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A FREE BOUNDARY PROBLEM OF SOME
MODIFIED LESLIE-GOWER
PREDATOR-PREY MODEL WITH SHIFTING
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Abstract In this paper, we mainly study the long time dynamical behavior
of the Leslie-Gower prey-predator model with two free boundaries in some
shifting environments. We assume that the unfavourable region of the envi-
ronment moves into the otherwise favourable homogeneous environment with
a given speed ¢ > 0 in the spreading direction of the prey and predator. We
focus on the invasion of introduced predator in the new habitat. We show
that such shifting environments could reverse the fates of the prey and the
predator can be able to successfully invade. A complete discussion of the long
time behavior of the model can be obtained for such cases.
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1. Introduction

Climate change has a profound impact on the survival and spreading of ecologi-
cal species, resulting in changes in species abundance, diversity and habitat, and
leading to the extinction of some vulnerable species around the world. In order to
gain insight into the consequences of climate change, many mathematicians have
proposed some models which can be deduced that climate change may threaten the
survive of species by shifting environment from favorable to unfavorable conditions.

In [7], Du et al. considered the following free boundary problem of the diffusive
logistic equation

up — dugy =ula—bu), t>0,0<xz<h(t),
u(t,h(t)) = 0,u,(t,0) =0, t > 0,

W(t) = —pue(t, h(t),  t>0,

h(0) = ho,u(0,z) = uo(x), 0 < & < ho,

(1.1)
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where u(t, z) stands for the population density of the species at time ¢ and spatial
position z, x = h(t) is the moving boundary to be determined together with w(¢, x),
a, b, d are given positive constants, hy > 0 denotes the size of initial habitat, & > 0
is the ratio of expanding speed of the free boundary and population gradient at
expanding front, and wug is a given positive initial function. They have obtained the
spreading-vanishing dichotomy results.

In [12], Du et al. investigated a similar situation by the following free boundary
model

U = diUze + A1 (x — ct)u — biu?, t > 0,0 < x < h(t),

uz(t,0) = u(t, h(t)) =0, t>0, (1.2)
W(E) = — st (D), (>0,
h(0) = ho,u(0,2) = ug(x), 0 <z <hy,

where 1, dq, by are given positive constants. The function A;(£)(¢ € R) is assumed
to be Lipschitz continuous, strictly increasing on [—ly, 0] and satisfied

aop,1, § < _l07

ai, 5207

A1(§) =

where lp > 0, ap,1 < 0 and a; > 0 are constants.
In [22], Z. Guo et al. considered the Leslie-Gower predator-prey model with a
free boundary

ou
E:ugm—&—u(l—u)—6uv7 t>0,0<z<h(t),
Z::Dvm—kfw<1—uia>, t>0,0<z<h(t),
W (t) = —p(us(t, h(t))) + poa(t, h(t)), t >0,
h(0) = hg, ug(t,0) = v, (¢,0) = u(t, h(t)) = v(t,h(t)) =0, t > 0,
u(0,2) = up(x),v(0,2) = vo(z), x € [0, hol,

(1.3)

with the positive parameters p > 0, p > 0. The initial data (ug,vo) satisfy

Up, Vg € CQ([O, ho]),
u(0) = vp(0) = uo(ho) = vo(ho) = 0,

ho > 0,ug(z) > 0,vp(x) > 0 for all z € [0, hg).

The model (1.3) describes how two species u(t, z) and v(t, z) evolve if they initially
occupy the bounded region [0, hg]. They have established a spreading-vanishing
dichotomy for the long-time dynamical behavior, which unique solution (u,v,h) is
satisfied one of the following condition.

(i) Spreading: if tlgglo h(t) = +oo, then tlgglo u(t,x) = po and tlggo v(t,z) = qo,

where (po, qo) is the unique interior equilibrium of (1.3).
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(ii) Vanishing: if tlim h(t) < 400, then
— 00
i {lu(t, z)l|conw) = 0 and Tim {lu(t, z){|cfo.n) = 0.

Free boundary problems with different free boundaries for two-species model
have been studied by many authors. In [32], Wang et al. investigated a free bound-
ary problem for the diffusive Leslie-Gower prey-predator model with double free
boundaries in one space dimension. They also provided a spreading-vanishing di-
chotomy. Liu et al. in [23] discussed the diffusive competition model with two
different free boundaries, and gave some sharper estimates of asymptotic spreading
speeds of two free boundaries when both species spread successfully. Similar works
but for the mutualist model can be found in [38]. In [16], Huang et al. studied a
free boundary problem of the diffusive competition model with different habitats.
At the same time, they investigated the existence, uniqueness, regularity, uniform
estimates and long-time behavior of the global solution. Wang et al. in [34] studied
a diffusive competition model with seasonal succession and different free bound-
aries. In [20], Li et al. investigated some free boundary models with nonlocal
diffusions and different free boundaries. They proved that such kind of nonlocal
diffusion problems has a unique global solution. They also studied the long-time
behavior of global solution and criteria of spreading and vanishing for the classical
Lotka-Volterra competition, prey-predator and mutualist models.

In this paper, we will consider the free boundary problem of Leslie-Gower
predator-prey model with shifting environments, that is the following model

— ditge = Ay (z — ct)u — u? — Buv, t > 0,0 < x < h(t),

vt—dwm:Ag(x—ct)v—ufa, t>0,0<x<g(t),
uz(t,0) = 0,u(t,z) =0, t>0,h(t) <z < o0,
v (t,0) = 0,v(t,z) = 0, t>0,9(t) << +oo, (1.4)
W(t) = —paua(t, h(t)), t>0,
g'(t) = —p2va(t, g(t)), t>0,

h(0) = ho,u(0,z) = ug(x), 0 <z < ho,

9(0) = go, v(0,2) = vo(), 0 <z < go,

where d;, (i = 1,2), «, 8, ho and gg are positive constants, Ao (&) satisfies the same
assumption as A;(§) except that (ag1,a1) is replaced by (ag.2,a2) with ag2 < 0,
az > 0, and the initial functions ug(z) and vo(x) satisfy

ug € C*([0, hol), vo € C([0, go]), up(0) = v(0) = 0,

ug > 0 in [O,ho),UO(ho) =0, (15)

vg > 0 in [0, go), vo(g0) = 0.

By the mathematical analysis in [12], there exist positive constants cg 1 and cg 2,
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which are determined by the following problems

dipy — coapy +arip1 —pf =0,p1(2) >0, 2 >0, (16)

p1(0) = 0,p1(00) = az, Co,1 = pp} (0),

and
2

P>
dop¥ — co.oph + agps — —= = 0,p2(z) >0, z > 0,
2P2 0,2P2 2p2 o p2( ) (1.7)

P2(0) = 0,p2(00) = asa, co 2 = paps(0),

respectively. It is also known ¢g; < 2v/a;d; (i =1,2).

Next, we will show the main theorems of this paper. Firstly, when ¢ > max{co 1,
o2}, we can prove that both « and v are extinct in their respective environmental
conditions, that is the following theorem.

Theorem 1.1. Let (u,v,h,g) be the solution of (1.4) with initial functions satis-
fying (1.5).
(i) If ¢ > co 1, then u vanishes, i.e.,

i A(t) = hoo < +00 and lim Jlut,)loqo.nen =0

t—o00

(i) If ¢ > co 2, then v vanishes, i.e.,

tllr&g(t) = goo < +00 and tlggc ”U(ta')HC([O,g(t)]) =0.
Secondly, we discuss the case of ¢ € [cp1,c0,2). In this case, the prey u be-

comes extinct and the long-time behavior of the predator v can be described by a

trichotomy consisting of vanishing, spreading and borderline spreading.

