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SOME L?(R)-NORM DECAY ESTIMATES
(Q € [1,+00]) FOR TWO CAUCHY SYSTEMS
OF TYPE RAO-NAKRA SANDWICH BEAM

WITH A FRICTIONAL DAMPING OR AN

INFINITE MEMORY

Aissa Guesmia

Abstract In this paper, we consider two systems of type Rao-Nakra sandwich
beam in the whole line R with a frictional damping or an infinite memory
acting on the Euler-Bernoulli equation. When the speeds of propagation of
the two wave equations are equal, we show that the solutions do not converge
to zero when time goes to infinity. In the reverse situation, we prove some
L?*(R)-norm and L*(R)-norm decay estimates of solutions and theirs higher
order derivatives with respect to the space variable. Thanks to interpolation
inequalities and Carlson inequality, these L?(R)-norm and L'(R)-norm decay
estimates lead to similar ones in the LY(R)-norm, for any ¢ € [1,+00]. In our
both L?(R)-norm and L*(R)-norm decay estimates, we specify the decay rates
in terms of the regularity of the initial data and the nature of the control.
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1. Introduction

Let p1, p2, ps3, ko, k1, k2, k3, v and [ be real positive constants and g : Ry =
[0, +00) — R, satisfying g € C*(Ry),

+oo
0<go:= / g(s)ds < ks, (1.1)
0
and, for some real positive constants 8, and fs,

— 29 < g’ < —Pig. (1.2)
Condition (1.2) implies that ¢’ < 0, g is integrable over R, and, by integrating,

9(0)e" < g(s) < g(0)e 7, scRy. (13)
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So (1.1) is valid if g(0) > 0 and p; is big enough. For example, one can take
g(s) = die~%* with dy, dy > 0 satisfying g—; < ks, so (1.1) and (1.2) hold, for
B = B2 = da.

This paper deals with the stability of two systems of type Rao-Nakra sandwich
beam in the whole line R with a control acting only on the Euler-Bernoulli equation.
These systems consist of two wave equations for the longitudinal displacements of
the top and bottom layers, and one Euler-Bernoulli equation for the transversal
displacement. The considered control is provided through a frictional damping of
size :

P1ptt — k1@ + ko(p + 1 +lws) =0,

P2ttt — kotza + ko(p + 9 + lwy) =0,

P3wet + k3Wozza — tho(p + ¥ + lwg)e + ywy = 0, (1.4)
¢(x,0) = po(x), P(z,0) = Po(x), w(z,0) = wo(z),

¢i(2,0) = p1(x), Ye(z,0) = P1(2), we(x,0) = wi(2)

or an infinite memory of kernel ¢:

P1¢tt — k1pazz + ko(p + 1 + lwg) =0,
P2ttt — kotza + ko(p + 9 + lwy) =0,
+o00o
P3Wit + k3wza::rm - lkO((P + ¢ + lwa:)a: - / 9(8) wzza:x(xy t— S)dS = 07 (15)
0
gO(J?,O) = WO(m)7 ¢($,O) = wO(x)v w(x, _t) = wo(ﬂf,t),
QDt(IL',O) = cpl(x)a 1/%(1’70) = 1[}1(.%), wt(xvo) = wl(w)v

where x € R and t € R, are, respectively, the spacial and time variables, ¢q , ¢1,
o, Y1, wy and wy are fixed initial data, and

(6, ¥, w) s Rx Ry — R

is the unknown of (1.4) and (1.5). A subscript r denotes the derivative with respect
to r. Also, we use 0, or % to denote the differential operator of order m with

respect to r; i.e. 86%:,1. When a function has only one variable, its derivative is noted
by /.

Since the works [23,31,36], several layer laminated beam and plate models have
been introduced during the last sixty years. The known generalized Rao-Nakra
beam (composed of a top and a bottom face plate), presented in [21], takes into
account the shear effect of the bottom and top layers, and it is gien by

prhiuy — Erhiug, — 7 =0,

pshavy — E3hgvg, + 7 =0,

phwiy + Elwapes — Gihy(we + ¢1)e — Gshs(wa + ¢3)e — hoto =0, (1.6)
11010 — E1[ 1 oo — 3haT 4+ Gihy(wy + ¢1) =0,

p3l3¢s.u — Eslsgs uw — $haT + Gshs(w, + ¢3) = 0,
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where pj, hj, Ej, G;, I;, EI and ph are real positive constants representing some
physical parameters and satisfying some relationships, u, ¢1, v and ¢3 are, respec-
tively, the longitudinal displacement and shear angle of the top and bottom layers,
w is the transverse displacement of the beam and 7 is the shear stress in the core
layer defined by

1 1
T=—u-— §h1¢1 + howy +v — §h3¢3-

By neglecting some components and/or parameters and/or considering some
connections between them, several models were derived from (1.6) and studied in
the literature like the Rao-Nakra sandwich beam [29]:

prhiug — Erhiug, — k(—u + v + oaw,) =0,
pshsvy — Eshgvg, + k(—u+v + aw,) =0, (1.7)
phwy + Elwgge, — ak(—u+ v+ qwy ), =0,

the laminated beam [17]:
pwt + G(q/} - wa:)a: =0,

1,35 — )it — D(35 — ) aw — G(1h — uy) = 0, (1.8)
31,54 — 3Dsgy + 3G (YY) — wy) + 4pus + 405, = 0,

the Bresse model [4]:
pruge — k1 (ug + ¥ +lw), — lks(w, — lu) =0,

P2t — kot + k1 (ug + ¢ + lw) =0, (1.9)
P3Wir — kg (wy — W)y + Ukt (ug + 9 + lw) = 0,

the Mead-Markos model [23]:

phwy + Elwgger — an(—u+ v+ aw,) =0,

(1.10)
(—u4+ v+ 0wy ) gy — @2(—U+ v+ QWy) — QWaggy =0
and the Timoshenko beam [35]:
Uy — kq(ug + =0,
prug — ki (uz + ¥)s (111)

p2ee — kothes + ki (ug + 1) =0,

where all the coefficients are real postive constants.

The study of long time behavior of (1.7)-(1.11) has been the subject of an active
research and mathematical endeavour. Thereby, a huge number of research articles
have been appeared. In order to highlight the main contribution and the novelty
of the present paper, we will merely point out the articles whose content concerns
the Rao-Nakra sandwich beam (1.7), and so their content is closely related to our
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problems (1.4) and (1.5). For (1.8)-(1.11) (in different contexts), we refer the reader,
for example, to [1,2,5,8-11,14,21,24,32,33] and the references therein.

In [20], the authors considered the Rao-Nakra sandwich beam with = € (0,1)
and an internal frictional damping acting either on the beam equation or on one
of the wave equations, and proved that the polynomial stability occurs. Similar
polynomial stability results were proved in [19] under internal damping or Kelvin-
Voigt damping working on two of the three equations.

The authors of [30] proved the well-posedness and exponential stability of Rao-
Nakra sandwich beam in (0, L), L > 0, under a heat conduction of secound sound
acting on the second wave equation (see [6,22,27] for details on the second sound
mechanism). The same well-posedness and exponential stability results of [30] were
proved in [25] using boundary feedbacks at = = L.

The (global or local) boundary controllability problems of the Rao-Nakra beam
were also the subject of several studies in the literature; see, for example, [12,13,
15,16, 26, 28] and the references therein.

