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MULTIDIMENSIONAL REVERSE HOLDER
INEQUALITY ON TIME SCALES

H. M. Rezk!, Ghada ALNemer?, Ahmed I. Saied?, E. Awwad?*
and M. Zakarya®o'

Abstract This paper develops the study of Holder’s inequality with weighted
functions where we can establish some new multidimensional reverse Hélder
inequality on time scale measure spaces. Our results will be proved by using
the definition and some properties of a Specht’s ratio function. We will prove
these inequalities in a time scale calculus to avoid proving them twice once in
the continuous case and the second in the discrete case.
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1. Introduction

In [12], Holder proved that
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where ((x) and (yx) are positive sequences and «, § > 1 such that 1/a+1/8 = 1.
The integral form of (1.1) is
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where a, 8 > 1 such that 1/a+1/8 =1 and ¢, w € C((d,1),R"). In [18] Wang
defined L, = Lo (S, , 1), —00 < a < 00, as a space of all a—th power nonnegative
integrable functions over a given finite measure space (S,>, ) (where S may be
considered asa bounded subset of real numbers). For ¢ in L, we write ||¢|, =
(fs wadp) . He generalized (1.1) and (1.2) and proved that if ¢, is in L, and )y
is in Lg, then 111 is in L, and

192l < [[¢nllalld2lls, (1.3)

where (1/a) + (1/8) = (1/r), «, B, r > 0. Also, he established the inverse of (1.3)
and proved that if ¢, is in L, and 7 is in Lg, such that

0 <m; <9;(¢) < M; < oo,

on S where m; = inf 1;(¢), M; = sup¥;(¢), i = 1,2 and (1/a) + (1/8) = (1/7), a,
B, r >0, then
[Pllallalls < Copllrialr,

where 1

) [r (Mla/QMgﬁ/z—km(fmmg/Q)M(a,ﬂ,r)}r

Cap = g2\ e a/2\MP
(a (TI’LQMQ) ) (ﬁ (mlMl) )

with

M (o, B,r) = max{s(o‘/z)*TT(ﬁ/z)*r | s =My,mq, 7= Mg,mg} .

In [20], Zhao and Cheung proved that if /() and w(() are nonnegative continuous
functions and '/ *(¢)w'/?#(() is integrable on [d, ], then

( / w<<>d<> é ( / w%)dc)é < [s(22D) oo, )

where l l 1 1
_ « _ [—} + L
X—/dw <<>d<,Y—/dw (4G, > tana L4 2o

and
hl/(h—l)

S(h)zm7 h# 1.

Also, they proved the discrete case of (1.4) and established that if (d;) and (I;) are
positive sequences, then

(id?>< (ZW) < Xn: (fﬁ) d;l;, (1.5)

i=1

where Y = Y7 d¥ and Z = 3.1, 17, They applied (1 4) to get Radon’s reverse

integral inequality and proved that if ¢, @ € C ((d,1),R*) and m > 0, then
Gy (¢
(Jis () w(oc)”
1
(fyw(0dc)”

Lt (Q)

= ! (16)
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where

L)
a @)
Also, they proved the discrete case of (1.6) and established that

1
G :/ w(¢)d¢ and F = d¢.
d

Bt
2 d;”“ die1 S (T;"’“ ) d;
i=1 l:ﬂ o (Z?:l ll)m ’

where B = 7' [ l; and A = Y1  d""!/I™. They applied (1.4) to get Jensen’s

reverse integral inequality and proved that if ¢, p € C ((d, 1), R*) and fci p(¢)d¢ =1,
then for 0 < s < 7, we have

(O A o)
(/d S(P>w<<)a<<)d<> > /d PQOWQdC) )

where P = f; p(¢Q)Y7(¢)d¢. Also, they proved the discrete case of (1.8) and estab-
lished that if Y | A; =1and 0 < s < 7, then

n Jr 1/s n 1/7
i’ W > AT 1.
<;S(A>dzxz> > (;w) : (1.9)

where A =37 | A\idT.

