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MODELLING AND ANALYSIS OF DYNAMIC
SYSTEMS ON TIME-SPACE SCALES AND
APPLICATION IN BURGERS EQUATION*
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Abstract As effective tools that can be used to solve both continuous and
discrete dynamic systems, symmetry analysis, conserved quantities and Backlu-
nd transformations of dynamic systems on time-space scales are studied, which
unify and generalize the continuous and discrete cases. Applying the method
to heat equation and Burgers equation, we get symmetries, group invariant so-
lutions and Bdcklund transformations of the system on time-space scales. The
results are applied to approximately simulate motion process of traffic flow
with given initial condition. The study of nonlinear systems on time-space
scales provides a theoretical basis for revealing the internal physical mecha-
nism of the systems. Applications of the method to other dynamic equations
on time-space scales deserve to be further studied.
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served quantities, Backlund transformation.
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1. Introduction

The concept of time scale was first put forward by Hilger [11], which unifies and
extends the continuous and discrete analysis. It not only realizes the study of
continuous and discrete equations under a unified mathematical framework, but also
provides an effective mathematical tool for the study of complex systems with both
continuous and discrete factors. With the wide application and rapid development
of the theory, the study of dynamic equations on time scale has raised more and
more attention [2,3,8,22].

The first purpose of writing this paper is to give the symmetry analysis, con-
served quantities and Bdcklund transformations for dynamic equations with partial
delta derivatives on time-space scales. The basic properties, forms and applica-
tion conditions of calculus theories for continuous or discrete case have changed
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greatly on time-space scales, which poses a great challenge to solve the correspond-
ing problems. As a powerful method which can be applied to study both continuous
and discrete systems, symmetry analysis and Backlund transformation method pro-
vide effective ways to study problems on time-space scales. There have been many
study on the symmetry analysis or Backlund transformation of continuous or dis-
crete models [1,7,9, 15,20, 23]. However, to the best of our knowledge, research
on symmetry analysis of dynamic equations with partial delta derivatives on time-
space scales or Backlund transformations of dynamic equations on time scale is still
new but meaningful in solving practical problems.

The second purpose of writing this paper is to give the precise mathematical
description of Burgers equation on time-space scales. Burgers equation is applied
widely in modelling traffic flow [18,21,25], sound waves in viscous medium, magnetic
current wave with finite conductivity, turbulence problem [19] and multi-agents sys-
tem [17] as differential or difference systems. However, many complex motions in
these models can’t be described in single continuous or discrete case. Such as, in
models of traffic flow, the traffic density presents piecewise continuous on vehicle
passable time scale | [a, bg]. In models of multi-agents system, the change process

E

of agent’s spatial position with respect to time may not be a simple continuous
or discrete process. For systems with variable value range including interval and
isolated point set in engineering practice, the time-space scales dynamic system
theory provides an effective way to simulate the corresponding models. Hence, uni-
fying and generalizing the problems to the framework of time scales are meaningful.
Finding different forms of exact solutions of Burgers equation on time-space scales
is of great significance for understanding of physical phenomena described by the
equation.

In this paper, we give symmetry analysis, conserved quantities and Backlund
transformations of dynamic systems on time-space scales. The rest of the paper is
organized as follows: In section 2, some related definitions and lemmas are given. In
section 3, we investigate prolongation structures, single parameter invariant group
and conserved quantities of general dynamic systems with partial A-derivative.
The symmetry analysis on time-space scales using direct symmetry method and Lie
symmetry method are presented in section 4, which are applied to heat equation
and Burgers equation on time-space scales, respectively. In section 5, the Backlund
transformation of heat equation and Burgers equation are derived on time-space
scales. The application in approximately simulation of traffic flow model is presented
in section 6.

2. Preliminaries

Definition 2.1 ( [5], Time scale). A time scale is an arbitrary nonempty closed
subset of the real numbers.

Definition 2.2 ( [5,6], Jump operator). Let T be a time scale.
(1) The forward jump operator on ¢ is defined by

o(t):==inf{s € T:s >t}
(2) The forward jump operator on x is defined by

plx) :=inf{s € T:s > z}.
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(3) The graininess function y,v : T — [0, 00) are defined by

u(t) :=o(t) —t, v(z) =p(z) —z.
(4) We set o(t) =t if T has a maximum ¢, and p(z) = « if T has a maximum z.

Definition 2.3 ( [14], Partial A-derivative). Let f : T — R be a function and
t = (t1,to, ., tiy .oy ty) € (T%)". Then define f2% to be the number(provided it
exists) with the property that given any € > 0, there exists a neighborhood U of ¢;,
with U = (t; — 6,t; + 0) (| T; for § > 0 such that

[(f7(1) = () = 2 () (ou(t) — 8)| < elos(t) — 5|, for all s € U.
fAu is called partial A-derivative of f at ¢ with respect to ;.

Definition 2.4 ( [5], Regressive and exponential functions on time scale).

(1) A function p: T — R is regressive if 1+ p(t)p(t) # 0 holds for all ¢ € T*. The
set of all regressive and rd-continuous functions f : T — R is denoted by

R = R(T) = R(T,R).

(2) If p € R, define the exponential function by

t
ep(t,s) =exp (/ fu(r)(p(T))AT> for s,t € T,

where &,(2) = +Log(1 + zh). Log is the principal logarithm function. For

h =0, we define &y(z) = z for all z € C.

