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ARNOLD-TYPE THEOREM ABOUT
LOWER-DIMENSIONAL INVARIANT TORI IN
GENERALIZED HAMILTONIAN SYSTEMS

Jiayin Du

Abstract In this paper, we consider the lower dimensional invariant tori for
generalized Hamiltonian system. A so-called generalized Hamiltonian system
is defined on a Poisson manifold which can be odd dimensional and structurally
degenerate. The existence of quasi-periodic invariant tori for Hamiltonian
with standard symplectic structure was first shown by Arnold [2] under a
degeneracy-removing condition. We prove the persistence of lower dimensional
tori for Hamiltonian with Poisson structure instead of standard symplectic
structure, when the tangential and normal frequencies satisfy some certain
conditions.
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1. Introduction and main result

The Hamiltonian system is frequently studied to describe models arising in celestial
mechanics or the motion of charged particles in magnetic fields, see [4,19,30]. KAM
theory, established by Kolmogorov, Arnold and Moser, is a landmark of the devel-
opment of Hamiltonian system. It gave a reasonable explanation for the stability of
solar system and brought a new method into the study of dynamical systems. The
classical KAM theory [1,13,21,25] pointed out that with respect to the standard
symplectic form on 2n-dimensional smooth manifold (R™ x T™,w?), most invari-
ant n-tori of an integrable Hamiltonian system will persist to small perturbations
under certain non-degenerate conditions. A generalization to (I + n)-dimensional
symplectic manifold (R! x T", w?), with [ < n, (I4+n) even, is in [5,12,23,24,33]. The
corresponding Hamiltonian system is odd-dimensional while (I + n) is odd. Since
there is no symplectic structure for odd-dimensional systems, some results in clas-
sical Hamiltonian systems no longer hold, which makes it very difficult to develop
KAM theory for odd-dimensional Hamiltonian systems, as pointed out in [6,20,28].
Later, paper [15] proved some KAM types of results for generalized Hamiltonian
systems defined on Poisson manifolds (R! x T", w?), where the Poisson structure or
2-form w? is defined by structure matrix I(y) with

O B T
I = , C =-C.
-BT C
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There the system can be odd dimension and permit more action than angle variables.
Moreover, the 2-form is not necessary non-degenerate.

The persistence of lower dimensional tori for Hamiltonian systems is an essential
problem and has been proved under many different conditions, see [3,7-10,14,16,18,
22,27,34,35] for usual Hamiltonian systems, see [31,32] for multi-scale Hamiltonian
systems, see [17] for generalized Hamiltonian systems, which is defined on Poisson
manifold (R! x T" x R?™ w?) with structure matrix

O B O
Ilyy=| =BT C 0, |,
O3 O, J

where O, 01, 04, O3, Oy are zero matrices, C' = —C, J is the standard symplectic
matrix.

In this paper, we investigate the persistence of lower dimensional tori for gen-
eralized Hamiltonian systems with two-scales. It was Arnold in [2] proved that
Hamiltonian system with two-scales admits full dimensional invariant tori under a
degeneracy-removing condition. Similar results for multi-scale Hamiltonian systems
have also been obtained in [11,26,29, 32, 36].

Consider the Poisson manifold (G x T" x R%,w?), where G C R! is a bounded,
connected and closed region, T" is the standard n-torus, I,n,d are given positive
integers. The structure matrix

I=(A;):GxT" xR — R+

associated with 2-form w? is a real analytic, anti-symmetric, matrix valued function

and satisfies the following two conditions:
(i) rank I >0,
(ii) Jacobi identity
l4+n-+2d

S (A LAt g, Oy, Oy (1.1)

m=1
for all w = (y,2,2) € G x T" x R i, 5,k =1,2,--- I +n+d.

