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A NOVEL ITERATIVE METHOD FOR
SOLVING THE COUPLED
SYLVESTER-CONJUGATE MATRIX
EQUATIONS AND ITS APPLICATION IN
ANTILINEAR SYSTEM

Wenli Wang! and Caiqin Song?'

Abstract This paper is devoted to constructing a modified relaxed gradient
based iterative (MRGI) algorithm to solve the coupled Sylvester-conjugate
matrix equations (CSCMEs) based on the hierarchical identification principle.
Convergence analysis shows that the proposed algorithm is effective for arbi-
trary initial matrices. Further, we apply the MRGI algorithm to study a more
general coupled Sylvester conjugate matrix equations and give a sufficient con-
dition to guarantee that the iterative solution converges to the exact solution.
Two numerical experiments are provided to demonstrate that the MRGI al-
gorithm has better efficiency and accuracy than the three existing algorithms,
which are presented by Wu et al. (2010) and Huang and Ma (2018). Finally,
we derive an application of MRGI algorithm in discrete-time antilinear system.
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1. Introduction

Solving matrix equations is a common research topic in system theory, control
theory and stability analysis [7, 12,16, 28,29, 33]. For example, the mean-square
stability of discrete-time Markovian jump linear system

w(k+1) = Apryz(k), x(0) =z, r(0)=ro, (1.1)
can be determined by solving coupled discrete-time Markovian jump Lyapunov
matrix equations [16,29]:

N
A i P)AT — Pi+8; =0, i€el[l,N]. (1.2)
j=1

One of the most important iterative methods is the gradient based iterative (GI)
algorithm. Due to the effectiveness and superiority of GI method, it was enriched by
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many researchers to compute the numerical solutions of various matrix equations.
For instance, Wu et al. solved the solutions to the coupled Sylvester-conjugate
matrix equations [24]

p
> (AiyXyBin + CinXyDiy) = Fi, i € I[1,N], (1.3)
n=1

the extended Sylvester-conjugate matrix equations [26]

AXB+CXD=TF, (1.4)

and a class of complex conjugate and transpose matrix equations [25]

S1

Z(AZXBZ) + i(CZYDl) + i(GlXTHl) + i(MlXHNl) =F, (1.5)

=1 =1 =1 =1

by the GI method. Huang and Ma [14] gave a new convergence proof of the GI
method for solving Eq.(1.3) and answered the problem proposed by Wu et al. [24].
Song et al. [20] and Hajarian [8] investigated the solutions to the coupled Sylvester
transpose matrix equations

P
> (AiyXyBin + Cin X Din) = F;, i € I[1,N], (1.6)
n=1

and general Sylvester discrete-time periodic (GSDTP) matrix equations

> (A XiBij + CijXi1Dij + EyjYiFy; + GijYi Hij) = My, i =1,2,---, (L7)

Jj=1

by the GI method, respectively. Zhang et al. [30-32] also extended the GI algorithm
to the case where the unknown matrices are conjugate, transpose and conjugate
transpose, the case where the unknown matrix is nonlinear, the case where the
coefficient matrix is a column (row) reduced-rank matrix. In addition, Wang et
al. [23] provided the optimal convergence factor of the GI algorithm in order to
solve some linear matrix equations. Deghan and Hajarian [4,9] constructed the GI
method for solving the constraint solutions to linear matrix equations.

In order to reduce the time cost of computation, it is necessary to improve the
efficiency of GI method. Hence, several new iterative methods were researched in
recent years. For instance, a relaxed gradient based iterative algorithm [15, 18, 19]
was established to solve the Sylvester matrix equation, the generalized Sylvester
matrix equation and coupled Sylvester matrix equations. Subsequently, a modified
gradient based iterative algorithm [22] was investigated to obtain the solution of the
Sylvester matrix equation. Based on the two iterative methods mentioned above, an
accelerated gradient based iterative algorithm [27] was studied to solve the Sylvester
transpose matrix equation. Besides, there are various iterative methods that aim to
calculate the solutions of some linear equations, the readers are suggested to refer
to [1-3,5,10,11,13,17,21] for more detailed information.

Inspired by [6,15,24,34], we construct a modified relaxed gradient based iterative
(MRGI) algorithm for solving the coupled Sylvester-conjugate matrix equations
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(CSCMEs)

(AijX;Bi; + CijX;D;;) = F,i € I]1,q], (1.8)
1

P
=
where A;;,C;; € C™iXli By Dy € CmixPi F, € C™i*Pi i € I[1,q],7 € I[1,p]
are the given matrices, and X; € CL*"i j € I[1,p| are the unknown matrices.
It should be noted that the MRGI algorithm has not been mentioned in previous
studies. Numerical results illustrate that the proposed algorithm has better conver-
gence performance than the gradient based iterative (GI) algorithm [24], the relaxed
gradient based iterative (RGI) algorithm [15] and the generalized relaxed gradient
based iterative (GRGI) algorithm [15]. Further, we generalize the MRGI algorithm
to a more general coupled Sylvester conjugate matrix equations

Si1 wi1 Sip Wip
> A XiBiaj+ Y CajXiDij+ -+ Y AipiXpBipi + Y CipiXpDipj = F,
Jj=1 j=1 j=1 j=1

(1.9)

for i € I[1,q]. In addition, only a sufficient condition is shown to analyze the
convergence of the GI algorithm in [24]. In this work, by applying real represen-
tation of complex matrix, Kronecker product and vector operator, the necessary
and sufficient conditions are determined to guarantee the convergence of the GI
algorithm [24]. Meanwhile, the optimal convergence factor of the GI algorithm [24]
is gave.

The organization of this work is as follows. Section 2 introduces some impor-
tant preliminaries and lemmas. Section 3 derives a MRGI algorithm to solve the
CSCMEs (1.8). Section 4 shows detailed analysis of the convergence for the MRGI
algorithm and the GI algorithm [24]. Then a class of more general coupled Sylvester-
conjugate matrix equations is considered in Section 5. The numerical results are
given to explore the effectiveness, efficiency and accuracy of the MRGI algorithm
in Section 6 and an application in antilinear system is given in Section 7.