Lemma 2.1 ( [5]). If p € R, then

(ep(t, )™ = p(t)ey(t, s)- (2.1)
Proof. Using Theorem 2.62 in [5], (2.1) can be easily derived. O

Lemma 2.2 ( [5], Chain rule on time scale). Let f : R — R be continuously
differential and g : T — R be A-differentiable. Then fog: T — R is A-differentiable
and

(o g)*(x) = [ | 160+ hite)g @)an] 4 ).
0

Referring to classical total derivative and chain rule on time scales, the total
A-derivative on time-space scales can be expressed as

Definition 2.5 (Total A-derivative on time-space scales). The total A-derivative
operator of F(z,u,u™,u®, .., u(™) with respect to x; is defined by

DiF=F3i4(F o w)® +(F o u®)>" . 1(F o u™)™" =F24) (Fo w@)Pi,

Jj=0

where (F 0w = [ [X OF /o(u + () ) ))dh] (w9
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Lemma 2.3 ( [5], Leibnitz formula on time scale). Let Sj(k) be the set consisting
of all possible strings of length k, containing j times o and k — j times A. If fA
exists for all A € Sj(.k), then

k
(Fa)™ =33 e

7=0 Aest®

holds for all k € N, where f* denotes all possible permutations of j times o and
k — j times A acting on f.

Define T as shift operator and denote
Tyu = u(o(t), ), Teu :=u(t,p(x)), Tru :=u(c?(t),z), Tu:=u(t, p*(zx)).
Lemma 2.4. Ifv(t,x), u(t), v(z) are A-differential and A, (u(t)) = Ai(v(z)) =0,
then
AL (Aw) = Ap(ALw), To(Aw) = Ay(Tpo),
Au(Ty0) = (1t Ay (r(2))Ta (A0). (23

/\
N
o

Proof. Similar to proof of Lemma 2.1 in [12] for V-differentiable case, (2.2) can
be easily obtained. Since T,v = v + v(z)A,v, we have T, (A,v) = Ayv + v(x)A2v
and
AL (Tpv) = Ap(v + v(2)Agv) = Ay 4+ v(2) A20 + Ay (v(2)) Ty (Ag)
= (14 A; (v(2))) T2 (Azv),

which means (2.3) holds. O
For more basic properties on time scale, we can refer to Theorem 1.16 and
Theorem 1.20 in Chapter 1 by Bohner et al. in [5].

3. Symmetry analysis and conserved quantities of
dynamic systems on time-space scales

3.1. Prolongation structures of dynamic systems with partial
A-derivative

Referring to prolongation in symmetry analysis for partial differential and partial
difference equations [4, 16], the prolongation structures of nonlinear systems with
partial A-derivative on time-space scales can be expressed as follows.

Theorem 3.1. Consider dynamic system with partial A-derivative on time-space
scales
Apu=F(z,u, ... u® " Ty, Tou®), Tmu(”)), (3.1)

m AP .
where © = (z1, T, ..., xm) € (T, 1 = t, ulP) = Wiyig.. iy = m; iy €

{1,2,...,m} for p=1,2,...,n corresponding to all pth-order partial A-derivative of
u with respect to x. Tyu=(Tp, t, Toott, ..., T, v), Tou® = (Tp, u® , Tpou®, ... Ty, u®).
Let

V= ; 61(377 u, Tru) Az, + (;5(33’, U, Tru) % + ; Trq,gb(xa u, Tzu) (32)

Ty, u)

i
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be a vector defined on (T®)™ x R, then the corresponding kth-extended infinitesimal

generator

pr™y

=V M Ty, Tyu®) 2
—|—Z¢ (z,u,u u, Tpu )F+

n

+3 z P o (@, u®, o u®, T, T, Tou®) L

= (1) (1) (1) 87
+ E E T @) (x,u,ur Tou, Tou +
- ( Q¢) ( )a(quu)Arz

110k

+>3 3 3 (Tzqqﬁ)(—k) Az u, u L u®) Ty, Tou™,
=

otV = Dj¢p — > uiDig;,

j=1
®)  _p gD N D
Girt i = Dindiy an = > u, . Di &,
Jj=1
M _ -
(qu¢)i ) Z T “ Dg]v
Jj=1

o(u

Tu®)

1...

i)

____ 90
6((Trqu)L1Lk

(qu(b)f)zk =D, (qu(ﬁ)ff_271 - Z <Tx‘1u)z‘1...ik71jDik§j’

Jj=1

ij g ii=1,....ml=1,..k fork=2,3,... and \© = ¢(z,u). Le.,

otV = Doy — > uiDig;,

Jj=1

¢if)zk: D, i, ¢ — ZZ fj)(l)

J=11=1 peglh—D)

(qu¢)(1) i Z Tzqu ngv

where (§j)(l) denotes all | times total A-derivative acting on &;,

(T, u) ()Y,

)?

(3.9)

(3.10)

u® denotes all

possible permutations of | — 1 times corresponding o and the rest (k — 1) times
A-derivative acting on u. For example, if the | times A-derivative acting on §; is

(5j)i1...iy then | — 1 times corresponding o and the rest (k —

acting on u are (w(o (i), ..., 0(Ti,_y ), Tiys Tigys s Ti )

SN

1) times A-derivative
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Proof. The one-parameter Lie group of infinitesimal transformations are

(%), = Xi(z,u, Tru;e) = x; + €& (x, u, Tyu) + O(e%),

u* = Uz, u, Tyu; ) = u + ed(z, u, Tyu) + O(e?), (3.11)
* . _ 2
Ty,u)” =Ty Uz, u, Touse) = Ty u + €Ty, ¢(x,u, Tyu) + O(e7),

with corresponding infinitesimal generator

3.12
i—1 Az; ( :