The subject of this paper is to treat the stability of the Rao-Nakra sandwich
beam (1.7) in the whole line R under a frictional damping (1.4) or an infinite
memory (1.5) (where we denoted (u, v) by (—¢, 1) and simplified the notation of the
coefficients). The frictinal damping and infinite memory terms generate the unique
dissipation for (1.4) and (1.5) (see (2.15) and Remark 2.1 below). This dissipation
is acting on the third equation of (1.4) and (1.5) (transversal displacement). To the
best of our knowledge, these situations have never been considered in the literature.

The main objective of this paper is to get decay estimates of

t— [|0JU(,t)||, and tw ||OLU(-1)] (1.12)

1

where U is defined in (2.7) below, j € N and || - ||, denotes the norm of LI(R), for
g € [1,4+00]. We will prove the instability of (1.4) and (1.5) when

k k
a2 (1.13)
P1 P2

However, when
k k
Mo (1.14)
P1 P2

we prove that the functions (1.12) satisfy some polynomial stability estimates with
decay rates depending on the regularity of the initial data.

Our L?(R)-norm and L!(R)-norm decay estimates cover all the L(R)-norm de-
cay estimates of dJU, for any ¢ € [1,+00c]. Indeed, using interpolation inequalities,
the decay estimates of the L°°-norm is obtained immediately from the inequality
(04 denotes a real positive constant, which does not depend neither on U nor on j)

; ; 1/2 1 2
189U]|os < 8uc||O3U 51051 U 152 (1.15)

This eventually lead to the decay rate of the Li-norm, 2 < ¢ < 400, through the
interpolation inequality

182U, < 8,102U 13>/ * 134U 15" (1.16)
To fill the gap 1 < g < 2, we use the interpolation inequality

o2, < o R oo . o
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To get the L' (R)-norm decay estimate, we treat the asymptotic behavior of || zdIU ||z,
and then we use the Carlson inequality (see [3] for instance)

183U |11 < 182U |13/ ? 202U |52 (1.18)

The proof is based on the energy method combined with the Fourier analysis
(by using the transformation in the Fourier space).

The paper is organized as follows. In section 2, we formulate (1.4) and (1.5)
in a first order Cauchy system. Section 3 will be devoted to the proof of the
asymptotic behavior of |U|. In section 4, we prove our L?(R)-norm decay estimate.
The asymptotic behavior of |85[7 | will be treated in section 5. Finally, in section 6,
we prove our L!(R)-norm decay estimate. The last section presents some concluding
remarks.

2. Abstract formulation of (1.4) and (1.5)

To formulate (1.4) and (1.5) in an abstract first order system, we consider the
following variables:

U = P, y:wta (9:’U)t, U= Pz, Z:wzv gb:wa:x and P=<P+7/f+lwm

(2.1)

We observe that (1.4);-(1.4)3 can be written in the form

vy — Uy = 0,

prur — k1vy + kop =0,

2t = Yz = 07

p2yt — ka2zz + kop = 0, (2.2)

¢t - 9.1,.1/ = 07

p30t + k3¢r"c - lkopx + 70 = Oa

pe—u—y—10, =0.
In case (1.5), we consider the additional variable introduced in [7]

n(z,t,s) = w(z,t) —w(z,t —s) (2.3)
with its initial data no(z, s) = n(z,0,s). The variable 7 satisfies

ne(z,t,8) + ns(x, t, 8) = we(z, t) (2.4)

and

+oo +oo
/ g(s)nmwzz (mv t, S) ds = goWzzza (,T, t) - / g(s)wza::mc (-Ta t— S) ds. (25)
0 0
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Then (1.5)1-(1.5)3 can be formulated in the form

v — Uy =0,

p1us — kv + kop = 0,

2t = Yz = 07
P2Yt — kgzz + k’op = O7

+oo
p30t + (k?) - 90)¢zz - lkopz + / g(s)nmzmm ds = Oa
0
pr—u—y—10, =0,
Nt +MNs — 0=0.

We define the variable U and its initial data Uy by

U(LL' t) _ (U’ u, z,Y, d)a Ga p)T(xyt) in case (14),
e (Ua u, z,Y, ¢a 63 b, U)T(x,t) in case (15)

(2.7)
Therefore, the systems (2.2) and (2.6) lead to
U(z,0) = Up(z),

where

AU = AyUspoz + AUpe + AU, + AOU
and the operators A; are defined in case (2.2) by

A4Ua:xzw = (Oa 07 07 Oa Oa 0; O)T7

T
AQUrz = (03 07 07 07 _91?:67 %(bzm 0) ’
Ale = (*um*kf

T
k Lk
pi Vry =Yz, 7[,*22@7 0, 77;]27963 7Z9I> )
T

AOU: (Oa %pao kopvo lea —U—y) ’

) E ) p3
and A; in case (2.6) are defined by
+00 T
A4wa1$ = (0707070707 713 / g(s)nm&wz dS,0,0) )
k " T
A2wa = <07070a05 _el’:m 3’%390¢x$,0,0) )
T
AIU{L’ = (_um7 _%fvzv — Yz, _%Zxa 0, _%prv _laxa 0) ’

T
AOU = (07 %p7 Oa %pv 03 Oa —U—=Y,Ns — 6) .

For a given function h : R — C, we use the notations Reh, Imh, h and % to
denote, respectively, the real part of h, the imaginary part of h, the conjugate of h
and the Fourier transformation of h given by

h(&) = / e "h(z)dr, €€R. (2.9)

— 00



Decay estimates for Cauchy Rao-Nakra sandwich type systems 2517

Applying the Fourier transformation (with respect to the space variable x) to (2.8),
we obtain the following first-order Cauchy system in the Fourier space:

U(§> O) = Uo(f),
where A(€) = €* Ay — €2 Ay + i€ Ay 4+ Ag. The solution of (2.10) is given by
U(e, 1) = e~ O Ty (o). (2.11)

Computing the term e~4©" is a challenging problem, and in many situations, this
cannot be done. Consequently, in order to show the asymptotic behavior of U, it
suffices to find a non negative function f(£) and two positive constants ¢ and ¢ such
that, for each (¢,t) € R x Ry,

e~ A < ge—el (O, (2.12)

Let E be the energy associated with (2.10) given by

~ 1 N . . =N ~ ~
B(&,t) = [k [0+ pa 2k [212+paf 512+ (ks — 7090) 61 +psl012+KolpI2] (€, 1)

T oo =
+5°£4/ g($)[(E, t)I* ds, (219)
0
where
. 0 ?n case (2.2), (2.14)
1 in case (2.6).

Lemma 2.1. The energy functional E satisfies, for each (§,t) € R x Ry,

d ~ _ 3 2, 704 oo VNP 2

S EE ) =~ =10)7[6( I + ¢ g ()&, t)[” ds. (2.15)
0

Proof. The equation (2.10); in case (2.2) is equivalent to

i)\t fzﬁﬂ: 0,

p1iy — ik1EV + kop = 0,

/Z\t - Zg/y\ = 07
P2yt — 1k Z + kop = 0, (2.16)
P¢ +£20 =0,

p3b; — k3€2h — ilko Ep+ 70 = 0,
Pr—1U—7—iléh = 0.

Multiplying the equations in (2.16) by k10, u, ko2, 7, kquﬁ, 9 and kop, respectively,
adding the obtained equations, taking the real part of the resulting expression and
using the identity, for two differentiable functions h, d : R — C,

4

7 e (hd) = Re (hyd + dih), (2.17)
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we obtain (2.15) with 79 = 0. Similarily, (2.10); in case (2.6) is reduced to

vy —i€u =0,

pruy — ik1§0 + kop = 0,

z — iy = 0,

P2yt — k28 Z + kop = 0,

ieioo (2.18)

psbs — (ks — go)€28 — ilko €9+ £ / g(s)ids =0,
N 0
ﬁt + ﬁs - e =0.

