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BIFURCATION AND COMPARISON OF A
DISCRETE-TIME HINDMARSH-ROSE MODEL

Yue Li' and Hongjun Cao®f

Abstract In this paper, a Hindmarsh-Rose model discretized by a nonstan-
dard finite difference (NSFD) scheme is considered. Bifurcation behaviors
are compared between the model obtained by the forward Euler scheme and
the model obtained by the NSFD scheme. Through analytical and numeri-
cal comparisons, the Neimark-Sacker bifurcation of the model discretized by
the NSFD method is closer to the Hopf bifurcation of the original continuous
Hindmarsh-Rose model than that discretized by the forward Euler method.
Moreover, due to the NSFD method’s better stability and convergence, the
integral step size can be chosen larger in the NSFD scheme. And much more
dynamic behaviors can be obtained by using the NSFD scheme than those in
the forward Euler scheme. These confirmed results can at least guarantee true
available numerical results to investigate complex neuron dynamical systems.

Keywords Nonstandard finite difference scheme, discrete-time Hindmarsh-
Rose model, stability, fold bifurcation, Neimark-Sacker bifurcation.
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1. Introduction

Many dynamical systems are represented by nonlinear differential equations whose
analytical solutions are usually hard to obtain. Under this circumstance, how to
take into account the dynamical behaviors of these nonlinear differential equations
effectively is of great significance.

Among so many methods to deal with the above problem, the discretization is a
straightforward way. There are several ways to transform a continuous differential
system into a corresponding discrete mapping. The most commonly used method
for this aim is the standard difference methods, such as the forward Euler scheme,
the Runge-Kutta method and so on. Nevertheless, there have been so many unclear
questions so far. The key point is how to preserve the basic structures and main
properties of the original continuous dynamical system after discretization as much
as possible. In particular, the numerical instabilities should be considered before
the implementation of standard finite difference schemes.

To eliminate numerical instabilities, the NSFD schemes have been proposed by
many researchers, for example like [15] and therein. In addition, dynamic consis-
tency must be considered, which is also a goal for proposing the NSFD methods. A
difference equation is called dynamically consistent with the differential equation if
they both possess the same dynamics such as stability, bifurcation, and chaos [2].
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The main advantage of NSFD schemes can retain the considerable properties of
their original continuous systems to guarantee true numerical results. While the
construction of these NSFD schemes is not easy, because there is no general criterion
for construction.

Over the past decades, there have been numerous interesting results from using
the NSFD method. Some results also proved that the stability and convergence of
the NSFD methods are better than some standard difference schemes. For example,
in [6], authors developed positive and elementary stable nonstandard (PESN) finite-
difference methods for predator-prey systems. They found that the PESN methods
keep both the positivity of the solutions and the stability of the equilibria of the
corresponding predator-prey system. A NSFD scheme that was constructed to sim-
ulate a predator-prey model of Gause-type with a functional response is consistent
with the asymptotic dynamics of the model. It was also compared with those ob-
tained from the standard methods such as the forward Euler and the Runge-Kutta
methods [16]. Other applications and analyses of the NSFD scheme can be found
in [1,3,5,10,17]. Moreover, Mickens’s method was generalized by Roeger. Simulta-
neously, a class of nonstandard symplectic numerical methods for a Lotka-Volterra
system was given [19]. Roeger et al. constructed a discrete Lotka-Volterra compe-
tition model by applying the NSFD schemes. It proved the dynamic consistency
between the resulting difference equation and the differential equation [20]. Kahan
et al. presented an unconventional method with second-order accuracy [9]. Roeger
used conformal mappings to study the relationship between the eigenvalues of the
Jacobian matrices of the differential equations and the resulting difference equa-
tions. He proved that Kahan’s discretization method preserves the local stability
and the Hopf bifurcation of any fixed points while Euler’s method fails. Unfortu-
nately, Kahan’s method can only be applied to the differential equation % = f(z)
where f(z) is at most quadratic in = [21].

So it is worth discretizing a neuron model with cubic terms and studying its
dynamic behavior by using a kind of NSFD method. A classical Hindmarsh-Rose
neuron model [22] with cubic terms is chosen in this paper as follows:

d—x—c ac—x—3— +1I
it~ 3 YT

@_xz—l—daz—by—i—a
dt c '

(1.1)

Herein, x represents the membrane potential, ¢ is an internal or recovery variable,
I is the stimulus intensity and a, b, ¢, d are all positive parameters.

There are several reasons for choosing this model:
(i). Hindmarsh-Rose model is a classical neuron model and has been widely studied.