9 m

The k-th extensions of one-parameter Lie group of point transformations are given
by

("), = Ur(@,u,u, Tou, TyuWse) = uy + ¢l + O(e?),

(u*)ilmik:Uk(x, w,u,u®) T, Tou ™ Tou ) €)=y . iy +a¢(k) —1—0(52)7

1.9k

((quu)*)i = (quU)l(xvua U(l),Tzu,Tzu(l);g)
= (T,u), +& (T2,0)) + O(),
((TxQU)*)il"'ik - (quU)k(x7u7u(l)7 "'7U(k)aTxU7TxU(1)7 7Txu(k)a 5)

= (T, u), +e (qu(b)(k) 4+ 0(e?),

’Ll...’ik il...lk

for k =2,3...;n. Then

;DU  Dlu+ep+0(e?)]  Du+eD¢ )
U = DX "D+ +0@)]  Da+ebg ) (3.13)

where

Du = (ulv "'7um)7 D¢ = (D1¢v vaQS)y
DiI = (O, ceey 1 ,0, 0), le = (Difl, ,lem)
i—th

It follows from (3.13) that

(V1) = wi +e[Digp = 3 u;Digj] + O(e?) = u; + 6. + O(e?).

j=1
Using Taylor expansion at € = 0, we have

(k—1)

DUk_l D[uil...ik71 + E(bil...ik,l + 0(52)}

(Ux)" = D, X D;, [x + €€ + O(e?)]

m

k—1
=u, . +elDiol ) = u D&+ 0

Q1.
Jj=1
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—u  +ep  +0(e),

i1.eig Q1. ig

which means

m
oV = Dip — > u;Dig;,
j=1
m

(k) (k—1)
¢i1~-~ik - qusll g1 Zuil...ikiljDikgj'

j=1

Similarly,
(T:,0)," = D; (T2, 0) = Y (T, u), Dt
j=1

(Tp,0)" . =D, (Th,8)" Y > (L), Dk

21...7% 110t —1
Jj=1

Using Lemma 2.3 and mathematical induction, we can obtain

m k
6 s =Dirad— D > (> ud)egn?. (3.14)

J=11=1 peglk=D

Actually, for k =1, i; =1,
oV = Dip— > u;Dig; (3.15)

holds. If .
d)ij)lk = Di, i, ¢ — ZZ( Z U;‘\)(gj)(l) (3.16)

holds for k, we prove it also holds for k + 1.

(k+1)
¢i1...ik+1 - 7fk+1¢11 Ak Zu g 7fk+1§.7

m k
:DiHl(Dil...ik(b*ZZ( Z u}

<
~—
—~
@
~
=
N>
\
NE
N
S
=
<
=
i
-
@

s AesiEyY AesihyY

D= Y DENT =303 whe)”

7=l pes{® J=11=2 pcs®)
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m k+1

11 74k+1¢ ZZ Z gj)(l : (317)

j=11=1 AGSff)l

Then (3.8) holds. Similarly,
m k
(Tzq(b)il...ik = D“Z’c (Tzq(b) - Z Z( Z (quu);\)(gJ)(l) (318)

O

3.2. Single parameter transformation groups and invariant so-
lutions

Let M be set of all A-differentiable functions u(t, z), and G = { g:| ¢ € R} be single
parameter transformation group acting on M, where

ge :u— a4 =u(u,e) =u+eV(u)+

and V(u) = ‘fl—?|€:0 is a vector field on M corresponding to G. Inspired by def-
initions and properties related to symmetries for differential and difference equa-
tions [4,16], we introduce some concepts and properties related to symmetries on
time-space scales.

Lemma 3.1. The vector field V(u) corresponding to single parameter invariant
group G = {gc|ge : u — u} satisfies

AV = F'(u)V, (3.19)
where F'(u) = 9C +6(Au)At+8(AuA +6(A2 A2 +
Proof. Considering G is invariant, for Ayu = F(u), we have Ayu = F(u). Since
‘fi’; .o = V(u), then
d(Au d(F(a
de e=0 de e=0
Since @|.—¢ = u, we have
dF(a d du
(@) = —F(u+¢eV) =F'(u)- & = F'(u)V. (3.21)
de e=0 de e=0 de e=0
It follows from (3.20) and (3.21) that (3.19) holds. O

Definition 3.1. V(t,z,u, Tu,u™, Tu™) ...) is called a symmetry of (3.1) if A,V =

F'(u)V.

Proposition 3.1. Let V(u) be a symmetry of (3.1). If u(u,e) satisfies
du
de
a|5:0 = U,

= V(a),

then G = {gc|ge : w — @} is a single parameter invariant group.
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Proof. Since 4| __, = u, then go is identity mapping.
(981 o gﬁz)u = e, <g€2u> = Geq (’l](’m 52)) = ’ﬁ’(uv €1, 52)7
Je1+e, U = ﬂ(uv €1+ 62) = ’EL(’LL, €1, 52);
and u(u,e1,e2), u(u,e1,e2) satisfy
du _. du
— =V(u), — =V (u
dE (u)7 dE (U)’

respectively. And for initial data, @(u,e1,e9)] = u(u,e2) = a(u,e1,e9)|

~ £1=0 e1=0"
then @(u,e1,e2) = u(u,e1,e2), which means
Ge1 © Gey = Jer+es-
Then G is a group. Next we prove G is invariant. Since
d(Au) du _
I t(50) = Be(V(@), (3.22)
dF(w) , . du 1N
substituting A,V = F'V into (3.23), we have
dF(u
d<(5 ) = Ay(V(@)). (3.24)

It follows from (3.22)-(3.24) that as functions of ¢, A;u and F'(u) satisfy the same
ODE. Considering the initial conditions

At’l_t|6:0 = Atu, F(ﬂ)|€:0 = F(U),

we have A,u = F'(u), which means @ is also a solution of (3.1). Then G is a single
parameter invariant group. O

3.3. Conserved quantities of dynamic systems on time-space
scales

Fort €T,z = (29,....,0,m) €XCT™ L f(t,2): T x X — R, set space

13 (%) = {f(t,xﬂ JIERE +oo} .