Multiplying (2.18)1-(2.18)7 by k10, U, koZ, 3, (ks — go)g, 9 and kop, respectively,
multiplying (2.18)s by £*g(s)7) and integrating on R, with respect to s, adding all
the obtained equations, taking the real part of the resulting expression and using
(2.17), we get

d = 1 +oo d

—F(&,t) = —=¢* —1|712d

GEE =3¢ [ g Tk s

therefore, by integrating with respect to s, we obtain

d ~ 1 +o00 s=+00 1 +oo
GEen=-gle [ Tawmra) ge [T genres
0 s=0 0

Because (1.3) and (2.3) imply that

Jim g(s) =0 and 7(&,1,0) =0, (2.19)
then we find (2.15) with 7o = 1. O

Remark 2.1. Notice that (2.15) implies that

d ~
—F <
dt (g) t) — 07

since v > 0 and ¢’ < 0, so (2.10) is dissipative. If the frictional damping and infinite
memory are not considered (i.e. ¥ = g = 0), then (2.10) is conservative; that is

E(§7 t) = E(€7 O)

On the other hand, we put
(&, ) =[5 + @l + 2 + 512 + 161 + 182 + 152] (€, )
4 oo 2
emgt [ gt 0 ds
0
So we deduce that, thanks to the right inequality in (1.1),

U]> ~ E. (2.20)



Decay estimates for Cauchy Rao-Nakra sandwich type systems 2519

3. Estimation of |U]

This section is dedicated to the study of the asymptotic behavior of 17(5 , t), when
time ¢ goes to infinity. We prove the next theorem.

Theorem 3.1. Let U be the solution of (2.10).
(i) In case (1.13) and for every & € R, |(7(§, t)| doesn’t converge to zero when t
goes to infinity;
(i) In case (1.14), there exist ¢, ¢ > 0 (independent on & and t) such that

U, )| < e IO To(e)], V(&) R xRy, (3.1)
where
- 544—27’0
1O =gopt (3.2)

3.1. Case (1.13)
We prove here, under (1.13) and for every £ € R, that |fj(§, t)| doesn’t converge to
zero when time ¢ goes to infinity. It suffices to prove that, for any £ € R, —A(¢)
has at least a pure imaginary eigenvalue (see [34]); that is
VEER, INER*, U £0: iU+ AU =0. (3.3)
System (2.16). To get (3.3), it is enough to prove that
VEER, INER*:  det (MI + 21(5)) =0, (3.4)

where I denotes the identity matrix. We see that (1.13) implies, in case (2.16), that

N —i€ 0 0 0 0
—i%g ix 0 0 0 0 ’;—g
0 0 X —iE 0 0 0
0 0

IN+A=| o o —i%e i\
0 0 0 0 ix & 0
k . - Lk
0 0 0 0 —2=2&ix+ L —ing
0 -1 0 -1 0 —ilé i\

A direct computation shows that

det (IT+A(€)) =iA <X2—klg?) [)\Q—ko (1+1) _’“52} [M (M+7> +’%£4}
P1 p1 P2 P1 3 p3

2 2
il ko e ()\2 - klg?) . (3.5)
P3 p1



2520 A. Guesmia

It is clear that det (i)\I + fl(f)) =0 for

e if € #0,
A= . (3.6)

Consequently, (3.4) holds.
System (2.18). For A € R*, we put

ﬁ(s):%(l—e’i’\s)ﬁ and G(\) = A (1— ™) g(s)ds.  (3.7)

We observe that g(A) is well defined (according to (1.1)) and 7 is the unique function
satisfying (3.3)s and 7(0) = 0. On the other hand, (1.13) implies that the first seven

_ T
equations of (3.3) are equivalent to B(§) (ﬁ, u,z, 9, (ﬁﬁ) = 0, where

A —i€ 0 0 0 0 0
ke s k
—zp—if A0 0 0 0 m
0 0 X —ife 0 0 0
B=] 0 0 —i%¢ i 0 0 ko
0O 0 0 0  ix I 0
ks— 2 gA) ¢4k
0 0 0 0 —Romegyg e ik
0 -1 0 -1 0 —ilg ix
Then the problem (3.3) is reduced to prove that
VEeR, INeR*: det B(§) =0. (3.8)

A direct computation shows that (as for (3.5) with k3 — go and £*g(\) instead of k3
and ~, respectively)

detB(€) =i\ (AQ—]ﬁf) [/\Q—ko <1+1> —klfﬂ {i/\ (i/\+§(>\) é‘*) 1 Bs=g0 54}
p1 p1 p2) P P3 ps

2 2
+z‘ﬂAg2 (AQ - klﬁ) .
P3 1

We remark that det B(€) = 0 for X given by (3.6). Thus (3.8) holds. Consequently,
the proof of the first result in Theorem 3.1 is ended.

3.2. Some differential equations

We start the proof of (3.1) by proving some useful differential equations. To simplify
the computations, we put

o~ +OO
G = (1 — 7o)y + 7o / o(s)7ds, (3.9)
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where 79 is defined in (2.14). Let consider the system

vy —i€u = 0,

pruy — ik £V + kop = 0,

zy — 1€y =0,

P2l — thko& 2+ kop = 0,

¢+ €20 =0,

psy — (ks — 7'092)525* ilko §p+ G = 0,
Dy —u—y—il&d =0,

N +1Ms — 6 =0.

(3.10)

It is evident that (2.16) is identical to (3.10)1-(3.10)7 if 79 = 0, and (2.18) coincides
with (3.10) if 7o = 1.

Multiplying (3.10)4 and (3.10)3 by i&Z and —ips €3, respectively, adding the
resulting equations, taking the real part and using (2.17), we obtain

d . AN ~ ~ . AN
aRe (ngﬁyz) = ¢? (pg\y|2 — k32|z\2) + ko Re (zgzp) . (3.11)

Similarly, multiplying (3.10)2 and (3.10); by i £ and —ip; & @, respectively, adding
the resulting equations, taking the real part and using (2.17), we find

d . AN ~ ~ . AN
%Re (zpl fuv) =¢2 (p1|u|2 — k:1|v|2) + koRe (zfvp) . (3.12)

Also, multiplying (3.10)¢ and (3.10)5 by —E and —p35, respectively, adding the
resulting equations, taking the real part and using (2.17), we get

SR (~0383) =€ (ol — (hs — 7090)19) + 1o Re (1€55) + Re (36).
(3.13)

Multiplying (3.10)4 and (3.10)7 by €2 p and p2£2 7, respectively, adding the resulting
equations, taking the real part and using (2.17), we obtain

& Re (928 57) =€ (02 1 — olpP) + 26 Re (57) +1pag® Re (1€77)
+ ko€ Re (z ¢ 3{3) : (3.14)

After, multiplying (3.10)3 and (3.10)g by /)32\ and Z, respectively, adding the re-
sulting equations, taking the real part and using (2.17), we entail

%Re (Psgg\) = —p3 Re (lﬁé\?) + (k3 — T0g0) € Re (55)

ko Re (z’gzﬁ) ~ Re (?G) . (3.15)

Multiplying (3.10)5 and (3.10)4 by ip2€ § and —i{g, respectively, adding the result-
ing equations, taking the real part and using (2.17), it follows that

