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PROCEDURES OPTIMIZED BY THE
GENETIC ALGORITHM TO SOLVE THE
BAGLEY-TORVIK MODEL
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Abstract The current investigations are related to indicate a competent nu-
merical fractional Meyer neural network (FMNN) procedure using the op-
timization of genetic algorithm and interior-point algorithm (GAIPA), i.e.,
FMNN-GAIPA for solving the Bagley—Torvik model (BTM). A merit function
based on the differential BTM form, and its corresponding initial conditions
is constructed and then optimized with the FMNN-GAIPA. Three different
BTM cases will be solved through the FMNN-GAIPA and the correctness of
the proposed FMNN-GAIPA is observed by using the comparison for each
case of the BTM with the exact solutions. The statistical investigations based
on the appropriate large independent trials recognized the constancy of the
FMNN-GAIPA in terms of robustness, convergence, and stability trials. In
addition, the annotations over the statistical measures validate the values of
FMNN-GAIPA.

Keywords Fractional Meyer neural network, Bagley—Torvik model, genetic
algorithm, statistical analysis, interior-point algorithm.
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1. Introduction

The researcher’s community has taken a keen interest in the BTM with different
fractional order derivative defines the dynamic of physical networks and a rigid
plate engrossed in a Newtonian fluid. These systems play an essential role in the
frequency-dependent damping systems [10-12,52]. The analytical, approximate,
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and numerical solutions for BTM have been designated by many researchers. Few
of them are Podlubny’s consecutive approximation scheme [31], Adomian decom-
position approach [25], operational Haar wavelet matrix scheme [33], shooting col-
location scheme [7], He’s variational iteration method [22], Adam corrector and
predictor scheme [17], Taylor collocation method [16], a method based on differen-
tial transforms [1], the matrix discretization scheme for fractional derivatives [30]
and many more [20, 26, 28].

In current investigations, the BTM have been solved with the fractional Meyer
neural network (FMNN) stochastic procedure of genetic algorithm and interior-
point algorithm (GAIPA), i.e., FMNN-GAIPA. The literature form of the BTM
together with the initial conditions (ICs) is given as [32]:

d?u d*u
a—— +B—— +uly) =g(y), 0<y<Y,

dy dy (1.1)
dku
Tyk = Gk, k= Oa 1,

where a; shows the ICs, A\ describes the fractional order derivative with the values
1.25, 1.5 and 1.75, u(y) represents the solution of system (1.1), while «, 8 and v are
the constant coefficients. The fractional order system model shown in Eq. (1.1).
was pioneering studies of the Bagley and Torvik based on the Newtonian fluid [11].

1.1. Problem statement

In this section, the construction of a numerical stochastic standards for the BTM
presented in Eq. (1.1) through the FMNN stochastic procedure using the optimiza-
tion of FMNN-GAIPA. The stochastic based solvers with intelligent meta-heuristic
computing have been broadly executed to the dynamical models with nonlinearity,
singular /non-singular using the evolutionary/swarming approaches [36-38]. The
stochastic applications have been explored in various forms, like doubly singular
differential models [34,39], coronavirus nonlinear SITR model [53,54], functional dif-
ferential models [2,40], HIV nonlinear differential systems [23,55], heat conduction
model [35], periodic singular systems [41,42] and system of singular models [43,44].
The stochastic approaches have been applied in many models, but no one has used
the FMNN-GAIPA for solving the BTM. These effective and impressive contribu-
tions inspired the authors to construct a computing-based numerical solver to solve
the fractional BTM.

Recently, the stochastic numerical schemes have been used to explore the various
applications of the fractional order singular models including delay, pantograph,
higher order, and functional forms as well as, infectious disease model considering
its anatomical variables, nonlinear Lokta-Volterra system, susceptible infected and
quarantine differential model, cancer model, and SIDARTHE mathematical model
for the COVID-19 pandemic [3,45-48].

1.2. Novelty and influence

The presented work’s novelty is briefly concise as. A novel design of FMNN-GAIPA
is presented for the fractional BTM. FMNN-GAIPA performance is assessed on frac-
tional BTM and the numerical actions are presented efficiently for solving fractional
BTM by designing FMNN-GAIPA. The obtained numerical outcomes through the
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designed FMNN-GAIPA have been compared with accessible true/exact results cor-
roborate its precision, constancy, convergence and reliability. The reliable presen-
tation of the designed FMNN-GAIPA is further recognized through the statistical
procedures based Minimum (Min), semi-interquartile range (S.I.R), Mean, Maxi-
mum (Max), Theil’s inequality coefficient (TIC), mean, standard deviation (STD)
and absolute error (MAE). Alongside the reasonably accurate measures for the
fractional BTM by the designed FMNN-GAIPA, ease of understanding, robustness,
exhaustive pertinence and smooth operations are other esteemed advantages.