Notations. For A € C"*", we use AT, A , A and tr(A) to denote the trans-
pose, the conjugate, the conjugate transpose and the trace of A, respectively.
Then 0142 (A), Omin(A4), Amaz(A), Amin(A) and p(A) represent the maximal singu-
lar value, the minimal nonzero singular value, the maximal eigenvalue, the minimal
eigenvalue and the spectral radius of the matrix A, respectively. For any integers m
and n with m < n, we denote I|m,n] = {m,m+1,--- ,n}. We use A® B to denote
the Kronecker product of two matrices A € C"*™ and B € CP*9. For a matrix
X = (z1,22, -+ ,x,) € C™*™, the vector stretching function vec(-) : X — vec(X)
is defined as vec(X) = (z7,21,--- ,2T)T. By combining vector operator with Kro-
necker product, we get vec(AXB) = (BT ® A)vec(X). The inner product of two
matrices is defined as (A, B) = tr(A” B) with A, B € C"*™. The spectral norm of
the matrix A is denoted by ||All2 = \/Amaz (AT A) = 0,4:(A) and the Frobenious
norm of the matrix A is denoted by ||A||r = /{4, A) = \/tr(AH A). The symbol
I,, represents the identity matrix of size n x n and the symbol rand(m), diag(A),
tril(A), triu(A), eye(A) are functions in MATLAB.
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2. Preliminaries

First, the real representation of complex matrix and its properties are reviewed.
The definition of the real representation was first introduced in [17]. Let A € C™*"
be an arbitrary complex matrix, then A can be uniquely decomposed into the form
of Ay + Asi with A1, Ay € R™*™. Now we are in a position to define the real
representation of a complex matrix A as

A1 A

o= € RAmMXIn, (2.1)
Ay — Ay
Then, let
A, = (Z)U,AZ = (AT)U,Af = (AT, (2.2)
and
I; 0 0 I
Pj = ,Qj = 5 (23)
0 —1; —1; 0

where I; is the identity matrix of size j x j. The properties of the real representation
of complex matrix are given by the following lemmas, which are given in [17].

Lemma 2.1 ( [17]). The properties of real representation matrices.
(1) If A,B € C"™*", a € R, then
(A+B), = A, + B,,
(aA), = @Ay,
PmAaPn = (Z)G‘;
(2) If Ae C™*" B e C™"*",C € C"™*P, then
(AB), = A, P,B, = A,B,P,,
(ABC), = A,B,C,,
QmAJQn = AG;
(8) If A € C™*™, then
(AT)U = (AU)Ta
(AH)O' = Pn(AT)o'Pm;
T
Pu(A), = (Puds)
T
(AH)UPm = (AUPn)

Lemma 2.2 ( [26]). Given a complex matriz A with appropriate dimensions, the
following relations hold.
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(1) 1A |I% = 2l All%
(2) 1412 = [ All2.

Lemma 2.3 ( [34]). For the complex matriz equation AXB = F, if A is a column-
full rank matriz and B is a row-full rank matriz, then the iterative solution X (k)
generated by the gradient-based iterative algorithm

X(k+1)=X(k) + pA"(F — AX (k)B)B", (2.4)

converges to the exact solution X* (that is, limg_oo X (k) = X*) for any initial
matriz X (0) if and only if

2
0<p<s —— (2.5)
IAlZ11B113
Moreover, the best convergence factor ug is
- : (26)
HO = N (AT A A (B B) + Ain (A7 A) Ain (B B)” '
Lemma 2.4 ( [34]). Assume thatm;(i =1,2,--- ,n) are some given positive scalars.
Denote mpmax = max {m;} and muyin = min {m;}. Then
1<i<n 1<i<n
min  max ’1 — umi‘ = Mmax = Mmin (2.7)
o<u< mjmx 1<i<n Mmax T Mmin
Moreover, the unique fiope such that this relation holds is
2
Hopt = (2.8)

Mmax + Mmin

3. The modified relaxed gradient based iterative al-
gorithm
In this section, we present a modified relaxed gradient based iterative (MRGI)

method for solving CSCMEs (1.8) based on the hierarchical identification principle.
First, define the intermediate matrices

p
(131'1 = F1 — (A”XJB” + Cij]D”) + AileBilvi € I[lv(ﬂvl € I[]-vp]v (31)
1

j=

hS]

Qi :=F; — Z(AinjBij +Ci;X;Dij) + CaXyDuyi € I[1,q),1 € I[1,p].  (3.2)
=1

Thus, the CSCMEs (1.8) can be decomposed into the following matrix equations

AuX By = ®,i € I[1,q],1 € I1,p], (3.3)

CilYlDil - Qilai S 1[17q]7l S I[l’p] (34)
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From Lemma 2.3, we can construct the recursive forms as follows,

Xk +1) = Xy (k) + AL (®a — AaXy(k)Ba) Bl i € I[1,q,1 € I[1,p],  (3.5)
i —H —— )
X2k +1) = X (k) + piCu (Qut — CuXy(k) D)D" i € I1,q],1 € I[1,p]. (3.6)

Substituting Eqgs.(3.1) and (3.2) into Eqgs.(3.5) and (3.6), respectively, we get

p
Xll,l(k; + 1) :Xl(k) —|— ,U/l |: Z A’L]X]Blj + ClJYJDl.?) —|— AileBil

- Aile(k)Bll] Bvl aZ € I[LQLZ € I[]-vpL (37)
2, —~—H . 5 ~ .
X7k +1) =Xi(k) + 1iCy [FZ - Z(AinjBij + CijX;Dij) + Ca X1 Dy
=1
- ile<k>Dﬂ}DﬂH,z' € I[1,q),1 € T[1,). (3.5)

We can’t implement the algorithms in Eqgs.(3.7) and (3.8) through the previous
expressions because their right-hand sides contain the unknown matrices X;,j €
I[1,p]. In order to make the algorithms in Eqs.(3.7) and (3.8)) work, the unknown
matrices X;,l € I[1,p] in Eqgs.(3.7) and (3.8) are respectively replaced with their
corresponding estimates X;(k), [ € I[1,p]. In this way, one can obtain the following
iterative forms for ¢ € I[1,q],l € I[1,p],

p
Xk +1) = Xy(k) + i Alf [Fi — > (A X;(k)Bij + Ci; X; (k) Dy )} Bif, (3.9)
j=1

p
X2k +1) = Xy(k) + piCa {Fz > (Ai; X;(k)Bi; +Cinj(k)D”)}DllH

Jj=1

(3.10)

Taking the average of Xll’i(k), sz(k:),z € I[1,q], one can obtain the following
iterative algorithm,

Xk +1) + Xk + 1)

Xi(k+1) = 5
p
Hi ~ 7N i ~—H
- — —H
X |:Fz — Z(Ainj(k)Bij + ClJXJ<k)D2J):| Dy i€ I[l,q],l € I[l,p]. (3.11)
j=1

Next some suitable positive numbers w;, ¢ € I[1, ¢] called as relaxed factors are
introduced and used to update X;(k + 1),1 € I[1,p]. These relaxed factors satisfy
i wi=1land 0 <w; < 1.