%Re (z'pQg $§> — €2 Re (ig@?) + ko€? Re (03?) — ko Re (ig%) . (3.16)
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Next, multiplying (3.10) and (3.10)3 by i€Z and —ip; £ 4, respectively, adding the
resulting equations, taking the real part and using (2.17), it appears that

%Re (z‘plgaﬁ) — k€% Re (a?) + 0162 Re (gﬁ) + ko Re (2'525) . (317

Multiplying (3.10)2 and (3.10)5 by i{; and —ip & @, respectively, adding the result-
ing equations, taking the real part and using (2.17), we see that

%Re (z'plgaE) — k€% Re (%) + 01 €2 Re (ig%) + ko Re (igaﬁ) . (3.18)

Also, multiplying (3.10); and (3.10)4 by ip2¢ 7 and —i€0, respectively, adding the

resulting equations, taking the real part and using (2.17), we find

%Re (ipg{ﬁ?) = —p2t? Re (3’]5) + k26? Re (i)\?) — ko Re (zfﬁ?) . (3.19)

Multiplying (3.10); and (3.10)g by p?,? and D, respectively, adding the resulting
equations, taking the real part and using (2.17), we get

%Re (pg ﬁ?) = —p3 Re (zfé\ﬁ) + (k3 — T0g0) €2 Re ((}55)
“lko Re (z'gm’?) ~ Re (?G) . (3.20)

—+o00 _ =
Now, multiplying (3.10)¢ by —52/ g(s)7 ds, multiplying (3.10)s by —p3&2g(s)0

0
and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we infer that

%Re (—p3£29/0 g(s)nz d8>
N [t . o0 .
= pan 0 (ks g Re (3 [ g(oyids ) ~thoge (igp [ gtoyias)
0 0
= [T +oo _
— p3E2Re (9/ g’(s)ﬁds) + &%Re (G/ g(s)ﬁds) ) (3.21)
0 0
“+oo

Similarly, multiplying (3.10)4 by z{/ g(s)7 ds, multiplying (3.10)s by —ip2£g(s) 7

and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we get

d U i E
o e (waﬁy/o g(S)WdS)
o~ +oo —
— — pogoRe (igey) ~ ko€2Re (2 / g(s)ﬁds)
0

o0 . _ pto
— koRe (iﬁﬁ/o g(s)ﬁds) — pa2Re (ifﬁ/o g'(s)ﬁds) . (3.22)
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+o0 _ _
Finally, multiplying (3.10)2 by if/ g(s)nds, multiplying (3.10)s by —p1&g(s)u

and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we see that

d B =
%Re (iplfu/o g(s)nds)
+00 +oo
=—Fk1&Re (ﬁ/ g(s)ﬁds) — koRe (zfﬁ/ g(s)ﬁds)
0 0

— p1Re <z§ﬂ/ g’(s)ﬁds) — p1goRe (ifé)ﬂ) . (3.23)
0
Let A1,---,A13 be real numbers to be chosen later (which do not depend on

time ¢ but may depend on £ and the parameters of (1.4) and (1.5)). We define the
functionals Fp, Fi, Fy and Fj3 as follows:

Fy(&, t) =Re (ipzx\lfil\?-i- ip1 A2 — Ps/\?ﬁg*' p2Xa€7py + Ps/\sfg\)
+ Re (z’pgAﬁg@+ ipIATETE + ipy A€ + 2 XD + pskloﬁ) (3.24)
+ ToRRe [<—P3>\1152§+ imMa€+ i) [ - g(s)ﬁds] :
Fi(€, t)=—¢€ (Bl\2|2+Bz|ﬁ\2+B3\$|2+B4|a|2+B5\ﬂ2+Bg|§\2+B7\§|2) . (3.25)
Fo(€, 1) =Re [i€ (412 + 455 + 438) B+ Asd7 + 4557] .
+ Re [A6g%+ A7€20 + iAs0a + iAggeE] (320)
and
Fy(€, t)=Re [(@ I )\105) G]

r — . . +o0
— ToRe (ps)\11§29 +ipaXi28y + iﬂl)\13&7) / gl(s)ﬁds}
L 0

_ R 400 .
+roRe | M | =(ks = Tog0)€*6 — ilhot*p + €G] /0 g(s)ﬁds}

- +oo
— 1oRe | [z (k28% + iko&D) + Ais (k1€70 + iko&D) | /o g(S)ﬁdS} ;
) (3.27)

where

By =koAi, Bz =ki)y, Bs=(k3—Tog0)A3, DBai= —pila,

Bs = koAs, Bg=—p2(A1+ A1), Br=ps3(Togorin — A3),

A1 = koA ko€ —lkoAs +kor, As=ko(Aa—Ao—IA10), As=ko(IAg—As+As),
Ay =(k3—70g0) A& +hade€? As = —k1 A&+ kaXo€% Ag = —ki As&*+ (k3 —T090) A10&>
Az = p1dr 4 p2(Aa — o), As = p1(As€® — T0g0A13) — p3dio
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and
Ag = pa(IXg — X6)E% — p3As — Top2goria.

Multiplying (3.11)-(3.23) by A1,---, A0, ToA11, ToA12 and ToA13, respectively, and
adding the obtained equations, we deduce that

%F@(f, t) = Fl(f, t) + Fg(f, t) + Fg(f, ﬁ). (328)

According to the notations (2.1), we have p, = v + z + l¢. Because (2.9) implies
that p, = «£p, then

ip= 5210,
this identity allows to formulate the first term in F5 as
Re [ig (412 + A30+ 436 )
- (A1|3|2 + Aof5? + zA3|$|2) — (A1 + Ay) Re (a?)
— (A3 +1A1) Re ((}E\) — (IAs + As) Re (q?a) . (3.29)

By combining (3.28) and (3.29), we get

SRE 1) = Fa(6, )+ Fle, 1) + Fof€, 1), (3.30)
where
Fy(&, 1) = = [(Big? + Av) [ + (Bag? + Ao) [0 + (Bs€? + 143) |9
—¢% | Bufal? + Bs[pl* + Bo[i* + Blol?]
and
Fi(&, £) = Re [(Aq = A3 = UA) 62 + (A5 — Ay — A2) 0% + (A — 1Az — Ag) 7]

+Re [A7§2§5 +iAgthn + z‘Agga”g} .

Now, we choose the different real numbers Ay, - -, A15 in order to have
Ay — A3 — 1A = A5 — A1 — Ay = Ag — 1Ay — A3 = A7 =0, (3.31)
Bi€2 + Ay = B1€2%, Bof? + Ay = Bot?, Bs&? + 145 = Bs€?, (3.32)
B >0, By>0, B3>0, By>0, Bs>0, Bg>0 (3.33)
and
Ag=Ag=0 and B; >0 if 1o =1. (334)

We start by choosing A7, Ag and g as follows:

2(ks—Tog0)

At =ka&®HAs—A1, As=— ;

24 Xs—Izand g = —k1E24+ Ao —1A10. (3.35)
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The choices (3.35) guarantee (3.32) with
Bl = By + ko g+ koko, BQ = By +koky and Bg = B3 —2k0(k3 —Togo). (336)

Also, we select \1, A5, A\g and Aig by

1 2ka —
Ao = 7~ U2 — (ks — Togo) As + ko (1k2 - 2k = Toto) z Tog‘)))} , (3.37)
2
1
Ao = 7= [2kaka€ kA kdo — hoda — ki Xs — ho(ky + k2)] (3.38)
2
ko 1’k < ko kg) < 20%ky kg)
M=—2y, As+ P02 ko (212 (3,39
YR kg0 0 \ks—mog0 ki)t \ ks —70g0 k1 (3:39)
and

ko 1 kopa (k1 + k2)