1.3. Organization

The reaming parts this study is briefly categorized as: The proposed FMNN-GAIPA
for solving BTM is provided in Section 2. The performance measures are reported
in Section 3. The outcomes for the fractional BTM are accessible in Section 4. The
concluding annotations and upcoming directions of the research are itemized in the
final Section.

2. Proposed Methodology

The current section shows the fractional Meyer intelligent computing solver along
with the optimization procedures of GAIPA for solving the fractional BTM. The
structure to design the fractional BTM system, merit function and the procedure
through the hybridization of GAIPA are accessible.

2.1. Merit function: FMNN

The ANN procedures are provided to solve the fractional order models. In this
work, 4(y) shows the outcomes of fractional BTM, D™(y) and D u(y) signify
the n'" and fractional order derivatives, given as:

ay) = Z il (wiy + i),

1=1
dm mogn)
W) = X _pig e Fwy +a), (2.1)
=1
> LI 2
— = 7F . -,
> a(y) ;pz ar (wiy + ;)

Where, m shows the neurons. Moreover, w,p, and ¢ indicate the weight vector
W, given as: W = [p,w,q], for p = [p1,p2,...;Dm), w = [wy,ws,...,w,] and
q=1q1,q2, s qm] -

A merit function in terms of Meyer wavelet is derived as:

F(y) = 35y" — 8435 + 70y° — 20y". (2.2)
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The Eq. (2.1) by putting the value of Eq. (2.2) is given as:

y) = pi (35(wiy + ¢:)* — 84(wiy + ¢:)° + T0(wiy + ¢:)° — 20(wy + ¢:)7) ,

=1
CZ/(::)ﬁ y) = g;}?i (35;{;2)(11)1-2/ +qi)* - 84;;:;))(wiy +q)°
70 da;y(:) (wiy + i) 20;;(:)(%.0 + %’)7) ,
CZ;\Q(Z!) = ipi (3562;\/\(102»3/ + q1) 845/\ (wiy + qi)s
+ 70(2:/\(10134 +¢;)% — Oddl (wiy + ¢;) > :

(2.3)

The arbitrary hybridization of the Meyer wavelet function with the ANN is
implemented to solve the fractional BTM subject to accessibility of appropriate
weights W. To achieve the estimated ANN weights, one may exploit the calculation
in the MSE sense to describe a merit function Er as:

FEr=FEp_ 1+ FEp_» (2.4)

FEr_1 and Er_o indicate the merit functions related to the fractional BTM and
ICs shown in Eq. (1.1), respectively given as:

1 N d2 /\ 2
Ep_1= N 2 ( a2 Jrﬂ x U + v gi) ; (2.5)
o 1 ~ N2 d’LL() 2
Broa = 3 (a0 + (522)) (26)

for Nh=1, @ =1u(y), gi =9 (i), v =ih.

2.2. Networks optimization: GAIPA

The parameter optimization for the FMNN is obtained by the hybridization com-
puting process based on the GAIPA to solve the fractional BTM.

Genetic Algorithms are known as an efficient global constrained/unconstrained
optimization process, that is formulated with the mathematical models of the pro-
cedures using the natural genetic performance. The specific population commonly
updated in GA, i.e., applicant results of the optimization project with the com-
petence in frequent optimization systems by uniting its imitation devices with the
crossover, mutation, elitism, and selection operatives. In recent decades, GA is
implemented to design the optimum weight based on the steel space frames [4],
parameter documentation of multivariable systems [5], control construction based
on the car’s robot model [21], layer thickness optimization [60], parameter estima-
tion in electromagnetic waves [49], three-point singular BVPs [56]. To switch the
laziness and sluggishness of the global process, the process of hybridization with the
local search algorithms can be implemented through optimization.
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Interior-point algorithms is a rapid, efficient and quick convergent local search
method, which is famous to solve the optimization tasks that arises in various ar-
eas. IPA belongs to an efficient optimization convex solver that can be oppressed for
both unconstrained and constrained systems. Some transformed submissions that
are efficiently addressed by IPA are stable nonlinear system identification [29], linear
programming over symmetric cones [13], viscoplastic based fluid flows [59], multi-
stage nonlinear nonconvex programs [14] and tuned for radiation therapy treatment
planning [50].