Xik+1) =i X} (k+1) +woXP(k+ 1)+ +w, X[ (k+1),l € I[1,p]. (3.12)
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Next, we summarize three existing algorithms for solving CSCMEs (1.8).

Algorithm 3.1.( [24, The gradient based iterative (GI) algorithm])
Step 1. Input matrices A;;,C;; € Ccmixl , Bij, Dij € CMXPi Fy e C™iXPi g €
I[l,q],5 € I[1,p], give any small positive number €. Choose the initial matrices

X;(0),j € I[1,p], set k := 0;

Z 17— Z(A‘L]X (k)Bi;j+Ci; X;(k)Dij)|lr
Step 2. If 0, = < g, stop; otherwise, go to
_;1 1Fillm

Step 3;
Step 3. For [ € I[1,p|, update the sequences

Xi(k+1) = #Zq: [ i Zp: (Aij X;(k)Bij +Cinj(k)Dv:j)} Bjf

=1

H

q p
2ﬁ Z [ Z A’LjX Bij +ngXj(]€)D”):| Dil ]

Step 4. Set k:=k+1, return to Step 2.

Algorithm 3.2. ( [15, The relaxed gradient based iterative (RGI) algorithm])
Step 1. Input matrices A;;,C;; € C™i*li B;;, D;; € CiXPi [, € C™iXPij €
I[l,q],j7 € I[1,p]. Give any small positive number ¢ and appropriative positive
numbers w; such that 0 < w; < 1,1 € I[1,p]. Choose the initial matrices X;(0),j €
I[1,p], set k :=1;
Step 2. Choose the initial matrices Xl(l)(()) and Xl(2) (0),1 € I[1,p]. Compute
X1(0) = wi XV (0) + (1 — w) X 2(0),1 € I[1,p], set k :=1;

Fi—S"P_ (A X;(k)Bij+Ci; X; (k) Dsj )
Step 3. If 6y, = 17— 3o (s ]Tlf‘:‘ I 34C%; () Dy < g, stop; otherwise, go to

Step 4;
Step 4. For [ € I[1, p|, update the sequences

p
XV (k) = XV (k-1)+(1- wlMZA { — > Ay X (k) Bij+Cyy X; (k) Dy )}Blza
j=1

a P
——H — —H
Xl(2)(k) = Xl(2)(k_1)+w”.tz Cil |:Fz — Z(AUX](]{})B” + C”X](k‘)DU):| Dil
i=1 j=1
Compute X;(k) = lel(l)(k‘) +(1- wl)Xl(Q)(k), lelll,pl;
Step 5. Set k := k + 1, return to Step 3.

Algorithm 3.3. ( [15, The generalized relaxed gradient based iterative (GRGI)
algorithm)))

Step 1. Input matrices A;;,C;; € C™*li B;;, D;; € CiXPi [, € C™iXPij €
I[l,q],5 € I[l,p]. Give any small positive number £ and appropriative positive
numbers «; such that o; > 0,7 € I[1,¢]. Choose the initial matrices X;(0),j €
I[1,p], set k :=1;

Step 2. Choose initial matrices X(l)( 0) and Xl(2)(0),l € I[1,p]. Compute
X1(0) = wr XV(0) + (1 — w) X 2(0),1 € IT1, p], set k :=1;
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Fi—S"_ (A X, (k) Bij+Ci; X, (k) Dij ,
Step 3. If & = 1F =2 o (A ’ﬁ;,” 10X WD)l e, stop; otherwise, go to

Step 4.
Step 4. For [ € I[1,p], update the sequences

p
Xl(l) (k) = Xl(l)(k — 1) { |: Z Alj Bl] —+ Clj ( 1)D1j):|
j=1
p —
XB{{+C£|:F1 Z Alj Blj +C1J ( l)Dlj)}DE},
j=1
(@) () p - =
X0 = X0 - 1) + 5 {8l [Fy — (40X 00 - 1By + G X Dy
j=1
p —
xBl + Ch[F, =>4, 1)By; + CyiX; (k — 1) Dyy)] Dg}.
Jj=1

Compute X;(k) = an XV (k) + 0o X P (k) + - -+ + g XV (k), 1 € I[1, p];
Step 5. Set k =: k + 1, return to Step 3.

Summing up Eqs.(3.9)-(3.12), we get the following MRGI algorithm for solving
CSCME:s (1.8).

Algorithm 3.4. (The modified relaxed gradient based iterative (MRGI) algorithm)
Step 1. Input matrices Aij,Cij S Omin-j,Bij,Dij c anXp"’, F; € CmiXpi,i S
I[l,q],5 € I[1,p]. Give any small positive number ¢ and appropriative positive

numbers w;,i = 1,2,...,p such that > w; = 1. Choose the initial matrices
X;(0),5 € I1,p], set k =1

Z 17— Z(A‘L]X (k)Bi;j+Ci; X;(k)Dij) |l r
Step 2. If 0, = < g, stop; otherwise, go to
_;1 1P llm

Step 3.
Step 3. For i € I[1,q|, | € I[1,p], update the sequences

p
Xi(k+1) = Xy (k) + %Aﬁ {Fz = > (A X (k) By + Cinj(k)Dij)} B
i=1

p
i—H >
+5T; [F — 3" (A X (k) By + Cinj(k)Dij)} D",
j=1
Xi(k+1) =w X} (k+1) + wo XP(k+1) + -+ +w, X[ (k + 1);

Step 4. Set k := k + 1, return to Step 2.
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4. Convergence analysis

First, we discuss the convergence properties of the MRGI algorithm. For conve-
nience, we introduce the following notation,

(Pui(Bi)o)" ® ((A1)oPu) + (D11)L © (Cu), -+ -+

(Pnl(Bql)a)T ® ((Aql)o'Pll) + (Dql): X (qu) ......

g

""" (Pnp(Blp)d)T ® ((Alp)aplp) + (Dlp): ® (Clp)
: : (4.1)
T T
""" (Pnp(qu)ﬂ) ® ((qu)oplp) + (qu)g ® (qu)o'
It is easy to see A € R = Amipix Ty Angly Then, we have the following results.