As = ——=€2 4 )\ — 2 T e

b [T 1(kips — kapi)

(A5 and Ay are well defined thanks to (1.14) and the right inequality in (1.1),
respectively). According to (3.35), the selections (3.37) and (3.38) imply that

(3.40)

Ay —A3—1A; =0 and A;— A — Ay =0,
respectively, (3.37)-(3.39) lead to
Ag — 1Ay — A3 =0,
and (3.38) and (3.40) guarantee A7 = 0, so (3.31) is satisfied. We put
By = min {Bl, B, By, By, Bs, 36} . (3.41)

Then, multiplying (3.30) by &2 and exploiting (3.31) and (3.32), we obtain

d =N N ~ R = ~
= [€2F0(E D] < — Bog* [[22 + [0 + 61 + [@f? + B + 51| - Br¢" B2
+E2Re [z‘Aggéi iAgElg] + E2Fy(E,1). (3.42)
In order to estimate £2F3(&,t), first, we notice the following evident inequality:
1] < (€™ + 4™, VEER, VO <my < mg < mg. (3.43)
Second, using Holder’s inequality and the right inequality in (1.2), we see that, for

2 2

+o0 +oo
/0 o(s)7(€, 5) ds / Vo) V/gE)iE ) ds

- </O+°° 9(s) ds) /Om 9(s)I7i(€, 5)[* ds
= ‘% /;OO g' ()l s)|* ds.
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Similarly, using the limit in (2.19), we have

2

+oo
/ J (S)7(E. 5) ds
0

T [ VG s

- (‘ /om g dS) /;oo (=g ())Ni(&, 5) ds

+oo
< —g(0) / J(S)i(E,5)|? ds.

Then, using these two inequalities and Young’s inequality, we get, for any h : R — C
and ¢ > 0,

e = 2 9o ERaP 2
re (16 [ gyt as) < el - L [ gl Pas G

and

e / ~ 2 g(O) e / ~ 2
re (1o [ d@iteas) <P - 52 [T glite P s @49

Third, in the sequel, we use C' (sometimes C7, Cs, ---) to denote a generic real
positive constant, and C; to denote a generic real positive constant depending on
some real positive constant &, where C' and C. may be different from step to step.
The constants C (C1, Cs, ---), ¢ and C. are independent on z, £ and t.

Applying Young’s inequality for all the terms in £2F3(€, t) and using (3.43),
(3.44), (3.45) and the fact that 78 = 79 and 79(1 — 79) = 0, we get, for any € > 0,

E2F3 (€, £) < o€ 1312 + B2 + |02 + 7o (a2 + 512 + 191 + 5]

“+oo
L0 (24224 2%) 1GP + el ] | o as| @)
0
+oo
—70C: [A1,€1 (€1 +1) + (A + AT3) € (€2 +1)] /O g ()A€, s)* ds.

Now, we select A2, A3, A, A11, A12 and A3 in order to get (3.33) and (3.34) (and
then, in particular, By > 0 since (3.41)). To do so, we distinguish the two cases
related to (2.14).

3.3. Case 1: 7o =0

Notice that, because 79 = 0, the numbers Ai1, A2 and Ai3 are not used. On the
other hand, we select Ao, A3 and A4 as follows:

— ko < A2 <0, (3.47)
”{32 kg klkB k3
A 58 Ng + Ik s + K 5ok 4
0< 4<k1k3+k2(l2k1+k3){l 2+ 13+°<u€2+z 1)]’(3 8)
Koy ks {kz 12Ky <k2 202k, ﬂ
Ay > L VT VY T 3.49
Y7 kiks + ko (Pky 4 k3) [k ks 0O\ kr ks (3.49)
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and

1
)\3 > max {2k0, m [—kzkg)\z + ko (2l2k1k2 — klkg — kgkg)] } . (350)

We go back in the reverse order to select the numbers in the following manner:
1. Choose Ay by (3.47).

. After, select A3 large enough in such a way that (3.50) holds.

Take A4 so that (3.48) and (3.49) are true. According to (3.50), \4 exists.

Now, it is possible to find A; through (3.39).

. After, take A5 as in (3.40).

. Next, it is time to pick A¢ and A1 verifying (3.37) and (3.38), respectively.

. Finally, we can select A7, Ag and Ag by (3.35).

N O U W

We observe that the left inequality in (3.47), (3.50), the right inequality in (3.47)
and the left one in (3.48) imply that By > 0, Bs >0, B, > 0 and Bs > 0, respec-
tively. Moreover, (3.49) and the right inequality in (3.48) combined with (3.39)
imply B; > 0 and Bg > 0, respectively. Therefore (3.33) holds. Thus (3.31)-(3.33)
are satisfied.

On the other hand, because A1, A2, A3 and A4 do not depend on &, we have
NI <C(241), j=5,---,10, and |A;|<C(¢*+1), =89 (3.51)

(since (3.43)), then, applying Young’s inequality and using (3.43), we get, for any
e >0,

€2 Re [¢A85%+ iAgﬁ@] < ee* (|a? +[71%) + C-€% (¢ + 1) |6 (3.52)
Moreover, we conclude from (3.9) and (3.46) (with 79 = 0) that
E2Fy(¢, 1) < 6 [J27 + [0 + 1] + C. (6 + 1) . (3.53)

By combining (3.42), (3.52) and (3.53), choosing 0 < ¢ < By (¢ exists thanks to
(3.33) and (3.41)), and using (2.13) (with 79 = 0) and (3.43), we deduce that there
exist real positive constants ¢; and ¢y such that (notice that B; does not depend

on §)

L [Ro(e, 1)] < ~r€ BlE, ) +ex (€04 1) P (3.54)
Now, let A be a real positive constant and
~ £2
From (2.15) (with 79 = 0), (3.54) and (3.55), we find
d ~ ~
S FE& ) < —af(OEE ) — (v A= e2) [0, (3.56)

where f is defined by (3.2) with 79 = 0. Moreover, using the definitions of E, F,
and F, and exploiting (3.43) and (3.51), we observe that there exists c¢3 > 0 (not
depend on \) such that

cs 82187 +1)

aryy o PE 0 <2BE . (357)

|F(€, t) = MNE(E, t)] <
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Therefore, for A satisfying A > max {%, 263}, we deduce from (3.56) and (3.57)

that
d

ZF(E D) <~ f© B 1) (3.58)
and F' ~ E, since
(A —2c3) E(€, t) < F(€, 1) < (A +2¢3) E(€, 1). (3.59)

Consequently, a combination of (3.58) and the second inequality in (3.59) leads to,

for ¢ = 72(/\_";_1203)7
d
%F(fa t) < =2c f(§) F(&, t). (3.60)
Multiplying (3.60) by e2¢/(©) we find
LY
— g < .
= (e Fe, t)) <o, (3.61)

then, by integration (3.61) with respect to ,
F(g, t) < e /R, 0). (3.62)

Finally, using (2.20) and (3.59), (3.1) in case 79 = 0 follows from (3.62).