The theory of time scales, which has recently received a lot of attention, was
initiated by Hilger in his PhD thesis in order to unify discrete and continuous
analysis [13]. The general idea is to prove a result for a dynamic equation or a
dynamic inequality where the domain of the unknown function is a so called time
scale T, which may be an arbitrary closed subset of the real numbers R.

During the past decade a number of dynamic inequalities has been established
by some authors which are motivated by practical problems.

Holder’s inequality is an important tool in different branches of modern math-
ematics such as classical real and complex analysis, numerical analysis, probability
and differential equations. Since its discovery, it has been studied widely and has
been generalized on many ways. Some reverse versions of Holder’s inequality on
time scales T were established. For example, in [7], Agarwal et al. unified (1.1) and
(1.2) on time scales and proved that if d, ! € T and 9, w € Cyq ([d, |1, R), then

l T)To\T T l TpT% ZWTBT%
L|¢<><>|As<[l|w<>|A></d<>|A , (1.10)

where p > 1, 8 =p/(p—1). In [19], Wong et al. generalized (1.10) and proved that
if d, 1 €T and ¢, @, h € Crg ([d, ]]r,R), then

(1.7)

B

l T T)TO\T T l T Ta T é l T WTB T
/d"‘( ) [9(r)w ()] A g(/ (o) () A) (/ @) Ar)

(1.11)
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where oo > 1, 8 = a/(ov — 1). Also, they proved that (1.11) is reversed when oo < 0
or f < 0. They applied (1.11) to get Minkowski’s inequality on time scales and
established that if d, I € T, ¢, w, h € Cypq ([d, 1, R) and « > 1, then

. =
( /d IR o) + ()] Ar)
1 & l =
< ( / ()] [(r)] m) +< / ()] oo (7] m)

In [11], the authors proved the reverse Holder inequality on time scales and estab-
lished that if 1, € C ([d, {]r,R") such that 1, @w” are ¢, —integrable on [d, l]t.
Let a > 1 and 1/a+ 1/ = 1. Then

/dl s (m) Y(Q)@(¢)0al

l L ;
« w/B .
2( /d " <<><>a<> (/d <<><>a<> , (1.12)

where X = fé P*(()0al, Y = fé @? ()¢ and S(.) is the Specht’s ratio (see
[20]). Also, they proved (1.12) with weighted functions and established that if
Y, w,w € C([d,I]r,RT) such that ¥, @? are {,—integrable on [d,l]y. If o > 1
and 1/a+1/8 =1, then

/dl S (%) w(QP(Q@(¢)al

> (/d w(C)W(C)OaC)a (/d w(C)WWC)%C) ; (1.13)

where X = [;w(¢)”(()0aC and ¥ = [1w(Q)@? ()0l
The authors in [11], proved that if w,w e C’([d7 lJr,R") such that 0 < m <
Y(t)/w(t) <M < oo forallteldlr. fa>1and 1/a+1/8 =1, then

/IS (zii%) P (Qw? (()0al

/ ¥7 (Q)w= (()al, (1.14)

MB2

where X = f(j P(()Pal and Y = f(j @(¢){al. For more details about Hélder’s
inequality on time scales, we refer the reader to the books [8,9] and the papers
[1-3,7,16,21,22).

Following these trends and to develop the study of Hélder’s inequality on time
scales, we will prove some new multidimensional reverse Holder inequalities (like
(1.4), (1.5), (1.6), (1.7), (1.8), (1.9), (1.12) and (1.13)) on time scale measure spaces.

The organization of paper as follows. In Section 2, we present some basics and
some lemmas on time scales. In Section 3, we prove our main results. As special cases
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(in one dimension) the results give the inequalities proved by El-Deeb et al., [11].
Also, as special cases (in one dimension) when T = N give the inequalities (1.5),
(1.7) and (1.9) proved by Zhao and Cheung. Also, when T = R, our results give
(1.4), (1.6) and (1.8) as special cases.