The 2-form w? is required to be invariant relative to T™. Hence its coefficients
structure matrix I is independent of € T, i.e. [ = I(y,z2),y € G,z € R4,

On the Poisson manifold (G x T" x R%, w?), we consider the generalized Hamil-
tonian

1
H(y, @, 2,8) = e(&) + (we(€),y) + 5e(M(§)2,2) + €2 P(y, 7,2, ), (1.2)
where (y,2,2) € G x T" xR, € € G, we(€§) = (W(§)T,ew'(§)T) T, w'(€) € R™,
wh(€) € R™ m < I, M(€) is a symmetric matrix valued function, P is a real
analytic function.
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Then the equation of motion of (1.2) associated to the 2-form w? reads
Y
z | =1(y,2)VH. (1.3)
Z

We further require that the unperturbed system associated to (1.2) is completely
integrable, i.e., y = (y1,--- ,u) ' € G need to satisfy the involution conditions:

{yl7yj}:0, ’l:,j:]_’2,...’l'

Hence the structure matrix I must have the form

0] B 0O
I=|-BT" ¢ DI, (1.4)
0O, —-DT E

where O = Oy, O1 = Oy 4, and Oz = Oq4,; are zero matrices, B = B ,,, C = Cy,
with CT = ~C, D =D, 4, E = Eg 4 with ET = —E.
Consider the integrable part of (1.2):

N o= o(€) + (we(€).4) + 5e(M(©)z, 2).

Then, the associated Hamiltonian system reads

§=0
i =—BT9,N + D, N (1.5)
¢ = EO.N.

Obviously the system (1.5) admits n-dimensional invariant tori Ty ={(0,z,0) : z€
T"} carrying quasi-periodic linear flow {zgtw(€)t}, where w(€)=—BT(0,0)d,N(0,0)
= —BT(0,0)w. ().

Like the case for a standard nearly integrable Hamiltonian system, the problem
of the persistence of lower dimensional, quasi-periodic, invariant tori of (1.2) then
concerns the persistence of the majority of these n-tori {']I‘g} ase — 0.

Denote w(¢) =: (Q0(&)T,eQ1(€)T) T, where Q0(¢) € R, QY(¢) € R* "0 with
0<ny<n.

We can now state our conditions:

(A0) Rank {22 :ieZy,|if <n—1}=n, Q= ()7, Q47T

(A1) The set {£ € G+ V=1{k, Q' (&)) — N\p(&) — X\g(&) # 0, for all k € Z"—™ \
{0},1 < p,q < d} admits full Lebesgue measure relative to G , where
A1(€), -+, Aa(§) are the eigenvalues of M(£)E(E,0).

Our main result is the following:
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Theorem 1.1. Consider the Hamiltonian (1.2) and assume (A0)-(A1).

Then there is an g9 > 0 such that when 0 < € < &g, there exists a Cantor set
G. C G with |G\ G¢| = 0, as € — 0, such that for any £ € G the unperturbed tori
{T?} persist and give rise to a Whitney smooth family of quasi-periodic, invariant
n-tori with slightly deformed Diophantine frequencies.

Remark 1.1. For simplicity, the generalized Hamiltonian system with only two-
scales has been considered in Theorem 1.1. For more general case, multi-scale
generalized Hamiltonian systems will be studied in our forthcoming paper.

The proof of our theorem uses KAM procedure. It should be emphasized that for
the generalized Hamiltonian (1.2), not only does the y, z dependence of a structure
matrix need to be taken into consideration in all KAM steps, but also the degeneracy
of the structure matrix. So, a correction term will be introduced to modify the
iterative scheme typically used in standard KAM theory, see subsection 2.2 for
details.

The paper is organized in the following way. In Section 2, we give the detailed
construction and estimates for one cycle of KAM steps, and by finite-times KAM
steps we get a new normal form. In Section 3, using the new normal form mentioned
in Section 2 and scale transformation, we complete the proof of Theorem 1.1.

Throughout the paper, unless specified explanation, we shall use the same sym-
bol | - | to denote an equivalent vector norm and its induced matrix norm, absolute
value of functions, and measure of sets, etc., and denote by | - |p the sup-norm
of functions on a domain D. Also, for any two column vectors n,({ of the same
dimension, (1, ) always means 7', i.e. the transpose of 7 times (.

2. KAM Step

In this section, we will show the detailed construction and estimates for one cycle
of KAM steps, which is essential to study the KAM theory, see [11,15,16,26,31,32].

