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ON STRONGLY INDEFINITE SCHRODINGER
EQUATIONS WITH NON-PERIODIC
POTENTIAL*

Yue Wu! and Wei Chen®'

Abstract This paper is concerned with the non-periodic superlinear Schrodi-
nger equation —Au + V(z)u = f(z,u), v € H'(RY). Here, the Shrédinger
operator —A +V is strongly indefinite, that is, possesses a infinite dimensional
negative space, which leads to more difficulty in verifying the compactness
conditions. We prove the existence, as well as multiplicity provided f(z,t) is
odd in ¢, of solutions via variational methods.
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1. Introduction and main results

In this paper, we consider the semilinear Schrédinger equation of the form

—Au+V(x)u = f(z,u),

(1.1)
u e HYRY),
where N > 3. In what follows, we denote by S := —A+V the Schrodinger operator,
by o(S) the spectrum of S, by o,,,(S) its pure point spectrum and by gess(S) its
essential spectrum. Set F(x,t) := fot f(z, s)ds.

Problems of the form (1.1) have received growing attention in recent years. There
is a great deal of literature on existence and multiplicity results. It fall broadly into
three categories according to the location of 0 relative to o(S). For the case where
info(S) > 0, the variational functional has the mountain pass geometry. There
are many papers giving various assumptions on V and f; for related researches,
see, e.g., [4,6,8,10,12-14,21,23] and references therein. For the case where 0 is a
boundary point of a gap of (S), precisely, 0 € o(S) and (0,£) No(S) = O for some
constant £ > 0, Bartsch and Ding [3], Willem and Zou [22] obtained the existence
and multiplicity results. For the case where 0 lies in a gap of ¢(5), that is,

sup (o(S) N (—00,0)) < 0 < inf (¢(S) N (0,00)),
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the variational functional is indefinite, then it has the linking structure. In par-
ticular, if gess(S) N (—00,0] # (), the problem is strongly indefinite. With periodic
assumptions on V and f, Troestler and Willem [20] and Kryszewski and Szulkin [9]
obtained the existence and multiplicity of solutions of (1.1) by establishing a new
degree theory and a infinite dimensional linking theorem.

In this current paper, we do not assume any compactness conditions on the po-
tential function V. It is well known that a main difficulty in studying (1.1) in RY is
the lack of compactness. This difficulty can be avoided for (1.1) in bounded domains
or if the potential function V' possesses some compactness conditions. For example,
if lim|z| o0 V() = 00 or u is radially symmetric, one can get some compactness
embedding and then the Palais—Smale condition can be proved. Refer to [16] in
this direction. In the strongly indefinite case, the Schréodinger operator S possesses
a infinite dimensional negative space, which leads to more difficulty in verifying
the compactness conditions. Moreover, the embedding H!(RY) — L?(RY) is not
compact. To overcome this, most papers consider the periodic problem. Under
periodic assumptions, the variational functional is invariant under translations, so
one can construct multi-bump solutions up to a suitable translation (see, for exam-
ple, [1,3,7,9,11,17,19]). Without periodic assumptions, there are not many studies
for now. Liu, Suand Weth [15] and Zhao, Zhao and Ding [24] obtained the existence
and multiplicity of solutions of (1.1) with asymptotically linear nonlinearity.

In this paper, we consider the non-periodic superlinear problems. For the po-
tential V| we assume

(Vi) Ve LL (RN), V= :=min{V,0} € L>=(RY) + LY(R"), for some g € [2,00) N
(N/2,00);
(V2) b:=sup{(—00,0) Ness(S)} < 0 < a:=inf{(0,00) N 0ess(5)}-
Assumption (V]) ensures that the Schrodinger operator S is self-adjoint and
semi-bounded on L2(RY) (see [18, Theorem A.2.7]). Since eigenvalues may also
appear in gaps of the essential spectum oess(S), (V2) induces that 0 € opp(S) is

possible. So (V3) is a more general spectral assumption.
For the nonlinearity f, we assume