2. Preliminaries and basic lemmas

The forward jump operator is defined by: o(7) := inf{s € T : s > 7}. The graininess
function u for a time scale T is defined by p(7) := o(7)—7 > 0, and for any function
¢ : T — R the notation (1) denotes ¢ (o (T)) The derivative of product ¢w and
quotient ¥ /w (where ww? # 0) are given by

A A A
(Ww)® = PPw + P = Y + P w, (1/’) _Eovwn g
w ww?

For more details of time scale analysis we refer the reader to the two books [9, 10].
In this paper, we will refer to the (delta) integral which we can define as follows. If
G2 (1) = w(7), then the Cauchy (delta) integral of @ is defined by [; @({)A¢ :=
G(7) — G(d). It can be shown (see [9]) that if w € Cy.q(T), then the Cauchy integral
G(1):= f:o w@(¢)A( exists, 79 € T and satisfies G (1) = w(r), 7 € T.

Lemma 2.1 (Specht’s ratio [20]). Ifd,[ are positive numbers, € > 1 and 1/e+1/§ =
1, then

S (g) allepl/s > % + g (2.2)
where
1/ (h=1)
S(h) = clog A/(1)"

Remark 2.1. In 2002, Tominaga [17] proved some properties of S(h) in Lemma
2.1. He proved that

h#1.

S(1) =1, S(r) = S(%) for all 7 > 0.

When S(1) = 1, we have that (2.2) holds with equality.

3. Main Results

In this section, we assume that the functions (without mentioning) are nonnegative,
A—integrable on [d, ]y and the integrals considered are assumed to exist (finite i.e.
convergent).

Let (A1, M,pua), ..., (An, M, ua) be finite dimensional time scale measure spaces.
We define the product measure space (A1 X...xX Ay, M X...X M, ua X...X ua), where
Mx...x M is the product c—algebra generated by {Ex...xF : E € M,..,F € M}
and (pa X oo X pa) (B X oo X F) = pa(E)...ua(F).

Also, in this section we can use the following

P(¢) == 9(Crs o Cn) and dpua (C) = dpa (C1) --dpa (Gn) -

Now, we can establish the first result.
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3.1. The reversed Holder inequality with two parameters

Theorem 3.1. Let (A1, M, un) ..., (An, L, un) be finite dimensional time scale
measure spaces and P, @ : A=Ay X .. x N, = RT. Ife > 1 and 1/e+1/§ =1, then

/ / <Xw5 > (Q@(Odpa ()
= (/"'/AwoduA (C)) (/"‘/Awé(odMA (C))é, (3.1)

where X = [ ... [y v (Q)dpua (), Y = [ ... [y @°()dpa (¢) and S(.) is the Specht’s
ratio.

Proof. Applying Lemma 2.1 with

where X = [ .. [, ¥(Odpa (¢), Y = [ ... [ @°(()dpa (¢), we see that

S<Y¢E(C)> VO =(©) o 1Y) 1=

Xw®(¢)) Xt vs T e X 5Ty (32)

2) on the region A, we see (note 1/e 4+ 1/6 = 1) that

5
[ 5 () o= (@dna ©

> xly %/ /[Mpe (C)} dua (€)
iy { / /¢ O)dpia ( )+57/"'/,\W5(<)dMA (C)}

XY{1 6} XeYs

([ [vems©) ([ [ =oms©)

which is (3.1). O

Integrating

Remark 3.1. As special cases (in one dimention), we get the inequality (1.12)
proved by El-Deeb et al., [11].