Lemma 4.1. The CSCMEs (1.8) have unique solutions if and only if the matriz A
is nonsingular, the unique solution is given by

vec((X1)o) vec((F1)o)
vec((X2)o) _ 4 vec((F2)o) 7 (4.2)
vee((Xp)o) vec((Fp)o)

and the corresponding homogeneous matriz equations Z?:l (Aij X;B;ij+C;jX;Dyj) =
0,i € I[1,q], have the unique solutions X1 = Xo =--- =X, = 0.

Proof. Apply the real representation of the complex matrix to CSCMEs (1.8),
one has

Z |:(Aij)gplj(Xj)(7Pnj(Bij)g +(Cij)o(Xj)o(Dij)o | = (Fi)ori € I[1,q].  (4.3)

By using Kronecker products of matrices and vector stretching operator, the pre-
ceding expression can be transformed into Ax = f with

vee((X1)o) vec((F1)s)
vec((X2) o vec((F2)q

. ((X2)s) e ((F2)0) 7 (4.4)
vee((Xp)o) vec((Fp)o)

where A is given by (4.1). Therefore, the CSCMEs (1.8) have unique solutions if
and only if the matrix A is nonsingular. The conclusion follows immediately. O
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Theorem 4.1. Suppose that the CSCMEs (1.8) have a unique solution (X7, X3,
Xp). If i satisfies

4
D ’

qwi Y (I Aull3) Ball3 + [ Call3 ]| D 13)

=1

0<p; < (4.5)

then the iterative sequences X;(k),l € I[1,p] generated by the Algorithm 3.4 converge
to (X7, X5, , Xp), de, limg oo Xi(k) = X},1 € I[1,p] or the error matrices
Xi(k)— X[, 1 € I[1,p] converge to zero for any initial values X;(0),1 € I[1,p], where
(") is the real representation of compler matri.

Proof. Define the error matrices

Xi(k) = Xi(k) = X7, 1 € I[L,p), (4.6)
and
p —_—
=F;— > (Ai;X;(k)Bij + Ci; X;(k)Dyj),i € I[1,q]. (4.7)
j=1

From Eq.(4.7), it is easy to derive

0:(k) = — Zp:(Aijf(j(k)Bij +Ci; X;(k)Dyj),i € 11, ). (4.8)

j=1

It follows from Algorithm 3.4 that

q q
Xi(k+1)=Xy(k+1) = X = > wiXj(k+1) = X{ = > wi[Xj(k+1) - X]]
i=1 1=1
Xk +1) = X+ X (k4 1) - X7
2

[
M-
&

s
Il
-

L 2Xi(k) + i (A 0,(k) B + ¢l e mDa™

2

I
.MQ

=1

a AHQ (KBE + Ty 0,(k) Dy,
:X +szuz il () il 5 l () l ) (49)

i=1

Thus, by the properties of norm, one has

q H ————H
Az 0; Bz +Cll i(k)Dj; 2
1%k + 1)1 =||%ich) +§ wsp 00 B : i) |

MQ

o, MO BI + Ca "0, Dy" H2

=1%o+
1K1 + . .

.
Il
—

AH0,(k)BE + T 0,(K) D
(wi,ui 3l () 2l l () l ):|

2

-

+tr {)?l(k)H

1=1
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a Bib:(k)VH Ay + Ds (k) C - ~
+t’"[2(wim 19:(k) l2 10:(k) l)Xl(k)}
=1

=X (k)3

AWMB#H%%waW
2

F

1 I -
+tr ( ;wile(k)HAflI 0;(k)BH )

1 1 = ——H—~——H
+2tT(Zw,;/L¢Xl(k)HCﬂ Ql(k)D,l )

i=1

q
2t7“ ( ; witt; B (k)T Ay X, (k))

1 4 . H_ ~
+ 2t7‘(§wi/LiDi19i(k) Cile(k)>. (4.10)

| =

_|_

Moreover, note that the following expression is real,
—H d P— - S
tr(Zwlle kAT 0, (k) Dy ) +tr<ZwiMiDi19i(k) Cile(k)>. (4.11)
i=1

Therefore, we get

q
tr(Zwlu,Xl Ci ei(k)Di[H) —&—tr(ZwiuiDilﬁi(k)HC'qu(k))

_n«(Zwlulek 9. (k) D! )—&—tr(Zwluz 20: (k) cﬂfg(k)), (4.12)

i=1
and

q q
tr<zwm§g(k)HAgei(k)Bg{ ) + tr(Zwiuif(l(k)HC’ilHei(kz)DﬂH)
=1

=1

q q
+ tr < Z wiuiBiZHi(k)HAﬂ)?l (k’)) + tr ( Z wiuiﬁﬂei (k)HC’Xm(k)>

i=1 i=1

:trlii:wiﬂi(BgXl( ) Azl + D X’l(]g)HCfl{)az(k)}

+t7‘[zwzuz i ( uXu(k)Ba + Cil)zl(k)DiO} (4.13)

So Eq.(4.10) becomes

1X2(k + D]

H
_ H60.k)BY + Ca"0.() D" |2
|wznrw§jmz . I”
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+;tr[zq:wi,ui(Bﬁle( YHAH 4 D Xl(k)Hcﬁ)ei(k)]
+ ;tr[zq:wi,ui@i(k)h' (Aufq(k)B“ + Oil)?l(k)D“ﬂ . (4.14)