Theorem 1.2. Let (u,v,h,g) be the unique solution of (1.4) with initial functions
satisfying (1.5). Suppose that

Co2 > C 2 Cot, (1.8)
then (u,h) satisfies
(238, 0) = oo < +o0, fip ults Dleqonen =0 (19)

and
(i) vanishing of v: tlim g(t) = goo < 00 and
— 00

lim { max v(t,m)] =0;
t—00 | z€[0,9(¢)]

(i) spreading of v: lim [g(t)—co 2t] = Go for some Gy € R, and for any é € (¢, co,2),

t—o0

lim [max lo(t, ) — p(x — ct)q =0,

t—oo | (0,6t

i | e 0(6,2) = pa(alt) — )| =0,

t—oo | [ct,g(t)
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where po is the unique solution to (1.7) and ¢(x) is the unique solution of

2
d0" + el + Aalw)s — L = 0,2 € (o0, +00),

(1.10)
¢(—00) = 0,¢(+00) = aza;
(i) borderline spreading of v: tlim [g(t) — ct] = L. and
—00
lim | max |v(t,x) — Vi(x — g(t) + L =0,
Jim | ma o) = Vi(a = g(t) + L.)|
where L., V. are uniquely determined by
V2
V) 4+ cV] + Ay(z)Vi — = =0,V, > 0, z € (—o0, L),
o (1.11)

Vi(=00) = Va(Ly) = 0, —p2V/(L.) = c.

In order to better understand the trichotomy described in Theorem 1.2, we treat
1o as a parameter and fix all the other parameters in (1.4) as well as the initial
functions ug, vg satisfying (1.5).

Theorem 1.3. Suppose that co1 < ¢ < 2v/agds, and (u,v,h,g) is the solution of
(1.4) with initial functions ug, v satisfying (1.5). Then (1.9) always holds, and
there exists i € (0,+00) such that,
(i) vanishing of v happens if us € (0, ft);
(ii) borderline spreading of v happens if ps = [i;
(ii1) spreading of v happens if ps > fi.

The rest of this paper is organized as follows. In Section 2, we will show that
some preliminaries which are either known or easily obtained from existing results.
In Section 3, we will study the long-time dynamical behavior of w and v. In this

section, we are devote to the proof of Theorems 1.1-1.2. In Section 4, we will prove
Theorem 1.3.

2. Some preliminaries

The existence and uniqueness conclusion for (1.4) can be obtained by simple modi-
fication of the proof of Proposition 2 in [15](with some corrections as given in [13]),
or follow the argument in [33], which are rather different from those in [15].

Theorem 2.1. For any given (ug, vo) satisfied (1.5) and any w € (0, 1), there exists
T > 0 such that the problem (1.4) admits a unique bounded solution

(u,v,h, g) € CTF1F= (1) x O (Jp) x CHE ([0, 7)),
Moreover,

b2 e gy T Il 5 oy F19lre g omyy <@

el s vy, + 0l

where
It = {(t,z) €R*:t € [0,T],z € [0, h(t)]},
Jr ={(t,z) eR*: t € [0,T],z € [0,9(t)]},

and ¢, T only depend on hg, go, @, |[uollc2((0,ne), 1V0llc2([0,g0]) -
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By similar arguments as in the proof of Theorem 1 of [15], we have the following
global existence result.

Theorem 2.2. The unique solution (u,v,h,g) in Theorem 2.1 can be extended to
all t > 0, and there exist positive constants My, My, Mz, My such that

0 <u(t,z) < My, for te(0,400), 0<z<h(t),
0<wv(t,z) < My, for te€(0,+0), 0 <z <g(t),
0<h(t)<Ms, 0<g'(t) <My, for te(0,+).

Next, we state a comparison principle, which is extracted from Lemma 4.1 and
Lemma 4.2 of [28] with minor modifications.

Lemma 2.1. Suppose that T € (0,00), h, h, g, g € CY([0,T]) and h, h, g, g>0
in [0,T]. Denote by

O = (t,x) : t> 0,2 €[0,h(t)],
Qo= (t,z) : t > 0,2 € [0,h(t)],
Q3 = (t,z): t >0,z €[0,g(t)],
Q= (t,x): t>0,2€[0,9(t)]

Let_ﬂ S C(Ql) n 01’2<Ql), S C(Qg) M 01’2(93), u € C(QQ) N 01’2(92), RS
C() N CY2(Qy). Assume that

0<u,u< M and 0 < v,v < My,

(@, v, h,g) satisfies

Uy — dilige > Ay (x — ct)t — u?, t>0,0<x < h(t),
=2
U — doUyy > As(x — ct)v — Mo t>0,0<z<g(t),
Uy (t,0) <0,u(t,z) = 0, t>0,h(t) <z < +o0, (2.1)
5.(£,0) < 0,5(t,2) =0, £>0,5(t) < @ < +o0,
E/(t) > _;Uflﬂx(ta B(t))v t>0,
g'(t) > —pa0s(t, §(t)), t>0,
the couple (u, h) satisfies
w; — dy,, < u[Ai(x—ct) —u— M), t > 0,0 <z < h(t),
u,(t,0) >0, t>0,h(t) <z < o0,
1,60 (" 9
u(t,z) =0, t>0,h(t) <z <400,

B(t) < —pau, (£, h(1), t>0,
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and the couple (v, g) satisfies

v, — dov,, < v Ag(ﬂc—ct)—g ,t>0,0 <z < g(t),
o g
v, (¢,0) >0, t>0,9(t) <z <400,
v, (t,0) g(t) (2.3)
v(t,z) =0, t>0,g(t) <z < +oo,
g'(t) < —pav, (L, g(t)), t>0.

Assume that the initial data of (2.1) satisfy

7(0) = ho, §(0) > go, (0, ) > 0,0(0,x) 2 0 on [0,2(0)],
a(0,x) > ug(x),v(0,2) > vo(z) on [0, h(0)],

and the initial data of (2.2) and (2.3) satisfy

h(0) < ho,g(0) < g0,0 <u(0,2) <wup(z),0 <v(0,2) <vo(x) on [0,R(0)].

) <
Then, the solution (u,v,h,g) of (1.4) satisfies
h(t) < h(t) < h(t), g(t) < g(t) < g(t) on [0,+00),
(

u<a forallt >0,0 <z <h(t),
v <7 forallt>0,0 <z <g(t),
u>u forallt >0,0 <z <h(t),
v>w forallt>0,0 <a<g(t).

The proof of Lemma 2.1 is very similar to the proofs of Lemma 5.1 of [14],
Lemma 4.1 and Lemma 4.2 of [28]. Hence, we omit the details here.
For any constants L > 0 > —[, we consider the following problem
V2
AoV + V' 4+ Ag(x)V — — =0,V(z) >0 for -l <z <L,
o (2.4)

Lemma 2.2. Suppose 0 < ¢ < ¢g2. Then the following conclusions hold.

(i) For each | > 0, there is a unique L(l) such that (2.4) with L = L(l) has a unique
positive solution Vi(x) satisfying —u2Vy/ (L(1)) = c.

(i) The function | — L(l) is decreasing, denote L, := lim L(l) > —ly. Moreover,

l—00
Vi(z) := llgglo Vi(z) exists and (L., Vi) satisfies

2

v,
BV + Vit @)V = - = 0.V > 0, w € (=00, L),

(2.5)
Vi(=00) = Vi(Li) = 0, —p2VI(Ls) = c.

Lemma 2.3. Let L. be given as in Lemma 2.2, and My be given as in Theorem
2.2. For any given L < L, and —l < L, the following problem
W2
d2wll—|—CW/+A2( )W_7—OW()>OfOT —l<ZL’<L, (26)
W(=l) = My, W (L) =0,
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has a unique positive solution Wy 1. Moreover, for all sufficiently large I, we have
— uaWi (L) < c. (2.7)
Lemmas 2.2 and 2.3 are minor modifications of Lemma 2.5 and Lemma 2.8
in [12].
3. The long-time dynamical behavior

3.1. The dynamical behavior for ¢ > max{c1, o2}

In this section, we will prove Theorem 1.1. Proof. We first prove part (i). Since
v >0 from (1.4), we can obtain

g — ditige < uAi(x —ct) —u? t > 0,0 <z < h(t),

ug(£,0) = 0, u(t, h(t)) =0, t>0,
R (t) = —prug(t, h(t)), t>0,
u(0,x) = up(x), 0 <z < hyg.