3.4. Case 2: =1

We choose A1, -+, Ao as in case 1 but with k3—go instead of ks (ks—go >0 thanks
to the right inequality in (1.1)), and we get (3.31)-(3.33). Next, we select

1
M = — €2 — 2, (3.63)
9o Jop1
1
Mz = — (I = Ae)E2 — L2 (3.64)
9o Jop2
and 1
A1 > —A3 (3.65)
9o

(9o > 0 according to the left inequality in (1.1)). The choices (3.63)-(3.65) imply
that Ag = Ag = 0 and B7 > 0, respectively, thus (3.34) is satisfied. Therefore,
(3.42) implies
d . ~ ~ ~ ~ ~ ~
= (2R, 0)] < —min{Bo, BrY* |2 + [0 + 91 + @l + 5P + G + |91
+E2F3 (¢, t). (3.66)
On the other hand, A1, A2, A3, A4 and A1; do not depend on &, then
N <C(€+1), j=5,---,10, and |N|<C(&*+1), j=12,13, (3.67)

therefore, applying Young’s inequality and using (3.9) (with 7o = 1) and (3.43), we
conclude from (3.46), for any € > 0, that

EFs(E, t) < g’ [\3|2 + [0 + [l + B + [af® + [g1* + IOIQ}
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+o00
0.8 (€04 1) / J (€. 5) ds. (3.68)

By combining (3.66) and (3.68), choosing 0 < & < min{By, B7}, and using (2.13)
and (3.43), we deduce that there exist real positive constants ¢; and ¢y such that

~ +OO
GIERE D] < e Ble N —a (€ +1) [ geeP . (369

Now, let A be a real positive constant and
4

F(&, t)=AE(E, t) + glfﬁ Fy(&, t). (3.70)

From (2.15) (with 79 = 1), (3.69) and (3.70), we find

~ +oo
GFED<-af@BE 0+ (5-a)¢ [ s@ieo e e

where f is defined in (3.2) with 79 = 1. Also, using the definitions of E, Fy and F,
and exploiting (3.43) and (3.67), we see that there exists ¢cg > 0 (not depend on \)
such that

P - aBen) < 2SI+

< a1 B t) <23 E(&, 1),  (3.72)

Therefore, choosing A > max {2c¢a, 2¢3} and using (3.71) and (3.72) and the fact that
g <0, we find (3.58) and (3.59). Consequently, (3.58) and the second inequality
in (3.59) lead to (3.60). Finally, by integration (3.60) with respect to ¢ and using
(2.20) and (3.59), we obtain (3.1) in case 79 = 1. The proof of the second result in
Theorem 3.1 is finished.

4. Estimation of Hﬁ%UH2

In this section, we use the second result in Theorem 3.1 to get some decay estimates
on ||0¥U||; when (1.14) is valid.

Theorem 4.1. Assume that (1.14) is satisfied. Let N € N*,
Uy € HY(R) N LY(R) (4.1)

and U be the solution of (2.8). Then, for any £€{1,2,...,N} and 7€{0,1,...,N—
C}, there exists co > 0 such that

102U |2 < co (L+ )89/ 4| Uplly + co L+ 8) /001 Uol2, teRy  (4.2)
if o =0, and
102U |2 < co (1+ ) 273/0 |||y + o (1 + )" /* |03 Tp|l2, t€Ry  (4.3)

Z:fTO =1.
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Proof. For the proof of (4.2), we see that (3.2) with 79 = 0 implies that (low and
high frequences)
Led s
2 5 if |£‘ S ]-7
CER SN (1.4

Applying Plancherel’s theorem and (3.1), we entail

2

|2U2 = \ oLz, ¥

- / €29 |T1(e, 1)|2de
R

2

< ’5/ €23 o= e O Ty (¢)2de
R

< 6/ &7 e IO Ty (6)Pde +E/ 7¢O To(€)? de
[€1<1 l€]>1
= Jl + Jg. (45)
Applying [9, Lemma 2.3] and (4.4), it follows, for the low frequency region,
ROl [ e i s zoaan P )
|€1<1

For the high frequency region, using (4.4)s, we observe that

Jo<C [ eI T )P d
1€1>1
< sup {jg20e 1067} [ 6P D(e, ) e,
[€1>1 R

then, using [9, Lemma 2.4],
o < C (1) 73 9T |, (47)
and so, by combining (4.5)-(4.7), we get
103U13 < € [+ 07 5D U3+ (175 0 U 18] (48)
Finally, by combining (4.8) and the inequality

vai +az < /ay ++/az, Vai,as € Ry, (49)

we find (4.2).
The proof of (4.3) is identical to the one of (4.2) where, instead of (4.4), we have
(according to (3.2) with 79 = 1)

$&8 i g <1,
HOERS 4.10)
( Letif ¢ > 1. (
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5. Estimation of \85(7|

In this section, we study the asymptotic behavior (Wlth respect t ) of agU In
order to simplify the computations, let us denoting 8§U = U 0:Up = Uy and

(060, 061,02, 0c77, 06, 06D, 0, 06 = (V.17 y,@,@,ﬁ,ﬁ).
As (2.13), the energy associated to U is define by

. 11 R R R - . R
E(¢,t) =3 {/ﬁ|V\2+Pl|11|2+/€2|Z|2+P2|Y|2+(k3—Togo)|‘I’\2+Ps|@\2+ko|p|2} (& t)

+oo .
<3 [ e nPas (1)

where 79 is defined by (2.14). Applying the operator J¢ to (3.10), we obtain the
system

9, — it = it
p1u; — ik1EV + kop = ik10,
Z; — Zf? = iZ//\a

P2yt — k2§ Z + kop = ikaZ,

N ~ ~ 5.2
o, +£20 = —2¢0, (52)
P3O — (k3 — 7090)5 ® —ilko {p + G = G,
p:—u-— y—zlﬁ@-zl@
A+ A, —O= 0,
where
G=(1- 70)7(:) + &t 0+oo g(s)/A\ds,
(5.3)

Go = 2(ks — 10g0)E0 + ilkop — 410&> /0 g(s)n(&,s)ds

As for the proof of (2.15), multiplying (5.2);-(5.2)7 by kﬁ?, u, koz, v, (ks — Togo)‘;ls,
© and koDP, respectively, multiplying (5.2)s by 70§4g(s)7\ and integrating on R
with respect to s, adding all the obtained equations, taking the real part of the
resulting expression and using (2.17), we have

d ~
SR =-(-nnleF+ Tt [ glRre

+ Re[ikluvﬂklvu+ik2yz+ik2zy—2(k3—Togo)§@+ao(f)+ilkoﬁﬁ} :
(5.4)

This identity shows that E is not necessarily nonincreasing with respect to ¢. On
the other hand, because

o~ ~ ~ +OO ~
O O =[ {9+ G+ 2+ 7+ [BP + B +[B] (€. 0+mag [ g()/Ale, ) ds,
0

then we see that, according to the right inequality in (1.1),
O ~E. (5.5)
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Theorem 5.1. Assume that (1.14) is satisfied. Let U be the solution of (2.10).
Then there exist ¢, € > 0 such that, for any t € Ry and for any £ € R*,

[0, D] @O [[To(€) + (€772 +&42)) [To(0)] . (5.6)

where f is defined in (3.2).
Proof. We observe that the left hand sides of (5.2) are identical to the ones of
(3.10) if we replace v, uw, 2, ¥y, ¢, 0, p, n and G by v, U, 2, y, ®, ©, p, A and
G, respectively. So, first, we use the same arguments to get similar differential
identities to (3.11)-(3.23), and second, we treat the additional terms generated by
the ones in the right hand sindes of (5.2). B
Multiplying (5.2)4 and (5.2)3 by i £z and —ips £y, respectively, adding the re-

sulting equations, taking the real part and using (2.17), we obtain

d . AN ~ ~ . ~= A= AN

aRe (ng £ yz) =¢£2 (,02|y|2 —k2|z\2) +koRe (z £z p) +Re (p2 fyy—k@fzz) . (5.7)
Similarly, multiplying (5.2)2 and (5.2); by £V and —ip; €1, respectively, adding
the resulting equations, taking the real part and using (2.17), we find

d A= ~ ~ . ~= A= AN

%Re (iplguv) =& (p1[u]* —k1|V|? +koRe (zgvp)—&-Re (p1 &uu—ky €v v) . (5.8)

