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SPECTRA OF GRAPH OPERATIONS BASED
ON SPLITTING GRAPH*

Zhiqin Lu!, Xiaoling Mal" and Minshao Zhang!

Abstract The splitting graph SP(G) of a graph G is the graph obtained from
G by taking a new vertex u’ for each v € V(G) and joining u’ to all vertices of
G adjacent to u. For a connected regular graph G1 and an arbitrary regular
graph G2, we determine the adjacency (respectively, Laplacian and signless
Laplacian) spectra of two types of graph operations on G1 and G2 involving
the SP-graph of Gi. Moreover, applying these results we construct some
non-regular simultaneous cospectral graphs for the adjacency, Laplacian and
signless Laplacian matrices, and compute the Kirchhoff index and the number
of spanning trees of the newly constructed graphs.

Keywords Adjacency spectrum, Laplacian spectrum, signless Laplacian spec-
trum, cospectral graphs, Kirchhoff index, the number of spanning trees.
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1. Introduction

All graphs considered in this paper are undirected and simple. Let G = (V(G), E(Q))
be a graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). The ad-
jacency matriz of G, denoted by A(G), is the n X n matrix whose (i, j)-entry is
1 if v; and v; are adjacent in G and 0 otherwise. Let d; = dg(v;) be the de-
gree of vertex v; in G, and D(G) be the diagonal matrix with diagonal entries
di,da,...,d,. The Laplacian matriz and the signless Laplacian matriz of G are
defined as L(G) = D(G) — A(G) and Q(G) = D(G) + A(G), respectively. For
an n X n matrix M, we denote the characteristic polynomial det(zI, — M) of M
by fam(x), where I, is the identity matrix of order n. In particular, for a graph
G, faw)(z) (respectively, fr(q)(z) and foq)(z)) is the adjacency (respectively,
Laplacian and signless Laplacian) characteristic polynomial of G, and its roots are
the adjacency (respectively, Laplacian and signless Laplacian) eigenvalues of G.
Denote the eigenvalues of A(G), L(G) and Q(G), respectively, by

AM(G) = Xa(G) = - > M\ (G),
11 (G) < p2(G) < -+ < pn(G),
11(G) > 1a(G) > -+ > 1, (G).
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Note that p1(G) = 0. The collection of eigenvalues of A(G) (respectively, L(G),
Q(Q)) together with their multiplicities are called the A-spectrum (respectively, L-
spectrum, Q-spectrum) of G. Two graphs are said to be A-cospectral (respectively, L-
cospectral, Q-cospectral) if they have the same A-spectrum (respectively, L-spectrum,
Q-spectrum).

Some principal properties and structure of a graph can be explored through the
information about its various spectra. Hence, the investigation of spectra of graphs
becomes crucial in the field of graph theory. In addition, the spectral graph theo-
retic techniques have been used in a great many of fields such as quantum physics,
chemistry, computer science, etc. [3,7-9]. In recent years, several researchers studied
the spectral properties of graphs which are constructed by graph operations. Some
well-known graph operations in this direction are the disjoint union, the Cartesian
product, the Kronocker product, the strong product, the lexicographic product,
the corona, the edge corona, the neighbourhood corona etc. For the results on the
spectra of these graphs, see [1,2,8,11,15,21].

The join [13] of two graphs is their disjoint union together with all the edges that
connect all the vertices of the first graph with all the vertices of the second graph.
Recently, many researchers provided several variants of join operations of graphs
and investigated their spectral properties. Cardoso et. al. [5] introduced a general-
ized join of regular graph families and characterized adjacency and Laplacian spectra
of the operation of graphs. In [16], Indulal defined the subdivision-vertex(edge) joins
of graphs and obtained adjacency spectra of subdivision-vertex(edge) joins for two
regular graphs in terms of their spectra. Later, Liu and Zhang [18] determined the
spectra, (signless)Laplacian spectra of the subdivision-vertex(edge) joins for a reg-
ular graph and arbitrary graph. As applications, they constructed infinitely many
pairs of cospectral graphs and gave the number of spanning trees and the Kirchhoff
index of the subdivision-vertex(edge) joins. Then in [19], the R-vertex(edge) joins of
graphs are defined and the Laplacian spectra of R-vertex(edge) joins are formulated.
As applications, the resistance distances and Kirchhoff index of R-vertex(edge) joins
are computed. Recently, DAS and Panigrahi [10] derived the Q-vertex(edge) joins
of graphs and determined the full adjacency, Laplacian and normalized Laplacian
spectrum of the Q-vertex(edge) joins of a connected regular graph with an arbitrary
regular graph in terms of the corresponding eigenvalues. Butler [4] constructed non-
regular bipartite graphs which are cospectral with respect to both the adjacency
and normalized Laplacian matrices, which means they constructed simultaneous
cospectral graphs for the adjacency and normalized Laplacian matrices, and then
asked for existence of non-regular graphs which are cospectral with respect to all
the three matrices, namely, adjacency, Laplacian and normalized Laplacian.

Motivated by these researches, we give two types of graph operations based
on the splitting graph [22]. The splitting graph SP(G) of a graph G is the graph
obtained from G by taking a new vertex u’ for each u € V(G) and joining v’ to all
vertices of G adjacent to u. We call it the SP-graph of G. The set of such new
vertices is denoted by S(G), i.e., S(G) = V(SP(G))\V(G). Now we define splitting
V-vertex join and splitting S-vertex join of graphs which are given below.

Definition 1.1. Let G; and G3 be two vertex-disjoint graphs with number of
vertices ny and ng, respectively. Then

(i) The splitting V-vertex join of G; and Gs, denoted by G; Y Gs, is the graph
obtained from SP(G1) and G2 by joining each vertex of V(G;) with every
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vertex of V(Ga).

(ii) The splitting S-vertex join of G; and Gs, denoted by G1 A Ga, is the graph
obtained from SP(G;) and Gy by joining each vertex of S(G;) with every
vertex of V(Ga).

Note that if G; has n; vertices and m; edges for i = 1,2, then G; ¥ G5 has
2n1 + ng vertices and 3mq + ning + mo edges, G1 A Go has 2n; + ns vertices and
3m1 + ning + mo edges.