By the comparison principle, we have
h(t) < h(t) and u(t,z) < a(t,x) for t > 0,0 < = < h(t), (3.1)

where (i, ) is the unique solution of

Uy — dilige = WAL (x —ct) — a2, t > 0,0 < z < h(t),
U, (t,0) = 0,4(t, h(t)) = 0, t >0,

W (t) = —paiie (t, (1)), t>0,

(0, ) = uo(z), h(0) = hg, 0 <z <hg.

Since ¢ > cg1, by Theorem 1.2 in [12], we can conclude that

lim B(t) = hioe < +o00 and Jim [a(t, )| = 0-

t—o0

Combining this with (3.1), we can obtain that

lim h(t) = heo < +o0 and lim [[ut,)|lcqo.ney = 0.

t—o0

Next we establish part (ii). Since u < M; from (1.4), we will obtain

2

v
bt — dQ'U;EI < UAQ(x - Ct) - mv t> 070 <xr < Q(t)7
v (t,0) = 0,v(t,g(t)) =0, t>0,
g'(t) = —pava(t, g(t)), t>0,
v(0,2) = vo(z), 0 <z < go-
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Due to the comparison principle, we can deduce that
g(t) < g(t) and v(t,z) < o(t,z) for t > 0,0 < = < g(t), (3.2)

where (7, g) is the unique solution of

52

v
ﬁt—dﬂm:ﬁAQ(z—ct)—MlJra, t>0,0<z<g(t),
U4(t,0) =0,0(t, g(t)) =0, t>0,
g'(t) = —pava(t,9(1)), t>0,

(0, z) = vo(x),9(0) = go, 0 <z < go.

Due to ¢ > ¢p 2 and Theorem 1.2 in [12], then we have

Jim g(t) = Goo < 400 and lim {|0(¢, )l (0.5 = O-

t—o00

Thus by (3.2), we can obtain

lim g(t) = goo < 400 and tliglo v, )leqo,g)) = O

t—o00

3.2. The dynamical behavior for cys > c > ¢,

Let (u,v,h,g) be the unique solution of (1.4) with initial functions satisfied (1.5).
In this section, we assume ¢ € [cp.1,¢o,2). Denote

G* := limsup[g(t) — ct] (3.3)
t—o0
and L, be given by Lemma 2.2. We break the proof of Theorem 1.2 into three main
steps:
Step 1. G* < L, implies vanishing of v;
Step 2. G* = L, implies borderline spreading of v;
Step 3. G* > L, implies spreading of v.
Proof of Step 1. G* < L, implies vanishing of v.
Lemma 3.1. If G* < L,, then G* = —oc0 and hence lim [g(t) — ct] = —o0.

t—o0

Proof. Fix L, € (G*,L,). By Theorem 1.1 (i), we know hoo < +o00. Hence due
to G* < Li, we can choose Ty > 0 such that ¢t — 1 > he and g(t) — ¢t < Ly
for all t > Ty. Since ¢t — 1 > hoo for t > T, we see that u(t,z) = 0 for ¢ > Ty,
x > ct—I. From Lemma 2.3, there exists [ > 0 large enough such that _/,CQWZI’Ll < c,
where W, 1, (x) is the unique positive solution of (2.6) with L replaced by L. For
My > My, Ly > Ly, denote ¢, as the unique positive solution of

2
dz¢" + ¢’ + Az(x)p — % =0, —l <z < Lo,

#¢(=1) = Mo, ¢(Lo) = 0.

By the continuous dependence of ¢. on My and Ly, if (My, Lo) is close to (Ma, Ly),
then ¢ is close to W, r,. Hence, —u2¢l(Lo) < ¢ if (Mo, Lo) is close enough to

(3.4)
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(Ma, L1). Fix (Mg, Lg), then the above inequality holds. According to the compar-
ison principle, we can obtain that ¢.(x) > Wy, (x) for € [-1, L1]. Then we can
find 9 > 0 such that

¢e(x) > Wi, (z) + 29 for x € [, L4].
Applying the continuous dependence of ¢. on ¢, there exists o > 0 such that
be—o(x) > Wi L, (x) + €0 for & € [-1,L1] and — pa¢,,_,(Lo) < ¢ — o,

where ¢._, is the unique positive solution of (3.4) with ¢ replaced by ¢ — 0.
Define ®(¢, x) as the unique positive solution of
(1)2
@t:dg@zz-kc@I—I—Ag(x)(I)——, t>Ty,—l<x< Ly,
e
(I)(t, —l) = M, @(t,Ll) =0, t > Tp,
(I)(L(hl'):MQ, —l<zx<lIy.
By the properties of logistic type equations, ®(t,:) — W () in C?([-1,Ly]) as
t — 00.

Denote
V(t,z) = v(t,x + ct) and G(t) = g(t) — ct.

Then from (1.4), we can deduce that

V2
Vi = doVay + Vi + As(2)V — o t>To, -l <z<G(t) < Ly,

V(t, —l) < M, V(t,G(f)) =0, t > Ty,
V(Lo,x) < Mo, —l <z < G(Ty),

where we have used V' < Ms, which is guaranteed by Theorem 2.2. We may apply
the standard comparison principle to conclude that

O(t,x) > V(t,x) =v(t,z+t) for t > Ty, —1 < x < G(t).

Since ®(t,-) — W, r,, () in C?([—1, L1]) as t — oo, then for the above given &g, there
exists T7 > Ty such that

Ge—o() > Wi, () + 60 > (Th,z) > v(Th,z+cTh) for —1 <z < G(Th).
Define

U(t,x) = pe—o(x — Ty — (¢ — 0)1),
nl(t) = CT1 + (C— O')t — lﬂ72(t) = CT1 + (C— O')t+ LO.

By direct calculation, we have

1

(tﬂ?l(t)) = ¢cfcf(_l) = MO > M2 > ’U(t + Tlvnl(t))at > 0,
(t7772(t)) = ¢C—U(LO) =0,¢>0,
’17(0,1‘) = ¢C_U(.'L‘ - CTl) > 'U(Tl’m)vx € (771(0)7772(0))’

<
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Mo(t) = ¢ — 0 > —pade_o(Lo) = —pas(t, m2(t)), £ > 0,
7]2(0) =clh+ Lo>cly + Ly > g(Tl).
In addition, for ¢ > 0, 71 (¢) < & < n2(t), we have
2 _

Uy = doUgy + As(x — cT1 — (¢ — 0)t)0 — . > daUyy + Ag(x — c(t +T1))0 — -

1]
<

Since u(t+T1,x) =0 for ¢t > 0 and = > n;(t), from (1.4), we can see that (7, 72)
is a super solution of the equation satisfied by (v(Ty +t,x), g(T1 +t)) over the range
t >0, n1(t) < a < na(t). Thus by the comparison principle for the free boundary
problems, we can deduce that

gt +T1) <ma(t) =1 + (¢ — o)t + Lo for t > 0.
Obviously, this implies G* = —oco and tli}m (g(t) — ct) = —o0. O
o

Lemma 3.2. For M > 0, define
e(M) = limsup [ sup v(t,m)] .
t—oo  |0<z<ct—M
Then A}im e(M) = 0. Here we have used the convention that v(t,z) = 0 for
— 00
x> g(t).
Proof. Since u(t, h(t)) < My, then we have

vt<dgvm+v{A2(x—ct)— },t>0,0<gc<g(t)7

M+«
va(t,0) = 0, 0(t, gh(t)) = 0, >0, (3.5)
9'(t) = —pava(t, (1)), t>0.
By the comparison principle, we can establish that
v(t,z) < o(t,x),g(t) < g(t) for t > 0,0 <z < g(t),

where (7, ) is the solution of

v
Up = doUpy + U Ag(x—ct)—iMDLa ,t>To, -l <x<g(t) < Ly,
’D(t,O) = Oaﬁ(tvg(t» = 07 t> O,
g/(t) = _/~I“21_]£C(t7g(t))’ t> 07
g(O):go,'l_)(O,CU):’l]o(x)7 0<(E<go

By Lemma 3.10 of [12], we have

lim [hmsup( sup v(t,x)ﬂ =0.

