 14

lzg — y|™

1Ty foll Loy S

Li(B(zo,r))

<

+

Li(B(xo,r))
=1+ I,
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For the term I, we have

no 1 bg —b
Iy S /( oz = bW 514y
2

By |To —y["

. f/ o) - sl [ Ly
(2B)e lzo—y| T

dt
o b(y) = bl f(Y)ldy 57
Lr /2T<CD() y\<t A

S [ ) = bl
2r B(xzo,t) tn+1

Applying Holder’s inequality and (4.1), (4.2), we get

dt
I < i=1 qL _ b d
Lt Lr / (zo, t) B(zo,t)”f( )I yth

dt
+T =t q’/ / bB’I‘ T (z f Y
or B<zo,t>| (o) = bt |/ Wy 3

i= 1%/ / —bp (wo,t))XB(wo,t)HLti’||f||L‘1'(B(:c0,t))dy7tn+1
2r (zo, t)

dt
+TZL 1q; /27‘ |bB(mo,r) b zo,t)l Hf”Li(B((EO’ ))ﬁ

S lowor== & [ (1410 L) 1l ecpiane e
S . - L (B(wg,t))tl_,'_zzt:l T

In order to estimate I, note that
1f(y)]
= [ Ty s ) = bl
@B)e [To — y[" LH(B(zo,r))
It follows from (4.1) that
I < |Ibllsyor™= % / 1wl —dy
(2B)° lzo — ¥l
Thus by (3.1), we get

dt

Sed (T
I S [bllmvor™==1 7 /2 I8 o000

Summing up I; and Iy, we get

noo1 [ A
170 foll acy < == / (1+1nr)t X

2r

Therefore, by (3.2), there holds

o0

no 1
ITofoll Loy S | Fllan +roim @ /2

T

a1 [ t\ —
< S / (1 +1n T) RN £l (B (zo.)dt-
2

r

We are done.

Tl La(B (o)) dt-

dt

t\,—1-y L
<1+lnr)t iy I £l La(B(xo,0))dt

O

The second lemma in this section is about the estimates of || Ty o f|l L7(B(o,r))-
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Lemma 4.3. Let 1 < <00, 0 < a<n/

sublinear operator satisfying condition (1.4
Then for 1 < ¢ < oo, the inequality

= : — 2. be BMO(R"), Ty be a

- 1
¢ 5
), an ounded from LI(R™) to LP(R™).

o0

n o1 t _{_Ss 1
| Th0fllLr(B(z0,r)) S i /2 <1 +1n T) R £ 1| 278 (o)) At

T

holds for any ball B(xzg,r) and all f € LIOC(R”),

Proof. For any ball B = B(xzo,r), let 2B = B(xg,2r). Write f as f = f1 + fo,
where f1 = fx2p and fa = fXx(@2p)- as before.

Since T o is a sublinear operator, we have
1To,0fllas) < I Thafillzas) + 1 Th,a follLas)-
Noting that f; € LY(R") and T}, is bounded from L7(R") to LP(R"), we have
1To,0fillLaz) < 1ToafillLa@ny S 1fillpa@ny = 1 fllLaes)-

Since z € B, y € (2B)° imply 3|z — y| < |z — y| < 3|zo — yl, we get

|n@ﬁu>s/‘7<)nﬁﬂu<»

) - b))
/(QB)c |0 — y|me | (w)ldy

By using generalized Minkowski’s inequality, we have

/ 160) ), )1y
(2

By [To —y["
b — by
/ Ljﬁﬂlﬂwwy
(2B) L7(B(0,1))

/ 1) = bal ) 1y
(2

B)e [To —y["

| To,afollrs)y S

LP(B(zo,1))

S

+

LP(B(wo,r))
=0L+ L.