Adding all || X;(k + 1)||2,1 € I[1, ] on both sides of Eq.(4.14), we have

Yo IXik+ 1%

=1
. L H 0, A Hy s H
=S IR+ 3D o PV G 0D
=1 =1 i=1
1< Y ——u
52 {ZMZMZ(B” Xi(k)" Aff + D Xu(k) Cil)ei(k)]
1 ; a _
52 [szﬂz i ( lel( )Bil+cile(k)Dil>:|. (415)
It is easy to know that
iwiuiAﬁai(k)BngciﬂHgi(k)DiuH ?
i=1 2 P

e H————— H 2
0,(k)BY + Ty 0:(k) Dy HF

q
:Z% i

£ 4

=1

Wi ;0] L a e
T e
1<i#j<q

—H————H
x (Al16;(k)Bif + Cj " 0;(k) Dy )]
q 2,2
N\ Wik || gH
_; I Ajp 0i(
S %<Ag9i(k)35+?ﬂf’mﬁufl7
1<i#j<q
77H
Ao (k)BH + Ty 0,(k)Dyi )
Z Z/'L’L
Wi ;W .o, 0Dy,
S #HA{{@(I@)B#4—C“ 000D |
1<i#j<q

——H———~——H
x | asie; 0B + 5 o;R D"

q
SZM AlTo(
i=1

e H————— H 2
k)Bf +Cy 0;(k)Dy HF

——H——~——H||?
(k)Bff + Ca"0,(01D: " ||

Al0;(k)BY

nBi + e v Y {W

8
1<i#j<q
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2 w2u2 TV
+ OB+ S atte, ) BY + O 60Dy HF]

qq
Saei

Moreover, we have

a2
(k)BY + Ty 0,(k) D HF (4.16)

— H— H 2
|atioo Bl + i a0 D" |
— H 2
Ho.(k)BY + Ty 0:(k) D)o i

=5

=3 | (A P @1 (09)o Pos( B ) + @™o (011 (D)o
<5 (ICAT ) 31 Pns 316 R I3 Py 311 (B3

+ 1@ )a 1310 o 131 D)o 113)

= (2 AL BNO: (k) 3 B 13 + 20T 131 (w113 1D ™ 13)

= (IAall3) Ball3 + ICal31Dal3) 16:(6) 13- (4.17)

F

Substituting Eq.(4.17) into Eq.(4.16) we get
——H——H

AR BY + Ca 6:() D |I

2

F

2 (A3 B3 + I CalBIDal3) 16 (5) 13- (4.18)

»lk\@

o
S

From Eq.(4.18), one has

H 2

1 A0 (K )BH+C’” 0;(k)Dy
sz,uz D)

F

p q
q
<S>z (I Aal3IBall3 + I Cal3Dal3) N0 (k) [F. (419)

p p q
& q
<SOIKmIE + T3S w2 (IAalBIBal} + I CalDal} ) l6: I

+;§:tr[iwim<35 (k)AL + D Xl(k)Hcmoi(k)]
1
2

Zp: tr [ i w;p1:0; (k) (Au)?z(k)Bu + Cilil(k)Dil)}
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p p q
> q
= IK0E + 130D wdu? (I Aali3IBall3 + ICall31Dall3) 16: (k) I3
=1 =1 i=1
1 g ¢ Hy HAH Hy H H
*t3 szﬂz“’ Z (Bil Xi(k)" Ayl + Dy Xu(k) Cy )91'(]‘?)
=1 =1
1 q p
+3 ;wluztr[; 0: (k) (A 1 X1(k)Ba + CuXy(k)D )}
p _ q p q
=S UK + 430D wRu? (Al Bal + 1 Cal3Dal3) 10: ()12
=1 =1 i=1
—liw- itr | 0;(k)H 0, (k) —liw- itr | 0;(k)H 0, (k)
2 — Z/'I’Z K2 K2 2 pot Z/'I”L K2 K3
p _ q p q
= IR 0NE + 130D wdu? (I Aali3Ball3 + ICall31Dall3) 16: (k)17
=1 =1 i=1
q
= w0 ) 3
=1
b - q r q p 7
= IR E = D wins| 1~ Lwsp 3 (I4ul3lBall3 + [ Call3 Dall3)
=1 =1 - =1 -
X [10: (k) 13
p r q P 7
=2 IOl - szm 1= Lo Y (I1Aal31Bal3 + [ Call31 Dall3)
— L =1 -
k
<> 10:)%
j=0

Thus, if the convergence factors are chosen to satisfy Eq.(4.5), then for any initial
values X;(0),l € I[1,p], one has

S U0 )F < oo (4.20)

j=1i=1
This implies that
lim 6;(k) =0,i € I[1,q]. (4.21)
k—o00
Therefore, we obtain
P
klim (Ai; X;(k)B;j + Ci; X;(k)Dij) = Fy,i € I[1,q). (4.22)
—00
j=1
It follows that
klim Xi(k) =X/, lelIll,p]. (4.23)
—00

So the desire result follows. O
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In the following, we study the necessary and sufficient conditions of convergence
for Algorithm 3.1 and consider the optimal g value to make it converge in the
maximum convergence rate. This result can be stated as Theorem 4.2. The proof
of this theorem has the same line as Theorem 3.1 and 4.1 in Huang and Ma [14].
However, it uses a different real representation matrix as a tool in this paper with
that in [14]. For convenience, we rewrite the proof of this theorem.

Theorem 4.2. Suppose that the CSCMEs (1.8) have a unique solution (X (1)*,
X(2)*,---,X(p)*), then the GI algorithm yields limy_,oo X;(k) = X[,1 € I[1,p] for
any ingtial matrices X;(0),1 € I[1,p] if and only if

4q
0< < —F.
"= 52 (A

Moreover, the F-convergence rate of the GI algorithm is maximized if
4q
K= Hopt = )
P 0w (A) + 05 (A)

min

(4.24)

(4.25)

where the matriz A is defined in Eq.(4.1).
Proof. Subtract X;°,1 € [1,p] on both sides of Algorithm 3.1, we get

Xi(k+1) = Xi(k) - 22 Z [Af{ Z (Aijf(j(k)Bij + Cij)?j(k)Dij)Bg

+ CF (A3 X5 (k) By + Cijf(j(k)pij)Dﬂ : (4.26)

where X;(k) = X;(k) — X}, 1 € I[1,p]. Combining this relation with the real repre-
sentation of complex matrix, one has

(Xi(k+1)),
= (Xi(k)), — 2% _ Z |:(Ai7)<7pmi (Aijf(j(k)B,;j + Cz‘j)?j(k)Dij)g
% Py(Bff)o + (C)a (A X, (k) Bij + CyX; (k) D) (D] »] (4.27)

Taking the vec-operator on both sides of above relation, we can obtain

vec[()?l(k + 1))0]

— vec[(il(k))a} - ZZ 2ﬁ {(Pm( N @ (AD),Pys)
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X |:(Pnj(Bij)U)T @ ((Aij)oPry) + (Dij): ® (Cij)0:| vec{(Xj(k))a}

So we have
vec {f(g(k: + 1)} = vec {)?g(k)} — %ATAvec {)?g(k)}

= (- %ATA)vec {)?g(k)}, (4.29)

where vee[ X, (k)] = [[vec(()?l(k))g)r, [uec(()?Q(k)),,)]T, o el (Ko ()0)] ] !

