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BREATHER-WAVE, MULTI-WAVE AND
INTERACTION SOLUTIONS FOR THE
(34+1)-DIMENSIONAL GENERALIZED

BREAKING SOLITON EQUATION
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Zhong-Zhou Lan*, and Wen-Hui Zhu®{

Abstract In this paper, a (34+1)-dimensional generalized breaking soliton
equation in nonlinear media is investigated. The interaction solution between
lump wave and N-soliton (N = 2,3,4) are derived. The interaction solution
between lump wave and periodic waves is also studied. Breather-wave and
multi-wave solutions are obtained. The dynamical behavior is demonstrated
by some 3D graphics and density plots. Via means of mathematical induction,
we also obtain the exact solution containing three arbitrary functions.

Keywords Interaction solution, dynamical behavior, nonlinear media, gen-
eralized breaking soliton equation.
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1. Introduction

There are a lot of folding phenomena in nature. Bubbles and waves in manifolds are
folded waves. These phenomena can be described by the breaking soliton equation,
which has been applied to many fields. The research on the solution of the breaking
soliton equation has became a hot spot. Many researchers used various methods to
study the breaking soliton equation, such as Wronskian technique [10,31], improved
Riccati equations method [44], Jacobi elliptic function expansion method [16], three-
wave method [5], modified direct Clarkson-Kruskal method [41], (G'/G)-expansion
method [28], truncated Painlevé analysis [4], simplified Hirota’s method [19, 39],
generalized unified method [29], Bell polynomial approach [40], long wave limit
method [6], Riemann-Bécklund method [45], similarity transformation method [7],
etc.
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Recently, Prof. Ma studied the N-soliton solutions and analyzed the Hirota N-
soliton conditions in (1+1)- and (2+1)-dimensional integrable equations [20-27]. He
proposed an algorithm method to verify the Hirota conditions. This method given
the condition that the integrable equations had a N-soliton solution from the Hirota
bilinear formulation for the first time, which greatly promoted the development of
solving the N-soliton solution of the integrable equations.

In this paper, we investigate the following (3+1)-dimensional generalized break-
ing soliton equation (GBSE) [§]

QUgry + Bllggy + YUty + dug /uy dx + Auuy, + /uzt + Uy + Uz dz = 0, (1.1)

where u = wu(z,y,2,t). Lump-type, multiwave, rogue wave, multicomplexiton,
breather wave and positive multicomplexiton solutions of Eq. (1.1) have been stud-
ied in Refs. [8,11]. On the basis of Ref. [§], we will further study the interaction
between lump wave and N-soliton (N = 2,3,4). Breather-wave and multi-wave
solutions are also discussed.

The bilinear form of Eq. (1.1) is known as

[D.D; +aD} + BDED, + DDy + D, D¢ - €

= g (aggcmmc + /Bfmxmy + gzt + fyt + gact) + 30‘6595 - 4a§x§acxm
+3ﬁ£zy£ww - 3ﬁ£z§zxy - ﬁgygxwz - Etfz - ftgy - gtgz = 07 (12)
with
A=6=30,7 = 6aq,
u=21In¢&),., (1.3)
where £ = £(x,y, 2, 1).
This paper is organized as follows: Section 2 obtains the interaction solution
between lump wave and N-soliton (N = 2,3,4). Section 3 presents the interaction
solution between lump wave and periodic waves. Section 4 gives the more general

breather-wave solution. Section 5 studies the multi-wave solution. Section 6 gives
a conclusion.

2. Lump-N-soliton (N = 2,3,4)

In general, the interaction solution between lump wave and 2-solitons can be as-
sumed to be

9 =05+ Gat + G1x + Gay + G32,

h = Gio + Got + Gz + Gry + sz,

€ = kizexp (01 + 02) + k1€ + koe®™ + ¢* + Gu1 + 17, (2.1)
where 01 = a;x + bzy +ciz + dit + Bi(i = 17 2), gl(l = 1, cee 11), kl, kg and k’lg are
unknown constants. When as = —aq, b = —by, ¢co = —c1, do = —d; and e; = —eq,
the corresponding results have been discussed in Ref. [8]. Eq. (2.1) contains more
arbitrary parameters than Eq. (19) in Ref. [8]. Substituting Eq. (2.1) into Eq.
(1.2) gives
aa9 : b1 _ _ aay