(f1) f € C*RYN x R) and there exist constants p € (2,2*) and ¢ > 0 such that
|f(z,t)| < e(1+ [t[P~Y) for (z,t) € (RY,R), where 2* = 2N/(N — 2);

(f2) f(x,t) = o(t) as t — 0 uniformly in x € RY;

(f3) there exist > 2 such that 0 < puF(z,t) < tf(z,t) for x € RY and t # 0;

(fa) f* = limsup|y_,o0 SUPjy <y f(f’t) < aforall » > 0.
Our main result is the following theorem.

Theorem 1.1. Under assumptions (V1)-(Va) and (f1)-(f4), problem (1.1) possesses
at least one nontrivial solution. Moreover, if f(xz,t) is odd in t, problem (1.1)
possesses infinitely many solutions.

2. Preliminaries

By virtue of (V2), we know that 0 is at most an eigenvalue of finite multiplicity of
S. Moreover, (V2) induces the orthogonal decomposition

FP=LPRY)=L ¢oLl’aL", u=u +u’+u"
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according to the spectrum of S such that S is negative definite (resp. positive
definite) in L™ (resp. in LT) and L° = ker S. Let E = D(|S|*/?) be the Hilbert
space equipped with the inner product

(u,0) = (151" u, [S"20)2 + (u”,0%)s

1/2

and norm |ju|| = (u,u)'/?, where (-,-)2 denotes the inner product of L?. We have

the decomposition
E=E @®E°®E", where E¥ =FENL* and E° = L°.

It is orthogonal with respect to both (-,-) and (-, -)2. It is easy to see that E embeds
continuously into H'(R¥), and then continuously into L*(RY) for s € [2,2*] and
compactly into L{ (RY) for s € [2,2*). Consequently, there exists a constant 75 > 0
such that

lu|, < 75 |Jull, VueE, (2.1)

S

where |-|, denotes the L*® norm.
Define a functional ® : £ — R by

O(u) = % Hu+||2 _ % ||u_||2 — WU(u), where ¥(u) = /]RN F(z,u)dz. (2.2)

Under our assumptions, it is easy to see that ® € C*(FE,R) and for u,v € E,

&' (u)v = (ut, o) — (u",v7) — fz,u)vde.
RN
It is well known that the critical points of ® are solutions of problem (1.1).

We turn next recall some abstract critical point theorems, which will be used
in the proof of our main result. Recall that a sequence {u,} C E is called a (PS).
sequence, if

D(u,) —c and ||®'(uy,)| — 0. (2.3)

We say that ® satisfies the (PS) condition if any (PS). sequence of ® contains a
convergent subsequence for all ¢ € R. Let R > r > 0 and let ¢ € ET\ {0} with
llo|| = 1. Define

M={ucE " ®E°@R"¢| lu| <R}, N={ucE"||ul=r}. (24)
Denote by OM the boundary of M.

Proposition 2.1 ( [9, Theorem 3.4]). Assume that ¥ € C*(E,R) is bounded from
below, weakly sequentially lower semicontinuous and V' is weakly sequentially con-
tinuous. Let ® be a functional on E of the form (2.2) satisfying the (PS) condition.

If

inf ® > sup @,
N oM
then ® has a nontrivial critical point.

In the proof of the multiplicity result, we will use the following theorem, which
is a generalization of the classical fountain theorem of Bartsch [2] (see also [21,
Theorem 3.6]). Denote by {e;} a total orthonormal sequence in E*. For k € N, let

Y, = (E_ GBEO) @ span{ey,...ex}, Zy, = span {eg, €xt1,-- -} (2.5)
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Proposition 2.2 ( [5, Theorem 12]). Assume that ¥ € C*(E,R) is even, bounded
from below, weakly sequentially lower semicontinuous and ¥’ is weakly sequentially
continuous. Let ® be a functional on E of the form (2.2) satisfying the (PS)
condition. If there exists py, > ri > 0 such that

(A1) ap =infycz, |u=r, P(u) — 00, as k — oo;
(A2) Br = suPyey, jjuf=p, P(v) <0,

then ®© has a sequence of critical points {ux} such that ®(ug) — oco.