M—oo | t—oo \0<z<ct—M

It follows that lim e(M) = 0. O

M—o0
From Lemma 3.1 and Lemma 3.2, we obtain the following conclusion.
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Corollary 3.1. If G* < L, then lim [ max U(t,x)] =0.
t—=o0 |€[0,9(t)]
To establish the proof of Step 1, it only to obtain that g., < 400, which will
follow from Corollary 3.1 and the following result.

Lemma 3.3. If tlggo |:$€I[%i;(<t)] v(t,x)} =0, then goo = tlggo g(t) < o0.

Proof. This is a simple variant of the proof of Lemma 3.11 in [12]. Here omit the
details. O
Proof of Step 2. G* = L, implies borderline spreading of v.
Denote

G(t) := g(t) — ct.

First, we claim that tlim G(t) = L,. If this is not true, then

—00

G, = liminf G(t) < L..
t—o0

For any L € (G, L), the function G(t) — L changes sign infinitely many times as
t — oo. In the following, we are going to drive a contradiction by using the zero
number argument.

Since the fact G* = L, implies goo = +00 and ho < 400, then for all large
t>T> 0, we have that

g(t) > hoo and u(t,z) = 0 for = € [hoo, g(t)]-

Hence from (1.4), we have

2 ~
vt—dgvm:vAg(:c—ct)—v—, t>T hoo <z <g(t),

«
v(t, hoo) € (0, Ma], v(t, g(t)) = 0,t > T, (3.6)
gl(t) = _ﬂQUz(tvg(t))v t> Tv

where M5 is given in Theorem 2.2. Now using the same argument as in the proof of
Lemma 3.6 in [12], we can show that G(t) — L can only change sign finitely many
times for ¢ > T'. This is a contradiction. Thus

tl_l)rgo G(t) = L.
Next, we prove
lim | max |v(t,z) — Vi(z —g(t) + L.)|| = 0. (3.7

t—o0 |z€[0,9(t)]

Choosing a sequence t,, satisfied ¢, — 0o as n — oo. Define

w(t,z) :=v(t,z+ g(t)), w,(t,x) = w(t + t,, ),
Gn(t) == Gt +tn), gn(t) == g(t + tn).
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By (3.6), we have

8wn aan , awn w2
- - = nA n t)) — Ja
5t B2z Ga(t) +m = wnda(a+ Ga(t) -
t>T =ty hoo — gn(t) <z <0,
wal1,0) = 0~ S (1,0) = e+ Gy (1), 1> T~ 1.

Using the proof of Lemma 3.5 in [12], we can find a subsequence of w,,, for conve-

Ed.d K
nience, still denoted by wy,,, such that w,, = @ in C, 2 s (Rx(=00,0]), G, (t) = 0

loc

in C’Z%OC(R)7 and W satisfies
ow 9w ow g
— —dy—— —c— = WA L,)——,teR,— 0,
ot 2 9a2 CE);U WA (z + L) « < oST S
ow
0(t,0) =0, —pus—(¢,0) = teR.
UJ( ) ) , TH2 ax( ’ ) c, €

Following the proof of Theorem 3.13 in [12], we can conclude that
w(t,x) = Vi(x + Ly).

Thus (3.7) holds. This completes the proof of Step 2.

Proof of Step 3. G* > L, implies spreading of v.

When G* > L., goo = oo and hence (3.6) holds. This allows us to obtain the
same properties for g(t) as in Section 3.1 in [12]. Here we list these properties for
g(t) and omit their proof.

(i) (Lemma 3.2 of [12]) G* = oo implies tli)rglo[g(t) — ct] = o0;

t
(74) (Lemma 3.3 of [12]) G* = oo implies tlgglo @ = €0,2;
(794) (Lemma 3.4 of [12]) G* € (L., o0) implies tli}m [g(t) — ct] = G™;
o0
1) (Lemma 3.5 of [12]) G* < oo implies G* < L,.
(iv) ( p

From the last two properties, we can see that G* > L, implies G* = co. Hence
by the first two properties, we can obtain the following result.

t
Lemma 3.4. If G* > L., then tlim [9(t) — ct] = 0 and lim L(t) =co2
—00

t—o0 =

According to the proof of Theorem 3.9 in [12], we can establish the following
lemma.

Lemma 3.5. Assume G* > L.. Then for any given small € > 0,

lim sup [v(t,x) — aza|| = 0.
E200 | (cte)t<a<(1-e)g(t)
To complete this step, we need to prove the following refined results.

Theorem 3.1. Assume G* > L,. Then tlim [9(t) — co2t] = Go for some Gy € R,
— 00

and for any ¢ € (c, cp,2),

lim {max o(t, ) — ¢(a — ct)@ =0,

t—o0 | [0,ét]

lim { max |v(t,z) — pa(g(t) — z)@ = 0.

t—o0 | [et,g(t)]
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In order to prove Theorem 3.1, we need the following lemmas.

Lemma 3.6. For any M > 0,

tli>Holo e cm lv(t, x) — ¢(x — ct)|[| = 0.

Proof. By Proposition 1 in [17], (1.10) has a unique solution ¢. Fix € € (0,¢ —¢)
and define
w(t,y) :=v(t,y +ct) for t > 0,y € [—et, et].

Since hoo < 00, there exists T > 0 such that u(t,y + c¢t) = 0 for ¢ > T and
y € [—¢t, et]. Therefore, w satisfies

2
w

Wy = daWyy + cwy + As(y)w — —, t > T, —et <y < et,
e

w(t, £et) = w(t,ct £ et) =0, t>T.

Next the discussion can be followed by the proof of (11) in [17]. So we omit the
details. 0

Lemma 3.7. Let ¢ € (¢,c02). Then

li t — —ct)l| =0.
Jim | o(t,2) = o — co)l| =0

Proof. For M > 0 and ¢ € (¢,¢p,1), define

€M) =1 t,x) — .
A=t | ot2) ool

By the proof of (13) in [17], we have

lim &M) = 0. (3.8)

M—o0

By Lemma 3.2 and (3.8), for any given € > 0, we can find By > 0 large enough
such that . .
e(M) < g,g(M) <3 for M > Bj.

Therefore, for each M > By, there exists T3 = T1 (M) > 0 such that
2e
lv(t,z)| < 3 fort>T1,0<z<ct— M,

and 5
[v(t, ) — asa| < ?6 fort > Ty, ct+ M <z < ¢t

Since ¢(—o0) = 0 and ¢(+00) = azq, we can find By > 0 such that for M > Ba,
lp(z —ct)| < % when z < ¢t — M, |¢(z — ct) — aza] < % when z > ct + M.
Therefore, for M > max{Bi, Bz} and t > T1(M) > 0, we have

[v(t,z) — ¢p(z — ct)| < efor z € [0,ct — M| U [ct + M, ct].
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Fix M > max{B;, B2} and applying Lemma 3.6, we can find T5 = T5(M) such that
[v(t,x) — ¢z — ct)| < efor t > To(M), x € [ct — M, ct + M].
Therefore,
lv(t,x) — ¢z — ct)| < e for x € [0,¢ét],t > T := max{T1 (M), To(M)}.