Example 1.1. Let G; and G3 be the path P; and the complete graph K5, respec-
tively. Two graphs Py Y Ko and Py A K are given in Figure 1.

Figure 1. The splitting V-vertex join of P4 ¥ Ko and the splitting S-vertex join of Py A K.

The main goal of this paper is the determination of the adjacency, Laplacian
and signless Laplacian spectra of splitting V-vertex join and splitting S-vertex join
for a connected regular graph G; and an arbitrary regular graph Gg in terms of
the corresponding eigenvalues of G; and G5. Moreover, applying these results
we construct some non-regular simultaneous cospectral graphs for the adjacency,
Laplacian and signless Laplacian matrices, and compute the number of spanning
trees and the Kirchhoff index of the newly constructed graphs.

2. Preliminaries

In this section we provide some useful results which have an important role in the
proof of the main results. Throughout the paper for any integers k, ny and ng , Iy
denotes the identity matrix of size k, 1, denotes the column vector of size k whose
all entries are 1 and Jy,, xn, denotes m; X ny matrix whose all entries are 1.

Lemma 2.1 (Schur Complements, [14]). Let My, Ma, Ms, My be respectively p X p,
P X q, g X p, qxq matrices with My and My invertible. Then

M, M, B
det = det(Ml) . det(M4 — M3M1 MQ)
My M,

= det(My) - det(M; — MyM,; ' Ms),

where My — MgM[lMg and My — MnglMg are called the Schur complements of
My and M, respectively.
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Lemma 2.2 ( [8]). Let A be an nxn real matriz, and J,, x,, denote the nxn matriz
with all entries equal to one. Then

det(A + aJyxn) = det(A) + alladj(A)1,,

where « is an real number and adj(A) is the adjugate matriz of A.

Lemma 2.3 (Lemma 3, [10]). For any real numbers ¢,d > 0, we have

_ 1 d
(CIn - dJnxn) l= EIn + mjnxn

One famous resistance distance-based parameter call the Kirchhoff index of G is

defined as:
Kf(G) = Z 7’2']',
i<j

where 7;; denotes the resistance distance between two arbitrary vertices v; and v;
in electrical networks with replacing every edge by a unit resistor.

Gutman and Mohar [12] and Zhu et al. [23] derived independently the Kirchhoff
index of a graph in terms of Laplacian spectrum as follows:

Lemma 2.4. Let G be an n-vertex connected graph. Then
1

Kf(G) = nzm (2.1)

where 0 = p1(G) < p2(G) < -+ < pn(G) are the eigenvalues of L(G).

Lemma 2.5 ( [7]). Suppose G be a connected graph with n vertices, {0 = u1(G) <
u2(G) < -+ < pn(G)} ds the spectrum on the Laplacian matriz of G. Then the
number of spanning trees of G is

7(G) = [liss (@)

n

The M-coronal T'js(z) of an n x n matrix M is defined [6,20] to be the sum of
the entries of the matrix (zI,, — M)™!, that is,

T () =10 (2l, — M) '1,,. (2.2)

to a constant t, then I'y(z) = 2.

Lemma 2.6 (Proposition 2, [6]). If M is an n x n matriz with each row sum equal

3. Spectra of splitting V-vertex join

In this section, we will first concentrate on the A-spectra, L-spectra, Q-spectra of
splitting V-vertex join for two regular graphs and then consider some applications
of related results.

Let G; be an r;-regular graph on n; vertices for ¢ = 1,2. By Definitionl.1, the
vertices of G ¥ Go are partitioned by V(G1) U S(G1) U V(G2), where V(G;) =
{v1,v2,...,0n, }, S(G1) = {v],vh, ..., 0], } and V(G2) = {u1,ug,..., Un,}.

" Yng
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Obviously, the degrees of the vertices of Gy Y G5 are:

da,va, (vi) = 2r1 + na, 1=1,...,n1,
, .

dGlyGQ(Ui)Zrl, 7,21,...,711,

da,va, (uj) = ra +na, J=1...,na.

3.1. A-spectra of splitting V-vertex join

The adjacency matrix and the degree diagonal matrix of G; ¥ G5 can be expressed
in the form of block-matrix according to the ordering of V(G1), S(G1) and V(Gs)
as follows:

A(G1) A(G1) Jnyxns

A(G1Y.G2) = | A(G1) Onyxny Onyxcny | (3.1)
Jnaxng Onyxny A(G2)

(2r1 +n2)In, Onyxcny, Onyxens

D(G1 Y Gs) = On, xcns 11, On, xcna . (3.2)

On2><n1 Onzxnl (T2 +n1)17l2

Theorem 3.1. Fori = 1,2, let G; be an r;-reqular graph with n; vertices. Then
the adjacency spectrum of G1 Y Go consists of:

(1) N\j(G2) for each j =2,3,...,n2;
(ii) two roots of the equation z* — \;(G1)x — A\2(G1) = 0 for each i =2,3,...,ny;

3

(ii3) three roots of the equation x> — (r1 + r2)x? — (r} +ning — rira)x + rirg = 0.

Proof. According to (3.1), the adjacency characteristic polynomial of G1 Y G5 is
faevan) (@) = det (2Ion, 40, — A(G1 Y. G2))
x[nl - A(Gl) —A(Gl): —Jannz

= det —A(Gy) Tln, | Onyxng
,,,,,,,,,,,,, R
J’I’LQ Xni Onz)(nl "’L‘I’ﬂz A(G2)
= det (x]n2 - A(Gg)) det(S) = (1’ - (GQ)) det(9), (3.3)
j=1

where

al,, — A(G1) —A(Gy)
~AGY)  al,

S =

_ ~JInaxna (x[n2 — A(GQ))il (_Jngx’ﬂl Onzxnl)

On1 Xng
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is the Schur complement of zI,,, — A(G2) obtained by applying Lemma 2.1. By
using (2.2), we have

xl,, —A(G1) —A(G1) ~Inixn,
S = - g L 4(G2) (®) Tz xns (_Inzxm 0”2”1)
—A(Gy) zlp, Ony xns