Also, multiplying (5.2)¢ and (5.2)5 by ~& and —p3 6, respectively, adding the
resulting equations, taking the real part and using (2.17), we get

%Re (=ps©8) =€ (pal®I2 = (ks — T0g0)IBI) + thio e (1€ D)
+ Re @ G) + Re (2;;355 -Gy 3) . (5.9)

Multiplying (5.2)4 and (5.2)7 by £€2p and p2£? 3, respectively, adding the resulting
equations, taking the real part and using (2.17), we obtain

©Re (928 BF) =€ (291 — kolBI?) + pat? e (55 + 1ps€? Re (1665
4 ko2 Re (igaﬁ) + Re (z’k2§22§ +ilps 52§§) . (5.10)

After, multiplying (5.2)5 and (5.2)g by p3 © and 2, respectively, adding the resulting
equations, taking the real part and using (2.17), we entail

%Re (,0326) — — psRe (ig(?ﬁ) + (ks — T0g0) €2 Re (@é) — lko Re (igaﬁ)
~ Re (iG) + Re (ip3g5+ Goé) . (5.11)

Multiplying (5.2)5 and (5.2)4 by ip2€ § and —i§$7 respectively, adding the resulting
equations, taking the real part and using (2.17), it follows that

4

- Re (ip2§ 6?) — —po€? Re (ig@ §) + ko2 Re (6 E) ~ ko Re (z'gci E)
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+Re (kQ €20 — 2ip §2§§) . (5.12)
Next, multiplying (5.2)» and (5.2)3 by i€z and —ipi£ 1, respectively, adding the
resulting equations, taking the real part and using (2.17), it appears that
%Re (z'plgﬁé) — k€% Re (Vé) + 0162 Re (yﬁ) + ko Re (igaﬁ)
+Re (p1 5 -k 56?) . (5.13)

Multiplying (5.2)2 and (5.2)5 by i&g and —ip€ U, respectively, adding the resulting
equations, taking the real part and using (2.17), we see that

%Re (iplfﬁg) — k€% Re (65) +p1 €2 Re (ig@ﬁ) + ko Re (igiﬁ)
+Re (2@;;1 208 —ky gag) . (5.14)

Also, multiplying (5.2); and (5.2)4 by ip2£y and —iéV, respectively, adding the
resulting equations, taking the real part and using (2.17), we find

d . ~=\ _ 2 ~= 2 ~A= L=
%Re (zp2§V y) = —p2&” Re (y u) + k2&” Re (V z) — ko Re (z§v p)
+Re (1@525 — s ga?) . (5.15)
Multiplying (5.2); and (5.2)g by p35 and v, respectively, adding the resulting
equations, taking the real part and using (2.17), we get
d ~A A= 2 == P
£Re (pg v@) = —p3 Re (zf@ u) + (ks — T090) &~ Re <<I> v) — lkg Re (zfv p)
~ Re (5@) + Re (ipsa(f)JrGﬁ). (5.16)
+oo =< =<
Now, multiplying (5.2)g by —52/ g(s)A ds, multiplying (5.2)g by —p3£2g(s)©

0
and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we infer that

o~ +Oo =<
%Re (—p3§29/0 g(s)Ads)
~ ~ +oo = +oo =
P390§2|@2(k37090)§4R€<¢ / g(S)Ads>lko£2Re(i£f) / g(s)Ads>
0 0

—p3&2Re ((:)/OJroog’(s)de) +&2Re (G/OJrO(Dg(s)/A\ds) —&%Re <G0/O+Oog(s)ﬁds) .
(5.17)

+oo — _
Similarly, multiplying (5.2)4 by 15/ g(s)A ds, multiplying (5.2)g by —ip2€g(s) ¥

0
and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we arrive at

d too o
e (inay [ g(oRas)
d ;
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o~ +oo = +oo =<
= — pagoRe (if@?) — ko&%Re (2/ g(s)A ds) — koRe 25}3/ g(s)A ds)
0 0

_ [too R +o0 —
— p2Re (zf?/ g (s)A ds) — k2 Re ({ 3/ g(s)A ds> . (5.18)
0 0
too = —
Finally, multiplying (5.2)y by ig/ g(s)Ads, multiplying (5.2)s by —p1&g(s)u

0
and integrating over R, with respect to s, adding the resulting equations, taking
the real part and using (2.17), we see that

d [T
%Re <ip1§u/0 9(s) ds)

=)l

+oo — +oo —
=—k1&%Re (V/ g(s)A ds) — koRe (sz)/ g(s)A ds)
0 0
__ oo —~ P +oo =
— p1Re (ifﬁ/ g (s)A ds> — p1goRe (if@ﬁ) — k1 Re <f@/ g(s)A ds) .
0 0
(5.19)
Let Fo,--- ,F5 as Iy, -+, F5, respectively, with v, U, z, y, ZIS, (:), P, A and G
instead of U, u, z, U, ¢, 6, p, § and G, respectively. Exploiting (5.7)-(5.19), we find
(instead of (3.30))
d

dt

where R gathers the mixed products of the components of U and U, and it is given
by

R(E, ) = Re [~ka €20 + paAi€hy — kidha€0V + pr o€ — AsGo® + 2p3 a0
R [ikoMa€25D + ipal €205 + ipshsiO + AsGo7 — zszAGg?@?]
FRe [kaAo€3® — ky\i€0Z + prArET — k1 AsETD + Qipl)\8§2§ﬁ}

+Re |:—p2)\gfa§ + kz)\gfgé + ipg)\loaé + AloGoé} .

- o0 =

+Re |9 (—/\11§2G0 — kaA1267 — k1/\13§17) / g(s)Ads} . (5.21)
L 0

Conﬂdering the same choices of A; ---, A3 and using (3.44) and (3.45) for 7 €

{K,JA\}, we get (instead of (3.54) and (3.69))

d

- [£FFo €, 1)

< — e EFPE(E, 1) + €272 R(E, 1)
o~ +OO o~
+ 28T (€10 + 1) {(1 —70)|0° — 7062/ g'(s)|A(E, 5)? dS} : (5.22)
0

Using Young’s inequality and exploiting (3.43), (3.51) and (3.67), we obtain, for
any € > 0,

€212 R(E, )] < et (2 + (91 + 192 + 162 + |8 + 1O + [B?)
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+oo

et [ gla)|R(E o) ds + 0. (€64 1) O,
0
thus, using (5.5), we obtain in both cases 7o = 0 and 79 = 1

ETTIR(E, 1)) < eCLEPTE(E, 1) + O (€ +1) [T (6 1)), (523)

therefore, chosing € = 53&-, we deduce from (5.22) and (5.23) that

d

% [§2+2T0 Fo (57 t)]

< - GEER 0+ 08 (€ + 1) U DI
-~ +OO ~
b (€04 1) |- )OF - ne [ feREsPd|. 521
0

Now, let A > 0 and F defined as F in (3.55) and (3.70); that is
24219

F(¢, t) = AE(&,t) + 011

FO(fvt)'

By combining (5.4) and (5.24), we arrive at

d
c &40 £ (8 +1) 2
o~ +OO o~
+ (1= 70) (c28°™ —4A) |O + 70 (;64 - C2€2+2T°) /0 g (s)|A(E, 8)* ds,
(5.25)
where