B B

1= —ay —by,cg =—ay —by,by = —
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_aGy _aGg Gi(a—B) Gs(o — B)
B B B B

The corresponding interaction solution can be written as

u=2<5ﬂ”—z—§), (2.3)

Gy = ,G7 = ,G3 = ,G8 = (2.2)

¢ &
with
¢ = hrewlne O“;ly z(% —a1) +dit + e1] + k2 explasz — acgy
+z(% — ag) + dat + €3] + k12 exp[(ay + ag)z — (% 4 %)y Yo
+Z(% et % —ag) + (di +d2)t + o] + Gu + [Gs + Gat + Gz
aGiy | Giz(a—B) aGey  Gozla—f)
— ; B |
5t 5 | Gttt Ger - ==+ T ]

Fig. 1 shows the dynamical behavior of interaction solution (2.3) when k2 = 0. We
can observe the interaction between two solitons. At the center of the interaction
there is a lump wave, which propagates with two solitons, and the amplitude remains
unchanged. Fig. 2 shows the dynamical behavior of interaction solution (2.3) when

k12 # 0.

—40 —40
—20 -2

40 40 40 40 40 40
(a) (b) (c)

-40 =20 0 20 40 -40 =20 0 20 40 -40 =20 0 20 40

(d) (e) (f)

Figure 1. 1 =Gs =Gnn=a=a1 =dy =ds =e; =k1 =kx=1,G4 =Gy = -1, G = =3, = 3,
Gio =a2 =ki2 =—2,e2 =2,y =0, when z = —10 in (a) (d), z = 0 in (b) (e), z = 10 in (c) (f).

The interaction solution between lump wave and 3-soliton can be supposed as
follow

g =05+ Gst+ Gz + Gay + Gsz,
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Figure 2. G1 =Gs =Ginn =a=a1 =d1 =da=e1 =k;y =ka=1,G4 =G = —1,Gs = =3, B =3,
Gio=a2 =—2,e3 =2,y =ki2 =0, when z = —10 in (a) (d), z = 0 in (b) (e), x = 10 in (c) (f).

h = Gio + Got + Gex + Gry + Gsz,
€ = kse® + kie” + kae® + ¢* + Gi1 + B2, (2.4)
where 03 = asx + b3y + c3z + dst + e3 and k3 are unknown constants. To our

knowledge, the interaction solution (2.4) is entirely new and not discussed before.
Substituting Eq. (2.4) into Eq. (1.2), we have

c1 = —ay —by,co = —az — by, c3 = —az — b3, by = —%,gs = w,
aa oG aG Gi(a — aa
b3=—73392=—71,g7=—76,g3=—1(IB ﬂ),blz_f- (2.5)
The corresponding interaction solution can be written as
u =2 =1, 2.6
(- & 20
with
& =k explayz — aaﬂly + z(% —ay1) + dit + eq1] + ko explagr — a?y
+Z(% —(12) +d2t+62] +k3 eXp[a3:]j % z(% —a3) —|—d3t+e3]
+Gu1 + [Gs + Gat + Gix — agﬁly + glz(c;_ P
@ z2(a —
+[G10 + Got + Gex — 9oy + Go( ﬁ)]2-

B B
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Fig. 3 shows the dynamical behavior of interaction solution (2.6). The interaction
between three solitons can be seen. There is a lump wave, which propagates with
three solitons.

20 20
(©)

220 10 0 10 20 220 -10 0 10 20 220 -10 0 10 20
z 4 z
(d) (e) (£)
Figure 8. G = Gs = G111 =a=a; =d; =ds =e; =1, k; =e3 =4, Giop = =2, Gy = Gg = —1,

G =ds =—-3,8=a3 =kz =3,a2 =ez = ko =2,y =0, when x = =5 in (a) (d), z = 0 in (b) (e),
z =5 in (c) (f).