Many researchers have used the bifurcation theory to study the complex dynam-
ics of the Hindmarsh-Rose model. In [23], the authors proposed two Hindmarsh-
Rose neurons with the same synaptic coupling and discussed how coupling strength
and time delay affect dynamics by studying the stabilities and bifurcations at equi-
libria. Some conclusions could be regarded as theoretical guidance for the study of
the dynamics of coupled neurons.
(ii). There have been many works on the discretization of the Hindmarsh-Rose
model.

The forward Euler scheme is the more frequently used method to discretize a
Hindmarsh-Rose model. Yu and Cao [25] discretized a three-dimensional Hindmarsh-
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Rose model by the forward Euler scheme and then investigated the existence of one-
parameter bifurcations in the discrete model. They illustrated the correctness of the
bifurcation analysis by numerical computation. Li and He [14] proved that a two-
dimensional discrete Hindmarsh-Rose model can produce two kinds of codimension-
one bifurcations (flip bifurcation, Neimark-Sacker bifurcation) and a codimension-
two bifurcation (1:1 resonance). In addition, they also carried out numerical compu-
tations, which illustrated the theoretical results and showed some complex dynamic
behaviors. Felicio and Rech [7] presented a two-dimensional parameter-plane dia-
gram for a three-dimensional discrete Hindmarsh-Rose model. Moreover, periodic
structures can be observed clearly in a two-dimensional parameter-plane diagram.
Kuznetsov and Sedova [11] analyzed the quasi-periodic bifurcations of a map by
observing two-dimensional parameter-plane diagrams corresponding to different in-
tegral step sizes.
(iii). The model (1.1) is a relatively simple two-dimensional Hindmarsh-Rose model
with cubic terms, which made the implementation of theoretical analysis and cal-
culation less complicated and relatively feasible.

Besides, Li and He [13] studied the dynamic properties like periodic structures
and bifurcation types of the model which is obtained by applying the forward Euler
scheme to discretize the model (1.1):

23
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N 3

y y+- (22 + dz — by + a)

, (1.2)

where h is the step size. This paper mainly focus on the comparison of bifurcations
between the model (1.2) and the model discretized by the NSFD method.
In this paper, a NSFD scheme is applied to the model (1.1) and the following
discrete-time model is obtained:
6h(z — 2y)c? + (((31) —3d)x — 6a)h? + 121‘) ¢+ 6bhx
T . . M
( ) - 4(:}1,2(? +(a+ 3_ b—y):l:z _ 3w + %{/(b —d) — 3—0) + ((42®y — 6y)c? — 6by + 12(dx + 22 + a))h + 12cy

Yy 2 2 2 2
M

(1.3)
where M = (4m2 — 6) he? + (12 + (2ba:2 —3b+3d+ 633) h2) ¢+ 6bh. The detailed
calculation is in Appendix A. In order to guarantee the model is meaningful, suppose
M # 0. Assume that I = 0 in this paper [4].

Unlike most implicit discrete schemes which cannot be solved explicitly, one of
the novelties of this paper is that the explicit expressions can be solved in this
paper as equation (1.3), which facilitates our research. The goal is to compare
the difference between the model obtained by the forward Euler scheme and the
discrete-time Hindmarsh-Rose model obtained by the NSFD scheme. For the sake of
simplicity in the computation, the projection method is used to calculate the normal
forms of one-parameter bifurcations at the fixed points of the model (1.3). Based
on the bifurcation analysis, several behaviors for the two-dimensional Hindmarsh-
Rose model are simulated and compared near bifurcation points. When the step
size h is the same, the bifurcation parameter of the Hopf bifurcation of the model
(1.3) obtained by the NSFD method is closer to the original continuous model
than the model (1.2) obtained by the forward Euler method. In addition, because
of the better stability and convergence of the NSFD method, when the step size
increases, the difference equation still converges and more dynamic phenomena can
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be obtained such as the chaotic attractor, which is demonstrated by numerical
simulation.

The layout of this paper is as follows. In section 2, from the point of view of
qualitative and quantitative analysis for bifurcation, the existence and stability of
the fixed points for model (1.3) are concerned, which makes the bifurcation anal-
ysis more accurate and the corresponding comparison more specific, especially in
numerical simulation. In section 3, sufficient conditions for fold bifurcation and
Neimark-Sacker bifurcation at fixed points of model (1.3) are given and the dif-
ferences on bifurcations between model (1.2) and model (1.3) are discussed. The
theoretical results are identified by numerical simulation in section 4, where complex
dynamics like periodic structures, invariant closed orbits and chaotic attractor are
observed. Moreover, the results of numerical simulation of the forward Euler scheme
and the NSFD scheme are compared, especially in two-dimensional parameter-plane
diagrams. Finally, conclusions are given in section 5.