The proof is completed. O

Lemma 3.8. For any ¢ € (¢,cp2), there exist o9 > 0 and B > 0 such that
v(t, &) > aga — Be~7° for all large t. (3.9)

Proof. Choosing € such that [¢ — 2€, ¢+ 2€] C (¢, ¢o,2). By Lemma 3.4 and (i7) of
Theorem 1.1 , there exists Ty > 0 such that

ct > hoo, g(t) > (€+ 2€)t for t > Ty,

and
u(t,x) =0 for t > Ty, x > ct.
Denote
Qpi=t>T, (-2t <x < (¢+ 20,
then

2
vy = dovUgy + vAs(x — ct) — % for (t,z) € Qp, T > Tp.

By Lemma 3.5, for any small v > 0, there exists T} > Ty such that
v(t,x) > aga—v for (t,x) € Qp with ¢ > Ty. (3.10)

We may proceed as in the proof of Lemma 3.1 in [17] (with obvious modifications)
to show that (3.9) holds. O

Lemma 3.9. There exists C > 0 such that

lg(t) — coot| < C for all large t.

2
Proof. Denote F(v) = asv — 2. For oo given by Lemma 3.8 and o € (0, 09),
a

there exists n > 0 such that

o< —F'(v), aga(l —n) <v < asa(l+n),

(3.11)
Fw)>0, 0<v<asa.
For 7 > 0, we define z, € (0,00) and P, as follows
pa(zy) = aza(1 — ), P = min ph(z) >0, (3.12)

2

where po is the solution of (1.6).
Clearly, for small o given above, there exists My > 0 such that

P(t) < aga(l + Moe ") for t >0,
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e(J.Qt

€a2t+( azx _1)

llvolleo

where ¢(t) = azax -

is the unique solution of

wQ
W(0) = a2 = = 0(0) = [0

By the comparison principle, we have that v(t,z) < ¢(t) for t > 0, x € [0,9(¢)]. It
follows that v(t,z) < asa(1 + Moe= %) for t > 0 and z € [0, g(t)].
In view of Lemmas 3.2 and 3.4, for é € (0,¢), we can find a T* > 0 such that

asc
v(t, ét) < 27 and g(t) > ét for t > T*. For given By > My, there exists a constant
Xy > 0 such that

(1+ Bre™ T )py(x) > asa(1+ Moe ") and py(x) > % for = > Xo.

Define (¢, x), n1(t) and n2(t) as follows

m(t) = 2t,ma(t) = coa(t — T*) + mBi(e=T — e=t) + T + Xo + g(T*),t > T,
o(t,z) = (1 + Bre 7 )pa(n2(t) — ) for t > T* n1(t) < x < ma(t),
where m > <22 is large enough. By the analysis in the proof of Lemma 3.3 in [17],

(0(t, z),n2(¢)) is an upper solution of the free boundary problem satisfied by (v, g)
over the region with x = n;(t) as a given left boundary. Therefore,

g(t) < ma(t), v(t,z) < o(t,x) for t > T*, ét <z < g(t).

It follows that
g(t) < 6072t + C fort > T*,

where C > 0 is some constant. Next, we construct a lower solution to show that
g(t) — o2t is bounded. For ¢ € (¢,cp2) and o € (0, 09), if follows from Lemma 3.8
that

v(t,ét) > aza(l — Moe™ ") for t > T*.

We choose T** > T™* so that

Mpe™°t < g for t > T**. (3.13)

By virtue of Lemma 3.4 and (49) of Theorem 1.1, we can enlarge T** such that
g(t) > ét for t > T, (3.14)

and
u(t,x) =0 for t > T** and x > ¢t.

Thus (v, g) is satisfied

2

vt—dgvmzvag—v—, t>T* ét <z <g(t),
o
v(t,ct) > asa(1 — Moe %), v(t, g(t)) =0, t > T**, (3.15)

g'(t) = —p2va(t, g(t)), t> T
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Now, we define
E1(t) = &, Ea(t) = coa(t — T*) — mM (e*"T** — e*‘”) + T for t > T**,
and
o(t,x) = (1 — Moe™ " )pa(&a(t) — ) for t > T, &(t) < o < &(t),

where m > %2 Since £ (T**) = &(T**), as in Lemma 3.3 of [17], we can easily
check that (v,&2) is a lower solution to (3.15) with = = & (¢) as a given boundary.
It follows from the comparison principle that

9(t) = &(1), v(t, ) > v(t, x) for t > T, & (t) <z < &(1).

Therefore,
g(t) —coot > —C for t > T™*,

where C' > 0 is some constant. Thus we obtain that |g(t) — ¢ ot| < C for all large
t. O

Lemma 3.10. tlggo lg(t) — co2t| = Go for some Gy € R.
Proof. Define
g(t) :==g(t) — co2t, l1(t) := (¢ — co2)t, W(t,y) := v(t,y + co,2t).
Since hyo is finite, there exists Ty > 0 such that ¢t > ho, for t > T and
u(t,y + co2t) =0 for t > To,y € [l1(t), g(t)].

Thus W satisfies

W2
Wt:dQWyy—‘y—CO,gWyﬁ-aQW—T, ﬁ>T07l1(t) <y<§(t),

W(tvg(t)) = 0; t > 1Ty,
3'(t) = —paWy(t, h(t)) — co2, t > Tp.
Since tlim l1(t) = —oo for any given [ € R, by enlarging T, (depending on 1), we
— 00

can guarantee that | > Iy (¢) for t > Tp.
Further, We follow the proof of Lemma 3.4 in [17] to establish the result by a
zero number argument. O

Lemma 3.11. tlim g'(t) = co2 and for every M > 0,
— 00

li — — =0.
B Ly 35y =) =] =0

Proof. Since u(t,x) = 0 for all large ¢t and x > ct, the conclusions can be directly
established from the proof of Lemma 3.5 in [17]. O
Lemma 3.12. Let ¢ € (¢,co2). Then

lim [[max lo(t, ) — pa(g(t) — x)] =0.

t—o0 | [et,g(t)]
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Proof. Let o, &2(t), n2(¢) be given in the proof of Lemma 3.9. Defining pa(z) =0
for x < 0, we can see from the proof of Lemma 3.9 that

(1= Moe™"")pa(&2(t) — ) < v(t,x) < (14 Bie™ 7" )pa(n2(t) — x) (3.16)

for ¢t <z < g(t) and ¢t > T. By Lemma 3.9 and the definitions of & (t) and n2(t),
there exists By > 0 such that

|&a(t) — g(t)| < Ba, n2(t) — g(t)| < Bs for t > T.

Therefore, for any given € > 0, due to (3.16) and p2(c0) = aga, we can find M > 0
and 77 > 0 large enough such that

€ €
0(t,2) = a20] < 5, Ipa((t) — ) — aral <

for t > Ty and x € [ét, g(t) — M]. It follows that
[v(t,x) —pa(g(t) — x)| < e for t > T,z € [¢t,g(t) — M].
By Lemma 3.11, we can find T5 > 0 such that
lv(t,z) —p2(9(t) — 2)| < efor t > Tn,x € [g(t) — M, g(t)].
Therefore,
[v(t,x) — p2(g(t) — x)| < € for t > max{T1,T>},x € [¢t, g(t)].

This completes the proof. O
Obviously, Theorem 3.1 is a consequence of Lemmas 3.7 and 3.12. Then we have
completed the proof of Step 3 and the proof of Theorem 1.2.

4. Trichotomy via the variation of a parameter

In this section, we will discuss that each of the three cases described in Theorem 1.2
happens by varying a certain parameter in (1.4). For this purpose, we can choose
ue as the varying parameter, and keep all the others fixed. In order to stress the
dependence of ¢y 2 on pg, we will write cg2 = cg2(p2). By Theorem 6.2 in [9] and
its proof, we can deduce that cg2(p2) is continuous and strictly increasing in po,
with

60’2(0) = O, COQ(OO) =2 agdg.