The interaction solution between lump wave and 4-soliton can be written as
follow

g =G5+ Gat+ Gz + Goy + Gsz,
h = Gio + Got + Gsx + Gry + Ggz,
€ = kae% + k3e® + k1€ + koe? + g% + G11 + K2, (2.7)

where 04 = a4x+byy+caz+dst+eq and kg are unknown constants. The interaction
solution (2.7) is not discussed in other literature. Substituting Eq. (2.7) into Eq.
(1.2), we have

c1=—a; —by,cg = —az —ba,c3 = —as — bz, by = —%,
aas oG aGe Gi(a—p) aay
b = % = 5 = 5 _—7b = %
3 3 G 5 Gr 5 ,G3 3 1 3
C4:—a4—b4,b4:—%,ggzw. (28)

The corresponding interaction solution can be written as

2
u=2<%””—§—g), (2.9)
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with
§ = krexplaz — aaﬁly z(% —ay1) + dit + e1] + k2 explagz — atgy
+Z(% — ay) + dat + e] + k3 explazr — aaﬁg,y z(% — a3) + dst + e3]

aa aa
+G11 + ky explagz — W, (—4 — a4) + dat + eq] + [Gs + Gat + G1

g B
_aGwy + Giz(a - 5)]2 + [G1o + Got + Gex — ag;y + ng(o[;— B)]Q-

B B

20 20 20 20
(a) (®) (c)
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Figure 4. G1 =0s=G0nn=a=a1=di =dy=e1 =1, k1 =e3 =4, ks =6,y=0,a2 =ex =ky =2,
Gi=Go=eqs=—-1,Gs =ds =dys = —3, 8 =a3 = ks =3, Giop = as = —2, when z = —5 in (a) (d),
z =0 in (b) (e), z =5 in (c) (f).

Fig. 4 shows the dynamical behavior of interaction solution (2.9). The inter-

action between four solitons can be seen. There is a lump wave, which propagates
with four solitons.

3. Lump-periodic waves

The interaction solution between lump wave and periodic waves can be read as

9 =G5 +Gst + Giw + Goy + G32,
h = Gio + Got + Gex + Gry + Gsz,
E=k c0501+k28in92+g2—|—911+h2. (31)
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The interaction solution (3.1) is not discussed in other literature. Substituting Eq.
(3.1) into Eq. (1.2), we have

c1 = —ay — by, cog = —ay — by, bQZ—%, blz——a;h’
oGy aGe Gi(a—B) Gs(a — B)
——— Gr=——, Gs = - . (32
G 7 Gr 5 Gs 5 , Gs 5 (3.2)

The corresponding interaction solution can be written as

2
u:2<%—§—§>, (3.3)

with

aal1y (aal

— z —
B

B
12222 00) 4 dot + es] + Gy + [Gs + Gat + Grar

B
_aGiy n Giz(a — B) ag56y n QGZ((Z—@];

B B

aazy

B

& = ky coslarx — —ay) +dit + eq] + ko sinfasz —

12 + [G10 + Got + G —

Fig. 5 shows the dynamical behavior of interaction solution (3.3). We can observe
the interaction between a lump wave and two periodic waves.

(2]
&
&

(d) (e) (f)

Figure 5. G1 = §s = a =a1 =d; =d2 =e1 =1, G11 =10, Gy = Gg = —1, Ge = =3, B = 3,
Gio=az=—2,e3=k; =2, ka =6,y=0, when z = -5 in (a) (d), z =0 in (b) (e), z =5 in (c) (f).
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4. Breather-wave solution
We suppose that Eq. (1.1) has the following breather-wave solution
€ =kie” + e % 4 kysin by + ks cos 6. (4.1)

When k; = 0, the corrsponding breather-wave solutions have been obtained in
Ref. [8]. When ko # 0, the breather-wave solution (4.1) is not discussed in other
literature. Substituting Eq. (4.1) into Eq. (1.2), we have

c1 = —ay —bi,cg = —ay — by, c3 = —az — bs,
aag aaq aas

by = == b= = by = == 2
g B p (+2)

The corresponding breather-wave solution can be written as

uzz(fw_f?c), (4.3)

£ ¢
with
5 = kl exp[alx — aary + 2z (Olal — a1> =+ dlt + 61] + exp[—alx + aay
B B B
aa . aa oa
— <51 - al) —dit — e1] + ko sinfagx — ;y +z <ﬁ2 - ag) + dat
+e3] + k3 coslasz — aaﬂgy +z (Oégs — a3> + dst + eg].

Fig. 6 shows the dynamical behavior of breather solution (4.3). We can observe the
interaction between the breather wave and two periodic waves.

“10
—10¢ : - : e
7 -10 -5 0 5 10
-10 10 4
(a) 3D plot (b) Density plot

Figure 6. k1 =dy = —-l,a1 =a=az=d2 =d3=1,8=3,a3 = -2, ka2 =—6,k3 =2, 2=y =0.