2. Existence and Stability of fixed points of the mod-
el (1.3)

The existence and stability of the fixed points of the model (1.3) are analyzed,
which provides a precondition for the analysis and comparison of the bifurcation
and facilitates the selection of parameters in numerical simulation.

2.1. Existence

For model (1.1), the equilibria should satisfy the following conditions

§m3+x2+(d—b)m+a20,
3 (2.1)

8

In the same way, the fixed points E(z,y) of the model (1.3) satisfy the following
equations

6h(z — 2y)c? + (((3b — 3d)x — 6a)h* + 12z) c + Gbhx

M =

46h2(d",~f3 +(a+ 32— %y)xz - SLQy + 3y(b—d) — 32) + ((4a2y — 6y)c? — 6by + 12(dz + 2® + a))h + 12cy B
M e
(2.2)

Then we have
bl‘g 2 2c 3
(T +x +(d—b)x—|—a)h—|—§(x —3z+3y) =0,
da3 3, 5 3 9

ch(7+(a—by+§)x —3J:y—|—5((b—d)y—a))+3(a—by+dw+x )=0.

(2.3)

Through variable transformations, we get the following conditions for the fixed
points of the model (1.3),

b
§$3+x2+(d—b)w+a:0,

;. (bh+ 2¢)x3 B LCL'Q ~ (=3bh +3dh —6c)z  ah

6c 2c 6¢c 2

(2.4)
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Note that when the equation §x3 + 224 (d—b)x+a =0 holds, ¥ —y = 0. So the
equilibria of model (1.1) is also the fixed points of model (1.3). Here we only study
the equilibria that retained after discretization.

2.2. Stability
The Jacobian matrix J(zy,yr) of the model (1.3) evaluated at one of the above

fixed points at Ex(x, yx) is given by

Jin Ji2
J (xr, yx) = ; (2.5)
Jo1 Joz

where the expression of Jy1, Ji2, Jo1, Joo are given in the Appendix B.
The corresponding characteristic equation can be written as

h(\) = A? — (Ba+ C)A + (Da + E) = 0. (2.6)
It is easy to obtain the eigenvalues

Ba—i—Ci@

)\ =
1,2 9 9 )

where A = (Ba+ C)? — 4(Da + E), and the the expression of B, C, D, E are
presented in the Appendix C.

Proposition 2.1.
(i) The fized point Ey, of model (1.3) is a stable focus if one of the following conditions
holds:

—BCH2D—2+B2E-B D2 —BCH2D+2v/B2E-B D2 1-F .
(a) CH \/B2 C D+ <a< C+D+\/Bz C D+ , G<T(D>O),

_ _\/_7 _ \/_7 —
(bh) =BCi2D=2 ng BCDID? _ , - —BC4+2D42 ng BODED® E(D<0).

(i) The fized point Ey, of model (1.3) is an unstable focus if one of the following
conditions satisfies:

—BC+2D-2+/B?E-BC D+D? —BC+2D42v/ B2 E—-BC D+D? —.

(a) =BA2D2VBEBCDID” o  —BORDRVEEBCDID o5 1B (D> ();
— 2 2 _ 2 2 —

(b) BC—"-2D—2\/BB2 E-BC DD <a< BC—Q—2D—»—2\/BB2 E-BC DD ,a< 1[;9( < )

Proposition 2.2.
(i) The fized point Ey of model (1.3) is an unstable source if one of the following
conditions holds:
_ VBE'E—BODTD? _BC—2VETE—BODTD?
(a) —a > 2D=BC+2 ]]3322E BCDED? . o < 2D=BC=2 %Z;E BCD+D?
1+E-C —1-FE-C .
_ VB®E—BCD+D? _BC-2VB’E—BCDLD”
(b) —a > 2P=BC+2 BBQQE BCDED® ., < 2D=BC-2 1}3;215 BCD+D?
1+E—C —1-E-C .
_ VBEE—BODTD? _BC—oVETE—BODTD?
(¢c) —a > 2D=BC+2 1]332‘2E BCDED? . < 2D=BC-2 115’;215 BCD+D?

a>1EEL(B—-D >0), a < =5E5S(B+ D > 0);
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_ vVB2E—BCD+D? _ —2v/B2E—BCD+D?
(d) _az 2D—BC+2 BB2E BCD+D OTGS 2D—BC—-2 BBZE BCD+D ,

a>1EEL(B—-D >0), a> =2ES(B+ D <0);

— /B2E— 2 _ _ 2 — 2
(6) —a > 2D—-BC+2 %2E BCD+D ora < 2D—-BC 2\/%2E BCD+D ,

a<—-%2(B>0),a< " 5ES(B+D<0);

2D—-BC+2v/B2E—BCD+D? 2D—-BC—-2v/B2E—BCD+D?
(f) —a> i L= ora < . 2,

a<—%2(B>0),a>"5ES(B+D>0);

2D-—B 2v/B2E—BCD+D? 2D—BC—-2v/B2E—BCD+D?