Theorem 3.2. Let (A1, M,pun) ..., (An, L, un) be finite dimensional time scale
measure spaces and w, ¥, w: A =A; x .. x Ay, = R". Ife>1and 1/e +1/6 =1,

then
[ ] s (5 f)).w(c)w(c)w(c)m © (33)
2 ([ wow s ) (/- / s ©)

where X = [ .. [y w(Q¥<(C)dua (€), Y = [ o [y w(C)=(C)dpua (C) and S() is

the Specht’s ratio.
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Proof. Applying Lemma 2.1 with

o= w(Q)Pe(¢) 3 w(Q)w’ ()
X ’ Y ’
where X = [ ... [, w(Q)Y(Q)dua (¢), Y = [ ... [, w( ¢)dua (¢), we have
Yye(Q) | we (Qv(Q) wi(Qw(¢)  Tw(Qve(Q) | 1w()=’(C)
S(Xw5(4)) X yi “¢ x 5 v

and then (since 1/e + 1/§ = 1), we obtain

Yhe(C)
S(Xw%o

1

)w@W@ﬁdOzX‘Y

S

{1wKWﬂo4_hMOwWO
€ X 0 Y .

Integrating (3.4) on the region A where 1/e +1/§ = 1, we get

[ [ 5 () w w00 ()
>Xéy§/m/“F”“”““W+1w“§ﬁ“qdmuo
o] s s
el |
:( Qdpn (¢ > </ / Qdpa (¢ )>6,

which is (3.3). O

Remark 3.2. As a special case (in one dimention), we get the inequality (1.13)
proved by El-Deeb et al., [11].

Theorem 3.3. Let (A1, M, un) ..., (An, L, un) be finite dimensional time scale
measure spaces and u, v: A=Ay x ... x A, — RY. If m > 0, then

[ 5(emY wms 0]
2(/m/"2:2 da (¢ )(/ YRGING ) NG

Tn+1

where X = [ ... [, vm(co dua (€), Y = [ ... [y v(Q)dua (¢) and S(.) is the Specht’s
ratio.

Proof. Applying Theorem 3.1 with e =m + 1 and § = (m + 1)/m, we see

L//(”@f)mme@
([ o @) ([ =
A A

J%owaﬂm“,<&®



Multidimensional reverse Holder Inequality on time scales 305

where X = [ .. [, v (Q)dua (¢) and Y = [ ... [ @™ (C)dua (¢) . Taking
¥(¢) = u(C)/v™ "D (¢) and @ (¢) = ™" FV(C), u, v >0,
in (3.6), we have for

m+1
X = / / d,uA ) and Y = / / ¢)duna (¢
A

that

[/ (iumf <§>u<<>m ©

([ [ O ) ([ [ 0 @)
and then

s (ﬁﬁ:i )(Od;mc)r+1

([ s @) ([ - [omsco)”
which satisfies (3.5). )

Remark 3.3. As a special case (in one dimention when T = R), we get the in-
equality (1.6) proved by Zhao and Cheung [20].

In the following, we generalize Theorem 3.3 with weighted function.

Theorem 3.4. Let (A1, M,pun) ..., (An, L, ua) be finite dimensional time scale
measure spaces and u, v, w: A =Ay x ... x A, = RT. If m > 0, then

ISk (?Ziig) <<>u<<>dmc>rﬂ

(o) (o)

where X = [ ... [, w(C) ::(10 dua (€), Y = [ ... [y w(Q)v(Q)dua (¢) and S(.) is
the Specht’s ratio.

Proof. Applying Theorem 3.2 with e =m + 1 and § = (m + 1)/m, we see

/- / (25 >'w(<)“’<<>w<<)du¢(<)

A o dmoylﬁ(/ “'/Aw“)w”%“(C)duA(c))nﬁl,

(3.8)

C)duna (C) -

where X = [ .. [, w()yY" T ()dua (¢) and Y = [ .. [, w(()w = (
Taking

$(Q) = u(¢)/v™ "V (¢) and w(¢) = o™/ " FV(Q), u, v >0 1in (3.8),
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we observe that

m+1
X = / / o(C duA ) and Y = / / Q)duna (€

and then

[ [ 5 (o) wiutcrins ()
([ 0 g ) ([ . [ wtcrtcrin )

[ - 5 (o) momoms o]
2 ([ o Gz s ) (f - wiertoans )

which satisfies (3.7). U

Theorem 3.5. Let (A1, M,pun) ..., (An, L, ua) be finite dimensional time scale
measure spaces and h, 1 : A =Ay x ... x Ay = RT and [ ... [, h(Q)dua (¢) = 1. If
0<s<m, then

(f- s (58 wiomams o) = ([ [ ot co)

(3.9)

thus

where X = [ ... [y MOV (C)dpa (¢) and S(.) is the Specht’s ratio.

