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LOCAL WELL-POSEDNESS FOR A 3D
LIQUID-GAS TWO PHASE MODEL WITH
VACUUM

Xiuhui Yangh!

Abstract In this paper we prove the local well-posedness of strong solutions
to a 3D liquid-gas two-phase flow model with vacuum in a bounded domain
without the standard compatibility conditions.
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1. Introduction

In this paper we consider the following liquid-gas two-phase flow model in a bounded
domain Q) C R3:

Op + div (pu) =0, (1.
O(pu) + div (pu @ u) + Vp(p,n) = pAu + (A + p)Vdivu, (1.
On + div (nu) =0, in Q x (0,00), (1.
u=0, on 09 x (0,00), (1.
(p, pu,n)(-,0) = (po, potio, mo)(-) in © CR?. (1.
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Here p,n and u denote the liquid mass, gas mass, and velocity of the liquid and
gas, respectively. u and A are viscosity constants satisfying

2

p > 0 is the common pressure for both phases, which satisfies

p(p’ n) = Co(—b<p7 n) + bQ(pa n) + C(’n‘))’ (1.6)

with
b(p,n) :=ko—p—aon, c(n):=4dkoagn,

and Cy, kg, and ag are positive constants.

Below we review some results to two-phase flow models. Evje and Karlsen [3]
showed global existence of weak solutions to a two-phase model in 1D case, see
also [4] for some improvements. Guo et al. [6] obtained the global strong solution
for a 3D viscous liquid-gas two-phase flow model with vacuum when the energy of
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the initial data is small enough, see also [13]. Wen et al. [10] proved the local well-
posedness and a blow-up criterion of strong solutions to the problem (1.1)—(1.5)
following natural compatibility condition:

Vp(po,no) — pAug — (A + p)Vdivug = /pog (1.7)

for some g € L?(2). Wu and Zhang [12] obtained the global existence and asymp-
totic behavior of strong solutions for the viscous liquid-gas two-phase flow model
in a bounded domain when the initial data are near their equilibrium. Zhang [15]
obtained the weak solutions of an inviscid two-phase flow model in physical vacuum
in one-dimensional case. Recently, Li et al. [8] considered the large time behavior
for a compressible two-fluid model with algebraic pressure closure and large initial
data. Chen and Zhu [1] proved the existence of weak solutions to a steady two-phase
flow. For more results on the two-phase flow models, see the review paper [11].

The aim of this paper is to prove the local well-posedness of strong solutions to
the problem (1.1)—(1.5) without the assumption (1.7). We will prove

Theorem 1.1. Let 0 < pg,ng € Wh4 (3 < q < 6) and ug € H}. Then the problem
(1.1)~(1.5) has a unique local strong solution (p,n,u) satisfying
0<p,n€ L>®0,T;WhH),0,p,0,n € L>(0,T; L?),
u € L=(0,T; Hy) N L*(0,T; H?), /pdyu € L*(0,T; L?), (1.8)
Vipdyu € L°°(0,T; L?), Vtoyu € L*(0,T; HY),

for some 0 < T < .

Remark 1.1. Recently, Gong et al. [5] and Huang [7] obtained similar results
to the isentropic compressible Navier-Stokes equations without the compatibility
condition similar to (1.7). Their proofs are in the sprit of Choe and Kim [2] by
taking more delicate estimates. Our arguments are different from those in [5, 7].
Here we construct a priori estimates by using some ideas developed in the study of
low Mach number limit problem [9], see the details below.

We will prove Theorem 1.1 in the following way: For § > 0, we choose 0 < § <
pd,nd € H? and u§ € Hi N H? satisfying

(p5,nd) = (po,mo) in WY u —uy in HE as § — 0. (1.9)

Then it is easy to verify that the problem has a unique local strong solution
(p%,n%,u’) in [0,T5). We point out that the condition 3 < ¢ < 6 is used at this
point to guarantee that H? is compactly embedded in W14 (since ¢ < 6) which is
compactly embedded in L (since ¢ > 3).