(9) —a> CRIE=BCEDED o a < C=2v B B-BCDED”
c+2 —1-E-C .

— \/ﬁ _ _ \/ﬁ

(h) —a > 2D—BC+2 %QE BCD+D ora < 2D—BC—-2 B;2E BCD+D ,

a>—-%2(B <0), a>==ECE(B+ D >0);

. — \/_7 _ — \/_7
(Z) —a Z 2D—BC+2 %ZE BCD+D? or a S 2D—-BC-2 Bng BCD+D? ,
a>=%2(B>0), a < HEZE(B - D > 0);

. — 2 — 2 _ _ \/ﬁ

(,7) —CLZ 2D BC+2\/%2E BCD+D or a S 2D—-BC-2 %QE BCD+D ,
—C+2 1+E-C .
a>T(B>O),a>ﬁ(B—D<O),

\/7 _ _ \/77
(k) > 2D—BC+2vVB2E—BCD+D or a S 2D—BC—2 %22E BCD+D27
a>*C+2(B<O) < HEEL(B-D > 0);

\/7 — —2vB2E—BCD+D?
(l) a > 2D—BC+2VB?E—BCD+D ora < 2D—-BC-2 115’;2E BCD+D2’
a> *C+2(B<o) > HEEC(B - D <0).

(i) The fized point Ey of model (3) is a saddle if one of the following conditions
holds:

— /B2E— 2 _ _ 2 2
(a) a > 2D—BC+2 %ZE BCD+D or a< 2D—-BC 2\/%2E BCD+D ,

—BC+D++/(E+1)>B2—2BCD+D?(C?—E2—2E)
B2_D2

—BC+D—+/(E+1)?B2—2BCD+D2(C2—-E2—2E
<a< +D—+/(B+1) s, +D( )(DQ—BQ>O);

— VB2E— 2 _ _ 2 _ 2
(b) a> 2D—-BC+2 E];ZE BCD+D or a< 2D—-BC 2\/%2E BCD+D ,

—BC+D—+/(E+1)2B2—2BCD+D2(C2—E2—2E)

a < BZ_D2
—BC+D E+1)2B2-2BCD+D2(C2—E2-2E
or q > ZBCHDHV(E+)RBE2BOD+ DY (D? - B2 <0).

The proofs of the above two propositions are presented in the Appendix D.

Remark 2.1. The fixed point satisfying the above conditions does not necessarily
exist. The parameters selected in section 4 (numerical simulations) are all satisfied
with the existence conditions of the fixed points.

Remark 2.2. From the above two propositions, it can be seen that the stability of
the fixed points is related to the step size h. So the size of the discrete step h must
be considered in the discrete model.
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3. Bifurcation Analysis

This section mainly focuses on the one-parameter bifurcations of the model (1.3)
which is investigated by the projection method [12]. More importantly, the com-
parison of bifurcations between model (1.2) and model (1.3) is discussed.

Let u =z — xp and v = y — yg, then we transform Fj(xy,yx) to the origin. By
introducing a new variable X = (u,v)” ((-)7 denotes the transpose of (-)), model
(1.3) can be transformed into the form

X — G(X), (3.1)

where G = (G1, Go)T with

G 6hc?(u—2v— xk+2yk)+((3(b d)(u—x1)—6a)h>+12(u—xy))c+6bh(u—xy)
1= 4hc? (u? —2uzp+x2 — 3 )+ (124 (2bu+(6—4bz ) )u+2bx2 +3(d—b)—6x ) A2 )c+6bh’
G 44w - yi)(u? — 2uzy, + 23 — 3)c® + 12(u? + (d — 2zp)u) + 6b(y, — v) + 12(a? — day, + a))h + 12c(v — yi))
2T 4he?(u? — 2uay + 22 — 3) + (12 4 ((2u? — duzy + 222 — 3)b + 3d + 6u — 6ag)h2)c + 6bh
B ch?(2dz} + 2tk(b(yk —v) 4+ 3) + 6zx(v — yx)3v(b — d) + 3yr(d — b) — 6a)
4he?(u? — 2uzy, + 27 — 3) + (12 + ((2u? — duzy, + 227 — 3)b+ 3d + 6u — 63,)h2)c + 6bh
e }1(du +(b(yr—v)— ?d1A+3+2a)u + (34” +(b(v — y) — 2a— )y + %<qk L))u)
4hc?(u? — 2uzy + a2 — 5) + (124 ((2u? — duzy, + 222 — 3)b+ 3d + 6u — 6.Lk)h )e+ 6bh