Using Theorem 2.1 in [24], it can be easily derived that the space L3 ;(X) is a

Banach space with norm
1
v2Aa-1°
s, = ([ 1w aiPas),
s T X

and inner product (f,g) = [y f(t,2)g(t,z)AZ. The solutions of dynamic systems
on time-space scales can be connected with a conserved quantity as follows.



2564 M. Liu, H. Dong, Y. Fang & H. Dong

Theorem 3.2. u is a solution of dynamic system (3.1) on time-space scales if and
only if
t

t
E=ut. o)}y, - lutto,2)ly, ~2 [ (Fruts.o)as— [ u)IFI3 , As

to to
(3.25)
s a conserved quantity.
Proof. If (3.25) is a conserved quantity, then % = 0. Since
lu(t, 2)I7 | — lluto, 2)7s
t
= AS <U(S,j)’u(3,f)> As (326)
to
t
:/ (Asuls, 3), (u(s, 7) + u(o(s), 7)) As,
to

it follows from (3.25)-(3.26) that

% / (Asu(s, ), (u(s, ) + u(o(s), 7)) As = % / (F,2u(s,Z) + pu(s)F) As

to t(J

:% /to (F,2u(s,z) + u(s)Agu) As = % /to (F, (u(s, @) +u(o(s),z))) As,

which means v satisfies (3.1).
Conversely, if u satisfies (3.1), multiplying both sides of (3.1) by (u(s,Z) +
u(o(s),x)), and integrating on [to, t];, we have

t

/ (Asu(s, @), (u(s,7) + u(o(s),2))) As = / (F, (u(s, 2) + u(o(s), £))) As + C.

to to

Then

t

Jut. )3y, - luto iy, = [ (P (us.2) + ulo(s).2)) As+ €

to

t t
2 [ (Fala) s+ [ ns)|FIEy As .

to to

which means (3.25) is a conserved quantity. O

4. Symmetry analysis of heat equation and Burgers
equation on time-space scales

4.1. The relation of symmetries between heat equation and
Burgers equation on time-space scales

Since the Burgers equation and heat equation can be transformed into each other
with the Cole-Hopf transformation, we start with the heat equation on time-space

scales
Atv = quwvv (41)
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where t, c € Tx X =T x T. If v(t, z), p(t), v(z) are A-differential and A, (u(t)) =
A¢(v(x)) =0, using Lemma 2.4, we get

Au(A) = Ay(A). (4.2)

Using Cole-Hopf transformation
Av = —uv, (4.3)

we can obtain

A = qALv = gAw(uv) = gvAgEu + gTwu ALY = U( Agu + uT ). (4.4)
p p D

Substituting (4.3) and (4.4) into (4.2), we have

1 1 1 1 1
A (Azv) = —Ap(wv) = —vAwu + —Tyu - Apw = —vApu + thu(gvAIu + %uvTxu)
p p p p p p p

1 1
= —vAu+ —(p(t)Avu + u)(gvAwu + %uvTIu)
p p p
1 1
= 5(1 + u(t)( Azu + uT w))vAgu + puv( Azu+ Z%UTLu),

A(At’l})

=A, (( Au—i— uTu)) A( Au+ uTu)v—i—T( Au—i— uTu)Av

:A(Au+ uTu)v—i— V( )uvA(Au—i— uTu)+ uv(Au—i— uTu)
p p

=(1+ *V(SU)U)’UA ( A, u—|— uT u) + uv( A, u—|— uT wlU).
p p

Then Burgers equation on tlme—space scales can be obtamed as

Avy = p+v(@)u
02 + u(t) (pgAau + quTu))

Ay (pgAsu + qul,u). (4.5)

When X =R (v(z) =0), (4.5) becomes

Pq(puzy + 2uuy)
Ay = . 4.6
T 2+ () (pquy + qu?) (4.6)

Furthermore, when T =R and X =R (u(t) = 0,v(x) = 0), po = %, (4.5) becomes
classical constant-coefficient Burgers equation

Up = QUgz + PoUL. (4.7)

Now we study the symmetry of heat equation and Burgers equation on time-
space scales. The symmetries of heat equation on time-space scales can be written
as vy = Sv, where S = S(t,z,v,A,A,). Inspired by relations of symmetries
between the discrete heat equation and Burgers equation [10], we establish relations
of symmetries between the heat equation (4.1) and Burgers equation (4.5) on time-
space scales.
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Proposition 4.1. Let vy = Sv represents the symmetry of heat equation (4.1) on
time-space scales, then the symmetry of Burgers equation (4.5) on time-space scales

can be represented as

Sv

un, = (v(a)u -+ p) A (2

)s
Sv

L) (Ayu + %uTxu) FA).