3. Proof of Theorem 1.1

Lemma 3.1. Suppose that (V1 )-(Va) and (f1)-(f2) are satisfied, then there exists
some r > 0 such that inf ®(0B,.(0) N ET) > 0.

Proof. It follows from (f1) and (f2) that, for given € > 0, there is some constant
c. > 0 such that
|F (z,t)] < e|t] +cc |t]? (3.1)

and
Pl t)] < et + e e (3.2)

Then for v € ET we have
1 2
P (u) = llul”= [ F(zr,u)dr
2 -
1 2 2
2 5 llull” = eful; —c |ul,

1 2
> (5 -2 Il = e Jul?

where 75 and 7, are constants in (2.1). Let e = ;1. Since p > 2, we can fix some 7

4T
small enough such that ’
inf O(u) > 0.
u€ET |Jull=r
The proof is completed. O

Lemma 3.2. Suppose that (V1)-(Va) and (f1)-(f3) are satisfied, then, for any k €
N*, there exists some R > r > 0 such that sup ® (Y, \Br(0)) < 0, where Yy, is the
subspace of E given in (2.5) and r is the constant given by Lemma 8.1.

Proof. If not, there exists a sequence {u,} C Q with |Ju,| — oo such that
®(uy) =0 for all n. Set vy, = [[tn || un = v + v + An, then |lv,| = 1. Passing
to a subsequence, we may assume that v, =~ vin E, v, = v~ in £, vg — % in
EY and A\, — X in RT. Then

@(un)_12_1 2
o< din) Lo Ly

_ F(gc,un)d 1
lunll* 2

< =\

L\, Un ) 2
o [ 2" ’

1, =
~ 3 lvr |
since F(x,t) > 0 by (f3). This implies that

1., 1, 2
A, = 3 ||vn H .

27 m =
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If v = 0, then vY — 0 and A\, — 0. Hence the above inequality induces that
v || = 0. Therefore, v,, — 0 in E, which contradicts |lv,|| = 1.
If v # 0, then the set © := {x € RN| v(z) # 0} has positive measure. Hence

Un (z) = vy () |lup|| = 00, Va € O.
v (f3), for any § > 0 there exists ¢s > 0 such that
F(z,t) > cs|t|* — 8|t

Then it follows from the Fatou’s lemma that

Loetol) gl —llug|® P(un)
2 Jfun? 2 [un® |
F(x,up) F(x, un v2d
zv fuall / ond
> / (cslun|"~? = 6) vadz — oc. (3.3)
e
This is a contradiction. The proof is completed. O

Lemma 3.3. Suppose that (V1)-(Va) and (f1)-(f3) are satisfied, then the (PS).
sequence of ® is bounded for any c € R.

Proof. Let {u,} be a (PS). sequence of ®. Suppose by contradiction that {u,}
is unbounded. Passing to a subsequence, we may assume that

D (uy) = ¢, [P (un)|| = 0and |ju,| — . (3.4)

Let v, = ||tn]| " tn, then ||v,|| = 1. Up to a subsequence, we assume that v, — v
in B, v —v*in E* and v? — 1% € E°. Let § € C§°(R,R) be such that 0 < 0 < 1,
O(t) =1 for |t| > 2 and 0(t) = 0 for |¢t| < 1. Define
i@, t) =0) f(z,1),  folx,t) = (1-0()f(x,t) and s=p/(p—1).
In view of (f1) and (f2), we have that
alfi(z,w)l

< JufPVED | (2, u)| = wfi (2, u),
c1lfo(a, u)? <

|
|ull f2(2, w)| = ufo(, u),

for some ¢; > 0. For n sufficient large, we obtain from (3.4) that

%<(I)/(un), Up,)