Therefore, if ¢ > 2v/aads, then ¢y 2(p2) < ¢ for all ps > 0. By Theorem 1.1, v will
vanish in this case.
Thus in this section, we assume that

Co,1 < ¢ < 24/ asds. (41)

By the properties of ¢o2(p2) described above, there exists a unique p > 0 such
that

co2(p3) = ¢, coplpe) <c for 0 < po < ps, cop(uz) >c for pus > pus.
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According to (ii) of Theorem 1.1, v will vanish for us € (0, u3].

Next, we examine the case po > p3. For such po, we have that cg; < ¢ < cop2
holds. Hence Theorem 1.2 gives a trichotomy for the long-time behavior of v.

In order to emphasize the dependence of the solution (u, v, h,g) of (1.4) on the
parameter fi5, we denote them as (uu,, Uy, Rpss gu,). For the rest of this section,
we always assume that all the parameters in (1.4) except ug are fixed, the initial
functions wug, vo satisfying (1.5) are also fixed, and (4.1) holds.

In the following, we will describe the behavior of (w,,, vy, u,, Gus) @s i — 0.

Lemma 4.1. As pus — oo,

hﬂz
gﬂz
Uy (t,2) = U(t,z) in .2 " T™(D),

loc

t) — ()mC’

loc

( ([0, +-00)),
(

t) = +oo for every t > 0,

0 (t,2) = V(t,2) in Cpt ([0, +00) X [0, +00)),

loc

where D := {(t,x) € R® : t > 0,0 <z < H(t)}, k € (0,1) and (U,V, H) is the
unique solution to

Up — dyUpy = UA (2 — ct) — U? — BUV, t>0,0 <z < H(t),
_dQVm:VA2(x_Ct)_U‘:—2a’ t>0,0<z<+o00,

H'(t) = —u U, (t, H(t)), H(0) = Hy, t>0, (4.6)

Ve(t,0) = Uy(t,0) =0,U(t,z) =0, t>0,x> H(t),

U(0,z) = up(z), 0 <z < hg,

V(0,2) = vo(), 0 <z <go.

Proof. We will use two steps to establish the proof of the lemma.
Step 1. We deduce that th Gy (t) = +oo for t > 0.
M2 —>00

By a simple comparison consideration, we can obtain that
0 <u(t,z) < My, 0 <ov(t,x) < My for t >0,z > 0,
where Mo := max{%, asc, [[uo||os, [[vo][oc }. Hence, by (1.4), (vu,,gp,) was satisfied
— dovgy > Mo, t>0, 0<a<g(t),
v, (t,0) =0,v(t,g(t)) =0, >0,

gl(t) = _MQ’UZL’(tag(t))? t> 07
g(O) = go,’U(O,J)) = ’UO('T)’ 0 <z < go,

(4.7)
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with M := ag» — 2. Denote (w,,,l,,) as the unique positive solution of

Wy — doWyy = Mw, t>0, 0<ax<I(t),
we(t,0) =0,w(t,l(t)) =0, t>0,
(4.0) = 0. (. (1) @3
U'(t) = —pawy(t,1(t)), t>0,
1(0) = go,w(0,2) = vo(z), 0<z<go.
Apply the comparison principle, we can deduce that
Luo (1) < guo(t),wpy (B, ) Swpy(t,x) for £>0, 0<a <1,,(1). (4.9)

By the comparison principle, we also easily see that [,,(t) is non-decreasing in ps.
Therefore, we can find I (t) € (0,00] such that lim [,,(t) = l(t) for each t > 0.
M2 —00

Next, we show that l.(t) = +oo for every t > 0. Due to the Hopf boundary
lemma, it follows from (4.8) that (w,)s(t, {4, (t)) < 0 for ¢t > 0. This implies that
l,,(t) > 0fort > 0. Hence for any given 0 > 0, we have [, (t) > [,,(d) for t > 4. By
the same argument used in the proof of Lemma 5.3 in [6], we can prove I () = +00.
Thus Tim 1,,, (t) = 400 for ¢ > 0. Then it follows from (4.9) that

2 o0

lim g,,(t) = 4oo for t > 0.

H2—>00

Step 2. We will prove that (4.3), (4.4) and (4.5) hold.
Let p% be an increasing positive sequence satisfying lim uf = +00. Denote
n—oo

Un (t, ) = uyup (6, ), vp(t, ) = vup (t,2), hy(t) := hyp (t) and gn(t) := gun (1)
From Step 1, v,(t,z) < My for ¢ > 0, z > 0 and all n > 1. By the comparison

principle, we can deduce that

h1(00) = hn(t) = hnt1(t) = ho, gn(t) < gnia(t) for t >0,
Un(t, ) > Upy1(t,x) >0 for ¢ >0, z €0, hpt1(t)],
0 <wvp(t,r) <wvptr(t,z) < Mo fort >0, z>0.

Therefore, there exists H(t) > 0 for t > 0, V(¢t,z) > 0 for (¢t,z) € (0,00) x [0, 400)
and U(t,xz) > 0 for z € [0, H(¢)], t € (0,400) such that

lim h,(t) = H(¢t) for t > 0, (4.10)
n— 00
1i_>m un(t,x) =U(t,x) for t > 0,2 € [0, H(t)], (4.11)
lim v, (¢t,2) =V (t,x) for t > 0,2 > 0. (4.12)
n— 00

Since v, is satisfied

Un
(vn)t — do(Vp)ge = Un (AQ(Z' —ct) — P a) , >0, 0< 2 <gy(t),

(Vn)2(t,0) = 0,v,(t, gn(t)) = 0, t>0,
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in view of the conclusion of Step 1, we can apply the interior parabolic LP estimates
and Sobolev embedding theorem to the above equation for (¢,x) € (k,k + 2] x
[0, R + 1) with every positive integer k, and the estimate up to t = 0 for (¢,2) €
[0,2] x [0,R 4+ 1). We can conclude that, for some ¢ € (0,1) and C*(R) > 0
independent of n,

< C*(R) for all large n and every R > 0.

an(tv x) HC%‘HL([O’OO)X[O’R]) >

Let k € (0,¢). By a compactness consideration, we can see that the convergence in
(4.12) can be strengthened to

14k
. — 14K
v, =+ VinC2

([0, 00) x [0, 00)). (4.13)

Let y = hi(t) and wy, (t,y) = un(t, hy(t)y). Then w,, satisfies
dq hl,
Orwy, — ayywn - Faywn = wn(Al(hn(t>y - Ct) — Wn — 5'Un(tv hn(t)y))a

hZ
t>0,0<y<1,
Oywy, (t,0) =0, wy,(t,1) =0, t>0.
By the estimate (1.11) in [15], we can find My > 0 independent of n so that
0<h,(t)y<My for t>0, n>1.
Applying the LP estimates and Sobolev embedding theorem, we can deduce that

lwnll 2 vt g ooy oy < € (4.14)

where C* > 0 is independent of n, and ¢ € (0,1).
By (4.14) and R (t) = —hui(lt)(wn)y(t, 1), we can obtain that
[Anll g1+4 ([0,00)) < C** (4.15)
for some C** > 0 independent of n.
Let k € (0,¢). Due to (4.14) and (4.15), we see that the convergence in (4.10)
can be strengthened to

hn, — H in CH_%([O,OO) as n — oo. (4.16)

loc
By passing to a subsequence, we can deduce

CH—TKJ*"‘
loc

Denote Z(t,z) := W (¢, %) We can easily see that

wy, — W in ([0,00) x [0,1]) as n — occ.