U, = (p

Proof. Considering
(Azv)y, = As(va,)
and Cole-Hopf transformation (4.3), we have

(Agv)a, _ (Amv

v v (%

It follows from (4.11) that

(Agv)y,  uSv Ag(vy,)  uSv  pAL(Sv) —uSv

Uy =Pt =P - =
v v v v v
Since g T.(S0) S
v = (Sv v
YA = T Ty
1
- AT _ — Su(Tv —
Uva(v (T (Sv) — Sv) — Sv(Tyv —v))
_ v(z)

1
= 7o (e (50) = —u(Sv)),

multiplying both sides of (4.13) by % and using (4.12), we get

v T,v
A ) S,
= a3

It follows from (4.14) that
vwpun, = o+ ) A
= (@) 22 4 ) (ED)

Agv-v 1 1uv 1 1 uSv
)Al'i‘ x 5 )\1 :*UA1+* )\1 77u>\1+77.
p p v p p v

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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which means (4.8) holds. Considering

(Aw)y = A¢(vr), (4.15)
and (4.4), we have
(Ap)y (Atv A - vy
v T)A v2
(quu + LuT,u)vy
= (I, u+ uT L)y + P (4.16)
p v
(4Au+ LuTyu)Sv
( A, u—I— uT pu) s + z .
From (4.16),
Ayu+ tuT,uw)s
( Au+ uTU) (Av), Q( ut pulzu)Sv
v p Y (4.17)
At(Sv) - 1(Azu+ uT u)Sv
» .
Since g T(Se) S
v +(Sv v
p(a (2 = T2 S
1
= vTv(U (T (Sv) — Sv) — Sv(Tyw —v)) (4.18)
t
p(t) q 1
= —=(A¢(Sv) — = (Aru + —uTu)(Sv)),
Ttv( +(5v) p( ’ )(Sv))

multiplying both sides of (4.18) by T2=% and using (4.17), we have

v — v v W — v H[A(Sv) — (A u %uTzu Swv
T a5 - T u)[A(SY) H )
 HO[A(SY) — E(Agu + SuTu)(v)]
p(t) q 1
— H(At(s v) — E(Azu + EuTmu)(Sv))
A (Sv) — L(Ayu + LuTyu)(Sv v
MO~ At QTS S,
= L) (Bt SuTo — p(OA ().
(4.19)
It follows from (4.19) that
(B, = Lu(®)( A+ Tl = (4 (A7)
= (02 4 DaA() = Al Baut SuT) + Va0
(4.20)

which means (4.9) holds. O
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4.2. Symmetry analysis of Burgers equation using direct sym-
metry method on time-space scales

Theorem 4.1. If A2(p(z)) =0, then

va, = A, v, = q(2+ Ap(v())tAw + 2Ty T, P A, vy, = Ay,

) (4.21)
Un, = Q24 Ap(v(@)))tA0v + 2 TiT, v, va; = v

are basis of symmetry algebra for heat equation (4.1) on time-space scales.
ux, = (14 pt)w)Asu, ux, = (p+v(@)u)Asu,
1
ux, = q(1+ pt)w) (2 + Aa(v(2))) A (tw) + P v(@)u) Az [r(1 + p(t)w) 1T, ul,
t 1
ux, = T v()n) 2+ As (@) A+ (p+ () As b T ]
D 1+ sv(@)u
(4.22)

are basis of symmetry algebra for Burgers equation (4.5) on time-space scales, where
w = %Amu + I%uTmu.

Proof. The symmetry V of heat equation (4.1) on time-space scales satisfies
AV = qA,, V. (4.23)
Let V =a(t,z)Aw + b(t, z)Ayv + c(t, x)v + d(t,x). We get

AV = Ag(alt, ) Ao + b(t, ) Ao + c(t, x)v + d(t, x))
= Aa(t,z) - Ty(Aw) +a(t,z) - A2v + Awb(t, ) - Ty (Ayv) + b(t, x) - AyAyw
+ Ase(t,x) - Tyv + c(t, z) - Apv + Ayd(t, x),
AV =Ag(a(t,z) A + b(t, 2) Az + c(t,x)v + d(t, x))
= Aga(t,z) - Tp(Aw) + alt, ) - AgAw + Agb(t, ) - Ty (Agv) + b(t, ) - A2v
+ Agc(t,x) - Typv+ c(t, z) - Agv + Azd(t, x),
AV = A%2a-T2(Aw) + Apa - Ap (T (Aw)) + Aga - T (ApAw) +a - A2Aw
+ A20 - T2(A0) + Asb - Ap(To(Arv)) + Aub - T (A20) + b - Adw
+ AZc-T2o+ Age- Ay (Tpv) + Age - Tp(ALv) + cAZv + A2d.
Using Lemma 2.4, we have
AL (T (Aw)) : Aga =0,
T (AL Aw) 1 Aza =0,
Ay Na - Ty — ina . Tf —2qAb - T, — qA,(v(z)) - Ab- T, =0,

4.24
Agv: ATy — qAZb - T? — 2qA,c- Ty — qAL(v(2)) - Age- Ty =0, ( )
v ANe- Ty —inc~T§ =0,
1: Avd = qA2d.
It follows from (4.24) and A2(p(x)) = 0 that
a=q(2+ A, (v(x)))éat + é1, b= q(2+ Ap(v(x)))ést + eoxT, T, " + é3, (4.25)

c= e T, T 4 é5, Avd = gA2d.
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Then symmetry of heat equation (4.1) on time-space scales can be expressed as

V =a(t,z) A + b(t, 2) Azv + c(t,z)v + d(t,x) = (¢(2 + Ay (v(x)))éat + é1)Aw
+ (q(2 4+ Az (v(x)))éqt + éngtTgl + é3)Av + (é4o:TtT;1 + és)v +d(t, x).