Denote 0 < § < 5. Let 0 < N < (d*> — 1)(7 + 1) be a positive integer and
b= d?(N + 1). We first define the following 0-th KAM step parameters:

g 1-8¢ 2§
To =T, Yo =€°?, Sop=¢€ 2, Mo =€77,
€y = e(f), Wwo = ws(g), MO = M(f), GO = G, (21)
D(s0,70) := {(y,,2) : |yl < 53, ]2] < so, [Imz| < 70}

Therefore, we have that
HO = H(y,a:,z,f) = NO +€P07

No = Nofy, =€) = o + (w0(6,€),5) + 5e(Mof€)z, 2,
Py=:eP(y,x,z2,§,¢) =P,

and
| aéPO |D(so,m)><Go§ ’Y(l;sgﬂm |l| < N.
We now define the v-th KAM step parameters:

Tu—_1 TO 114t s
Ty = + 4’ Sy =281y Hu=fw-15,_1, G, CG.
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Suppose that at the v-th KAM step, we have arrived at the following Hamilto-
nian:

H,=N, +¢P,, (2.2)
defined on D(s,,r,) and
|8éPV|D(s,,,rV)><GV < 785?,”,], ‘l| < N.

For simplicity, we will omit the index for all quantities of the v-th KAM step and
use + to index all quantities in the (v+1)-th KAM step. To simplify the notations,
we will not specify the dependence of P, Py etc.

In the following, we will construct a generalized canonical transformation &
(preserving the 2-form w? invariant), which, on a smaller phase domain Dy and
a smaller parameter domain G, transforms (2.2) into the Hamiltonian with the
following form

H+:H0(I)+:N++EP+,

enjoying the similar properties to (2.2) but with a much smaller perturbation P;.

All the constants ¢; — ¢5 below are positive and independent of the iteration
process, and we will also use ¢ to denote any intermediate positive constant which
is independent of the iteration process. Define

r + To
ry=—-+—
+ 2 4’
1 1
s+ = gas, a=p* =53,
[
H4+ = Cops, Co = maX{l,Cl,Cg, e 765}7

Ky = (log )+ 1%,
D(s) = {(3:2) : ol < %121 < s,
D= D(s,rs + g(r =),

— 1
. ] (T_T+))7 i:172a"'787

D+ :Déa :D(S+,7‘+),

Do) = 30 VS,
0<|k|<K4

D; = D(éas,r+ +

2.1. Truncation
Consider the Taylor-Fourier series of P:
P= Y pryyde 0,
kEZ", 1,9€L7
and let R be the truncation of P of the form

V=1(k,
R= E DProyy' e (k,z)
|k|<Ky, 2o]+]5]<2

= Z (Proo + (Pr10,Y) + (Pro1, 2) + <Zapk022>)€\/jl<k’w>- (2.3)
[k|<K4
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Lemma 2.1. Assume that
o0 T‘*'I‘+
(H1) : t"e t"Te dt < s.
Ky
Then there is a constant ¢y such that for all £ € G, |l] < N,

0L(P = R)|p.xa < c1vgs’ s,

‘aéR|D7><G < C1’ygszu. (25)
Proof. Denote
P—-R=1+1I,
where
I= Z pkzayz'z]em<k’x)> IT = Z szgyzzjem%””).
[kI> K, 2,0€2% |k| <K, 2e]4]g]>2

By a similar argument to [10,32], we have for any |[| < N

‘aél|ﬁ(s)><G S 67853%
and

C
L1110, < 51 [(P = 1) pydudelonec < erbs'n,

where [ is the obvious anti-derivative of 8((5 2 with 2|p| + |q| = 3. Therefore,

,2)
06(P — R)|p,xc < cyos’n

and
ORI pyxc < erbsn.