For model (3.1), we obtain
1 1
X = JX + 5B(X, X) + -C(X, X, X) + o(xh, (3.2)

and let . )

where J = J(E) and B(X, X) and C(X, X, X) are mulitilinear functions with

ZazF vy = ) o (%) a4 )
WY = 191 1Y2 291),
o) 060, o b by

and

8F
Clz,y,w) = Z 351355%)5[ TiYjwi
£=0
1 C3
T1y1wr + (T1y1Ww2 + T1Y2w1 + T2y1wn),
C2 Cq

where the expression of by, bo, b3, by and ¢y, co, c3, ¢4 are given in the Appendix E.

3.1. Fold bifurcation

In the following analysis of the fold bifurcation, parameter a is chosen as the bi-
furcation parameter. Bifurcation analysis for the models (1.1),(1.2), and (1.3) is
performed by the bifurcation theory at Ej(xy,yr), which is more convenient to
make a comparison of bifurcation between these three models.
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First, the characteristic polynomial corresponding to the Jacobian matrix at the
fixed point Ey(zy,yx) of the model (1.1) is

H(\) =\ — (—cmi—l—c—i))\—l—bxi—&-%vk—b—i—d.

A fold bifurcation may occur at the fixed point E(xg, yx) if the following conditions
are satisfied [12]:

H(0) = ba? + 2z, —b+d =0,
baf +af + (d—b)ay +a=0.

(—14v/b2—bd~+1)(2b% —2bd+1F/b%—bd+1)

It is easy to conclude that when a = 302 , there
exists a fold bifurcation at the fixed point Ej(zy,yx), where x) = —Evb=bd+l V”Z_bdﬂ,

3
Ye = Tk — %"
Next, the characteristic polynomial of the Jacobian matrix at the fixed point
Ey(zk,yr) of the model (1.2) is

P\ = X2+ ((cmichré)h72>)\+(bxi+2xk76+d)h27 (cmichré)thl.
C C

Like the analysis of the model (1.1), if the following conditions are satisfied, model
(1.2) may undergo a fold bifurcation at the fixed point Ey(zk,yr) [12]:

P(1)= (ba} + 22 — b+d) h*= 0,

b
gmi—i—xi—l—(d—b)xk—i—azo.

It means that a fold bifurcation may occur at the fixed point Fy(xg,yr) when

(— 1467 —bd+1) (262 —2bd+ 1567 —bd T 1 14 VPP —bd 1 o3
= ( =52 ),Whereka%,ykzl‘k—?’“-

For model (1.3), the characteristic polynomial corresponding to the Jacobian
matrix at the fixed point Ey(xg,yx) of the model (1.3) is

h(A) = A = p(a)X + q(a),

where p(a) = Ba + C,q(a) = Da + E.
There exists a fold bifurcation at the fixed point Fj(zg,yr) if the following

conditions hold:
h(1)=1 - p(a) + ¢(a)= 0,

gxz—l—xi—&-(d—b)xk—kazo.

(~1E VB bdHT) (20 —20d 4 1 £VB7—bdF1) a fold bifurcation may

302
1 — /b2 — 3
occur at the fixed point Ey(x, yr), where xp = %, Yp = T — 2.

It is easy to find that the conditions of the fold bifurcation for these three models
are consistent.

Using the corresponding theorems in [8,12,24], we obtain the following result of
the model (1.3).

Thus, when a = a9 =
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Theorem 3.1. If‘ BEEE#‘ # 1 anda(ag) # 0, then model (1.3) undergoes a fold
bifurcation at Ey(zk,yr) when a = ag. Moreover, if a(ag) < 0 (resp., a(ag) > 0),
there are two fized points for a < ag (resp., a > ag). These two fixed points collide
at a = ag, and disappear when a > ag (resp., a < ag).