(4.26)
A A A
Vi=—, Voa=q2+ As(v(x)))t— +thT;1—, V3= —,
A ., 0 0 '
Va —q(2—l—AI(V(ac)))tA—x—+—thTz v%, Vs —v%

are generators of invariant groups for (4.1). Basis of symmetry algebra of heat
equation (4.1) on time-space scales can be given as (4.21). Using Proposition 4.1,
(4.4) and

1 1
Ao = —vu, Tpo =v(l+ —v(x)u),
p p
Ty =1L T 1y = o711 (429
v=vl, '———— v=ol, "———
e C 1+ v(e)u ! "l p(tw’

the symmetry of Burgers equation on time-space scales can be obtained. Basis of
symmetry algebra for Burgers equation (4.5) on time-space scales can be given by
(4.22). O

Time scale case. When T x X =T x R, dynamic systems on time-space scales
reduced to time scale cases. Specially, heat equation (4.1) and Burgers equation
(4.5) on time-space scales reduced to

Ay = qugg (4.29)

and (4.6), respectively. The symmetry analysis of heat equation (4.29) and Burgers
equation (4.6) on time scale can be obtained as follows.

Corollary 4.1. Let &;(i = 1,2,...,5) be arbitrary constants. If A?(a(t)) = 0, then

vy, = A, vy, = 2¢tAw + 2T10,v, VA, = Opv, Uy, = 2tht_18zv + 2Tiv, vy, = v,
0

1A 0 1
Vag = 4GP 7T, 1@ + 2qz(2t + u(t))% + 2?1+ §At(u(t)))Ttv%

a2t + ()T e
(4.30)

are basis of symmetry algebra of heat equation (4.29) on time scale.
uy, = (14 pt)w)Avu, uy, = 2q(1 + p(t)w)A(tw) + 20,u + u,
Ung = POz U, Uy, = 2tht_18xu + p,

uy, = 4¢%(1 + u(t)w)At(tQT;I%) +2q(2t + u(t))(u + xdu) (4.31)

201+ A (u0)2 + P2t + ()0 (T

1+ u(t)w)

are basis of symmetry algebra for Burgers equation (4.6) on time scale.
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Proof. (4.24) reduces to

Az(v) 1 a, =0,

A Ava Ty — qags — 2qgb, = 0,

Vgt Db Ty — qbyy — 2qc, = 0, (4.32)
v:Ase- Ty — qepr =0,

1:Avd = qdy,.

It follows from (4.32) and AZ(o(t)) = 0 that
a = 4egPPTT + 2coqt + 1, b= (2c6qx(2t + u(t)) + 2¢4qt) + coxTy + c3,
c = (caz + cex®(1 + %At(,u(t))))Tt + qes (2t + p(t)) + cs.
Then
V = [4ce 2T, + 2coqt 4 1] Agv + [(2c6q2 (2t + u(t)) + 2¢4qt) + coxTy + c3)v,

+ [(eaz + ez (1 + %At(ﬂ(t))))Tt + qee (2t + p(t)) + cslv +d(t, x)

(4.33)
is symmetry of heat equation on time scale.
A A 0 0 0 0 0
Vi=-—, Vo=2qt— +aTy—, Vs = —,Vi=2qtT; ' — +aToo—, Vs =v—
VT Ap TN TGy VBT gy AT A Gy TG, Ve T gy
A 0 1 0
= 4¢*PT, = + 2q(2 — + 221+ A Tyv—
Vo = 4q°° Ty o + 2qu(2t + p(t)) 5 + 27 (1 + 5 A (u(?))) Trv g -
0
2t t))v—.
+ (2t + p(t))vg -

are generators of invariant groups for (4.1). Basis of symmetry algebra for heat
equation on time scale can be given as (4.30). Using Proposition 4.1, (4.4) and
(4.28), basis of symmetry algebra for Burgers equation on time scale can be given
as (4.31). O

Remark 4.1. (1) When T x X =R x R, the symmetry (4.33) for (4.1) reduces to
familiar continuous forms

V1:g7 ‘@:2qt§+xﬁ7 ‘/3:77 V4:2qt3+5w*7
ot ot or Or ox v 4.34
0 9,0 0 4 0 9 0 (4.34)
Vs =vg Ve = 4q°t &—i- tha-i-(x v+2qtv)£.
(2) When T x X = R x R, the symmetry (4.31) for (4.5) reduces to familiar contin-
uous forms
‘71:—, ‘72:2qtg+xi+u2a %:pia
ot ot Ox ou Ox (4.35)
_ 0 0 - 9,00 4 0 9(9 '
= ot — + p—, Vo = 4g* 2= = <.
Va=20t50 T oy Vo = datg, Hiata gy £ 2Rt pa) gy

(3) Using Theorem 3.2, the conserved quantities of heat equation and Burgers equa-
tion on time-space scales can be easily obtained.
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(4) Since v(z) = p(x) — z, ut) = o(t) — t, then AZ(u(t)) = 0, AZ(v(z)) = 0 is
equivalent to AZ(o(t)) =0, AZ(p(z)) = 0, respectively. Actually, A?(o(t)) =0
or A2(p(z)) = 0is valid for common time or space scale including continuous R,
discrete hZ and quantum time or space scale ¢Z et al, which means Theorem 4.1
unifies and generalizes both continuous and discrete cases and can be applied
to solve more general practical problems.