‘r‘[nl - A(Gl) - FA(GZ)(‘T)JTLI X1n1 _A(Gl)
—A(Gl) Z‘Inl

Thus, based on Lemma 2.1 again, we have

1
@Wﬂ:dm@hg¢%@h{fMGQfFM@ﬂ@%mmfEA%Gm

=™ (det (21n, — A(Gy) — %A2(G1)) — T a(a,)(@)1y,adj (1, — A(G1)
Lo
——A(G)1,, )
= 2™ det (z1,, — A(G1) — éAQ(Gl)) X {1 — T aay (@)L (21, — A(G)
1 5 1
— —A%(G) 'L,

n 1
="t det (ZCInl — A(Gl) — ;AQ(G1>) X |:1 — FA(GQ)(m)FA(G1)+%A2(G1)($)]

= o™ det (zl, — A(G1) — %A%Gl)) - {1 - (- 7“2)2:712“ - Tj)]
= ] (- M@0 - @) = - T J (3.4)
Combining with (3.3) and (3.4), this gives
facva,)(r) =™ 1”:2[ (a? - )\j(G2)) 1":1[ (l‘ = Xi(G1) — %&%Gl))
. {1 - (x — rg)(gcl —2r1 — TE)]
:Ii(x—AﬂGg>I1@3—AAGﬂx—AﬁGQ)

j=

2 =2
X (a® = (r1 +72)a® = (] + mma = rir)a 4+ 7).

The desired results holds. O

3.2. L-spectra of splitting V-vertex join

In this subsection, the spectrum of Laplacian matrix of G Y G5 is detrmined in the
following theorem. Then explicit closed formula of Kirchhoff index and the number
of spanning trees of G; ¥ G5 are derived in terms of the Laplacian spectrum.
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Theorem 3.2. Fori = 1,2, let G; be an r;-reqular graph with n; vertices. Then
the Laplacian spectrum of G1 Y Gy consists of:

(i) n1+ p;j(G2) for each j =2,3,...,ny;

(ii) two roots of the equation x®—(2r1+na+u;(G1))x+nar; —pu2 (G1)+3ripi(G1) =
0 for each i =2,3,...,n1;

(iii) three roots of the equation x3 — (2ry +ny + no)x? + (2ring + ring)x = 0.

Proof. Combining with (3.1) and (3.2), we get the Laplacian matrix of G ¥ G
as follows:

L(G1 Y Ga) = D(G1 Y Ga) — A(G1 Y. Gs)

(27”1 + Tlg)[nl — A(Gl) —A(Gl) _Jnl X2
= —A(Gy) 711, Oni xns
_Jn2><n1 O’I’LQX’I’Ll (TQ + nl)ITLQ - A(Gz)

(T’l + ng)Inl + L(Gl) —A(Gl) _Jn1 Xn2
= _A(Gl) 7’1]”1 Onl X Mo
_Jn2><n1 Onz)(nl nll’ﬂz + L(GQ)

This leads the Laplacian characteristic polynomial of G; ¥ G5 below

fL(G1¥G2)('T) = det (xIin—Q—nQ - L(Gl v Gg))

(Z‘ — 7Ty — ng)Inl — L(Gl) A(Gl) : Jann2
N AG) . ,Tl,){"i:, __ Onoans
anan On2><n1 :(x - nl)Inz L(G2)
= det ((z — n1)In, — L(G2)) det(S) = [ [ (z — 1 — p5(G2)) det(S),
j=1
(3.5)
where
S P—

(x —ry —na)l,, — L(Gy)
A(Gr)

(
Jnl Xng

- ( ) ((z = n1)ln, —
On1 XMno

(

_ (x —r1 —na)l,, — L(Gy)
A(Gr)

(G1)

x —11)1n,

L(GQ))il <Jn2><n1 OanTL1)
(G1)

x —11)1n,

On1 Xno

I’I’Ll na —
- ( ) ) 1712 (122 ((1' - ’17,1)]“2 - L(GQ)) 11”2)122 (Inzxnl On2><n1>
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((x =), — L(Gh)  A(GH) )
A(Gl) (Sﬂ*?"l)]’nl

I, «

On1 Xno

((x — 11— n2) oy — L(G1) — Dpn (@ — 1) Jorm, A(GH) )

A(Gy) (x —r1) 1,
is the Schur complement of (z — ny)I,, — L(G2). And in a similar way, we get
det(S) =det ((z — r1)In,) det ((z — 71 — n2) L, — L(G1) — T(Gy) (@ — 1) Ty ny
—A%(G)

r—Tr

—(z — )™ (det (@ = 1 = no) I, — L(Gy) —

1
r—"r

A*(Gy))

. 1
— Ty (@ — n;l)lf1 adj((x —r1 —ng)In, — L(Gy) — m/ﬁ(@ﬁ))lm)
1

xr—nr

:(1’ — 7“1)"1 det ((3? - T — nz)]nl — L(Gl) — AQ(Gl))

1 _
X [1—1"L(G2) (z—n1)1] ((x—r1—n2) I, —L(G1)— m142((;1)) 11n1}
1

xr—T"T

A*(Gh))

=(z —ry)" det ((z — r1 — ng) I, — L(Gy) —

X {1_FL(G2)(m_n1)FL(G1)+ 1 Az(Gl)(x—Tl—ng)]

L 2@

xr—"nr

:(Jj — ’r‘l)nl det ((Z‘ - Ty — nQ)Inl - L(Gl) -

| ]
x [1— =
(x—ni)(x—r—n2— ;22-)

=@—-r)" ] (SC =711 —n2 — pui(Gr) — o j

i=1

(r1 — 1(G1))?)

1

‘ [1 S e — )} (3.6)

Substituting (3.6) to (3.5), we obtain

fL(Gle‘z)(x) =(z — rl)nl X [1 - m r2 :|
(z—n1)(x—r1—n2 — —L)

T—71

n

N

(.’L’*?’ll*ﬂj(GQ)) ﬁ ($*T1*n2*ui(G1)*w_1r (T1*ui(G1))2)

=1

1

<.
Il
=

(a: — N1 — (Gz)) lnj (m2 — (2r1 + n2 + pi(G1))x + nar1 — H?(Gl)

Il

2

J

+ 31"1,ui(G1)) X (m3 —2ri+n1+ ng):z:2 + (2rini + 7"117,2)17).
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Evidently, the result yields. O

In the subsequent section, we will compute the Kirchhoff index and the number
of spanning trees of the splitting V-vertex join for a connected regular graph G
and an arbitrary regular graph Go as applications of Theorem 3.2.