Up — Z in C’l:r?n’lJm(D) asn — 0o, with D := (t,2) € R®: ¢t > 0,z € [0, H(t)],
(4.17)
and "
H(t)=——— 1) = - Z,(t, H(t)).
(t) H(t) Wy(ta ) H1 w(ta (t))

In view of (4.11), we have U = Z. Furthermore, (U,V, H) is satisfied (4.6). From
the proof of Section 2 of [8], (U,V, H) is the unique solution of (4.6). Together
with the uniqueness of (U,V, H), (4.16), (4.17) and (4.13) can imply (4.2), (4.4)
and (4.5). This is completed the proof. O



A free boundary problem of predator-prey model 2417

Lemma 4.2. For all sufficiently large po > 0, the prey vy, will spread in the
environment.

Proof. Let A[la’b] be the principle eigenvalue of

—c — do" = Ag(z)9 + A, a < x < b,
9(a) = 9(b) = 0.

Assume po > p5. Thus cp1 < ¢ < cp2(p2). For this case, we can use Lemma
2.2 to deduce that (2.4) has a unique positive solution Vj with [ = 0 and L = L(0)
satisfied

—u2Vy (L(0)) = c.
Since Vp and L(0) depend on ji9, we denote them by Vp ,, and L, (0), respectively.
It follows that A[lo’L“2(O)] < 0.

Now we establish the limits of L,,(0) and V ,, as ps — co. We can claim that
lim L,,(0)=L", [IVo,12loc = 0, where L* > 0 is uniquely determined by

lim
Mo —>00 o —> 00
0,L*
APET =,

Since Ay (x) = ay for x > 0, V,,, () := Vo, (¢ — L,,,(0)) satisfies

- - - 1%
- Cvliz - d2V;:/2 = agVy, — %7 —L,,(0) <z <0,
~ ~ ~ c
Via (=L (0)) = V31, (0) = 0, V,(0) = T
By the comparison principle, we can deduce that L,,(0) is strictly decreasing in
po for po > ps, and V,,(x) > Vi, (z) for « € [—L,,(0),0) when pb < po < fio. It
follows that

L* = Hliinoo L,,(0) €[0,00),V(z) := uligloo Vi, () for x € (=L, 0]
are both existed, and
AOET <0 V(z) > 0.

Moreover, by elliptic regularity theory, we easily see that VM — Vin C%.((—L*,0])

as f1g — 0o, and V is satisfied

- . . P2 - .
—cV' —dyV" = asV — - for z € (—L*,0),V(0) = V'(0) = 0.

By the uniqueness of the initial value problem for the above ODE problem, we can
obtain V = 0. Then we can deduce )\EO’L*] = 0. Otherwise )\:[LO’L*] < 0. By the
comparison principle, we have that ‘7“2 >V > 0 for all large s, where V is the
unique positive solution of the problem
V2
—cV' —doV" = aV — o for x € (—L*,0),V(-L*) =V (0) = 0.

It is a contradiction. Then the claim is right.
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For some o > 0, /\ —o.L7 4ol )\[10,1:*] = 0. Then the elliptic problem
2

d
—c® — da®" = Ay(2)® — —, —o<z<L*+o,
e (4.18)

O(—0) = ®(L* +0) =0,

has a unique positive solution ®.
For any ¢o € C%([—0, L* +0]) satisfied ¢o(—0) = ¢o(L* +0) = 0 and po(x) > 0
n (—o, L* + o), we consider the initial-boundary value problem

2
gotfccprdggomzAg(a:)gof%, t>0,—0c<x<L*+o,

o(t,—o) = p(t,L*+0) =0, t>0,
©(0,2) = po(2), —o<z<L*+o.
It is well known that
tllglo o(t,x) = ®(x) uniformly in [—o, L* + o]. (4.19)
Let (U,V, H) be the unique solution of (4.6). Set
z(t,x) = U(t,z + ct) and w(t,x) = V(t,z + ct).
Then w satisfies

— doWgy — CWL = W (Ag(ac) — jf) for t > 0, —ct < x < +00.
z+a

From the proof of Lemma 4.1, H(co) < +00. We fix some fig > p3 and recall from
the proof of Lemma 4.1 that H( ) < hjiy(00) < 0o (due to ¢ > ¢o,1). Then we can
find a constant T > 0 such that

ct > h,(00) + 0 > H(o0) + o for t > Tp. (4.20)

This implies that z(¢,2) =0 for t > Ty, > —o. Hence, we have that
w
— doWypy — CWy = W (Ag(:z:) — —) for t > Ty, —0 <z < +o00.
o

and

By the strong maximum principle, we know that w(t,z) > 0 for ¢ Ty
(TOa )

x € [—0,400). If we have chosen ¢y small enough such that ¢g(x)
n [—o, L* + o], then the comparison principle would yield

>
<

p(t,z) <w(t+To,x) for t > Ty, —0 <z <o+ L".

1
Choosing g such that the above inequality holds and denote ¢ := 3 [mén] O(z). By
0,L*
(4.19), we can find 77 > 0 such that

o(Ty,z) > O(x) — % in [—-o,0+ L"].
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Let T := 1Ty + T1. Then it follows that
V(T,2) = w(T,x — ¢T) > &(x — T — g in [T — o, L* + o + cT7.
By (4.2) and (4.4), we can find ug > fig such that
Gus(T) > T+ L* + 0, (4.21)
and
v, (T 2) > V(T z) — g >®(x—cT)—e,x e[ —o0,L"+0+cT]

for puo > pp. By the definition of €, we can see that ®(x — ¢T) — e > 0 for
x € [¢T, L* + ¢T]. Therefore we can find o9 € (0,0) small enough such that

O(z—cT)—¢e>og for x € [cT — o9, L* + o¢ + 7.
By the conclusion in the above claim, we can find fig > pg so that
L,,(0) < L* 4+ 00, Vo u,(x) < g for z € [0, L,,,(0)] and pa > fio.
Thus we obtain
hyy(T) > T+ Ly, (0),v,, (T, x) > Vo, (x — T)

for po > fip and z € [T, ¢T + L,,,(0)] C [¢T — o9, L* 4+ T + oy).
Using the comparison principle, we can find that

Gy (T) > ct for t > T.

Indeed, if this is not true, then there exists T1 > T such that g,,(Th) = ¢I1 and
Guy (t) > ct for T < t < Ty. Due to (4.20) and hy,(c0) < hy,(00) < co, we can see
that w,, (t,z) = 0 for T <t < Ty and = € [ct, g, (t)]. Hence (v, (t,x),g,,(t)) is
satisfied

’U2

’Ut—dg’l)mv:(lgv—g, T<t<Tct<z<g(t),

v(t, ct) > 0,v(t,g(t)) =0, T<t<Th, (4.22)
g (t) = —pavg(t, g(t)), T<t<T,

g(T) > cT + L, (0),v(T,x) > Vo u,(x — T'), ¢T <& < T + L, (0).

Fix po such that (4.22) holds, and define
V(t,2) := Vo, (@ — ct), g(t) := ct + L1, (0).
It is easily checked that
=aV —=—, t>0,ct <z <g(l),
V(t,ct) =0,V (t,g(t) =0, t>0,

g (t) = —paV, (L, g(t)), t>0.
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Hence we can apply the comparison principle to conclude that
g(t) > g(t),v(t,x) > V(t,x) for T <t < Ty,x € [ct, g(t)].

It follows that g,,(T1) = g(T1) > ¢TIt + L,,(0), which is contradicted with our
choice of Ty. This implies that g,,(t) = g(t) > ct for t > T. Then we can repeat
the above argument to conclude that

g(t) > g(t),v(t,z) > V(t,x) for t > T,z € [ct, g(t)].