Single parameter invariant groups on time-space scales. From (4.27),
the single parameter invariant groups can be derived. To get more concise forms,
we assume A, (p(z)) = 1, which holds naturally for both continuous and discrete
cases. Thus

t,x,v t+e,x,v),
t qe*t,efx,v),
t) x + 57 U)?
t, x4 2eqt, e_o1, (2, 20) - €c24r, (1, t0)V)

y Ly U

o~ o~ o~ o~

g1+ ( ) —
g2 ( ) =
g3 : (t,z,v) —
ga: (t,z,0) —

are single parameter transformation groups for heat equation (4.1) on time-space
scales. If f(t,x) is a solution of (4.1), then

f(t—e,x), f(ge*t,efx), f(t,x —¢e), e_cr,(x,20) - ec2qr, (t,t0) f(t, © — 2et)

are also solutions of (4.1). Therefore

PAf(t,x) pALf(t—e,x) pAyflge*t,ex)
ft,z) 7 ft—e,x) 7 f(qet, ecw)
prf(t7 L= 5) pAﬂf(e—ETt, (937 .Io)f(t, € — 2€t))
flt,e—e) ° e_cq(x,20)f(t,x — 2et)

are also solutions of Burgers equation (4.5) on time-space scales.
Using Lemma 2.1, it is easy to get that

v(t,x) = e_gx2(t, to)ein(x, xo) + C

is solution for heat equation on time-space scales. Using Cole-Hopf transformation
(4.3)
ipAe_ga2(t, to)ein(z, zo)

u(t,z) = 4.36
( ) e_qu (t,to)ei)\(x,xo) + C ( )
is solution of Burgers equation on time-space scales. Then
iphe_oxz (t — &, to)ein(w,
u(t, z) = “PAe—ant =& to)ein(, 20) (4.37)
e_g(t —e,to)ein(z,z0) + C
ul(t z) = ip)\eee,gAz(eQEt,to)eM(eEx,xo)7 (4.38)
e_ga2 (€%t to)en(efx, xo) + C
iphe_oxz(t, to)eir(z — e,
ult,z) = ipAe_gx2 (t,to)ein(r — €, 20) ’ (4.39)
e_ga2(t to)ein(xr —e,x9) + C
ipAe_oxz (t, to)ein (z — 2et,
u(t,z) = —ep + iphe_ge (b fo)en (@ %) (4.40)

e_gaz(t, to)ein(x — 2et, ) + C

are also solutions of Burgers equation (4.5) on time-space scales.
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4.3. Symmetry analysis of Burgers equation using Lie symme-
try method on time-space scales

For heat equation (4.1) on time-space scales, let infinitesimal generator be

U A 0
— ;fi(x,v)m + ¢(x, v)%

Then the corresponding 2th-extended infinitesimal generator

PrPV = v + ZdJED(x,U,U(l))ai + Z qbfzz (z, 0,0, 0@,

N 7 P
i=1 i1,00=1

Pr(z)Y(A)) =0 if and only if (¢ — ¢¢**)|x_o = 0, where
A=0

@' =Dy — Ayw - Di&y — Agv - Dby
=(Atd + A(pov)) — (Ae(&r) - Arv + A¢(§10v) - Ap)
— (Ay(&2) - Azv + Ap(€2 0v) - Ayv),
¢ =Dy — 2(A¢(Av)) Do (&1) — To(A40) Dy (§1)
= 2(A4(Ap0)) Dy (§2) — To(Agv) Dya (§2)
=(As(Azd) + Ap(DAzdov) + Ap(Asn(d o)) + Az(As(pov) ow))
— 2(A¢(Az0)) (A (1) + A (51 0v)) = 285 (Az0)(Az(&2) + Az(§20v))
— T (A0) (A (Az(&1)) + As(Az(&1) 0 v) + Ay(Az(§1 0 0))
+ A (As(§10v) 0v)) = To(Agv) (A (As(&2)) + As(Az(&2) 0 v)
+ AL (AL (& 00)) + Ay (Az (&2 0v) o).

2(A
A

& =q(24 Az(v(z)))cat + ¢,
€o = cor + q(2 4 AL (v(2)))catTy + c3,
¢ = (=TTt 4 cs)v.

)

For ¢ = ¢v, using Lemma 2.4 and A2(p(z)) = 0, we can obtain
)
(

Then A A A A
= = = 2 A;C Az N Y3 = A
A A A )
Vi=4q2+ AI(V(x)))tTtA — thT ’UA , Vo= UA—U,

which means
va, = A, U, = q(24+ Ap(v(2)))tAw + zAgv, v, = Ay, (4.42)
v, = q(2+ A, (@)U Apv — 2T, T Mo, vy, = v. '

Using Proposition 4.1, (4.4) and (4.28), we get the symmetry for Burgers equation
(4.5) on time-space scales

=1+ p®)w)Aru, ur, = (p+ v(z)u)Ayu,
ux, = q(1 4 p(t)w)(2 + Ag(v(2))) As(tw) + %(p +v(@)u)Ag[z(1 + pt)w)ul,

™ f@ +o(@)u)(2 + Dy () T Dt + (p + w(2)u) Ay [T, T
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are basis of symmetry algebra for (4.5).

Similar to the method in Section 4.2, the reduced continuous form, single pa-
rameter transformation groups and invariant solutions can be obtained similarly.

5. Backlund transformation of heat and Burgers equa-
tions on time-space scales

The truncated Painlevé expansion for heat equation (4.1) on time-space scales can
be expressed as
v
v =119+ *1,

¢

where vg, v1, ¢ are functions of ¢ and =x.

Theorem 5.1. (1) If vy is a solution of heat equation (4.1) on time-space scales,
then

c t,t ,
v =1+ eA“z’/d’( 0)eﬂz<¢>/¢ (7, 0) (5.1)

¢

is a Backlund transformation between solutions vy and v for (4.1).