For the term I, we have

= b — b(y)]
R = O

T — Y[

dt
tn—i—l—a

n 1

~rilﬁ/‘ 1bw) — b1/ (v)] dy

|zo—y]

dt
i=1 p; - bB f dyi
Lr /2r<|$0 y\<t ) || ( )| e
/S r iy ;Ti / / |b(y) - bB||f(y)|dy%
2r B(zo,t) o )
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Applying Holder’s inequality and (4.1), (4.2), we get

w4 [ dt
I < Pi=1b; 16(y) = bB (o) 1 f (WY 7
2r B(zo,t) i

dt
i 1’” |be T (z ||f( )‘dy
— b0 XB (a0l 1 11| 5 ) Y s
B(z0,t) ) XB(zo,t) Il LT Li(B(zo,t)) ytn+1—a
2r :co,t)

dt
2ot B /2r 0B (20,r) — bB(zot) | 1l (s (20:0) oS, T

'
n 1 o0 dt
< lbllmor=" 7 / (1 Tt ) Hf”L‘?(B(xo,t))W'
2r
For the term I5, note that
|f(y)
I2:/ 7dy><b b8l 15 Bls ) -
(2B |]J0 _y|n o || () HL (B(zo,r))

It follows from (4.1) that
I 5 Hb”BMO’l"EL1 F/ %dy,
@B |To —y["
Thus by (3.3), we get

rr, L > ) dt
B 5 Wlowor== % [ s o

Summing up [; and I, we get

n 1 o t X n 1
[Ty fellirim S 7505 [ (1+1nT>t =T

2r

e, dt-

Therefore, by (3.4), there holds

o0

n 1 t —
1To0fllzo) < 1 lzoes) +r== 7 L <1+lnr) R o )

s L e t\ ,—1-ym L
Srei=te 1+In— )¢ =1
2r r

We are done. O
Now we give the boundedness of T}, and T} , on generalized mixed Morrey spaces.

Tl La(B(zo.t)) dt-

Theorem 4.1. Let 1 < ¢ < 00, and (p1,p2) satisfy the condition

n 1

o t\ essinfic oo (, s)szl 1a;
1+1In- dt < .
/r ( " ”r) RES S < pa(r)

Suppose b € BMO(R™), and T}, is a sublinear operator satisfying condition (1.3),
and bounded on LY(R™). Then for 1 < § < oo, the operator Ty is bounded form
M (R™) to MZ*(R™). Moreover,

1T flage < 1 llagss.



2362 M. Wei

Proof. The proof of Theorem 4.1 follows by Lemma 4.2 and Lemma 2.2 in the
same manner as in the proof of Theorem 3.1. O
From Theorem 4.1, on can recover the result of Guliyev et al. [12, Theorem 6.6]
by taking ¢ = q.
Similarly, for the sublinear operator T} o, with size condition (1.4), we have the
following theorem.

Theorem 4.2. Let 1 <7< 00, 0 < a < n/q, % = %— %, and (p1,p2) satisfy the
condition

n 1
o t\ essinficscoop1(x s)szi:1 a4
1+In’ 117, dt < ooz, 7).
/r ( * nr) RS < ea(wor)

Suppose b € BMO(R"), and Ty o is a sublinear operator satisfying condition (1.4),
and bounded from LI(R™) to LP(R™). Then for 1 < ¢ < oo, the operator Ty o 1is
bounded from M7 (R™) to M7*(R™). Moreover,

1T fllarse < 1 lagzr-

Proof. The statement of Theorem 4.2 follows by Lemma 4.3 and Lemma 2.2 in
the same manner as in the proof of Theorem 3.2. O

By taking ¢ = ¢ in Theorem 4.2, we recover the result of Guliyev et al. [12,
Theorem 7.4], which proved the boundedness of T}, on the generalized Morrey
spaces.

5. Some applications

This section gives some applications of our main theorems. We will show that
many important integral operators and commutators appearing in harmonic analysis
satisfy the assumptions mentioned above. Therefore, we can obtain the boundedness
of various operators on generalized mixed Morrey spaces by using our main results.