Next we want to modify (V, g) by a small perturbation of ¢. For this purpose, with
fixed pp and 7' such that (4.22) holds, we rewrite (Vp ., Ly, (0)) as (V, L€). Due
to the continuous dependence of (V¢ L¢) on ¢, the last inequalities in (4.22), which
can be rewritten as

g(T) > T+ L v(T,z) > V(x — T) for x € [cT, T + L],
still hold if ¢ is replaced by some ¢ > ¢ but very close to ¢. Fix ¢ and define
V(t,x) ==V (x —ét),§(t) = ét + LE.
Then we can still obtain by the comparison principle that

g(t) > g(t), v(t,x) > V(t,z) for t > T,z € [ét, §(t)].

Hence ~
gt)—ct > (¢—c)t — L° = 0o as t — oo.

By Step 3 in the proof of Theorem 1.2, we can conclude that spreading happens for
Uuy, When 1o > fig. This completes the proof. O
Theorem 1.3 clearly follows from (i7) of Theorem 1.1 and the following result.

Theorem 4.1. There exists ji € (i3, +00) such that
(i) vanishing of v, happens if ps € (0, ft);

(i) borderline spreading of v,, happens if ps = fi;
(iit) spreading of vy, happens if ps > fi.

Proof. Define
s = sup{S1},S1 := {p2 > 0 : vanishing happens to v, },

and

*

p* =1inf{Ss}, S := {2 > 0 : spreading happens to v, }.
By our analysis, we know that S; and S are both nonempty sets, and p. > p3. In
view of the comparison principle, it is easily seen that

51D (O’,u*)aSQ B (N*7oo) and Hoe < /14*'

We divide the proof below into three steps.
Step 1. We show that . ¢ S1 and p,. > ps.
For any po € S1, due to Lemma 3.3, for some large Ty > 0, we have

m .
39, (To) < Ty — (lo + 1) and v, (To, z) < in [0, g, (T0)],

2
4
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d
where m = —22% __ and lo appears in the definition of As(z). By the continuity
9(po + 1)

of the solution with respect to pe, we can find a small ¢ > 0 such that (v,,g,) of
the solution (uy, vy, by, g,) of (1.4) satisfies

V2m
39u(To) < Tp — lp and v, (To, z) < - for « €10,9,.(T0)], 1 € [po, po + €.

d27T2
Define Kk = —=—— and
3692 (To)

™

2(t)

Then the same argument as in the proof of Lemma 3.3 can imply that

v,(t,z) = me " cos (

) L E(t) = gu(TH) (3 — ).

gu(t+Tp) < &(t) < 3g,(Tp) for t > 0.

By Lemma 3.2, we can see that vanishing happens to v,. It follows that (0, uo+¢] C
S1. This clearly implies p. & Si.
Step 2. We prove that p, & Ss.

For contradiction, suppose p* € Sp. Since p* > p, > p5, we have o1 < ¢ <
co,2(1*). Then we can apply Theorem 1.2 to conclude that

lim [g,,- (t) — co,2(u™)t] = Go € R, lim [ max |vy-(t,z) — ¢(x — ct)|] =0 (4.23)

t—o00 t—oo |z€]0,ct]

for any ¢ € (¢, co2(p*)). Therefore, for any M > 0

lim

«(t,x) — = 0. 4.24
t—o0 |:a:€[ét£nj\%,}ét+M] |v“ ( ,x) a2a|] ( )

Let V,« () be the unique positive solution of (2.4) with{ = 0, ¢ = ¢ and ps = p*.
Denote the corresponding L(0) by L+, then

2
—doVi = Vi =V — o 0<z <Ly,

Vi (0) = Ve (L) = 0, — p* Vi (Ly=) = ¢

By the comparison principle, we can easily see that V,,« (z) < aza in [0, L,,-]. There-
fore we can find € > 0 such that

Vs (x) + € < aga in [0, Ly-].
By (4.23) and (4.24), we can find T' > 0 such that
& > hys (00) > hye (00),  gyue (T) > T + Lo, (4.25)

and
v (T, x) + € > agae for € [¢T,ET + L,+).

Therefore,
v (T ) > Ve (x — €T)  for x € [eT,¢T + L+ (4.26)
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Due to the continuous dependence of (v,,, g,,) and (V,,, L,,) on p2, we can see
that (4.25) and (4.26) still hold if we replace p* by some p < p* but very close to
p*. Fix such pu, we can find that (v,,g,) satisfies

2

vt—dgvmzazv—%, t>T,ét <z <g(t),

v(t,ét) > 0,v(t, g(t)) =0, t>T, (4.27)
g'(t) = —pva(t, 9(t)), t>T,

g(T) >eéT'+ Ly, v(T,z) > V(e —¢T), eT<ax<él+L,.

Define
V(t,x) :=Vy(x—¢ct),g(t) :=ct+ L.

It is easily checked that

\%4
Kt—dgzzzzagz—i7 t>0,ct<x<g(t),
V(t,ét)=0,V(t,g(t)) =0, t>0,

Hence we can apply the comparison principle to conclude that

gu(t) > g(t),vu(t,x) > V(t,x) for t > T,z € [ct,g(t)].

Therefore,
gu(t) —ct > (¢—c)t — L, — oo as t — oo.

By Step 3 in the proof of Theorem 1.2, we can obtain that spreading happens for
vy,. Thus p € Sy. Since p < p*, this is a contradiction. Step 2 is completed.
Step 3. We prove that p, = p*. Otherwise, we have u, < pu*. Denote

(u*,v*,h*,g*) = (u#*vvu*ah/t*agu*) and (U*,U*,h*,g*) = (u,u*vv,u*ah,u*ag,u*)'

By Step 1, Step 2 and Theorem 1.2, we can know that borderline spreading hap-
pens to v* and v,. Moreover, in view of the comparison principle and the strong
maximum principle, we can easily deduce that

g« (t) < g*(¢) for t >0, (4.28)
vie(t,x) < v*(t,z) for t>0, 0 <z < g.(t). (4.29)

Due to (i7) of Theorem 1.1, there exists T > 0 such that
ct —2ly > hy,, (00) > hy(00) > hg for t > T.

Then u*(t,2) = u.(t,x) =0 for t > T, & > ct — 2ly. Thus (v*, g*) satisfies

2
vt—dgvm:Ag(m—ct)v—%, t>T, ct — 2y < x < g(t),

U(tvg(t)) = ngl(t) = *ﬂ*vx(tg(t))v t>T,
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and (vy, g«) solves

2
vt—dgvm:Ag(:E—ct)v—%, t>T,ct—2l) <z <g(t),

v(t, g(t) =0,9'(t) = —puva(t g(t)), t>T.

Using the similar argument as in Step 3 of the proof of Theorem 4.3 in [12], we
can show that
liminf[g* (¢) — L..
im in [g"(t) —ct] >
It is a contradiction with the fact that borderline spreading happens to v*. This
contradiction proves p, = p*. The proof of the theorem is completed. O

5. Conclusions

In this paper, we considered a Leslie-Gower predator-prey model in shifting environ-
ments. The model is studied the invasive predator that initially occupy the region
[0, go] and has a tendency to expand its territory. We establish several results in
this setting.

(I) Theorem 1.1 is provided that the prey and predator will vanish when the
speed of the shifting habitat edge ¢ is more than the asymptotic speed of the
prey and predator without the shifting environment.

(IT) By Theorem 1.2, we can establish a spreading-borderline spreading-vanishing
trichotomy for the predator with ¢ < ¢g 2.

(IIT) Finally, Theorem 1.3 is revealed that for ¢ < 2v/asds, there exists a i €
(0, +00) such that vanishing of v happens if us € (0, fi); borderline spreading
of v happens if puy = fi; spreading of v happens if s > fi.

By our discussions, we can provide that the invasive predator can knock aquatic
ecosystems right out of balance and the environment will affect the invasive specie
spread. Studying the spread of an invasive predator, we can give some guidelines,
especially ones that encourage the trade of less invasive and aggressive species, or
protect the prey as food for the predator.
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