Proof. The model (1.3) undergoes a fold bifurcation at the fixed point Ey(xg, yx)
as the parameter a varies in a small neighborhood of ay. There exists a critical eigen-

value A\; = 1. And supposing that || = ’BE;;(_’Y#‘ #1,B — D # 0 are satisfied.
There exist p1,q1 € R? such that J(ag, 2k, yx)q1 = ¢ and J7 (ag, 2k, yx)p1 = p1,
where J7 (ag, xy, yx) is the transpose matrix of J(ag, g, Yr)-
It is easy to obtain
@~ (¢, 1) p1~ (01, D7,

where “~” is used for proportional vectors and

2bxy, + 3 . —(he(ba} + 3(d — b) + 3x1) + 3b)
z3 + 2dxy, r3 T 3c2 '

*

q =

For satisfying the normalization < py,q; >= 1, where < p1,q1 >= piqf +p5q5 =
piq; + 1 is the scalar product in R?, we choose

q1 = (qa,_(a 1)T7p1 = Kl(piv 1)Ta

where
1

Copig L
Through a series of transformations based on the theorems deduced by Kuznetsov

[12], the restriction of the model (3.1) to its one-dimensional center manifold at the
critical parameter value ag can be transformed into the normal form

K1

N 7]-1—&(@0)772 + E(ao)ng + 0 (774) ,

where

af(ag) = %(phB(ql,ql)),

1

bao) = ¢ (b1 Clar, 1.0)) = 3 (pr. B (01, ( (a0) — 1) ") )),

a/ = B(thl) - <p17B(q1aq1)>q1a

which determines the direction of fold bifurcation at the fixed point Ey(zk,yx),
where I is the unit 2 x 2 matrix. In the fold case, the matrix (J (ag) — I2) is
noninvertible in R?, since A\; = 1 is the eigenvalue of J (ag). Let T°* denotes a
one-dimensional linear eigenspace of J (ag) corresponding to all eigenvalues other
than A;. Notice that a’ € T*", since < p1,a’ >= 0. The restriction of the linear
transformation corresponding to J (ag) to its invariant subspace T*" is invertible.
Thus, to facilitate the following calculation, we use (J (ag) — I>)'™" to denote the
inverse of (J (ag) — I5), where INV means the inverse in T*. [(J (ao) — L) a/]
can be computed by solving the following system

J(ao) = I 1 (J (ag) — L)V a

pi 0 n 0
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for (J (ap) — IQ)INVa’ € R? and n € R'. Here ¢; and p; are the above-defined and
normalized eigenvectors of J (ag) and J7 (ag), respectively. The 3 x 3 matrix of this
system is nonsingular [12]. O

3.2. Neimark-Sacker bifurcation

As the fold bifurcation analyzed above, a Neimark-Sacker bifurcation will be studied
in this section, the parameter a is chosen as the bifurcation parameter and bifurca-
tion analysis is performed by bifurcation theory at the fixed point Ey(zk,yx).

For model (1.1), if the following conditions are satisfied, a Hopf bifurcation may
occur at the fixed point FEx(xg, yx):

trace = (1 — 2%)c* —b =0,

b3+ a2+ (d—bz+a=0,
where the “trace” represents the trace of the Jacobian matrix of the model (1.1) at
the fixed point Ej(zk, yx)-

It is easy to know from the above conditions that the model (1.1) may take place
a Neimark-Sacker bifurcation at the fixed point Ex(x, yr) when

+ ((2b — 3d)c? + b?) V2 — b — 3¢® + 3bc
3c3 ’

a=a; =

7 3
where x5, = :tivccb, Yk = T — .

Similarly, a Neimark-Sacker bifurcation may arise at the fixed point Ey(xg, yx)
of the model (1.2), if the following conditions hold:

(1—x%)62+(baci—l)—i—d—+-23vk)hc—b:07

b
ggc%—i—x%—&-(d—b)mk—i—a:o.

Thus, when a = ao, a Neimark-Sacker bifurcation may occur at the fixed point
Ey(xk, yx), where

3d — 2b)c® + (4b2h — 5bdh + 3h)c® + ((2h%d — 1)b? — (20% + b)h? — 3¢y /(c® — 2h(b — L)e2 + (b2 — bd + 1)h2 — b)c + b2h)c
2
3¢2(hb — ¢)®
(he — \/(03 —2h(b— ) + ((b> —bd + 1)h? — b)c+ b2h)c)  bh(D? + \/(63 —2h(b— £)c® + ((b* — bd + 1)h? — b)c + b2h)c)
3¢2(hb — ¢)° 3¢2(hb — ¢)° ’

~he /(¢ = 2h (b~ £) 2+ (02— bd + 1) h2 — b) e+ b2h) ¢ 2

c(bh — ¢) Yk =Tk~

ay =

X

T =

As the study of the model (1.1) and the model (1.2), a Neimark-Sacker bifurca-
tion may undergo at the fixed point Ejy(x,yr) of the model (1.3) if the following
conditions are satisfied:

q(a) =1,

b
§x2+x§+(d—b)xk+a:0.
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It means that when a = a3, a Neimark-Sacker bifurcation may occur at the fixed
point Ey(xg, yx), where

V6 ((6d — 4b)c®+bh(b—d)c—2b%) \/c(bh—6¢) (b — ¢2)—6c(bh — 6¢) (b — ¢?)
(bh — 6¢)*
_ i\/6\/c(bh —6¢) (b—c?) 3

c(bh — 6¢) Yk = TR T g

as =

)

T

Since the relationship between ai, as, and a3 can not be directly seen through
the above expressions, a specific comparison will be given in the later numerical
simulation.