(2) If ug is a solution of Burgers equation (4.5) on time-space scales, then

uge s, (x,0)¢
u= £ (5.2)
€1 (z,20)¢ + Cen,p/0 (t,to)ea,¢/¢ (2, T0)

is a Backlund transformation between solutions uy and u for (4.5).

Proof. (1) Substituting v = vy + %1 into Ayv = gA v, we have

At(Ul) . V1A
Tio T

_ Azx(vl) Az(vl) : Aa:(Txd)) A:c(vl) : Tx(Ax¢) + Ulwa¢
o1 (Asd)® v Aad: As(T:9),

¢-Tugp-T2¢ ¢-Tugp-T29

Azz(vl) szl . Am¢ _ A:r(vl) : Ta:(A:v¢) + lezzd)

At (’Uo) +

+q|

= e lv) + == T T g T, T2 ]
+ [_ Aw'Ul . Am¢ . Aw(vl) . Aw(qub)}
R T,6- T2

v1- (800)° w1 Ad - Ay(Tho)
¢-Toh-T2¢ ¢-Tptp-T20

+4q( ]. (5.3)
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It follows from (5.3) that
1:Av(vy) = qAzz(v0),

¢T1t¢ LA (1) — 01D = 0,
1
m . Amz(vl)T:r¢ + Am(vl)Az¢ - AI(Ul)TI(AI(b) - ’UIAIJL’QS
= Am(¢Az(vl) - lem¢) =0,
m (6 (01) — 1100) - A — (D (01) — 11806) - Ay (To6) = 0.
(5.4)
It can be obtained that A
Ag(vr) = %Uh
(5.5)
Ay(v) = A;(bvl

is one solution of (5.4).
Let
V1 = C@At¢/¢ (tatO)eA,,qﬁ/qb ((13,1‘0),
the Backlund transformation (5.1) of heat equation (4.1) on time-space scales can
be obtained.

(2) Using Cole-Hopf transformation (4.3), if ug is a solution of Burgers equation
(4.5) on time-space scales, then vg = e1, (¥, z0) is a solution for (4.1). Therefore,
from (5.1), '

Cea,p/s (tto)ea, /0 (%, 20)
¢

is also a solution for (4.1). Reusing Cole-Hopf transformation (4.3),

v = eluo (I’,xo) +
P

uoe%uO(x,xo)gb

€14, (7, 20)0 + Cen,g/0 (I to)en, o/6 (€, 0)

u =

is also a solution of Burgers equation (4.5) on time-space scales, which gives relation
between the seed solution uy and general solution wu. O

Remark 5.1. If we choose ug = ipA, ¢ = €_g,2(,to) in (5.2), then solution (5.2)
P

reduces to solution (4.36).

6. Application in traffic flow model

Burgers equation can be used to describe traffic flow approximately [13]. On vehi-
cle passable time-space scales |J[ak, bi], let by represents the moment of entering
k

waiting when encountering waiting signal. AtSf ) = ap+1 — by represents the wait-
ing time. Aték) = by — ay represent the passable duration. Then the graininess

functions v(z) = 0 and
0, t e [a;w bk),
M(t) = (k)
At®) = by

)
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(1) Sparse and compressible waves. If the initial data
o(2—22.5)

ul,_g = pm + (=5

p
5 +1),

the parameters in (4.40) can be obtained as A = —i,C = 1,¢ = %—%, xo = 22.5,
to = 0, At, = 30. The anti-kink solution corresponding to the compressible
wave (p = 2, ¢ = —1) and the kink solution corresponding to the sparse wave
(p = =2, ¢ = 1) are obtained (c.f. Figure 1), which approximately simulate
the traffic flow encounters waiting signal and passable signal, respectively. In
the compressional wave, the moving traffic queue is gradually compressed. The
density of traffic flow increases gradually, and the speed of traffic flow decreases
gradually. In the sparse wave, the static traffic queue is gradually disbanded.
The density of traffic flow decreases gradually, and the speed of traffic flow
increases gradually.

(2) Oscillatory wave. If
| 0.6i¢0-6ir
u N A wr T
t=10 e0-6iz | 1’

the parameters in (4.36) can be obtained as A = 0.6, C =1, 2o = 0, t; = 10,
p =2, ¢ = —1. The spatial oscillation solution corresponding to the oscillatory
wave is obtained (c.f. Figure 2), which approximately simulates the traffic flow
that goes and stops and the oscillation blockage in traffic jam.

60

Figure 1. Space-time evolution of u Figure 2. Space-time evolution of |u|

7. Conclusion and discussion

As an effective tool that can be used to study both continuous and discrete systems,
the symmetry analysis method to general dynamic system with partial derivatives
is generalized to time-space scales using direct symmetry method and Lie symmetry
method, respectively. Forms of single parameter transformation groups, invariant
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solutions and conserved quantities on time-space scales are obtained, which are
applied to heat equation and Burgers equation on time-space scales, respectively.
The Backlund transformation of heat equation and Burgers equation on time-space
scales are derived by Painlevé analysis. Based on the analysis of Burgers equation
on time scale, the approximate simulation of the traffic low model is obtained.
The methods given in this paper provide a way to study the dynamic systems on
time-space scales with partial delta derivatives. The study of nonlinear systems
on time-space scales provides a theoretical basis for revealing the internal physical
mechanism of the systems. The nonclassical symmetries and conservation laws of
dynamic systems on time-space scales deserve to be further studied.
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