Now we define, similar to [14],

M0 =1+ sup (6 n%)c5) s + (01", Dem®) o 8) 1.

1w’ Cos) i+ VIV p0ug (o 8)l 2} + 16 [l L2 0, mr2)
+ VP00 | 120,02 + V5Vl | 120422 (1.10)

We can prove
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Theorem 1.2. For any t € (0,T5), we have that
M2 (t) < Co(M3) exp(t ' C(M°(1))) (1.11)
for some nondecreasing continuous function Cy(-) and C(-).
It follows from (1.11) that (see [9]):
M°(t) < C (1.12)

and thus the proof of existence part is complete by taking § — 0 and the standard
compactness principle.

In the remainder of this paper we give the proof of Theorem 1.2 in section 2
and present the proof of uniqueness part of Theorem 1.1 with the regularity (1.8)
in section 3.

2. Proof of Theorem 1.2

Below, for the sake of simplicity, we shall drop the superscript “§” of p®,n?, u?, Mg
and M?°(t), and denote M = M (t).
First, it is easy to see that

0 < p,n and /pda:: /podx,/ndx:/nodm. (2.1)

We note that
0 b
@ _ Co[l— —— | >0,
dp b2 + ¢(n)

b+ 2k
@:Coao <1++°> >0,

on b2 + ¢(n)
P e
o>~ e
82p _ Coag 2bko + c(n)
8p0n GEFD) .
2
9P _ _46hazke—e=Lt— <,
on? (0% +¢(n))?
and thus 5 5
p p
— — | < C(M). 2.2
22|+ |32 | < can (22)
Equation (1.2) can be written as
— pAu — (AN + p)Vdivu = f := —pdu — pu - Vu — Vp. (2.3)

Because the system (2.3) is a strong elliptic system so that one can use the elliptic
regularity to obtain

[ullw=a <C|[fllze < CllpdeullLe + Cllpu - VullLa + ClIVp||La
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3g—6
<ol II\/ﬁwlqu el 6"
+CM )IIUIILwIIVUIILq +OM)([IVpllza + [[VnallLa)

3q—6

c(M )H\fmlle HVUtHL T+ O Vull e llull 52 + C(M)

q—6

< C(M)H\/ﬁmllf? HVUtIIL?‘ +C(M)|ull 7> + C(M), (2.4)

which gives

t t 6-q 3q-6 t 3
/ lullweads < C(M) / IVaull 3 Va2 ds+C(M) / lullfods + C(M)t
0 0 0
t 3q—6 39—6 6—gq
<00 [ 5 (alVallo) 5 Bl 7 ds
0

+ o) (/Ot ds>i (/Ot ||u||§pds)i + ot

t 3 t 22
<C(M) </ sq2qd3> (/ s||Vut||igds)
0 0

6—

¢ s
0

<C(M)ET + C(M)tT < C(M)t' T (2.5)

Bl

forall 0 < ¢ < 1. Here, in (2.4), we have used the continuous embedding W17 «— [
(since ¢ > 3) and Agmon’s inequality

1/2 1 2
ull e < Cllull 3/ a2

Using the Gagliardo-Nirenberg inequality

2q—6

IVull Lo < Cl[Vull % 6||U||5§2i, (2.6)

we observe that

t t
/ |Vu]| = ds < C(M) / IIuII%QidS
0

<con( [ a ) (/ ||u||wuds)°“

6 6—

< C(M)t5is -t w55 = O(M)ti < C(M)t'5 . (2.7)

Testing (1.1) by p™~ 1, we see that

1 d -1
/pmdx = —/div (pu)p™ tdx = /pqum_ldx —_— /,omdivudgc7
m dt m

which leads to

glelln < lldivullz= ol L,
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and thus (using Gronwall’s inequality and the Sobolev embedding W14 « [

(since ¢ > 3))

t
ol < llpol o exp ( / ||divu||Loods)
0

L exp(t T C(M)) (2 <m < o),

<|lpol

Applying V to (1.1), testing by |Vp|?=2Vp, we find that

d .
3 1VPle < ClVulL=[[VplLs + ClipllLe[[Vdiv ul s,

which implies

(2.8)

t t
9ok <€ (19l + [ ol Vv alseas ) exp ([ [9ulas)
0 0

<O(1+ C(M)t5" ) exp(t 5 C(M))
< Co(Mo) exp(t = C(M)).
Similarly, we have
6
2] zm < |Ino||zm exp(t 5 C(M)) (2 < m < o0),
6—q
IVn|Le < Co(Mp)exp(t=a C(M)).