This equation is a linear matrix equation with the coefficient matrix Y := I —
zﬁq.ATA. Thus, the gradient based iterative algorithm converges for any initial
matrices X;(0),l € I[1,p] if and only if p(Y) < 1. Since ATA is a symmetric
matrix, we have

H T
T)= m XY= m 1— =NATA) <1 (430
p(T) 1gigz§i}f4n,~z,~| (1) 1§¢§2§a)f4njzj‘ % (AT A)| (4.30)

q

Therefore, we have 0 < p < m. According to Lemma 2.4, if

4q

= lopt = , 4.31
H Hort = o A 0B (A) 3y
then the maximal convergence rate of Algorithm 3.1 can be reached. O

5. A more general case

In this section, we extend the idea of Algorithm 3.4 to solve a more general coupled
Sylvester conjugate matrix equations

Si1 wi1 Sip Wip
Z An;X1Big + Z Ci1jX1Djrj + -+ Z Aipj XpBipj + Z Cipj XpDip; = Fi,
j=1 j=1 j=1 j=1

(5.1)

where A;y;, Ciyj € C™ %™, Bipi, Dipi € C* %™ i € I[1,N],n € I[1,p] are the given
matrices, and X, € C™** n € I[i,p] are the unknown matrices to be determined.



A novel iterative method for solving the CSCMEs 265

In the same way, the iterative algorithm of the equations (5.1) is constructed as
follows,

P Siu
1l(k+1 +/U"IZA1lj |:Fl - (ZZAvutX zut
u=1t=1
+ Z iCiutX :| iljs (52)
u=1t=1
w; Siu
XQZ(]C‘F]. +,Uzzzlcilg |: (ZZAzutX zut
u=1t=1

P Wiy
DM Co KR D) | D™ (5.3

u=1t
XMk 4+1) + Xk +1
Xl(k‘+1) l(""‘)’;z("")
Sil P Siu
man ZAM[ (03 A Xul) B
u=1t=1
P Wiy
+ Z Z CzutX Dzut):| lej
u=1t=1
P Siu
+*Zczlg |: (ZZ 1utX zut
u=1 t=1
+ZZClUtX zut :| zl] 3 (54)
u=1 t=1
Xi(k+1) = X} (k+1) +weXP(k+ 1)+ +w, X[ (k+1),l € I[1,p]. (5.5)

Similar to Theorem 4.1, we have the following Theorem 5.1 and its proof is
omitted here.

Theorem 5.1. If the equations (5.1) have a unique solution (Xi., Xox, -, Xps),
then the iterative solution X;(k),l € I[1,p] given by algorithm (5.2)-(5.5) converge
to Xix,l € I[1,p] for arbitrary initial values X;(0),1 € I[1,p] if

4

P sl Wiy '
Qi y (Z A |21 Biss 7+ |Cilj||%||Dilj||2F>

=1 \j=1 j=1

0<p; <

(5.6)

6. Numerical examples

In this section, two numerical examples are presented to show the effectiveness
of the MRGI Method. All the computations are performed on Intel Pentium(R)
Dual-Core CPU T4300 XP system by using MATLAB 7.0.

Example 6.1. In this example, we consider the generalized coupled Sylvester-
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conjugate matrix equations

A11X1B11 + C11 X1 D11 + A12X2Bis + C10X2 D12 = Fy,

o (6.1)
A21X1Bo1 + Co1 X1 Doy + Ao XoBoy = Fo,
with the following coefficient matrices:
2—21 24 05—7 —1+3i 49 242
A = , Bi1 = , Ci1 = )
841 24+ 3 —15+2¢ 1 —22 34+2.51 1
143t 4—14 1+25 —3+4+1 4—19 1.5—1
C"12: 3D12: 7D21: )
2—31 142 —1—-0.51 —14+22 T =242
241 R 1—1.51 3¢ 1—-2: =144
Dy = , Ai1g = , Bia = )
-1 3+ —2+3i 4 -1+ 3 1
—1—-7 =31 —1—% 2—1 34+124+ 3
By = , Cop = , Bag = )
5 142 —24+311+ 2 3 1-T7i
1—4¢ 1+ —1+4+0.51 0.5
A22 = ) A21 = )
143 2 1—2¢ —2.5+4+1.5¢
74 + 52.51 —124 + 38.5¢ 18 — 61 —23—-171
1= ) 2 =
23 +44.57 —134 + 83: —21.5 — 27.57 103 + 22.57

These matrix equations have a unique solution

147 2-3¢ 241 341

1= , Xo =
—14+2i -2+ 3 34+2i1+4+ 24

Choose X1(0) = X2(0) = X$(0) = X4(0) = 107% x I, for i = 1,2 as the initial
iterative matrices and define the relative iterative error is

[ X1 (F) = X[ + || Xa(k) — Xo|”
\|X1H2+|\X2H2 ’

(6.2)

where X7 (k) and X2 (k) are the kth solution of the corresponding matrix equations.

The relative residual of these algorithms is illustrated in Figure 1, in which it
can be concluded that the efficiency of the MRGI algorithm is faster than the GI
algorithm in Wu et al. [24], the RGI algorithm in Huang and Ma [15] and the GRGI
algorithm in Huang and Ma [15].

In Table 1, it is clear that the iterative solution obtained by the MRGI algo-
rithm converges to the exact solution with the increase of iteration number k. In
addition, the iterative steps, relative residual and computational time results are
given in Table 2 and 3. We can seen the advantages of the proposed algorithm in
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convergence accuracy and efficiency by comparing these results.