2.2. The modified homological equation

In the following, we will find a generalized Hamiltonian F' such that, under the
transformation of the time-1 map ¢L. of the flow generated by F', we can eliminate
all resonant terms in R:

Progy'2?eY T 0 < k| < Ky, 2] + g < 2.
We first construct a generalized Hamiltonian F' of the form

F= > Fiyy'2'eV 102 4 (Fooy, 2), (2.6)
0<|k|<K4, 2[o|+[s]<2
which satisfies the equation

{N7F}+E(R—[R]+<p001,z>)—Q=O, (2.7)

where [R] = ﬁ Jon R(y, x, z)dx is the average of the truncation R, and the cor-
rection term

Q= > VI w(E)(BT (y, 2) — BT (0,0))) Fiyy' 'Y ~162)

0<|k|<K 4, 2]|+[s]<2
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+ Z \/j1<275M(§)(DT(yaZ) - DT(O70))k>kaylZ]6\/j1<k’m>

0<|k|<K, 2hl+]sl<2

+ Y (5eMEET (,2) — ET(0,0)(Fror + Froaz + Fipp2)e? 105

0<|k|<Ky
+ Y VL2, eM(E)DT(0,0)k(Fyy + 2 Frozz)ye¥ 1)
0<|k|<K4
+ (2,eM(§)(E(y, 2) — E(0,0)Foo1))- (2.8)

Substituting (2.3), (2.6) and (2.8) into (2.7) and comparing the coefficients, we then
obtain the following equations for all 0 < |k| < K+,

V=L{k, (=BT (0,0)w(£)))Froo = eproo, (2.9)
V—=1{k, (=BT(0,0)w(€))) Fri0 = epr1o, (2.10)
V=1{k, (=BT (0,0)w(€))) Fro1 — eM(€)E(0,0)Fror

2.11)
V=1{k, (=BT (£,0)w(£))) Froz — M (£)E(0,0) Fro2 — Fro2e M (§)E(0,0

(
)
= eproz — V—1eM(§)DT(0,0)kFyyy, (2.12)
eM(§)E(0,0)Foor = epoor - (2.13)

)
= epro1 — V—1eM(€)D T (0,0)kFiop,
(

Denote
LkO = 7(\/_71<k7 (_BT(Ov 0)&)(5)»),

Lia = ~(V=1{k, (=BT (0,0)w(€))) Is — eM(£) E(0,0)),

Ly = é(ﬁ(k, (=BT(0,0)w(&))) g2 — eM(£)E(0,0) ® Iy — I; ® eM(€)E(0,0)),

where ® stands for the tensor product of matrices and I; is a d order identity
matrix. Then (2.9)-(2.12) become

LioFkoo = proos (2.14)
LioFki0 = prio, (2.15)
L1 Fror = pror — V=1M (€)D" (0, 0)kFro, (2.16)
LiaFroz = proz — V—1M(£)D " (0,0)kF)y,, (2.17)

which are clearly solvable as long as all Ly, Lg1, Lio are invertible.
Consider the set

d2
_ . 0
Gy ={6ecG:|LY| > |k|T,|detL 01> |k|dT | det LY,y| > |k|d2 VO < k| < Kb,
(2.18)
where
LYy = =vV—=1(k, (=B (0,0)wo(£))),

(V=1(k, (=BT (0,0)wo(£))) Is — Mo (£) E(0,0)),

0 _
Lkl_

M| =M=
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L =2 (V1 (=BT (0, 0)0(€) s e Mo(€) B(0,0) @ LI © <Mo(€) E(0,0)).

Then, we can solve equations (2.9)-(2.13) on G. The details can be seen in the
following lemma:

Lemma 2.2. Assume that
(H2) : max{s%ﬁ}Kf(TH) = o(v),
(H3) - [0L(M(€) — Mo(©))la = O, 10 (w(€) — wo(€)] = O(e), Y|I| < N.

Then the equations (2.9)-(2.13) can be uniquely solved on D(s) x G to obtain F
which satisfy the following equality:

|E|, [Fal, 8% Fyl, s|Fs| < cas?ul(r —14), (2.19)
and
|0L0L0LOIF| < copl'(r — 1), (2.20)
where || < N, 2|i| + |j] <2, ¢z s a constant.