Testing (1.2) by u;, and using the equation (1.1), we deduce that
1d
2dt

=— /pu -Vu - ugde + /pdivutdz

22114—12.

(IVul? + (A o) (diver)?)dz + / plug?dz

We bound I; and I5 as follows.

[ < [lVpuell 2]/l oo lull Lo [Vl s
1 1 1
< CM)[IVpul 2 [ Vull L ull 2 < CMD[Vpud| L2 [ull -
1
< Iveullz + COM)ulm2;

I :%/pdivudxf /ptdivudx
d . Ip Ip :
=3 /pdw udx — / (appt + an”t) divudz
d .
<5 [ ptivude + QD12 + loslz2) Vallz

< % /pdivudx + C(M).

(2.12)
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Here we have used the using the continuous embedding H' < L% and the Gagliardo-
Nirenberg interpolation inequality

1/2 1/2
IVull s < Cllul 2 [Vull 5. (2.13)

Inserting the above estimates into (2.12) and integrating over (0,t), we have
t
6—q
IVallze + [ IVpudleds < CoMo) explt 5 C(a). (2.14)
0

Applying 0; to (1.2) and using (1.1), we infer that
pO2u + pu - Vuy — pAuy — (A + p)Vdiv g
= — Vpi + div (pu)(ur + u - Vu) — pug - V. (2.15)
Testing (2.15) by u; and using (1.1), we have
1d
2dt
/ptdiv updr — /puV|ut\2dx - /pu -V(u-Vu-u)de — /put -Vu - updx

=:> I (2.16)

We bound I; (i =3,...,6) as follows.

0 0 .
[I3] = ‘/ (aipt + aint) divuydz

<SC(M)||Vu 2

<L Va3 + C(0);
<2lvVpllr=llVpullzsl[ull el Vel 2
< CM)[IVpuil| s [Vuell 2

1 1
S C(M)|IVpuell 2wl ol Vel 22
1 3
<SCM)|puel| 22 Vel
1
< 16lVuellze + COM)y/pual|Ze;

[ ootz [Vl + O ) i)

14

5| <llpllze llull Lol VullZs luell Lo + [l oo llullZo | Vull 2l 2o

+ ol llullZo | Vel e [ Vue | 2
<CM)(IVullzs + llull )|V 2
CM)(IVull 2 l[ull 2 + [l z2) [ Vel L2
C(M)|lull 2] Vuel| >

I
< 16 IVuellze + COMDfuls;

1 3

<|IVullzz lvpuelZs < 1Vullzz lv/ouel 22l vVoudl 26
1 3
SC(M)[lVpurl| 2 [Vl £2

<
<

s
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1
< 16lIVuellze + COM) /ol |Ze.

Inserting the above estimates into (2.16), we have

1d

3
S | Plualde+p / Vi Pde < COM)+COMD)||y/pul 3 +COM) ful3e. (2.17)

Multiplying the above inequality by ¢ and integrating over (0,t), we have
t
t/p|ut|2dx—|—/ 5| Vug||32ds < Co(Mo)CXp(tG‘*TqC(M)). (2.18)
0

It follows from (2.3) that, using the Gagliardo-Nirenberg interpolation inequality
(2.13) and Young’s inequality,

[ullz> <Clfllz2 < Cllpus + pu- Vu+ Vp| 12
<ClIVelc=llvpudllL2 + Clipl e lull o [ Vul s + ClVpl| 2
<ClVplleellvpul L2 + C(M)|ull 2 + C(M),

which yields
lullz> < ClivpllLellVpudl L2 + C(M),

and therefore -
[ull L2 (0,1:5r2) < Co(Mo) exp(t 3@ C(M)). (2.19)