_ /RN <;unf(x,un) _ F(m,un)> dz

= <; - ;) ‘/]RN U f (2, un)dx

o (52 ) (1wl + el

c+ 1+ |lunll = ®(un) —

WV
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It follows that

1 ()]s < e flual*
| fa(a, u)lo < e [lunl?,

s

for n large enough and some ¢y > 0. Therefore, by (2.1), (3.4) and the Holder’s

inequality, we have

it [|2 =  (un)ut + / )t de

gy |+ Jety | fa (s wn) [+ [ |2 [ fa (2 1)

<|
< Nt + eomy [|ut || lunl* + cams Jut|] ffua

for n large enough. Note that 1/s < 1. Hence we can deduce that
2
all

|2 = L

—72—>0 as n — oo.
||

By the similar argument, we also have

2y |
Jog || = =2

= 5 —0 asn— oo.
[[wn|

Consequently,

18] =1 = oz | = o P > 1 asn— oo

Therefore ||v0H =1, 9% # 0, and then v # 0. So the set © := {z € IRN‘ v(z) # 0}

has positive measure. Hence
Un (z) = vy () |lup|| = 00, Va € O.
By (f3), for any ¢ > 0 there exists ¢5 > 0 such that
F(x,t) > cs|t|" — 6|t
Then it follows from the Fatou’s lemma that

2 2
o) = LA MG Bl) [ P,
2 lunl® ™ Jrw Tl

F
> / Mvidﬂc > / (cslun|”™ = 8) vida — oco.
e Uy ©

This is impossible. Therefore {u,} is bounded in E.

O

Lemma 3.4. Suppose that (V1)-(Va) and (f1)-(fa) are satisfied, then ® satisfies

the (PS) condition.

Proof. Suppose {u,} is a (PS). sequence of ®. By Lemma 3.3, {u,} is bounded
in F. Hence we can assume, passing to a subsequence, that u, — w in E. Set
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Wy, = Uy — u, then w, — 0 and |w,|, — 0 in Lj (RY) for s € [2,2*). In order to

establish strong convergence, it suffices to show ||w,| — 0. We claim that

f(x,un) Py swy,

Unp

—0 in L*RY). (3.5)

Indeed, for ¢ € C§°(RY), we have

f(x, un)Pl,Swn

RN Unp

s@dx < /N (1 + 03|un|p_1) |P1,3wn| |90| dz
R

< [ IPrawnllelde +ealel [ ual ! Prawlde
RN RN

< ‘Pl,Swn|L2(suppap)“p|2 +c3 ‘QD|OO |un|£71|P1,3wn‘LP(supptp)

— 0

for some c3 > 0. Therefore, (3.5) holds.

We next adopt an argument of Liu, Su and Weth [15]. Fix some 1 > 0 small
enough such that (a —n,a)No(S) =0, (b,b+n)No(S)=0and f* <a—n. Let P,
be the projection associated with (a — 7, c0), P, associated with [b+ n,a — 1] and
P3 associated with (—oo0,b + 7). Then Piu™ = Pyu, Piu™ = 0, Psu~ = Pyu and
P3u™ = 0. Moreover, in view of (V3), we have

(a=n) [Prwg3 < [[Prwn|*  and = (b+n) [Pawnl; < [ Pyw, . (3.6)
Also note that, since w,, — 0 and the projection P, has finite range, we obtain that

Pyw,, — 0.
We now prove that |[Pyw,| — 0 as n — co. Since

& (uy,) Prwy, = (Pruy, Piw,) — f(x,up) Prwyde — 0,
RN

we have

0 < limsup || Pyw, ||*
n— oo

= lim sup (P uy, Pyw,) = lim sup flz,up)Prw,da. (3.7)

n— 00 n—00 RN

Let € > 0 be arbitrary. For r > 1, it follows from (f;) that

/ - f(z,up) Prwyde < 20/ |Un|p71 |Pyw,| da
Un | 2T

[un| 2T

< 2crp-2*/ lun | | Prw, | d
[un|>r
< 2erP~% |un|§:_1 | Prwp |y -

Since p < 2*, we may fix r large enough such that

/ ‘> f(IE,Un,)lendl‘ < % (38)
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for all n. By (f1) and (3.6), there exists R > 0 such that