3. Performance Measures
The present section shows the mathematical formulations of the performance oper-

ators TIC and MAE. The performances of these operators by indicating the exact
solution u and the proposed outcomes @ are presented as:

1 n ~ 2
\/n Zm:l (Um - Um)

TIC = , (3.1)
1 1
_ n 2 _ n 2
<\/n Zm:l Wi, + \/n Zm:l um)
MAE = " [t — i . (3.2)
m=1

4. Results and Simulation

The detail of the obtained numerical results through the proposed FMNN-GAIPA
for solving three different variants of the fractional BTM is presented in this section.
Hidden layers, single output and single input of FMNN is implemented for the
modeling of general BTM (1.1), whereas the optimization toolbox that is Matlab
build package is oppressed for training the FMNN weights to solve the fraction BTM
using the routines of ‘fmincon’ and ‘ga’ with ‘IPA’ scheme. The proposed results
through FMNN-GAIPA dependent on numerous trails to solve fractional BTM are
drawn with adequate graphical and numerical plots to measure the precision.

Problem 4.1. Consider the fractional BTM (1.1) using the values of g(y) = y* +

(3
F(1<7)5> y0-75 + 2; A=1.25 and o = ﬁ == 1 s written as:
v dVPu 9 ') o
adiied P = —— 7 Y 2. 0<y<1
FER e +ul(y) ( ;’ Tramsy? T PEYsS (4.1)
du(0 .

An objective function is given as:

N 2
1 d? . dr2 N 2 '(3) 475
b :72 <2ui+dzﬂ25“i+”i_y VLK _2>

#33 (G0+ (doe),
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Problem 4.2. Consider the fractional BTM (1.1) using the values of g(y) = y* +
4\/5—1—2, A=15and a=p =~ =1 is written as:
T

Pu dYPu

—_— + —— + =qy2+4 —y—|—2 0<y<1
dy2 dy1'5 u(y) 4 ™ ’ 4 ’ (1 3)
du(O) ’
0) =0, =0.

An error function is provided as:

Problem 4.3. Consider the fractional BTM (1.1) using the values of g(y) = y* +

'3
]_"(1(2)5) y0-25 +2, A=1.25 and a = 6 = =1 is written as:
Py dVPu 9 L(3) o5
d"Pu _ 2B 025 L9 g<y<t
dy? + Ayl tuly) =y" + F(1.25)y 2 0sysl (4.5)
du(0) '
0)=0 =0.
u(0) ) dy

A merit function is shown as:

N 2
1 2 LT 1(3)
Ep— — —y s+ — % — 0.25 _ o
PN z_; (dy2“ TR A VL
=L (4.6)
1 o dig
+2;((U0)+(dy) :

The true form of each problem of the BTM is u(y) = y2.

The performances of each problem based on the fractional BTM are examined
through the hybrid optimization procedures of local and global search competences
of GAIPA. The optimization-based process replicates for 40 independent executions
to produce a larger dataset of ANN parameters. These accomplished ANN weights
are used to solve the fractional BTM to evaluate the proposed outcomes. The
mathematical terminologies for each problem of the fractional BTM are provided
as:

iip—1 =1.0081 (35(0.268y + 0.1885)* — 84(—0.268y + 0.1885)°
+ 70(—0.268y + 0.1885)° — 20(—0.268y + 0.1885)7>
+ 0.8627 (35(—0.013y —0.1342)* — 84(—0.013y — 0.1342)°

+ 70(—0.013y — 0.1342)% — 20(—0.013y — 0.1342)7>
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+0.0585 (35(0.6769y +0.1436)* — 84(0.6769y + 0.1436)°
+70(0.67691y + 0.1436)° — 20(0.6769y + 0.1436)7>
F .. —0.4144 (35(0.315;; +1.0979)* — 84(—0.315y + 1.0979)°

+ 70(—0.315y + 1.0979)6 — 20(—0.315y + 1.0979)7>, (4.7)

= —1.651 (35(0.2290y +0.6696)* — 84(0.2290y + 0.6696)°

+70(0.2290y + 0.6696)° — 20(0.2290y + 0.6696)7>

—2.4730 (35(0.157y —0.0583)* — 84(—0.157y — 0.0583)°

+ 70(—0.157y — 0.0583)% — 20(—0.157y — 0.0583)7>

—0.1585 (35(0.0418y 4 1.0985)* — 84(0.0418y + 1.0985)°
+70(0.0418y + 1.0985)5 — 20(0.0418y + 1.0985)7>
+...—0.1724 (35(0.041y —0.4673)* — 84(—0.041y — 0.4673)°