5. Multi-wave solution

We suppose that Eq. (1.1) has the following multi-wave solution
& = kyicoshfy + ko cos Oy + k3 cosh 3. (5.1)
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Substituting Eq. (5.1) into Eq. (1.2), we have

c1=—a; —by,ca = —az — by, c3 = —az — bs,
aag aaq aas
bg=——=,by=——=,bg=——-. 5.2
8 B g (5:2)
The corresponding multi-wave solution can be written as
u=2>=—-=, 5.3
(fe-& >3
with
& = kg coslagx — gday + 2z (% _ a2> + dot + €3]
5 g
+k;y cosh[a;z — any o, <% _ a1> +dit + e1]
B B
aagy

+k3 coshazx — 4z (% — a3> + dst + e3).

B

Fig. 7 and Fig. 8 show the dynamical behavior of multi-wave solution (5.3).

[2]]
=
=

-10 -5 0

(b) Density plot

Figure 7. k1 = ka = ks = a1 =a=a1 =di =dx =e1 =1, 8 =a3 =3, e3 =4, azg = ez = 2,
dz3 =—-3,z=y=0.

6. Conclusion

In this paper, we investigate a (3 4+ 1)-dimensional GBSE. Based on the Hirota bilin-
ear form and symbolic computation [1-3,9,12-15,17,18,30,32-38,42,43], abundant
exact solutions are obtained, including breather-wave, multi-wave and interaction
solutions between lump wave, periodic waves and N-soliton (N = 2,3,4). Dynami-
cal behavior is shown in Figs. 1-8.

According to our observation of interaction solutions (2.3), (2.6) and (2.9), we
can conclude the following interaction solutions between lump wave and N-soliton

€ = (Gs + Gt + Giz + Goy + G32) 2 + (Gio + Got + Gex + Gry + Gg2) 2
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(a) 3D plot (b) Density plot
Figure 8. k1 = a1 =a=a1 =di1 =dy =e1 =1, 8=a3 =3,d3 = —3, e3 = 4,a2 = ez = ka = 2,
x =y =ks =0.
N
+G11 + Z kiexp(a;x + by + ¢iz + dit + €;),
=1
with
aa; ag ag
¢ =—a; — b, by = —71,92 = —71797 = —76,
Gi(a — Gela —
g3 = l(ﬂ ﬁ),gzs: G(ﬂ B (6.2)

According to our observation of solutions (4.2) and (5.2), we can find the fol-
lowing more general form of the solution of Eq. (1.1)

f = k1,01 (0,11‘ + b1y +ec1z +dit + 61) + kgpg (CLQZL‘ + bgy + oz + dot + 62)
+k3p3 (agx + b3y + c3z + dst + 63) R
with

aa;

¢ =—a; —b;,b = — (1=1,2,3), (6.4)

where p1, p2 and p3 are arbitrary functions about aix + by + c1z + dit + ey,
asx + boy + coz + dat + e5 and azx + by + c3z + dst + es, respectively. By choosing
different expressions of the functions p1, p2 and ps, we can get various solutions of
Eq. (1.1). Even the following more general expressions are true

pi = pi(air + by + ¢iz + dit + €;),

N
§= Z kipi,
=1
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with

(i=1,---,N). (6.6)

For example, in Eq. (6.3), we select

p1 = Sech? (a1 + b1y + 12+ dit +e1),
po = Sech? (agx + bay + coz + dot + e3)
ps = Sech? (azx + b3y + c3z + dst + e3) . (6.7)

Substituting Eq. (6.7) into Eq. (6.3), we can obtain the following multi-wave
solution

€ = k1Sech? (a1x + byy + c12 + dit + e1) + kaSech® (asx + boy + coz
+dat + e3) + ksSech? (azx + bzy + c3z + dst + e3),

with

aa;

ciz—ai—bi,bi:— (i=1,2,3).

Dynamical behavior of solution (6.8) is shown in Fig. 9. Similarly, we can also
choose more functions to construct the solution of Eq. (1.1 ).

FigureQ. k1=k2=k3:a1=a=a1=d1=d2=el=1,ﬁ=a3=3,63=4,a2=e2=2,
d3 = =3,y =0, when x = =5 in (a) (d), z =0 in (b) (e), x =5 in (c) (f).
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