Ri(£,)=ARe [ikﬁéﬂkl@ﬁﬂkﬁéﬂkgﬁ—2(k3 — 70g0)E0D+GoO+ilkolp| .
On the other hand, as (3.57) and (3.72), we have
F(¢, 1) — AE(S, t)] < 2¢3 E(¢, 1). (5.26)

Hence, for A > {%,203} in case 1o = 0, and A > {2¢2,2c3} in case 1o = 1, we
deduce from (5.25) and (5.26) that

To . 270 8

a0+ Ri& ) (5:27)

d
and R
F ~ E. (5.28)

Applying Young’s inequality and using the definitin of (7, E and G, we see that,
for any € > 0,

44270 g 204H2m0) 2 10 - 2
SR 1) < =g BE D+ C (€ 1) () IUE P, (5.29)
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Cc1

then, by multiplying (5.27) by £*+27 combining with (5.29), choosing & = % and
using (3.43) and (5.28), we obtain, for some co = ¢,

20062(4+2T0)
RS

522+1

Wlﬁ(& %, (5.30)

d
e R o) <

F(, t)+C
therefore, by multiplying (5.30) by e2¢f(© (f is defined in (3.2)) and using (3.1),
we find

d [ eatan 2¢co f (&)t 241 2(co—c) F(Et|] 2

el <> - 0

G €I O 0] < Oy 0o ()P,

then, by integrating the above inequality with respect to ¢, we find

5224»1

gy DO (5.31)

F(¢, t) < e 20/ OF(g 0) + C

thus, according to (5.5) and (5.28) and using the inequality (4.9), the above in-
equality (5.31) implies (5.6). The proof of Theorem 5.1 is now achieved. O

6. Estimation of ||0JU||,
In this section, we show our decay estimate for ||02U||; by exploiting (4.2), (4.3)
and (5.6).

Theorem 6.1. Assume that (1.14) is satisfied. Let N € {5+ 27,6+ 279,--- } and
U be a solution of (2.8) corresponding to an initial data Uy satisfying

Uy e HNTT20R)NLYR) and Uy € HY(R) N L*(R), (6.1)
where Uy(x) = xUy(x). Then, for any £ € {1,2,---, N —4 — 279} and j €
{4+ 279, 5+ 279, -+, N — £}, there exist cg, Co > 0 such that, for any t € Ry,

102U1]1 <eo [(1 + )T Tly + (14 )75 Uy

+o(1+6) 7/ [0+ Tl + 107+ Vo |+ 192+ Vol + 194+~ T2 .
(6.2)

if o =0, and
G0 <80 [(1 4+ 1) /12757 | Tolly + (1 4+ 1) /27570 U]

+&o(1+6) ™4 |09 Doll+ 19+ Tolla + 1104 o 12+ 10+~ Vo
(6.3)

ZfTQ =1.

Proof. First, using (1.18) and applying Young’s inequality, it follows that

, 1. 1, .
182Ul < 51182U |12 + S 202U l2- (6.4)
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Because the term ||02U |2 has yet been estimated in (4.2) and (4.3), we have only
to estimate the term ||z92U||2. Using the method in [18] and Plancherel’s theorem,
we may write

. L~ 2
[ ot ia < [ o (ievioe )| ae
~ . ~ 2
C =hu 10:U d
<c [ (110l + P e o) de
<o} U+ C [ €910( 0P (65)
R

It is clear that |39~ 1U||2 can be easily estimated by using (4.2) and (4.3) (with
j — 1 instead of j). To estimate the last integral in (6.5), we use (5.6) and apply
Plancherel’s theorem, it appears that

/ﬁﬂmamwf
R

<C | 92O [[To()? + (6147470 + ¢~ C+m)) Ty (©)]2] de
-

<[ ereron (@il + €072 Do) de
0<|¢I<1
n C/ e~2cf(e)t [€2j|ﬁ0(§)‘2 +§2 (j+7—270)|(70(§)|2} d¢
[g]>1
=J1 + Jo. (6.6)

Case 19 = 0: using (4.4); and [9, Lemma 2.3|, we observe that

Iy < OB /
[€1<1

<O+t T0F2D 0|12 + C (1 + )~ TH26-9T g7 2. (6.7)

g?ﬂ'e—°t5“d§+0||ﬁouio/ U em et ag
lgl<1

In the high frequency region, using (4.4)s, we entail

stc/ f”ef”f‘6|ﬁo<§>|2ds+c/ E2UFD et & | T (¢)|2 dg
[€]>1

1€1>1

< C sup {572667(:7:5_6} |:/R§2(j+€) |60(€)‘2 d€+/R§2(j+f+7) |ﬁ0(£)|2 d§:|

1€1>1

<C sup {72 e ) (1|00 T0 I3 + | 97U 1)
1€1>1

thus, simple computations (see, for example, [9, Lemma 2.4]) imply that
_t e -
B < C+0)75 (1070013 +11 00470, I3) (6.3)
and so, by combining (6.6)-(6.8), we get

/R 291U (e, )Pde < C (1 +1)” 2D T2 4 (1 + 1)~ #2091 12
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+C 078 (1070 I3+ 107 W0 l3)  (6.9)

thus, by combining (4.2), (6.4) and (6.9), and using the inequality (4.9), we get
(6.2).

Case 19 = 1: using (4.3), (4.10) and (5.6), and following the same arguments
as for the proof of (6.2), we obtain (6.3). O

7. Concluding discussion

1. This article is concerned with the stability of two systems of type Rao-Nakra
sandwich beam in the whole line R under the presence of a frictional damping or an
infinite memory acting on the Euler-Bernoulli equation. We prove the instability
of both systems if the speeds of propagation of the two wave equations are equal.
In the reverse situation, we are able, despite the presence of only one controle, to
obtain the desired L?(R)-norm and L!(R)-norm decay estimates (4.2), (4.3), (6.2)
and (6.3). The main ingredient of the proof is the energy method and the Fourier
analysis.

2. The decay estimates (4.2), (4.3), (6.2) and (6.3) are still satisfied when (1.13)
holds if we add 4¢; to (1.4); and (1.5)1, or 43 to (1.4)2 and (1.5)2, where ¥ > 0.
Indeed, in these cases, we do not need A7 = 0 because either |i|? or |7]|? will be
directly controlled via the derivative of the energy functional E. Similarly, (4.2),
(4.3), (6.2) and (6.3) hold even in case (1.13) if the added control is of memory

type:

o0 +00
[ a0 puntet=sds o [ 55) ualnt - s
0 0

instead of p; and 4, respectively, where g is as g.

3. Using the interpolation inequalities (1.15), (1.16) and (1.17), we see that our
L?(R)-norm and L*(R)-norm decay estimates lead to similar L4(R)-norm ones, for
any ¢ € [1,+00]. The Li-norm decay estimates, for 1 < ¢ < 2, are based on the
L'-norm decay estimate, and so they require initial data Uy having the regularity
(6.1) with N € {5,6,---} in case (1.4), and N € {7,8,---} in case (1.5). However,
the LY-norm decay estimates, for ¢ € [2,4+00] require the weaker regularity (4.1),
where N € N*.

4. In a future work, we aspire to treat the case where the control occurs on a
one wave equation of systems. On the other hand, we think that similar results can
be obtained with a control subject to a thermal effect like Fourier law, Cattaneo
law and Gurtin-Pipkin law. These kinds of controls deserve to be treated and we
aspire to do it in a future work.
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