0.9}

0.8

Gl algorithm in Wu et al. [24]

mmmm——— RGl algorithm in Huang and Ma [15]
GRGl algorithm in Huang and Ma [15]
MRG! in this paper

0.7

1000

Iteration Steps

Figure 1. Comparison of convergence curve

Table 1. The iterative solution for the MRGI algorithm with pul = 2.2 x 10_3,/1,2 =1.8 x 1072 and
wl=04,w2=0.6

K X1 X2
200 0.7453 + 1.0247i 2.1434 — 2.9552i 2.0322 + 0.6542i 2.9387 + 0.8960i
—0.7792 + 1.6749i —1.5885 + 3.2316i | | 3.2106 + 1.96617 0.9123 + 1.8146i
100 [ 0.8835+ 1.01137  2.0696 — 2.9755i | | 2.0165 + 0.8460i 2.9730 + 0.9507 |
—0.8953 + 1.8465i —1.8154 + 3.1092i | | 3.0041 + 1.99337 0.9600 + 1.9137i
600 | 0.9467 +1.0053; 2.0325 — 2.9884i | | 2.0077 + 0.9298i 2.9876 + 0.9773 |
—0.9513 +1.92017 —1.9157 + 3.0504i | | 3.0427 + 1.9978i 0.9813 + 1.9602i
<00 [ 0.9755 + 1.0025;  2.0150 — 2.9946i | | 2.0035 + 0.9678i 2.9943 + 0.9895i |
—0.9776 + 1.9674i —1.9613 + 3.0232i | | 3.0195 + 1.99917 0.9914 + 1.9817i
1000 [ 0.9888 + 1.0011¢ 2.0060 — 2.9975i | | 2.0016 + 0.9852i 2.9974 + 0.9952 |
—0.9897 + 1.9850i —1.9823 + 3.0106i | | 3.0090 + 1.99967 0.9960 + 1.9916i
Solution I i 2-30 ) -2—|—i.3+i. )
1421 -24+3 3+201+2:
Table 2. Iterative steps, relative residual and computational time results
Method Steps  f(k) Time (s)
GI algorithm in Wu et al. [24] 4819  9.5817 x 10* 2.5238
RGI algorithm in in Huang and Ma [15] 3332 95753 x 10~*  1.7718
GRGI algorithm in in Huang and Ma [15] 2425  9.5582 x 10~* 0.7904
MRGTI algorithm in this paper 1327  9.5180 x 10=*  0.7798




268 W. Wang & C. Song

Table 3. The relative iterative error versus the number of iterations k for the GI algorithm in Wu et
al. [24], the RGI algorithm in Huang and Ma [15], the GRGI algorithm in Huang and Ma [15] and the
MRGI algorithm in this paper

f(k) k
GI algorithm RGI algorithm  GRGI algorithm MRGI algorithm
0.1 693 479 349 210
0.01 2731 1888 1374 753
0.001 4738 3276 2384 1304

Example 6.2. We consider the following coupled Sylvester conjugate matrix equa-
tions

A11X1B11 + C11 X1 D11 + A12X2Bia + C12XoD1g = Fy, (6.3)
A91X1Bo1 4+ C21X1 Doy + A2e X5 Bos + CooXo Doy = F.

with the coefficient matrices:

A1 = diag(a + diag(rand(m))) — tril(rand(m), m)i, B11 = eye(m) + eye(m)i,
Cy1 = eye(m) — tril(rand(m), m)i, Di; = rand(m) + triu(rand(m), m)i,

A1o = diag(a + diag(rand(m))) — tril(rand(m), m)i,

Bis = rand(m) x a + triu(rand(m), m)i,

C1a = eye(m) x a + eye(m)i, Dig = eye(m) X a+ tril(rand(m), m)i,

Asy = diag(a + diag(rand(m))) x a — triu(rand(m), m)i,

Bs1 = diag(a + diag(rand(m))) + tril(rand(m), m)i,

Ca1 = —eye(m) x a — triu(rand(m), m)i, Doy = eye(m) + eye(m),

Ago = —rand(m) + eye(m)i, Bay = eye(m) x a + tril(rand(m), m)i,

Cay = —eye(m) — +tril(rand(m), m)i, Doy = rand(m) — triu(rand(m), m)i,

let
X, =diag(a + diag(rand(m))) + eye(m) x a
+ (tril(mnd(m), 1) x a— (tril(rand(m), —1)T))z',
X, :(mz(mnd(m), —1) + mu(mnd(m)T,O)) X a
+ (mz(mnd(m), ~1) — tril(rand(m), m)T>i,
then we have

Fy = A11X1B11 + C11 X1 D11 + A12XoB1a + C12 X5 D1o,
Fy = A1 X1Bo1 + Co1 X1 Doy + A22X2Bos + C X5 Dos.

Therefore, the Egs.(6.3) have a unique solution group {X;, Xs}. In this example,
we let m = 10 and a = 10.
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In addition, we choose X1(0) = X2(0) = Xi(0) = X5(0) = 1076 x I,,,, i = 1,2
as the initial matrices and define the relative error as in Eq.(6.2).

In Figure 2, we compare the MRGI algorithm with the other methods including
the GI algorithm in Wu et al. [24], the RGI algorithm in Huang and Ma [15] and
the GRGI algorithm in Huang and Ma [15]. The relative error becomes smaller and
smaller with the increase of iterative number k, which indicates that the iterative
solution is gradually approaching to the accurate solution and these algorithms are
all effective. Meanwhile, it is illustrated that the MRGI algorithm is superior to the
other three algorithms in convergence performance from Figure 2.

In order to evaluate the convergence performance of these algorithms, we com-
pare iterative steps, relative residual and computational time results. The detailed
information is given in Table 4. It can be clearly seen that the MRGI algorithm
requires much fewer iteration steps and computational time than the GI algorithm
in Wu et al. [24], the RGI algorithm in Huang and Ma [15] and the GRGI algorithm
in Huang and Ma [15] to obtain iterative solution with smaller iterative error.