Using the corresponding results in [8,12,24], we obtain the following theorem.

Theorem 3.2. If the conditions a # —%, —% hold and a(a3) # 0, then model
(1.3) undergoes a Neimark-Sacker bifurcation at Ey(xy,yr) when a = as. Moreover,
the sign of a(as) decides the stability of bifurcating closed invariant curve. If
a(az) <0 (resp., a(ag) > 0), then the bifurcating closed invariant curve is attracting

(resp., repelling) for a > ag (resp., a < as).

Proof. The following characteristic equation is given to analyze the local dynamics
near the fixed points of the model (1.3):

M+ p(a)A+q(a)=0,

where
p(a) =Ba+C, gq(a)=Da+E.
Then
|[A(a)] = VDa+ E,
p_dN|  _D
~ da a=as 2

B 24c3h3xy, — (12bxy, + 18)c2h? 20
(ch? (2bx2 — 3b+ 3d + 633,) + h (422 — 6) 2 + 6b) + 12¢)°

In addition, |[A(as)| = 1, and we require p(as) # 0, 1, which means

c Cc-1

a’37é_§7 ~ B

then \"(az) # 1, n = 1,2,3,4. There exist p3, g3 € C? such that

J(as, zk, yp)gs = Nas)gs, J(as,zk, yp)ds = Ma3)gs

and

JT (ag, vk, yu)ps = Naz)ps, J* (az,z, yi)ps = A(as)ps.

After calculation, p,q can be chosen as

qs ~ (q§7 1)Ta p3 ~ (pga 1)T7
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where

. —Le((bhwy — 2car) + 3h)V2V/128
qA =
" (ch? (2622 — 3b+ 3d + 621,) + h (422 — 6) 2 + 6b) + 12¢)°

2 : 3h2x2
. \/c(hc‘zmg, —3) + (6+ (ba2 + 2N 4 30 )h2)c + 3bh) (h(ad — 325)e 4 (22E 4 3y )c — 90)
(ch? (2ba2 — 3b + 3d + 6x1) + h (432 — 6) ¢ + 6b) + 12¢)° (2bhay, — dcxy + 3h)°

VOS5 0 pe(ba? 4 HEB) 4 gy (b + 3) + 302 + 2
X

(ch? (2ba} — 3b+ 3d + 6ay) + h (423 — 6) ¢ + 6b) + 12¢)* (2bhay, — dexy, + 3h)*
N dc (b (223 —3) 2+ (6 + (bx} — 3b+ 3d + 3xy) h?) ¢ + 3bh) ¢ (b (baf — Sbay, + a3 — 9) c + 3bxy,)

(ch? (2ba2 — 3b+ 3d + 6a) + h (422 — 6) @ + 6b) + 12¢)°

)

*

2v/2(bhay, — 2cxy + %}L)\/IQS

Ps =9 (—2cai + b (bxi + 3)) (h (2203 —3) ¢ + (6 + (b} — 3b+ 3d + 3xy,) h2) ¢ + 3bh) 2
\/C<h62(2th —3)+ (6 + (ba? + @ + 3z)h?)e+ 317/1,)2(}7,(.17‘?c o (&;i + 3zp)c — o)
X 2 - -
(24 (7201'1\- +h (bxk + %)) (h (21% —3)c? + (6 + (bx% — %b + %d + Sxk) h2) c+ 3bh) (:2) (2bhaxy, — ey, + 3h)2
5 (OB 2 4 pe(ba + 290 4 30y (b + 3) + 36y + 2
(24 (—2czy, + h (bzy, + 2)) (h (222 —3) c + (6 + (ba? — 3b+ 3d + 3wy) h2) ¢ + 3bh) ¢2) (2bhay, — dcay + 3h)°
16 (h (223 — 3) 2+ (6 + (b2 — 3b+ 3d + 3ay) h?) ¢+ 3bh) c (h (ba} — Sbwy + 222 — 3) ¢+ 3bxy,)
24 (—2cxy + b (boy + 2)) (b (222 —3) 2 + (6 + (ba2 — 3b+ 3d + 3ak) h2) ¢ + 3bh) 2 '
Normalizing ps with respect to g3, we have
T T
q3 = (Q;:a 1) , P3 = K:3(p§71) )
where
1
Ky = ———.
p3q; +1