Corollary 3.1. Fori=1,2, let G; be an r;-reqular graph with n; vertices. Then

2r1 +n1+n - 2r1 +ng + 1 (G
1 1 2+Z 1 2 ,u( 1)

K v =(2
J(G1 ¥ Go) =(2m + nQ)( 2riny + ring nory + 3r1pi(Gr) — 2 (Gh)

+3 )

Jj=2

1=2

Proof. According to (2.1), we know Kf(G) = n) ., ﬁ, where p; is the
Laplacian eigenvalues of G. So the Kirchhoff index K f(G1 Y G2) can be computed
below. First, applying Theorem 3.2 (i), we obtain

pi(G1 Y G2) = n1 + p;j(Ga), (3.7)

where j = 2,3,...,n2. So

1 1

pi(G1Y Gy) — my+ pi(Ga)'

Next, using Theorem 3.2 (i), we have the Laplacian eigenvalues of G; Y Go
consists of two roots (31 , B2 of the equation

x? — (2r1 4+ ng + pi(G1))x 4+ ngry — p2(Gh) + 3r1ui(G1) =0 (3.8)
for each eigenvalue p;(G1), where i = 2,3,...,n;. Hence, by Vieta Theorem, we
have

1 1 2 i .
+7751+[32: rt e+ (G forv=2,3,...,n1.

Bi B Bif nory + 3ripi(Gr) — 3 (Gr)’

And then, by Theorem 3.2 (#ii), we have u1(G1 Y G3) = 0. Then the other two
roots of the equation

23— (2r) +ny +no)x? + (2ring +ring)z =0 (3.9)
expressed as x1,x2. Due to Vieta Theorem, we get

1 1 _x1+x2_2r1+n1+n2

I T2 T1X2 277,17"1 + 7r1ine '

Note that |V(G1 Y G3)| = 2ny + ny. Therefore, the Kirchhoff index of G; ¥ G3 is
related as

2r1 +n1 +no i 2r1 +ng + /.Li(Gl)

K v =(2
f(Gl G2) ( ni + n2)( 27“1”1 +ring - Nty + 3’1"1,LLZ'(G1) 7 Ng(Gl)

+3 G

=2

1=
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Corollary 3.2. Fori=1,2, let G; be an r;-reqular graph with n; vertices. Then

T(Gl v GQ) =7 H (7’L2T1 + 3T1/1,i(G1) — M?(Gl)) . H (711 + Mj(Gg)).
i=2 j=2
Proof. Using Lemma 2.5, we know
" (G
T(G) — Hz:QM ( ) (310)

n

In order to get the result, we consider the Laplacian eigenvalues of G; ¥ G5 in the
following way:
From (3.8), we have

B1B2 = nary + 3r111;(G1) — 2 (Gr), (3.11)

where i = 2,3,...,n1.
From (3.9), we have

1T = 2n17r1 + ring. (3.12)

Substituting (3.7), (3.11) and (3.12) to (3.10), we obtain

ni

7(G1 Y Gs) :ﬁ ((2r1n1 + 7112) H (nary + 3ripi(Gh) — i (Gh))
_H (n1 + ,uj(Gz)))
=T H (n27“1 + 3r1ui(G1) — M?(Gl)) : H (”1 + Mj(Gz))-

3.3. Q-spectra of splitting V-vertex join

At this place, we now focus on determining the signless Laplacian spectra of G1 Y Gs
in terms of the signless Laplacian spectra of G; and Gs.

Theorem 3.3. For i = 1,2, let G; be an r;-reqular graph with n; vertices. Then
the signless Laplacian spectrum of G1 Y Gy consists of:
(1) n1 +v;j(Ga2) for each j =2,3,...,ng;

(ii) two roots of the equation x?—(2r1+ng+v;(G1))z+nor1 —v2(G1)+3r1v:(Gy) =
0 for eachi=2,3,...,n1;

(iii) three roots of the equation x> — (471 +mny +no+2r2)x? + (2rf +8r1re +4ring +
2rong + ring)x — —2r2ny — 4r2ry — 2ryreng = 0.

Proof. Combining with (3.1) and (3.2), the signless Laplacian matrix of G; ¥ G,
can be expressed as:

Q(G1Y Gy) = D(G1 Y Ga) + A(G1 Y G)
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(21“1 + ’I”LQ)Inl =+ A(Gl) A(Gl) Jn1 XM
- A(Gl) 7/'1-[’n,1 On1 Xna
an XNy On2><n1 (T2 + nl)Inz + A(GQ)

(r1+n2)ln, + Q(G1) A(Gh) Inyxns
= A(Gy) 110, Ony xns
Jng Xnq Ongxnl nllnz + Q(GQ)

Thus, the signless Laplacian characteristic polynomial of G; Y G» is

TQ(Grven (x) = det (2120, 1ny — Q(G1 ¥ Go))

(=11 —n)ly —QG1) —AG) | —Juyxmn
= Ay @=r)hyi  Owmxna
JTLQX’le Ong X1n1 :(I‘ - nl)ITLQ Q(GQ)
= det ((z — n1)In, — Q(G2)) det(S) = H (z —n1 — vj(G2)) det(S),
"~ (3.13)
where
5 (=11 —n2)ln, —Q(G1) —A(Gh)
—A(Gl) (.Z‘ — Tl)Inl

_ (_Jnlxm) ((x —ny)ln, — Q(G2))71 (_anxnl On s )

On1 Xno

_[@=ri =)L, = QG —AGY) )
—A(Gl) (.Z' — Tl)lnl

O’I’L1 Xng

—I, xns _
- ( g ) 1n, (1322((1‘ 777’1)]"2 - Q(G2)> 11”2)177772 (_In2><7n On2><n1)

_[@=ri =)L, — QG —AGY) )
—A(Gl) (l‘ — Tl)Inl

_In Xn
- ( ' 2) FQ(Gz)(z - nl)JTLQXTLQ (_I’I’LQX’I’Ll Ongxnl)