Proof. For any 0 < |k| < K, denote

1
L= —(V=1{k, =B (0,0)(w — wo)}La — £(M(£) = Mo (£)) E(0,0)).
It follows from (H3) that L is bounded from the above by a constant. Notice that
Liy = Ly + €L,

we have by (H2) that

d
et Lg1|g, = |det —0(e > .
det |, > |det LY, | — O(e) K% > 2|ZTdT 221
and
. . ()7 et
Lt le, = (LY +eL) M < e - <c . (2.22)
S L= 1(LY,) ~M[eL] 7
Similarly,
o -1 |k|"
L B NTAER, L < , 2.23
‘ kO|G+ - 2|k’|7— | k2 ‘G+ ~cC 7o ( )
o, < T
|det Liz|c, > 5oy | Lgale, <c (2.24)
+ 2|k|d27— k2 + 7612

Using (2.21), (2.23), (2.22), and (2.24) and applying the identity

il
. IY mied i e
Oy == D | | 07 Ly L)Ly
=1 \J
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inductively, it is easy to see that
P ‘k||l|+(\l|+1)(d)qT
|8£qu| SCW7 |l| SNa q:05172 (225)
By Cauchy’s estimate, we also have
|5épkz]\c < |aéP‘D(s7r)XGS*(ZerJ)e*lklr < 07852*(21+])1u6*|k|r' (2.26)
Notice by (2.9)-(2.10) that
Fro = Ligpro, 1=0,1,
then by (2.25)
! |k||”+T b 2—(2 k
|0 Frao| < e=pr05™ ®ue™ M, u=0,1. (2:27)
Yo
Recall from (2.16) that
Fror = Lyt (pro1 — V=1M(§)D T (0,0)kFroo)-
Note by (H2) that
K\l|+7’+1
|aé(M(§)DT(O,0)kaOO)|G+ < c%’ygszueflklr < C’ygsueflklr. (2.28)
Yo
This together with (2.25) yields
. |k||l\+(|l|+1)dr ikl
|8§Fk01|G+ S CquSﬂe . (229)
Yo
By a similar argument, we can prove
2
‘k|\l|+(\l|+1)d T el
Yo
It follows from (2.26), (2.27), (2.29), and (2.30) that
|(9éf’_‘0()1|(;Jr S CSl, (231)
I k‘llH(llHl)dzT b 2—(214g) ,, ,—|k|r
\3§Fm]|g+ S CW’YOS J ue 5 0< ‘k| < K+. (232)
Yo
Thus
\62858;8§F\f)(3)xc+ <c Z |k|le|(8éFkoo + Ot Fr08” % + O Frors' ™ (2.33)
0<|k|<K 4
T 8éFk02327j)e‘kl(”%(“”)) + 3@353;3%1:001’ z)
< e(s? + 272 4 g2l (2.34)
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3 ||+ E+ D =]
O<|k|<Ky

<copl(r —ry),
which implies (2.19) and (2.20). O
Let @, = ¢k be the time-1 map of the equation of motion associated to F, i.e.,
Y
i | =1(y,2)VF(y,z,z). (2.35)
Z
Then &, is a canonical transformation, and
Ho®, =Hogh=(N+eR)ogh+e(P—R)ooh
= (N +¢eR)+{N,F} + /01{(1 —t){N,F}+¢eR, F} o ¢ldt

+e(P—R)o¢p
1
:N+5([R]—<p00172>)+5/ {Ry, F} o ¢hdt + (P — R) o ¢p + Q
0

=: Ny +¢ePy,

and
Ny =N +£([R] = (poo1, 2)), (2.36)
P, :Al{Rt,F}o¢gdt+(P—R)o¢1F+iQ, (2.37)

R, = %(1 —t){N,F} +R.

It should be pointed that it is due to the Jacobi identity (1.1) that the structure
matrix I(y, z) is kept unchanged at each KAM step.

2.3. Estimates of the new Hamiltonian
Now, we give the estimate of N+.

Lemma 2.3. There is a constant cz such that for all |l| < N:

Bh(es — )la, < cserts?n, (2.39)
|0k (wy — w)la, < eserbu, (2.39)
OL(M, — M), < csnbp (2.40)
Proof. The lemma follows easily from (2.26) and (2.36). O

Next, we estimate @ .

Lemma 2.4. Assume that

(B4 cpl(r = r4) < S(r —74),
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(H5) : es’ul(r —ry) < s2.
Then the followings hold.
(1) Let ¢t be the flow generated by equation (2.35). Then
¢}:D3—>D4, forall 0 <t<1.
(2) Let ®; = ¢}%. Then for each & € G4,
b, : Dy — D(s,r).