Gl algorithm in Wu et al. [24]

oo | e RGl algorithm in Huang and Ma [15]
= = = - GRGl algorithm in Huang and Ma [15]
MRGl in this paper

0 50 100 150 200 250 300 350 400
Iteration Steps

Figure 2. Comparison of convergence curves

Table 4. Iterative steps, relative residual and computational time results

Method Steps  f(k) Time (s)
GI algorithm in Wu et al. [24] 15822  3.6900 x 1072 13.1977
RGI algorithm in in Huang and Ma [15] 11948  1.2800 x 1072 9.9247
GRGI algorithm in in Huang and Ma [15] 7865  4.6000 x 1073  4.8349
MRGI algorithm in this paper 4207  9.4651 x 10~*  3.6684

According to Theorem 4.1, the MRGI algorithm is convergent if we choose 0 <
p1 < 1.1090 x 107%, 0 < o < 1.8842 x 107% and w; = 0.4,ws = 0.6. However,
through continuously attempting and testing, we get that the MRGI algorithm is
also convergent if we choose 0 < 17 < 1.7327 x 1072,0 < o < 2.9676 x 1076 when
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we take w1 = 0.4,wy = 0.6. Besides, it is clear to get that the convergence speed
of MRGI algorithm becomes faster if we choose the larger convergence factors piq
and po in Figure 3. This situation illustrates that the convergence range of the
convergence factors pu; and ps calculated by Theorem 4.1 is a little conservative.
How to reduce or remove this conservatism is our future work.

09 11,=1.3862x10°, 1,=2.3552x107 | |
----- 11, =4.1586x10°, 11,=7.0657x 107
08 - = = 1,=9.7033x 10, i,=1.6487x 10| |
07 ——— 11,=1.6634x10°°, 11, =2.8263x10°® | 1
0.6 1

0 50 100 150 200 250 300 350 400
Iteration Steps

Figure 3. The convergence performance of MRGI for different convergence factors p1 and po (w1 =
0.47 w2 = 06)

7. Application in antilinear system

Consider the following discrete-time antilinear system

i+ = AT + Bu + Pw
w= Fw (7.1)
e =Cz + Quw,
where A € C"*", B € C"*", F € CP*P, P € C"*P, C € C"™*™ and Q € C™*P are
constant matrices, z € C™, u € C" and e € C™ are the state, the control input and
the measurable error output, respectively. The symbol w € CP is the exogenous
input that includes “reference signals to be tracked” and/or “disturbances to be
rejected”. If we assume that (A, B) is controllable, then [ is critical stable. If
the full information feedback © = —Kx + Lw is applied on the system, then the
closed-loop system can result in
i=(A—BEK)T+ (P+ BL)w
w= Fw (7.2)
e =Cx+ Qu.
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The aim of the output regulation problem is to find two matrices K and L such
that the matrix A — BK is stable and

lim e(t) = lim (Ca(t) + Qu(t)) =0, (7.3)

t—o00

in which (x(t),w(t)) is arbitrary and (z(0),w(0)) € R™ x RP. It has been shown
that such a problem is solvable if and only if there exist two matrices X and Y such
that

AX - XF=BY +R

(7.4)
CX+@Q=0.
If the parameter matrices are given as follows
(1342140 5—i ~1+4il—4i 24i 2-5i
242t 1 1—-8& —3+8& 1-2¢ -34+1¢ 6—1 -1
A= ,B= ,
i 2—1i 541 —6—4i 142 2—-3i 4—7i 3+2i
|2—6i 3+7 T—i —6+1 —3—1 547 —94+2¢ —-1—-06¢
[ 212.63 + 65.46i 92.9 +400.77i  86.42 — 415.58; 44.51 — 69.96i
0 —23.93 —17.08; 95.27 — 165.117 —126 4 227.46¢7 —12.23 4 25¢
193.17 — 17.85¢ 140.69 — 203.127 —96.65 + 181.17¢ 32.52 — 75.38: 7
| 60.04 +40.57¢ 220.23 — 15.597 —182.93 + 159.687 2.23 + 52.47
[ 1.32 —9.05¢ —2.08 +9.53¢ —7.25 4+ 6.93¢ —9.37 — 1.044
o —3.3542.78i 2.07—7.89: 3.98 —0.54i 2.37+ 2.96¢
—2.76+5.37: 0.31 —5.39¢ 0.17 4+ 6.39: 6.271 ’
| —6.32 —0.82i 2.95-9.02¢ 3.64+1.03: —2.75+ 1.94¢
[ 20 943 —5-2 -7
. 443i —1+5i 2—-Ti 241
—7+3t—4+5 3—8 —2—5
| 5 84 5-4i T
[ —69.57 — 95.78 74.83 — 187.11¢ 125.03 4 222.47¢ 2.18 — 49.191
R —242.29 + 73.82¢ 105.29 — 26.167 —126.56 + 7.04¢ 144.05 + 142.32¢
—173.98 — 120.99; 90.91 — 59.567 —114.88 — 21.57i  54.15 4 27i
| —15.39 —378.98: 2.9 —60.71¢  89.17 + 365.537 252.51 — 46.4114
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By the Algorithm 3.4, the solutions to the matrix equation above are

1.2564 +10.3357¢  23.9801 — 7.33011%

10.2329 — 2.01927 —1.2398 — 0.86941
—2.3726 + 23.0946: 0.1973 + 2.1073¢

17.0087 — 3.4275¢  7.3491 + 15.20931¢

—14.2399 + 0.1275¢ 1.7629 + 3.6928:
21.3982 4+ 0.7638: 2.6382 — 1.98041
2.0633 — 0.27437 9.0853 — 2.7734:
—0.3807 — 7.20637 5.3204 + 2.7493¢

5.3502 — 1.2194¢ —12.8920 — 3.75044
—1.2957 + 0.37217  0.2975 — 13.76361
17.9502 + 4.8529:  3.8704 — 0.7697¢

—13.9402 — 7.4028¢ 0.3967 — 5.6428:

2.5307 + 27.3651:  24.5803 — 5.72941
—2.5497 + 4.09277 —1.3529 — 9.4325¢

—2.7846 + 16.3397¢ 0.4819 — 3.90521¢
4.7829 — 7.0438; —7.2906 — 4.3951%

8. Conclusion remarks

This work has constructed a modified relaxed gradient based iterative (MRGI) al-
gorithm for solving the coupled Sylvester conjugate matrix equations (CSCMEs).
Combining the real representation and the vec-operator of complex matrix, the con-
vergence analysis of MRGI algorithm is analyzed. The numerical experiments are
offered to illustrate that the method presented in this paper has better convergence
performance and requires less storage capacity than the other existing iterative
methods [15,24]. The method adopted in this paper can be applied to study the
general or constraint solutions of discrete-time periodic matrix equations [8,9].
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