O’I’L1 Xng

(@1 = n2)h — QG = T (@ = 1)y —A(G) )
—A(GY) (@ =)l )
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is the Schur complement of (z —ny)l,, — Q(G2) obtained by applying Lemma 2.1.
Similarly, we have

det(S) =det ((z — r1)In,) det ((z — 11 — n2) L, — Q(G1) — To(aa) (@ — 1)y sy

1
r—T"Tr

=(x—r)™ (det ((m —ry —ng)l,, —Q(Gy1) —

A*(Gh))

1
r—Trr

A*(Gh))

. 1
- FQ(Gz)(JU - m)lfladj((x —ry —ng)l,, — Q(Gy) — HAQ(Gl))lm)
1

r—"r

X |1=Dggy) (x—n1)1] ((z—r1—n2) I, —Q(G1)—

=(z —r1)" det ((z — 11 — n2)In, — Q(G1) —

A*(Gy))
1

xr—7Tr

:(x — 7’1)”1 det (({E - T — 77/2)_[”1 — Q(Gl) — 1‘%7‘1142((;1))

AQ(Gl))‘Hm}

X -]. — FQ(GQ)(x — nl)FQ(G1)+ 1 AZ(Gl)(‘r - 7Ty — nz):|

T—7r]

1
:(J: — Tl)nl det ((33 - T — TLQ)Inl — Q(Gl) — T r AQ(Gl))
At
X -1 — e =
L (z—n1—2r2)(x—3rp —na — milrl)
ni - 1 2
:(J]—Tl) il:[l(x—rl—ng—ui(Gl)— Z—11 (VZ‘(G1>—7“1) )
x {1— it ; } (3.14)
(x —nyg —2rg9)(x — 3ry — ng — wilh)
Substituting (3.14) to (3.13), we obtain
faGives) ()
:(fE — Tl)nl |:1 — e 2
(x —ng —2rg)(x — 3r; —ng — milrl)
ng ni 2
1 (m —ny — l/j(GQ)) ll;[ (.’17 — 71— Ny — Vi(Gl) - Z— 1 (l/l(Gl) - 7“1) )
= (x —ny — Vj(G2)> H (1’2 — (27“1 + no + I/l(Gl))x + nory — V?(Gl)

Il
N

J =2
+ 37’11/1‘((;1)) X (1‘3 — (47’1 +n1 +no + 27"2)(132 + (27‘% + 87‘1’["2 + 47’1711

+ 2rong + Ting)x — 2ring — 4riry — 2r1r2n2).

Obviously, we get the result. O
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4. Spectra of splitting S-vertex join

In this section, we will consider the A-spectra, L-spectra, (Q-spectra and some ap-
plications of splitting S-vertex join for two regular graphs.

Let G; be an r;-regular graph on n; vertices for 4 = 1, 2. Similarly, the vertices of
G1AGy are partitioned by V(G1)US(G1)UV (G2), where V(G1) = {v1,v2, ..., 0n, }
S(G1) = {vi,vy, ..., v }, V(G2) = {ur,ug, ..., Un, ).

Evidently, the degrees of the vertices of G A G4 are:

da,ra, (Vi) = 2r1, i=1,...,n,
/ .

da,xa, (V) = r1 + na, i=1,...,n1,

dg,ra, (uj) = ro +nq, j=1,...,no.

4.1. A-spectra of splitting S-vertex join

The adjacency matrix and the degree diagonal matrix of Gy AG2 can be represented
in the form of block-matrix on the basis of the ordering of V(G;), S(G1) and V(G2)
as below:
A(Gl) A(Gl) 0711 Xng
A(Gl A GQ) = A(Gl) Onlxnl Jnl X Mg : (41)
On2><n1 J7l2 Xy A(G2)

2rl-ln1 On1 Xni O’I’Ll Xno
D(Gl A Gz) = On1 X1y (Tl + nQ)Inl On1 X1 . (42)
O’n.g Xny OnQan (TQ + nl)In2
Theorem 4.1. For i = 1,2, let G; be an r;-reqular graph with n; vertices. Then
the adjacency spectrum of G1 A Go is composed of:
(i) Nj(G2) for each j =2,3,...,n9;
(ii) two roots of the equation % — \;(G1)x — A\2(G1) = 0 for each i =2,3,...,ny;

(iii) three roots of the equation x3—(r1+ry)x®—(ri+ning—rire)z+rirg+ningr; =
0.

Proof. Based on (4.1), we know the adjacency characteristic polynomial of G1 AG4
is

faGire,) () = det (2Lon, 10, — A(G1 A G2))

2y, — A(G1) —A(G1)!  Oun,xny

= _A(Gl) x‘[nl : Jnl Xngz
,,,,,,,,,,,,, I
OTLQan *Jn2><n1‘xln2 A(GQ)

= det (21, — A(G2)) det(S) = [ ] (z — A;(G2)) det(S).  (4.3)

Jj=1
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where

5 :<$In1—A(G1) —A(G1)> _ ( Ony xny ) (xInZ—A(Gz))_l(Onzxm —Jn2><n1)

*A(Gl) xLu *Jnl X Mo

B xI,, — A(Gy) —A(Gh)
—A(Gl) fEInl - FA(Gg)(x)Jn1 Xny

is the Schur complement of «I,,, — A(G3). Thus, using Lemma 2.1, we get
det(S) =det (2In, — T a(Ga) (@) Jny xny ) det (um — A(Gh) — A(G) (T

- FA(GQ)(l’)Jn1Xn1)71A(G1))
Laes) (@)

T

T aay) (@)
:L’(.’E — ner(GZ)(-T)) Jn1 an)A(Gl))

La(G,) (@)ma
i

=" (1 - ) det (w1, — A(G1) - (Gl)( 1(Gh)

—z™ (1 _ ) det, (Ilnl — A(Gl) - éAZ(Gl)
I'a(cq) ()

- A(G1)Jny xn A(G1
z(z — il acay) (@) (@) (@)

I
— (1 — A(ngi(x)m) det (-I:Inl _AG) - iA2(G1)

iy (@)
x(m — nll"A(GQ)(m))

=" (1 FA(GQ#)(%)M) (det (xln, — A(Gr) — %AQ(Gl))

Tnxns )

2
1T Ay (%) T . 1
— 1 dj(zl,, — A(G1) — —A°(G1))1,
x(m—nlfA(GZ)(:c)) nlaj(x ! (G1) z ( 1)) 1)