(3) There is a constant ¢4 such that

|8é(¢1}' - Z.d)|D+><G'+ < C4MP(T - T+), vt € [07 1]7 |l| < N7 (241)
|0£0,0,01(®4 — id)|p, xg, < capl'(r —ry), Y|I| < N, |€],]i],|j] = 0,1.
(2.42)

Proof. Let Xz be the vector field on the right-hand side of (2.35). Then

t
do=idt [ Xroohihm (o dhadh), 0S0S1 Y
0

For any (y,x,z) € D3, we let t, = sup{t € [0,1] : ¢%(z,y, z) € Dy}. It follows from
(H4), (H5) and Lemma 2.2 that

t
(6, (4,2, 2) s < Jy] + / IB(6, 65)Fx 0 6|y
0
< (3s4)% +es’ul(r — 1)
< (45+)25
t
6L, (0 2)| by < || + / | BT (61, 639)Fy 0 6} + C(é, ) Fa 0 6}
+ D((ﬁ?‘l? ¢;\73)FZ © ¢;\7|D3d/\

2
<rg+ g(r —ry )+ epl(r —ry) +es?ul(r —ry) +esul(r —ry)

2
<ry+ g(T—TJr)‘FCNF(T—U)

3
<ry+ g(r—ﬁ)’

t
|0, (2, 9)|ps < |2+ /0 | = DT (651, Op3) i © O + E(Op1, $a) Fi © 0| Dy dA
< 3sy 4 cas?ul(r —ry) + casul(r —ry)
2
S 38+ + %

< 48+.

Thus, ¢4 € Dy, ie. t, =1 and (1) holds.
(2) follows from (1).
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(3) Using Lemma 2.2 and the argument above, we immediately have
6t — id] < cul(r —1+).

By Lemma 2.2 and the Gronwall Inequality to the identity
t
Vol = Id + / (V(IVF))Vgprd\
0
t
= Id+/ (VI-VF)o ¢y -Vop+ (IVAF) o ¢y - VipdA,
0
we have

¢
Vo~ 1d| < [ (VIIVF|+ [1[V*F)[V6} ~ Fdla+ (VIIVF|+ |1][V*F)
0
<cul'(r —ry).

O
For the new perturbation P, , we have the following estimate.

Lemma 2.5. Let A := s3u?T2(r —ry) + 183 + s3ul(r — r1). Then there is a
constant cs such that for all |l < N, |3éP+| < csA. Moreover, if

(H6) : c5A < 7587 piy,
then
6Py p, xy <0850, I SN (2.44)
Proof. Recall the definition of @ as in (2.8), then

1
|aé(gQ)|D+><G+ <as’ul(r —ry) + Kpas®ul(r —ry) + as'pl(r —ry)

+asul(r —ry) + oK s*ul(r —ry) +as®u
<esPul(r—ry).

Let X
% :/0 (R, F} o ¢hodt.
By a similar argument to [15], we have
0:W D, xa, < es®pPT?(r —ry).

Recall that .
P+:W+(P—R)o¢}w+gQ.

The above estimates together with Lemma 2.1 imply that

0Py Dy xcy < es®pPT2(r —ry) +40s°w+ *ul(r — ry) = cA.
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2.4. Finite-times KAM steps

Following the standard KAM theory, what we should do is to proceed KAM steps.
To this end, we shall find a family of iteration sequences, r,, s,, ay, py, K., ®,,
D, such that all assumptions (H1)-(H6) hold. Particularly, let

B 1 1
Ty = T0(§ + 2V+1)v
1
Sy = SOy —1Spy—1,
3 18p—1
1
o, = 812, = 837
[ = Copy—150_1,
K, = ([log( )+ 1)%,
Sy—1
D, = D(Swru)a
ol
G, ={6eG,_1:|LY| > T,|detL (| > 0 [det LY, | > —0
|| Ik‘| ||
V0 < |k| < K, }.
Note that ro
Tv—1 — Ty = Wa
and
sy = (PO D (2.45)