As stated in the introduction, the Hardy-Littlewood maximal operator M and
the Calderén-Zygmund singular integral operator K are all sublinear operators sat-
isfying the condition (1.1). One can also see that [b, M] and [b, K] are also subilinear
operators and satisfiy the condition (1.3). Note that the fractional integral operator
I, is a linear operator satisfying the condition (1.2), and the commutator [b, I,] is
also a linear operator satisfying (1.4). So in order to apply our main theorems to
the mentioned operators, we need to show the boundedness of M, K, [b, M], [b, K]
on LI(R™), and the boundedness of I, [b, I,] from LI(R™) to LP(R™).

As we know, the Hardy-Littlewood maximal operator M is bounded on L9(R"™),
1 < § < oo (see [21]), but there is no complete boundedness results for some other
operators on mixed Lebesgue spaces. To prove the boundedness of some important
operators on mixed Lebesgue spaces in a uniform way, we will give the extrapolation
theorems on mixed Lebesgue spaces, which have their own interest.

The extrapolaton theory on mixed Lebesgue spaces relies on the classical A,
weight (see [8]).

Definition 5.1. For 1 < p < oo, a positive function w € L{ (R") is said to be an
A, weight if

P
7

wla, = g (137 [ wiorie) (17 [y Fae) " <0
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A positive locally integrable function w is said to be an A; weight if

1
|B/Bw(y)dy < Cw(x), ae z€B

for some constant C' > 0. The infimum of all such C is denoted by [w]4,. We
denote Ao, by the union of all A, (1 <p < oco) functions.

We also need the boundedness of M on mixed norm spaces LI(R"), see [21].

Lemma 5.1. For 1 < ¢ < oo, there holds

IMflla S N Flza

By §, we mean a family of pair (f, g) of non-negative measurable functions that
are not identical to zero. For such a family §, p > 0 and a weight w € Ay, the
expression

f(@)Pw(z)dxr < / g(@)Pw(x)dz, (f,g) €F
R"

n

means that this inequality holds for all pair (f,g) € § if the left hand side is finite,
and the implicated constant depends only on p and [w] 4, .

Now we give the extrapolation theorems on mixed Lebesgue spaces. The first
one is the diagonal extrapolation theorem.

Theorem 5.1. Let 0 < qp < o0 and §= (q1,- -+ ,qn) € (0,00)". Let f,g € M(R™).
Suppose for every w € Ay, we have

@"u@ds S [ gl mueds, (£9) €5

R

Then if @ > qo, we have

[l S llgllza,  (f9) €.

Our second main result in this section is the off-diagonal extrapolation on mixed
Lebesgue spaces.

Theorem 5.2. Let f,g € M. Suppose that for some py and gy with 0 < gg < pg <
oo and every w € Ay,

ro

( - f(ff)pow(x)dx> < (/ng(x)q"w(x)igdoé), (f,9) €. (5.1)

Then for all qo < §< ppoi and P satisfies 1/4—1/p=1/qo — 1/po, we have

0—q0’
1fllzs S Ngllza,  (f,9) €3 (5.2)

Proof. By the similarity, we only prove Theorem 5.2.

We use the Rubio de Francia iteration algorithm presented in [7].

Let ¢ = ¢, /qo and p= P/po. By the assumptions and Lemma 5.1, the maximal
operator is bounded on L7 (R™), so there exists a positive constant B such that

||MfHL5/ < BHf”Lz?’-
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For any non-negative function h, define a new operator $Rh by

= MFh(x
Rh(z) = Z 2kB(k )’
k=0

where for k > 1, M* denotes k iterations of the maximal operator, and M is the
identity operator.
The operator R satisfies

h(z) < Rh(x), (5.3)
IRA] Lo < 2[Rl L5, (5-4)
9994, < 2B. (55)

The inequality (5.3) is straight-forward.
Since

= Mk > M*h
M(Rh) <> i gr < 2B Sipr < 2BRL,
k=0 k=1

the properties (5.4) and (5.5) are consequences of Lemma 5.1 and the definition of
Al ) ]
Since the dual of LP(R") is L (R"), we get

1A% = 1701l L (5.6)

< sup {/ F@)Ph@)de s |l < 1,5 > o} .