" I z)n 1
(- %()1) det (a1, — A(Gr) — — 43(G1))
2
11 a(Gy) () T 1 5 1
1— 1 I., — A(G1) — =A% (G 1,
<[ Ty 7 I A A G

~ FMG#W) det (¢1, — A(G1) ~ + A*(Gh))

T%FMGQ) (x)FA(G1)+%A2(G1) (m)}
z(z — il a(a,)(2))

ni

:xm(l_%)n(m_M(Gl)—%A?(Gl))

r(wr—r2)” 5

- {1 T n%i(x —r - %)] (4.4)

Substituting (4.4) to (4.3), we have

no

Faiman (@) =" (1 — 2 H M(G) — 1) H

.’E—TQ -1 -
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" [1 B nlngrf _
w(z —ro) (e — 22 (x —r — 1)
= 1 (1: — )\j(G2)> 1_1[ (5172 - Ai(Gl)x - A?(Gl))

=2

2
x (2% = (r1 4+ r2)a® — (r] + nung — rire)z 4+ rira + ninary).

4.2. L-spectra of splitting S-vertex join

Combining with (4.1) and (4.2), the Laplacian matrix of G; A Gy can be written as:

L(G1 A Go) = D(Gy & Ga) — A(Gy 7 Ga)

L, — A(GY) —A(Gh) Ony s
= —A(Gh) (r1 +no)ln, —Jn1 xns
Onyxng —Jnoxn, (re+ni)l,, — A(Gs)
ril,, + L(G1) —A(Gh) Ony xnsy
= —A(G1)  (rmtne)ln, —Jnixns : (4.5)
Onyxny —Jnyxn,  M1ln, + L(G2)

As a summarize of the above analysis, we present the following theorem which
gives the Laplacian spectrum of G; A G2 in terms of the Laplacian spectra of G
and Gs.

Theorem 4.2. Fori = 1,2, let G; be an r;-regular graph with n; vertices. Then
the Laplacian spectrum of G1 A Go consists of:

(1) n1+ pj(Ga) for each j =2,3,...,n9;

(ii) two roots of the equation x*— (2r1+n2+ui(G1))m+n2T1—u?(Gl)—i—Srlui(Gl)—i—
napi(G1) =0 for each i =2,3,...,n1;

(iii) three roots of the equation x3 — (11 +ny +ng +2)x? + (2n1 +2ng + 7101 )z = 0.

Proof. By (4.5), the Laplacian characteristic polynomial of Gy A G is

freirgs) (@) = det (21, 4n, — L(G1 A G2))

(‘T - Tl)Inl - L(Gl) A(Gl) : Onl X Mo

= A(Gl) ({,E i 77‘2)]”1 : Jnl Xng
,,,,,,,,,,,,,,,,,,,,, e ——m—— =
On2><n1 Jn2><n1 ‘(-T - nl)Inz L(GQ)

Jj=1
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where
o (# —r1)In, — L(Gh) A(Gh)

A(Gl) (l’*?"l 7TL2)In1

Onl n2 _

- ) ((‘T - nl)lnz - L(GQ)) ! (Ongxnl Jngxn1>
J’I’Ll XNg
| @ =r1) I, — L(Gh) A(Gh)

A(Gr) (x —r1 = n2)ln, — e, (T —n1)Jnyxn,

is the Schur complement of (x — ny)I,, — L(G2). So, due to Lemma 2.1 again, we
get

det(S)
=det ((ac — 71 —n2)ln, — T, (e — nl)Jnlxm) det ((m —r1),, — L(Gh)
—A(G1)((z = r1 = n2)Iny, — Ty (@ — n1)dn, xm)flA(Gl)>

n n [ (z —m1)
=(z—r —n2)" (1 - %) det ((z — 1) In, — L(G1) — A(Gh)

( 1 oy Crcy) (@ —mn1) )Jnlxnl)A(G1)>

T—7r1—ny (x—r1—n2)(z—r1—n2 —nilpay) (. — 1)

1
Tr—T1—n2

(o= =gy (1= PLEEn@ =)y (= ri)u, — L(G) - A%(G)

r—T1 — N2

r —
L(Gz)(m nl) A(G1)Jn1><n1A(G1))

a (x—r1— ng)(w —r1—n2 —ml gy (@ — nl))

n mT g, (x —n1)
:(.T —7ry — ng) 1 (1 — ﬁ) det ((.T — Tl)lnl — L(Gl)

1 2 T Ly (T — n1)
- A°(G1) — JInixn
T —7r1—ng (G) (x—rl—ng)(:ﬁ—rl—ng—anL<Gz)(m—n1)) 1 1)
gy MGy (@ —m) B 3
=(z =71 —n2)™ (1 P— )(det (@ = 71)Tny — L(G1)
2
r _
_ 1 A?(Gl)) _ 1 L(G2)($ ’I’L1)
T —T1— N2 (x—r1—n2)(z—r1 —na — TGy (@ —n1))
T . 1 2
1,,adj((z = r1)In, — L(G1) — mA (Gl))lm)
=(x—7r1 —n2)" (1 - w) det ((z — r1)In, — L(G1) — ;AZ(GQ)
T—T]—Nna ! T —1T1— No
o [1 _ TGy (z — 1)
(x—r1— nz)(x —r1—n2 —mlpg,) (e — nl))
T 1 1
10 (@ = )y = L(GH) = e A%(G) 1
n 'L gy (® —na) 1
:(.’B —7Trr — ng) 1 (1 — ﬁ) det ((.T — Tl)[nl — L(Gl) — m(’f’l]nl

2
7ﬁlrL(G?)FuGlH 1 A2(G1)(Z_T1)(x —m)

T—71]—ng

_L(Gl))Q) x [1_

(x—m — ng)(:r —r1—n2 —mlpg,)(z — nl))
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_ _ _ ni _ ninz
_(:v 71 n2) (1 (x—nl)(x—ﬁ _n2))
ni 1 )
X ll:[l (ZL‘ —7r1 — ,LLZ(Gl) — m(?"l - ,LL;(G1)) )
% |:1 _ anZQT%
T‘2
(z—m)@—-—rm-—n)@—r—n— 22) (-1 — 1)
Consequently, we obtain
fL(Glez)(x)
n2
nin2
(& — 11 —na)™ (1 — —ny— 15(G
(x —r1—mn2) ( (m_nl)(x—’r‘l—ng))]l:[l(x ny — 2))

ﬁ (l“ =711 — wi(G1) — ;(Tl - Mz'(Gl))z)

: T —T1—n2
=1

TL1’I7I2T%

X {1 _
(z —nmi)(z =11 —ng)(x —r1 —ng — 222 )(x — 1y — ;)

:H (.%‘2 — (27”1 + no + ,Uq(Gl))l' + nory — /J,ZQ(G1) + 37‘1/L¢(G1)
=2

+ ’flg,ui(Gl)) X (ZIJS — (7‘1 +ny +ng + 2)1‘2 + (2111 + 2no + ’/’1711)58)
na

H (LC —Nni — ﬂ](GQ))

Jj=2

O

According to Theorem 4.2, we will formulate the Kirchhoff index and the number

of spanning trees of the splitting S-vertex join for a connected regular graph G
and an arbitrary regular graph G.