Similar to [11,26,32], hypotheses (H1), (H2), (H4) and (H5) hold for all v and
sufficiently small e besides the part of hypotheses (H2), i.e

ek = o), (2.46)
which will only holds if the number of the iterations is finite. Indeed, if we take
log(2l(N +6) +1) —
log(3)

then it is easy to see that (2.46) holds as e < 1 forall v =1,2,--- | v,.
It follows from (2.39) and (2.40) in Lemma 2.3 that

log(1 — 30)

Vi = | J+1,

|0k (wy — wo)| < ce(py—1 + 2+ -+ po) = O(e),
|aé(Ml/ - MO)| S C(Mufl + Hy—2 + -+ MO) = O(Mg>7

which implies (H3).
We now prove (H6). Recall the definition of A, we have

A <erhs? M3 s’ (5570 0 Ul (r—ry ) +55 04557000 (r—ry ) SAgst s
Let

1 144
Ts = T, Sx = Hv,, Y« =€, Be =€ 2, G*:Gllm
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H*:Hu*, N*:Nu*, P*:{-:PV*, qj*:q)lo(DZO"'oq)u*~
Hence after v, times KAM steps, the Hamiltonian can be written as follows:
H. = HyoW, = N.(y,,€) + Pu(y,2,2,), (2.47)

Ny 2:8) = v, + (w0 (6:0),0) + 360 (€5,2) + 9 50). (249

By (2.45), we can choose ¢ < 1 independent of v such that

$2 < c1=301+3)" = 1.2 ...y,
It follows that
53 < G2UN+6)F1 _ 5%2‘(1\1+6),
and hence N
2(N+6
Pl Doy < €982 o, < evi ™ V5,02,

2.5. Measure estimates

We now estimate the excluded measure of G after v,-th iteration. The first lemma
shows the connection between the condition (A1) with the small divisor condition
involved in (2.18) for v = 0. The second lemma deals with measure estimates.
For simplicity, we denote Qo(¢) =: —BT(0,0)wo(&) =: (Q3(6)T,eQ4(6)T) T, where
Q) e R, Q e R0, 0 < np < n.

Lemma 2.6. For all k € Z™

d

det 1y = [T S (V7TGk, 2(€)) — X, 6))
d
det 1y = T] (VT 00(E)) — Ap(€) — eA,(6)).

Proof. Let J be the Jordan canonical form of My(£)E(0,0) and let T be the
non-singular matrix such that T=*My(¢)E(0,0)T = J. Then

det L, =det ~(v/=1{k, 00(€)) L —Mo(€) B(0, 0)) =det = (=T (k, () ly—eJ)

d
=TT -V Tl 2() — X ).

Since
T'RT Y MERI;+ 1, MyE)T@T)=J @I+ 1;® 7,

it follows that

det LY, = det %(\/wa, Qo(&)) g2 — eMo(€)E(0,0) @ Iy — Iy @ eMy(£)E(0,0))

= det %(ﬁ@, Qe —eT @Iy —elg® T)
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SIEl

m\r—l

k’ Q0(8)) — eAp(§) — eXg(€)).

Lemma 2.7. |Gy \ G.| — 0 as e — 0.
Proof. Recall that

2
7é
e

d
70 det L9, | >

G. =G, ={¢€Gy:|LY%| > ‘k|T,|detL b1l > I

V0 < |k| < K.}

Consider the set G, = G' N G? N G?, where

Gl = (€€ Go: |(k Q)| > f,j‘i’,fz(@ — ()T, O k ez,

Y0 < |k < K, },

G? = {f € Gy : |\/—1<k17Q(1)(§)> — )\p(ﬁ)\ > ‘kaSJ{;l €70 Y0 < ‘k‘l‘ <K,

0<p<d},

GP = {£ € Go : V=T, QL(E)) — Ap(E) — Ag(6)] > ﬁji,kl ez,

V0 < |k'| < K,,,0 < p,q <d}.