+70(—0.041y — 0.4673)% — 20(—0.041y — 0.4673)7>, (4.8)

= 3.027(35(—0.1206y +0.333)* — 84(—0.1206y + 0.333)°

+ 70(—0.1206y + 0.333)® — 20(—0.1206y + 0.333)7>

+0.0156 <35(—0.8072y +1.194)* — 84(—0.8072y + 1.194)°

+ 70(—0.8072y + 1.194)% — 20(—0.8072y + 1.194)7>

4 0.0649 (35(0.0659y —0.4043)* — 84(0.0659y — 0.4043)°
+70(0.0659y — 0.4043)% — 20(0.0659y — 0.4043)7>

+ ... —2.7147 (35(—0.040y +1.0360)* — 84(—0.040y + 1.0360)°

+ 70(—0.040y + 1.0360)° — 20(—0.040y + 1.0360)7>. (4.9)

The numerical approximate outcomes are determined using the Eqs. (4.7-4.9),
which are graphically plotted in Figure 1(a-c) for fractional BTM 1, 2 and 3. The



Fractional Meyer neural network. . . 2465

performances based on the best, mean and poorest results are given in Fig 1(d-f)
for each problem of fractional BTM. One can observe the best, mean, and poorest
results are matched. This flawless results comparison indicates the precision and
perfection of the FMNN-GATPA. The absolute error (AE) is illustrated in Figs. 1(g-
i) for each problem of the fractional BTM. One can witness the best performances
for each problem of the fractional BTM found around 10~% to 1071°. The mean
performances for each problem are found around 107 to 107%. Whereas the
worst performances are found around 1072 to 1073, The scale of Fitness, MAD,
and TIC for each problem of the fractional BTM is plotted in Figs. 1(j-1). The
FIT operator’s best, mean and poorest standards are found around 10~ to 10716,
1079 to 1079 and 10792 to 10~ for problem 1, 10~'7 to 1072, 107% to 1075
and 1079 to 107% for problem 2 and 107! to 1077, 1073 to 1079 and 10702
to 1079 for problem 3 of the fractional BTM. The TIC operator’s best, mean and
poorest values are found around 107!2 to 1073, 107%7 to 1078 and 107% to 10797
for problem 1, 1071 to 10715, 1079 to 107%* and 107°2 to 1073 for problem 2 and
10712 to 107, 107% to 107% and 1079 to 107% for problem 3 of the fractional
BTM. The MAD operator’s best, mean and poorest values are found around 10798
to 10799, 10793 to 107 and 1072 to 1073 for problem 1, 107% to 10710, 10793
to 1079 and 1072 to 1079 for problem 2 and 107 to 10710, 10792 to 10794
and 1079 to 10792 for problem 3 of the fractional BTM. The statistical operators’
observations for the TIC, Fitness, and MAD using the histograms (Hist) as well
as boxplots (BPs) are provided in Figs. 2 to 4. Fig. 2 authenticates the fitness
presentation for each problem of the fractional BTM. It is specified in these plots
the fitness, TIC and MAD values are calculated around 107% to 10~'°, 10797 to
1072 and 107% to 1079 for each problem of the of the fractional BTM. One
can accomplish through these results that around 80% executions attained very
reasonable and accurate level of the statistical results through these performances.

To check the accuracy analysis, the statistical Min, Mean, Max, S.I.R, median
(Med) and STD operators are provided for 40 independent executions using the
FMWNN-GAIPA for solving the fractional BTM as tabulated in Table 1. The
independent runs through FMWNN-GAIPA scheme using the error values of Min
and Max are signified as the applicant and poorest implementations, respectively.
Whereas the SIR measures are 1/2 of the difference of 3¢ and 15! quartiles. The
small and reliable Min, Med, Max, STD, and SIR values corroborate the stability
of FMWNN-GAIPA scheme for the fractional BTM.

To observe the convergence analysis through the statistical operators of the
propose FMNN-GAIPA scheme, the calculations through performance indices of
fitness, TIC and MAD are provided in Table 2 to solve each problem of the fractional
BTM.