By using Hoélder’s inequality on mixed Lebesgue spaces and (5.3), we have

F@h@)de S [ f@)PRh()da
R™ R™
S £l allbll o < oo (5.7)

In view of (5.3) and Rh € Ay, we use (5.1) with w = Rh(z) to obtain

n

Po/qo
2)P0 h(x)dx 2)Po 2)dx )90 2)]90/Po0 1 )
Rnf() h(z)dz ]R"f() Rh(z)d 5(/ g(x)* [Rh(z)] d)

Combining (5.4) with (5.7) and using Holder’s inequality on mixed Lebesgue spaces
again, we arrive at

[ @b S g 12/ || (9h) /7o o 70 (5.8)
~ g2 || (R 0/ P o,
A direct calculation yields go¢’ = pop’. Therefore
1(93R) /P P19 = |Rh| 1 S Al - (5.9)

By taking the supremum over all h € L? (R") with |hl| 7 < 1and h >0, (5.6),
(5.8) and (5.9) give us the desired conclusion (5.2). O
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We point out that when n = 2, there are other versions of the diagonal ex-
trapolation theorem [14] and the off-diagonal extrapolation theorem [27] on mixed
Lebesgue spaces, which are different from Theorem 5.1 and Theorem 5.2.

By the density of smooth functions with compact support C2°(R") in the mixed
Lebesgue space LI(R™), 1 < ¢ < oo (see [2]), one can apply Theorem 5.1 and
Theorem 5.2 to the mapping property of some sublinear operators.

Theorem 5.3. Suppose 0 < qo < ¢ < 00 and T is a sublinear operator such that
for every w € Ay,

/ \Tf(Z)Iq"w(Z)dZS/ [f(D)|Pw(z)dz, feCF(R").
R n

Then T can be extended to a bounded operator on LI(R™).
Proof. By Theorem 5.1, for any f € C°(R™), we have

ITflle S 1Nl za-

Since T is a sublinear operator, we have |T'(f) —T(g)| < |T(f — g)|, and hence, for
any f,g € C°(R™), we have

IT() = T(@llra <N = 9llee SIf = 9gllza:

Since C°(R™) is dense in LI(R™), the above inequalities guarantee that 7' can be
extended to be a bounded operator on L7(R™). O

The following corollary is a consequence of Theorem 5.3 and the weighted bound-
edness of the corresponding operators.

Corollary 5.1. Let 1 < ¢ < oo, b € BMO(R"), then M, K, [b, M],[b, K] are all
bounded on LI(R™).

Proof. It is well known that M, K, [b, M], [b, K] are all sublinear operators, and

bounded on L% (R™) for arbitrary 1 < go < co and w € Ay, (see [8] for example).

Since A; C Ay, Theorem 5.3 implies that M, K, [b, M],[b, K] are all bounded on

LIR™) for all g9 < ¢ < co. In view of the arbitrariness of 1 < ¢y < 0o, M,

K, [b, M], [b, K] are also bounded on LI(R") for all 1 < ¢ < oo. O
Similarly, we have the following theorem.

Theorem 5.4. Suppose that 0 < qo < py < 0o, and T is a sublinear operator such
that every w € Ay,

</ |Tf(as)|”0w(x)dx> "o < </n |f(l‘)q°w(x)%dx) v -

Then for all qo < § < 222 and p satisfies 1/¢— 1/ = 1/q0 — 1/po, T can be

Po—qo’

extended to a bounded operator from LI(R™) to LP(R™).

Since the proof of Theorem 5.4 is similar to that of Theorem 5.3, we leave it to
readers.