Let € € G... For given k = (kO k1) T with 0 < |k| < K, let ki, for i = 0,1, be
the first nonzero components of k. Since ¢ € G and (H2), we have

1 i gy 1 2% _ 1
LO _ = 0 QO 1 Ql = i 00 i )
| k0| 5|<k ) 0(§)> + <kj € O(§)>| > 2€|<k € O(S)H > 2cl—i |k|T > |k|T

We first consider a typical term Iy := 2(v/=1(k°, Q) + V—1(k',eQf) — e)p) of
Ly1. There are the following two cases:

(i) |k°] # 0. It follows from ¢ € G and (H2) that

1 12
bl 2 21V, 06) + V=T, 208) =) > 5o p2 > p

(ii) |k°) =0, |k!| # 0. It follows from £ € G* and (H2) that

1 2
bl 2 ZI/=T0 208) = eXy)| > 2 >

Then we have

’Yo
|det LY, | > T

By a similar argument, we also conclude that

| det LY,y| > i
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Above all, it implies that G.. C G.. We note that (A0) implies that |Go\G'| —
0 as € = 0. As a similar argument in [16], we have

{€€Go: V=1{k" Q) — N, — A\, # 0,k € 2!}
c{eeGo: V-1, Q) — N, #0,k' € ZI7™).

Then, it follows from (A1) that |Go\ G®| — 0 as ¢ — 0. Consequently,
|Go \ G| = 0

as ¢ — 0. O

3. Proof of Main Result

In this section, we will perform infinite steps of standard KAM iterations to the
normal form (2.47) to prove the main theorem.
Consider the rescaling

H
y—= e oy, 2o e uz, Ho— g,
EYx Hox
then the Hamiltonian reads
H, . + (wo,y) + 1( Moz) + P,
0= —wNzg — = €0+ (wo, 5%, Moz 0
6%1(\74-6“* Y )
defined on D(sg,r9) X Go, where rqg =: 74, Sg =: S«, o = px, Go =: Gy, €9 =
a"yl\feﬁ’ wo =: ws, Mo = 52'7>£V+6,U/*M*7 and
P,
Py= ———
AR
with

|0EPo| D(ro,s0)xGo < Vo Tos0m0, I < N.

Let 79, 0,70, tto, Ho, No, Py be given at the beginning of this section and let
Dy = D(sg,r0), Ko =0, &9 = id. We define the following sequence inductively for
alv=1,2,---.

1 1
r, = T0(§ + 2y+1 )7

1 1
By = Bo(5 + 5o57)s Bo = so,

1
Sy = gauflsvfla
2 b

oy = = p,
My = Clu’ll/tfl)7
D, = D(sy,r),

6
D, = D(B,,7, + g(rH -7)),
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= (log(—)) +1)"

Ly = vV-Uk,wy1)Ig— My E, 0<|k|<K,,
ngl =vV—1{kw,_1) g2 —M, \ERI;— I, M, 1E, 0< |kl <K,

2
73—1
K[

’Yff—l
|| @7

|det LY, | >

G, ={6€Gyy:|(kwy_1)| > 7‘]’;|1|dtL >

Yo < k| < K, }.
The following iteration lemma is a special case contained in [10, 32].
Lemma 3.1. Lete be sufficiently small. Then the following hold for allv =1,2,---

(1) There is a symplectic, real analytic, near identity transformation

®,=¢n:D, - D,_1, Veed,,

such that
1
H,=H, 100, =¢, + {w,,y) + §<Z,Myz> + P,
where
Gy ={E€ Gyt |lhywy )| > 2L [det LY > %dj
|| ||
1 ’YdZ 1
|det Ly5 | > W,VO < lk| < K,}, (3.1)
|08 (wy — wo)la, <0 Toug (3.2)
|85(Mu - Mo)la, < N+6M0 J
|aéPV|DV><GU < V(JJV Sy by - (34)

(2) The Whitney extensions of
\I’V:QJ_O(I)QO-”O(I)V7 V:1,2,"'
converge CN uniformly to a smooth symplectic map, say, V>, on D(%, 3 x

Goo with Goo = ﬂuzo G, such that

1

with es = lim,_, €, Weo = lim, , w,, My = lim,_, M,,, Py, = lim, , P,
and moreover

H,=HyoU" ' - Hy = Hyo U™ = ey + (woo, y) +

.2y Poclp0.79)xcoe =0, il < 2.
It follows from the same argument as in [16] that

|Go\ G| — 0, as e — 0.
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