Corollary 4.1. Fori=1,2, let G; be an r;-reqular graph with n; vertices. Then

_ ri+ny+ng+ 2 12 1
Kf(G1 A Ga) =(2 (
f( ! 2) (n1+n2) 2n1+2n2+7’1n1+j§n1 +,uj(GQ)

ni

2r1 + no + pi(Gy)
+ .
; nor1 — pF (G1) + 3ripi(Gr) + nzui(Gl))

Proof. Using (2.1), we have K f(G) =n Y., , ﬁ, where 1;(G) is the Laplacian
eigenvalues of G. Now the Kirchhoff index K f(G1AG2) can be computed as follows.
According to Theorem 4.2 (i), we obtain

1i(G1 A Ga) =y + 115 (Ga), (4.6)
where j = 2,3,...,n2. Thus

1 1

pi(GL AG2)  ny+ py(Ga)’
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Next, by Theorem 4.2 (i), we know two roots a; , as of the equation
% — (2r1 4+ ng + ui(Gl))x +ngry — p2(Gr) + 3ripi(Gr) +nopi(G1) =0 (4.7)

are the Laplacian eigenvalues of G Y G, for each eigenvalue p;(G1),4=2,3,...,n1.
Hence, applying Vieta Theorem, we have
1 1 @1 + Q2 2T1+n2+/1,i(G1)

[ = , fori=2,3,...,n;.
a1 s 10 nary — p2(G1) + 3r1pi(Gr) + napi(Gr) !

Finally, on the basis of Theorem 4.2 (iii), we have pu;(G1 A Go) = 0. Then the
other two roots of the equation

= (r1+n1+no+ 2)x2 + (riny + 2n1 4+ 2n2)x =0 (4.8)
are y1,y2. In the light of Vieta Theorem, we get
1 _|_i_ Yy1+y2  ri+ni+ng+2

Y1 Y2 Y1Y2 r1ng 4 2nq 4+ 2ng

Note that |V(G1 A G2)| = 2ny + ny. Therefore, the Kirchhoff index of G1 A Gy is
below

ny

_ r1+ny+ng + 2 1
K =(2
J(GLAGo) =(2m +na) (2n1 + 2ng + 11y ; n1 + p;(Ga)
— 21 + na + pi(Gh)
+ .
; nory — p2(Gr) + 3ripi(Gr) + TZQ,Ui(Gl))

O
Corollary 4.2. Fori=1,2, let G; be an r;-reqular graph with n; vertices. Then

n1

H (nor1 — pf(G) + 3ripi(Gh)

=2

_ 2, +2

2711 —+ no

n2

+ napi(Gh)) H (n1 4 1;(G2)).

j=2
Proof. According to Lemma 2.5, it is easy to obtain that

(@) = Hiza (&), (4.9)

n

Due to Theorem (4.2), we investigate the Laplacian eigenvalues of G; A G2 in the
following way:
From (4.7), we have

a1g = NaT’1 — ,LL?(Gl) + 37"1,LL¢(G1) -+ nQ/Ji(Gl), (410)

where i = 2,3,...,n1.
From (4.8), we get

Y1y2 = 2n1 + 2ng +ring. (4.11)
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By the above equation (4.9), combining the equations (4.6), (4.10) and (4.11), we
can get

ni

_ 2n1 + 2no +1r1n7 2
T(G1/\G2): H(ngrl—ui(Gl)—i—Smm(Gl)
2711 —+ no ieo
+m2pi(G1)) [ (n1 + 1(G2)).
j=2

4.3. Q-spectra of splitting S-vertex join

By adding (4.1) to (4.2), the signless Laplacian matrix of G; A G2 can be expressed
as:

Q(G1 A Ga) = D(Gy A G) + A(G1 7 Ga)
2r1L,, + A(G1)  A(Gh) Ony xcns
= A(Gh) (r1 +n2)ln, Ty xna
Onyxn,y Jnyxny  (r2 +n1)ln, + A(Ga)
ril,, +Q(G1)  A(Gy) Ony xny
= A(Gy) (r1 4+ no)In, Ty xns . (4.12)
Oy xny Jnaxns  N1dn, + Q(G2)

Theorem 4.3. For i = 1,2, let G; be an r;-reqular graph with n; vertices. Then
the signless Laplacian spectrum of G1 A Go consists of:
(i) n1 +v;(G2) for each j =2,3,... ny;

(ii) two roots of the equation x*— (27"1 +n2—|—l/i(G1))x+n27'1 —12(G1)+3r1v;(G1)+
nov;i(G1) =0 for each i = 2,3,...,n1;

(iii) three roots of the equation x — (4rq +2ry +nq +no)x® + (2rf +4r1ng +3ring +
2rong + 8r17r9)T — 4r3rg — 2ring — 6ryrang = 0.