Proof. From assumptions, we have for

X = // O)dua (¢) and Y = // O)dua (¢
[
fo e

that
(9,
D) v Om(as ()

Y [he/ (c
X [ht=s/7(

( /( )) R/ (O (OB 7 (¢)dpa () - (3.10)
Applying Theorem (3.
(3.10), we get

1) with € = 7'/8 and 0 = 7/(7 — s) to the right hand side of

/ / ( /< /§>>h‘/T(QW(c“)hl—s/f(om<<)
(// Odua (¢ )(// Odpa (¢ )
(/ / $dua (¢ ) (3.11)
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Substituting (3.11) into (3.10), we have

J- L) s ([ fpowiomnc)

and then
([ [ 5 (552) wonciana <<>)l
> ([ [ 1w s <<>)i7
which satisfies (3.9). O

Remark 3.4. As a special case (in one dimention) when T =R, we get the in-
equality (1.8) proved by Zhao and Cheung [20].

Theorem 3.6. Let (A1, M,pup) ..., (An, L, ua) be finite dimensional time scale
measure spaces and w, ¥, w : A =A1 X ... X A, = RT such that 0 <m < ¢/w <
M<oo. Ife>1,1/e+1/6 =1, then

/ s (W(C) ) w(OPt (O (Qdpa ()

/ / ¥} (Odpa (0), (3.12)

Y(Q)dpa (), Y = [ ... [ w(Qw(()dua (¢) and S(.) is the

Q\H

m"“

V/m

where X = f fA
Specht’s ratio.

Proof. Applying Theorem 3.2 with replacing ¥, w by 1/)%, w3 respectively, we
have for

X:/WA@@¢ )dpia (¢) and Y = / / Odpa (¢

that

/A s (};ji(o ) WOt Q= (dua ()

/ 1
Uds o ] o)
(- femtons) (] o)

Since 0 < m < ¢/w < M < oo, we have

$E(Q) 2 mE@*(Q) and @ (¢) = M9 (0). (3.14)
Substituting (3.14) into the right hand side of (3.13), we get (note 1/e +1/6 = 1)

that
IS ()};i((%

) w(Q)y* ()@t ()dua (C)
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]’Cf (// i d;m(c)),

which is (3.12). O

Remark 3.5. As a special case (in one dimention) if w (¢) = 1, we get the inequality
(1.14) proved by El-Deeb, Elsennary and Wing-Sum Cheung [11].

3.2. The reversed Holder inequality with three parameters

Theorem 3.7. Let (A1, M, ua) ..., (An, L, ua) be finite dimensional time scale
measure spaces and p, w, h: A =Ny X ... x Ay, > RT. Ife, 6,r>1 and 1/e+1/5+
1/r =1, then

/- /A AU Z(O(C)dpa (O)
> ([ [ (@ana <<>)i ([ [ = ©ana <<>)71” (/- [ wna <<>>’1§,

with

(¢) = _ S( Yu(Q) )
(o S [ OMOI T dua () © NX O (O

(/ / (ths )T(C)h‘;(C)duA(C))H%,

where S(.) is the Specht’s ratio and

x= . /w Qdna (.Y = [ / V7 dpia (O),
zz/.../Awqg)m <<>,W:/._./Ah6(<)dm (©)

Proof. Denote 1/s = 1/§ + 1/r, then we have from the assumption 1/e +1/0 +
1/r=1that 1/e+1/s=1and s > 1). Applying Lemma 2.1 with ¢, s > 1 and

_we(C) _ @) (©
o=t g = T

where X = [ ... [, ¥°(Q)dpa (¢), Y = [ ... [, (wh)’ ()dua ({), we see that

Ye(C) Y(C) (wh) (¢) EG(C) 1 (wh)® (¢)
S(X(wh)S(g)) Ty 2o x Ty

and

X« Ys
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i.e.