To apply Theorem 5.4 to fractional integral operator and its commutator, we
need a different class of weights: Suppose 0 < a <n,1<g<n/aand 1/¢g—1/p=
a/n, we say w € A, ,(R™) if for any ball B € B,

1 1 _q//p p/ql
] Bw(x)dx ] Bw(ac) dx < 00.
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Note that this is equivalent to w € A,, where r = 1+ p/q’, so, in particular if
w € Ay, then w € Ay ;. The boundedness of fractional integral operator I, and its
commutator [b, I,] on weighted Lebesgue spaces was obtained in [17, 19].

Lemma 5.2. Let0<a<nandl <g<p<oowithl/q—1/p=a/n. IfweA,,
and b € BMO(R™), then we have

(freipotons)" s ([ sorotarnar)
(/n |[b, Ia]f(:r)pw(x)dx) v < (/n |f($)|qw(;v)q/1’dx>1/q.

These results are usually stated with the class A, defined slightly differently,
with w replaced by wP (see [6, 17, 19] for example). Our formulation, though
non-standard, is better for our purposes.

By Theorem 5.4 and Lemma 5.2, we can get the following result.

Corollary 5.2. Let0<a<n,l<{<n/a, é— % =2, and b € BMO(R"), then

both I, and [b,I,] are bounded from LI(R™) to LP(R™).
Proof. The proof is just a repetition of the proof of Corollary 5.1, so we omit the
details. O
We point out that the boundedness of I, on mixed Lebesgue spaces has al-
ready proved in [2] in a more general setting. However, our proof, relying on the
extrapolation theory on mixed norm spaces, has its own interest.
From the statement at the beginning of this section, we can obtain the bounded-

ness of M, K on generalized mixed Morrey spaces, whose proof is just a combination
of Theorem 3.1 and Corollary 5.1.

Theorem 5.5. Let 1 < § < oo, and (¢1,p2) satisfy the condition

n 1
/°° essinficscoor(z, 8)8==1 9
1 n L
r t +

i=1q;
Then the Hardy-Littlewood mazimal operator M and the Calderdn-Zygmund singular
integral operator K are both bounded from M;fl (R™) to M;fz (R™). Moreover,

||MfHM;f2 5 ||fHM;fla
I fllarzz S U llagg -

dt S ea(, 7).

Similarly, we have
Theorem 5.6. Let 1 < § < oo, and (¢1,p2) satisfy the condition

n 1
[ee] t o f ) 27::1 q;
/ (1 +In ) eilicos AL I gy < (o)
r r t1+

i=1 q;

If b € BMO(R"™), then the commutator of the Hardy-Littlewood mazimal operator
[b, M] and the commutator of the Calderdén-Zygmund singular integral operator [b, K]
are both bounded from M{;fl(R") to M:If2 (R™). Moreover,

116, M1 fllarz> S 1 llarze
116, K] fllarz> S 1 lagge -
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For the boundedness of I, [b, I,] on generalized mixed Morrey spaces, we have
the following theorems.

Theorem 5.7. Let 1 < < 00, 0 < @ <n/q, % = %— %, and (p1,p2) satisfy the
condition

dt < pa(x,r).

no 1
/OO ess inft<5<oog01(a:,s)82i=1 ai
r t1+2?=1 p%
Then the fractional integral operator I, is bounded from M(;fl(R") to M;fQ (R™).
Moreover,

Mafllases S 1 lages

Theorem 5.8. Let 1 < §< 00, 0 < a < n/q, % = %f . and (p1,p2) satisfy the
condition

n 1
> t\ essinficscoopr(x 5)521’:1 ai
1+1n- = ’ dt < .
/,, < * nr) RS ST S palasr)

If b € BMO(R"™), then the commutator of the fractional integral operator [b,I,] is
bounded from MZ'(R™) to M7*(R™). Moreover,

b Tadfllasze < 1F1Lags.

We point out that the results in Theorem 5.7 and Theorem 5.8 remain true for
fractional maximal operator and its commutator.
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