Proof. According to the (4.12), the signless Laplacian characteristic polynomial
of Gl A G2 is

facire) (x) = det (2Izp, 4n, — Q(G1 A Ga))

(I - rl)Inl - Q(Gl) 7A(G1) : On1 X Ng

= _A(Gl) (‘T —T = nQ)Inl : _Jﬂl Xna
,,,,,,,,,,,,,,,,,,,,, mm——mmm———— -
Onzxnl Jn2><n1 1(1' - nl)Ing Q(G2)

n2

= det (2 — n1)In, — Q(G2)) det(S) = [ [ (z — n1 — v(Ga2)) det(S),

Jj=1
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where
S . (l‘ — Tl)Inl — Q(Gl) —A(Gl)

—A(Gl> (.Z‘ — 7Ty — ng)Inl

Ony xny _

- ) ((1‘ - nl)Inz - Q(GQ)) ! (On2><n1 _Jng Xn1 )
_Jnl Xng
. (.’L‘ — Tl)Inl — Q(Gl) A(Gl)

A(Gh) (x =71 —n2)ln, — Tgeay)(® —n1)Jn; xn,

is the Schur complement of (x —ny)I,, — Q(G2). Therefore, by Lemma 2.1, we get

det(S)
=det ((33 —ry — ’I’Lz)[nl — FQ(GQ)(x — nl)Jn1Xn1)

det (@ = r1)Iny = Q(G1) = A(G1) (@ = 71 = n2) Ty = Taz (@ = 11)Jnyxny) ~ A(G1))

T _
(=1 — o) (1= Le@ @ m)
r—T1 — N2

1
det ((:r — ), — Q(G1) — A(Gh) (mI(Gl)
Lo(ay) (@ —m1)
(x—r1—n2)(z —7r1 —n2 — mlga,) (x —n1)
mlg@y)(@—m)),
T —T1 — N2
r _
Y - Q(G2) (T — 1)
T —T1— N2 (x—r1—n2)(x —r1 —n2 — nilg(a,) (z — n1))

x A(Gl)memA(Gl))

+

) o an)A(G1)>

=(x—r1—n2)" (1 -

det ((a: — )y — Q(GY)

mlg(e,) (* — m))

= — — TL11_
(x — 71 —n2) ( pr——

det ((ac — ), — Q(Gy)

1 r20 rT—n

_ AZ(Gl) _ 1 Q(G2)( 1) Jn1Xn1>

T—1r1—no (x—rl—nz)(x—h—nz—mFQ(Gz)(x—nl))
mlg@y)(@—m)), N

T —T1 — N2 T —T1 — N2
_ T%FQ(GQ)(:L’ — nl)

(x—r1— ng)(x —r1 —na —mlge,)(z — nl))

. 1

17, adj((z — 1)y — Q(G1) — A%(G1))1n, )

r—T1—n2

=(@—r1—n2)" (1— (det (& — 1) Tny — Q(G1) — A2(Gh))

" n1lgay) (T — 1) 1
=(@—r1—n2)"" (1 - ﬁ) det ((z — r1)In, — Q(G1) — mAQ(Gl))
« [1 _ T’%FQ(GQ)(‘%' — 7’L1)
(x—r — ng)(x —r1—n2 —mlgay (T — nl))
1 —1
1, (@ =)oy, — Q(Gh) — mAQ(Gl)) 1n1}
1

w) det ((z —r1)In, — Q(G1) —

n1
—(z — 1 — 1—
(I " n2) ( r—T1 —nNng r—Tr1 —ng
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T—r1—ng

[ riToen (@ = n)loa 1 azien (@ —7’1)]
>< J—

(Q;‘ —r1 — nz)(m — 71 —n2 — anQ<G2)(m — nl))

n nin2z
=(z—r — 1(1—
(@ = —n2) ( (m—rl—nz)(x—nl—Qrz))
ny

H (m —r1 —vi(Gy) — ;(Vi(Gl) - 7"1)2)

" T —T1L—n2
i=1

" [1 3 ningr
7‘2 :
(z =71 —n2)(x —n1 —2r2)(x — 11 — N2 — - )z —3r1 — pra—— s )
Thus, we know
faGiray) (@)
ning
=(x—r; —no)" (1 —
( ! 2)" (x—rl—ng)(x—nl—Qrg))
no ny 1 5
(1‘ —niy — Vj(Gg)) H <JJ — 7Ty — l/i(Gl) — 7(VZ(G1) — 7’1) )
=1 i T—1r]—na
><|:1 - nlngr%
7‘2
(x—r —n2)(z—n —2r)(x — 1 —no — =2 )(x — 3 — 1)
ny

= H (582 — (2’/“1 + no + Z/Z(Gl))x —+ nory — l/lQ(Gl) + 37"11/1‘(G1)
i=2
+ nQVi(G1)> H (a: —ny — l/j(GQ)) X (a:3 — (4r1 + 2ro +nq + 77,2)1’2
=2

+ (27‘% + 4riny 4 3ring + 2rong + 8rirs)x — (47“%7"2 + 27"%711 + 6r1r2n2)).

5. Non-regular simultaneous cospectral graphs

In 2010, Butler [4] constructed simultaneous cospectral graphs for the adjacency and
normalized Laplacian matrices, and asked the same for all three matrices, namely,
adjacency, Laplacian and normalized Laplacian. In this section, we also consider
simultaneous cospectral graphs but for the adjacency, Laplacian and signless Lapla-
cian matrices. We use the spectra of graph operations based on splitting graph and
construct several classes of non-regular A-cospectral, L-cospectral and Q-cospectral
graphs which promote the problem asked by Butler [4].

Applying the definition of Laplacian and signless Laplacian matrices, we can
easyly obtain the following lemma which is crucial for the proof of the simultaneous
cospectral graphs.

Lemma 5.1. (i) If G is an r-regular graph then L(G) = rI, — A(G) and Q(G) =
rl, + A(G);

(ii) If Gy and Gy are A-cospectral regular graphs then they are also cospectral with
respect to the Laplacian and signless Laplacian matrices.
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Combining with Lemma 5.1 and all the theorems given in the previous section,
we have the following Theorem which explain the existence of non-regular simulta-
neous cospectral graphs for the adjacency, Laplacian and signless Laplacian.

Theorem 5.1. Let G;, H; be r;-reqular graphs, i = 1,2, where Gy need not be dif-
ferent from Hy. If G1 and Hy are A-cospectral, and G and Hy are A-cospectral then
G1Y Gy (respectively G1 AGsy) and Hy Y Hy (respectively Hy A Hs ) are simultaneously
A-cospectral, L-cospectral and Q-cospectral.

As a matter of fact, although G; and H; are regular graphs, G; ¥ G2 (G1 A Gs)
and Hy Y Hy (Hy A Hp) are non-regular graphs.
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