Pe(<) Y(Q) w(Qh(C) _ 1v(Q) | 1@*(Q)h*(¢)
S(st@) ()) Xtyr Cox iy (38.15)
Integrating (3.15) on A, we have (where 1/e +1/s = 1) that

[ [5(=mrg )<>w<<><>duA<>
ZX?Y?/.../ { 2 1)/’1
o ] oo

1

:X%Ys {4_ ] _X:,Yz
S

A

Jaui
/ / QOdpa (¢ )}

€

Y4e(¢)
s —2s) OOV
/ /A (X[W(C)h(()]el> Y(Q)w@(Qh(C)dpa (C)

> ( [ [ (s (C))1 ( [ [ = da <<>> L (316)

Since 1/s = 1/6 + 1/r, then s/r + s/6 = 1. Since r > 1, then 1/r > 0, and then
1/s > 1/4, thus we see (note § > 1) that §/s > 1. Also, we observe (since d/s > 1,
d/s —1>0) that

T 0/s 1

- = :1

s d/s—1 +6/s—1
Again by applying Lemma 2.1 with /s, §/s > 1 such that s/r + s/d =1 and

r 3
B (5 (S WO () L.

A zZ W w

where Z = [ ... [, @"(()dpa ({), W = [ ... [L B ({)dpa (C), we see that

W' (0 =" () h(¢) _ s="(¢)
S(Zhé(g)) Z: Wi S Z

> 1.

_|_

s ()
e (3.17)

Integrating (3.17) on the region A with s/r + s/0 = 1, we get

/ / (Zh5 ) @ ()R (C)dua (€)
ot [ [0
— 7 W3 [TZ//AWT ¢)duna (¢) +6;V/"'/Ah5(f)dﬂA(C)}

— ZiWs [f+§] — 7i W3

r
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= ([ [ = ns <<>)i (/- [ #ns <<>)§,

([ [ () =romcma)”
> ([ ] =t )(/.../Ah%d%(o)é,

thus we have (note 1/s =1/§ + 1/r) that

([ [3(Fms)) = on@ina ©) |
> ([ [ @ @nac ) (/.../Ah%c)dmo)é- (318)

From (3.16) and (3.18), we have

1 1
Ea

1

(o S (ORI dpaa (0))

<[5 <W> UOB(OMOdna ()
([ 5 (50 rcntomnic)
> ([ )(/.../Aw dmo)i(/... [rims©)

The last inequality can be written as following

/ / (¢ O)dpa (€) |
> (//Aw Odua (¢ ) 1(/.../Aw’"<<>duA ©)
<[ [ m@ma©)

where

Qu0) = 1 Y4(¢) )

HS( =
(f o Sy ORI dpa () T AKX FOROP

<(/- / (Zha SELS cmuo)H

The proof is complete. O
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4. Conclusion and Future work

In this manuscript, we present some new reverse generalizations and refinements of
multidimensional Hoélder-type inequalities with Specht’s ratio on an arbitrary time
scale measure spaces. We generalize a number of those inequalities to a general time
scale measure space. These inequalities extend some known dynamic inequalities on
time scales, unify and extend some continuous inequalities and their corresponding
discrete analogues. In the future, we will continue to generalize more fractional
dynamic inequalities by using Specht’s ratio, Kantorovich’s ratio and n-tuple frac-
tional integral. In particular, such inequalities can be introduced by using fractional
integrals and fractional derivatives of the Riemann-Liouville type on time scales.
In addition to this, we may generalize these results to be with multidimensional
Holder-type inequalities via supermultiplicative functions on time scales. It will
also be very enjoyable to introduce such inequalities in quantum calculations.
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