T, U x,t
ﬁxDR f( : n) (len)2 dz < ‘leng sup f( t’ )
lun]<r Un [t|<r,e|>R
* 2 f* 2
gf |P1wn‘2< ainHlenH

for all n. Moreover, by (3.5), we have that

f(x, un)len £

Un
[un|<r

for n large enough. Therefore,

[z, un) [z, un)

_ 2
ﬁw\}R f($7un)P1wndx = /ﬂ}R w, (len) dx-ﬁ-ﬁl_‘}}% - uPyw,dx
|un\§r |u”|<7‘ |un\§r
* 5 c
< Lo ipw+ 59)

for n large enough. Finally, since Pyw, — 0 in L*(Bg(0)) for s € [2,2*), it follows
from (3.2) that

ﬁxKR flx,up) Prw,de < /x|§R [t | | Prwy| dz + ¢4 AwlgR |un|1’—1 |Pyw, | dz

[t | <7 | | <7 [ | <7
—1
< ftnly [Prwnl 2, (0)) + €4 [unly ™ [P1wnl 1o (5 00))
g
<€ 3.10

for n large enough. Combining (3.7)-(3.10) we conclude that

0< limsup <1 — f ) ||P)1U)n||2 <eE.

n— 00 a—n

Consequently, it follows from the arbitrariness of e that ||Pyw,| — 0 as n — oo.
The same goes for ||P3w,|| — 0. Since

O<1) = _(I)/(un)PS'wn
= o(1) + || Pyw,|? +/ f(z,u,) Paw,dx
]RN

f(iE, un)PS'wn
RN Unp,

= o(1) + || Psw,|? —|—/ @ un) (Pswy,)” dz + udx
RN Unp,

> o(1) + || Pywn ?,

we obtain that ||Psw,| — 0 as n — oo. Therefore |w,| — 0 and u, — u. The

lemma is proved. O
Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. (Ezistence) Assumption (f3) implies ¥(u) > 0 for all

u € E. Since f is subcritical, it is easy to check that ¥ is weakly sequentially lower
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semicontinuous and ¥’ is weakly sequentially continuous. Lemmas 3.1 (with k = 1,
e1 = ¢) and 3.2 implies that there exist R > r > 0 such that

inf® >02>supd.
N oM

According to Lemmas 3.3 and 3.4, ® satisfies the (PS) condition. Therefore, by using
Proposition 2.1, we have that ® possesses at least one nontrivial critical point.
(Multiplicity) Since f(x,t) is odd in ¢, ® is an even functional. To use Proposition
2.2, it suffices to verify (A1) and (As).
Let V) and Zj defined as in (2.5). By Lemma 3.2, (Ap) holds. Define ¢, :=
SUDPye 7, [lul=1 [ul,- Note that Zx C E*. Therefore, by (2.1) and (3.1) with e

1/472, we have

Lo 1 o
B > 3 Il = g ol o]
Lo 1 o
Z 5 [[ul” = e |uly = esty [lull”
1 e
> 7 ull” = es i flull”
Let r = (2p0562)1/(2_p). Then, for u € Zj, with ||u|| = 7, we have

1/1 1 1/(2—
d(u) > 3 (2 - p) (2pesty) /@p)

Since ¢, — 0 as k — oo by [21, Lemma 3.8] and p > 2, it follows that

k= inf d(u) — oo.
UE Zy,||ull=r
Hence (A;) is satisfied. Therefore, ® has infinitely many critical points, which are
solutions of problem (1.1). Theorem 1.1 is proved. O
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