5. Conclusion

The present research work is related to construct a competent fractional Meyer
neural network procedure for the fractional Bagley—Torvik model. Three differ-
ent problems based fractional Bagley—Torvik system of fractional order terms have
been solved by using the designed FMNN-GAIPA. The perfection and exactness
of the fractional Bagley—Torvik model is obtained for solving three different prob-
lems numerically using the powerful scheme, i.e., artificial neural networks together
with the local and global search capabilities, interior-point scheme and genetic algo-
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Figure 2. Statistical performances-based FIT for the fractional BTM with hist and boxplots

rithm. The designed FMWNN-GAIPA scheme is viably implemented on the frac-
tional Bagley—Torvik model to authenticate the stability, convergence and robust-
ness. The calculated numerical performances from the designed FMWNN-GAIPA
scheme have been compared with exact solutions with matching of order 7 to 9 dec-
imal places of precision, which validates the exactness and efficiency. Furthermore,
statistical investigations of the proposed FMWNN-GAIPA scheme on 50 executions
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Figure 3. Statistical performances-based TIC for the fractional BTM with hist and boxplots

provide accurate and precise solutions. In addition, the designed FMWNN-GAIPA
scheme is not eminent for smooth viable outcomes, but one may implement and

extend this procedure effortlessly.

Further research directions: One may exploit the FMWNN-GAIPA scheme

to solve the fluid, and nonlinear models [6,8,9,15,18,19,24,27,50,51,57,58].
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Table 1. Statistics outcomes through FMWNN-GAIPA scheme for the fractional BTM
Problem-1 | Mode 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Min | 6x10710 | 1x1079 | 6x10710 | 2x1079 | 2x107° | 2x1079 | 2x1072 | 3x107? | 5x10~'* | 3x10~°

Mean | 2x107% | 2x107* | 2x107* | 2x107* | 2x107* | 1x107* | 1x107* | 9x107° | 7x107° | 8x10~°

Max | 9x1073 | 8x1073 | 7x107% | 6x1073 | 5x1072 | 4x1073 | 2x107% | 1x1073 | 8x10~* | 9x10~*

Med | 5x1077 | 4x1077 | 5x1077 | 51077 | 6x10~7 | 5x1077 | 5x1077 | 5x1077 | 5x1077 | 5x1077

SIR 6x107% | 2x107° | 2x107° | 3x107° | 4x107° | 5x107° | 5x107° | 5x107° | 5x107° | 5x107°

STD | 1x1073 | 1x1073 | 1x1073 | 9x107* | 8x10~* | 6x10~* | 4x10~* | 2x10~* | 2x10~* | 2x10~*

Problem-2 | Min | 9x1071 | 1x1072 | 1x107% | 1x107? | 1x107% | 1x107 | 2x107% | 2x107? | 2x107 | 2x107°

Mean | 1x107% | 7x107* | 2x1073 | 3x1073 | 5x1073 | 7x107% | 9x1073 | 1x1072 1x1072 | 1x1072

Max | 4x1073 | 3x1072 | 7x1072 | 1x107" | 2x10~! | 3x10~" | 3x10~" | 4x10~" | 5x10~" | 6x10~!

Med | 3x1076 | 8x1076 | 8x107¢ | 2x107° | 2x107° | 2x107° | 2x107° | 2x107° | 2x107° | 2x10~°

SIR 2x107° | 2x107° | 3x107° | 3x107° | 3x107° | 4x107° | 4x107° | 5x107° | 5x107° | 6x10~°

STD | 6x107* | 4x1073 | 1x1072 | 2x1072 | 3x1072 | 4x1072 | 6x1072 | 7x1072 | 8x1072 | 9x10~2

Problem™® | Min 1x107% | 2x1079 | 2x1072 | 2x107% | 2x107° | 2x1079 | 2x107° | 51071t | 2x107° | 2x10~°

Mean | 2x107% | 9x107* | 2x1073 | 4x1073 | 5x1073 | 8x10~® | 1x1072 | 1x10~2 1x1072 | 2x1072

Max | 5x107% | 3x1072 | 7x1072 | 1x1071 | 2x10~! | 3x107" | 4x107! | 5x1071 | 5x107' | 7x10~!

Med | 2x107¢ | 5x1076 | 7x107¢ | 8x107% | 1x107° | 2x107° | 2x107° | 2x107° | 2x107° | 2x10~°

SIR 9x107% | 3x107° | 5x1075 | 6x107° | 8x107° | 1x10* | 1x107* | 1x10~* 1x107* | 2x1074

STD | 8x107* | 5x1073 | 1x1072 | 2x1072 | 3x1072 | 5x1072 | 6x1072 | 8x1072 | 9x1072 | 1x107}

Table 2. Convergence performances of the FMWNN-GAIPA scheme to solving fractional BTM

Problem | FIT< MAD< TIC<
10702 10703 10704 10702 10703 10704 10702 10703 10704
1 40 40 39 40 40 38 40 40 40
2 39 39 39 39 39 38 40 40 39
39 39 38 39 39 35 40 40 39
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