It follows from (1.1), (2.8), (2.9) and (2.14) that

lpellre = llu-Vp+ pdivull L

<llull, 2, IVpllLe + llplpelldiv ul 2
<Clpllwrall Vel 2
< Co(Mp) exp(t 5 C(M)). (2.20)
Similarly, we have
6—q
Ine|lrz < Co(Mp) exp(t 2 C(M)). (2.21)

Combining (2.8)—(2.11), (2.14), and (2.18)—(2.21), we conclude that (1.11) holds
true. This completes the proof of Theorem 1.2. O

In the remainder of this paper we give the proof of Theorem 1.2 in section 2
and present the proof of uniqueness part of Theorem 1.1 with the regularity (1.8)
in section 3.

3. Proof of the uniqueness part of Theorem 1.1

This section is devoted to the proof of the uniqueness part of Theorem 1.1. Let
(pi,ui,n;) (i = 1,2) be the two strong solutions satisfying (1.8) with the same
initial data.

We denote

(pyu,n) == (p1 — p2,u1 — Uz, N1 — N2).
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Then it is easy to verify that
Op +us - Vp+ pdivus + prdivu +u - Vp; =0, (3.1)
P10+ pruy - Vu—pAu—(A+ vp)Vdiveu= — pru - Vus —p(Oruzs+us - Vusg)
(3.2)
- V(p(planl) - p(p?»nQ))v
on +uy - Vn +ndivug + nidivu +u - Vng = 0. (3.3)
Testing (3.1) by p and using (1.8), we have
1d 9 . .
@/’ dr = — [ (uaVp + pdivus + p1divu + u - Vpq)pdx
1
= — / <2p2diqu + prdivup + qu1p> dx
<O Vus|p=llpll72 + Cllpall e[Vl 2l pll 2
+ Cllull sl Vol s llpll o2
< O Vuz|lL=llplZ2 + ClIVul 2 [Ipll 2,
which gives
d
TPl < CllVuzll=lipllzz + ClVul 2.
By the Gronwall inequality, we get
t
loll> <€ [ I ulpads. (3.4
0
Similarly, testing (3.3) by n and using (1.8), we have
1d 5 . .
I n“de = — [ (uaVn + ndivug + nidive + u - Vng)ndz
<O Vuz|[p=lnlZ: + C|Vull g2 [ 2,
which gives
d
Pz < ClIVuz|pelinllze + ClVul e
Hence .
e < c/ V| z=ds. (3.5)
0

Testing (3.2) by u, using (1.1), (1.8), (2.2), (3.4), and (3.5) we find that

- ( [ ontufas+ [ t Jlvap+ o+ m<divu>2>dxds)

45 [Vl + () (div ) da

SCHVWHLw/Pl|u\2dx+C||5tU2||L6||UHL6||PHL3
+ Cllua|lzs | Vual[ e |ull s || pll L2 + Cllp(p1,n1) — p(p2, n2)| 22| VUl 22
SCHVWHLOO/Pl|u\2dﬂﬁ+C||Vu2t\|L2HVUHLZHPHL2
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+ Clluallze [ Vull = llollz2 + C(lpll = + l1nl] =) [Vl
< C||Vuzl| o~ / prluf*de
t
+ C(||Vuat|lL2 + ||u|| g2 +1)||Vu||L2/ IVu| L2ds
0
< BIVuls +CVuzl= [ pfufda
t 2
T O(Vuze 2 + [l + 1) ( / |des)
0
< BVulEs + CIVusli~ [ pfufds
t
+ O Ve 12 + [JullZ +1)/ Va2 ds. (3.6)
0

Applying the Gronwall inequality to (3.6) gives u = 0, and then using this fact,
we get p =0 and n = 0 from (3.4) and (3.5). Thus, we complete the proof of the
uniqueness part of Theorem 1.1 and finally get Theorem 1.1. O
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