Through the transformations based on the theorems [12], the restriction of the
model (3.1) to the center manifold takes the form

2 €092 (1 4 d (as) |2°) + O(2]"),

where €(@3) = X (a3),z € C? and the real number d(as) = Re (d (a3)) is given by
the following formula:

d(az) = %Re{e_w(a‘“’) [<p3,C(CI37(J3,673)> +2 <P3»B (Q:s, (I2 — J(ag))le(q37q*3))>
+ <p37 B (@3, (ebas)], — g (03))_13(1137(13))” } :

4. Numerical simulations

The numerical simulations in this paper are realized by the software MATLAB
R2020a. In the following cases, we consider different bifurcation parameters re-
spectively. Case (i) chooses the parameter a and the step size h as the bifurcation
parameter respectively. Case (ii) chooses a as the free parameter. In order to com-
pare the NSFD scheme with the forward Euler scheme, the step size h is chosen as
the free parameter to carry out bifurcation analysis of the model (1.2) and model
(1.3) respectively in case (iii).
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(i) When a = 1.080, b =5, c=1,d = 2 and h = 0.1, seen from Figure. 1(a),
model (1.3) undergoes the fold bifurcation at the point (0.6,0.528) with a(ag) =
—0.5127203730 < 0. So two fixed points bifurcated from (0.6,0.528) for a < ag
which is illustrated by Theorem 3.1. Figure. 1(b) presents the bifurcation diagram
which shows the bifurcating process for h € (0,1) and confirms that fold bifurcation
is independent of the value of h.

0.8

0.8

(@)

0.7 0.71

<06 x 0.6

0.5 0.5¢

0.4 ‘ 0.4 : : : :
1.075 1.08 1.085 0 0.2 0.4 0.6 0.8 1
a h

Figure 1. (a) Bifurcation diagram of model (1.3) in (a,z) plane for b = 5,¢ = 1,d = 2, h = 0.1, the
initial condition is (0.6, 0.528). (b) Bifurcation diagram of model (1.3) in (h, z) plane for a = 1.080,b =
5,c = 1,d = 2, the initial condition is (0.6, 0.528).

(i) When a = 1.202251732, b = 1, ¢ = 2, d = 3, and h = 0.1, there exists
a unique fixed point (—0.8696565516, —0.6504154051) for model (1.3). When a =
1.202251732, the Neimark-Sacker bifurcation occurs at the point (—0.8696565516, —0
.6504154051) and its eigenvalues are A; o =~ 0.9947971165 £ 0.1018758902i. For
a = 1.202251732, there are |A| = 1, I* = % = —0.0006179753 < 0 and d(a3) =
—3.476537096 < 0. Fixed parameters h = 0.13, b=1,c=2,d=3, model (1.2) un-
dergoes the Neimark-Sacker bifurcation at (—0.8947368423, —0.6559751179) when
a ~ 1.227681392. It is easy to compute that model (1.1) undergoes the Hopf bi-
furcation at (—0.8660254043, —0.6495190530) when a &~ 1.198557159. The error of
bifurcation parameter a of the model (1.3) is ey = |az — a1| = 0.003694573, while
the error of model (1.2) is ea = |ag — a1| = 0.029124233 > 0.003694573. So we con-
clude that the Neimark-Sacker bifurcation of the model (1.3) is closer to model (1.1)
than model (1.2). Figure. 2(a) presents the bifurcation diagrams which show the
process of bifurcation and the occurrence of a closed invariant curve. Figure. 2(b)
corresponds to the forward Euler method. We also plot the maximum Lyapunov
exponents which show the emergence of periodic orbits and chaotic regions when
the free parameter a changes in Figures. 2(c)-(d). Some typical phase portraits of
the model (1.3) are also plotted in Figure. 4.

(iii) Corresponding to the conditions (ii), the step size h is chosen as the bifurca-
tion parameter. Figures. 3(a)-(b) display the bifurcation diagrams which show the
bifurcating process of the Neimark-Sacker bifurcation of the model (1.3) and model
(1.2), respectively. The stability of the fixed points is illustrated by calculating
the maximum Lyapunov exponents in Figures. 3(c)-(d) respectively correspond-
ing to Figures. 3(a)-(b). To have a more intuitive comparison between the NSEFD
scheme and the forward Euler scheme, two-dimensional parameter-plane diagrams
of the model (1.2) and model (1.3) are presented respectively in Figure. 3(e) and
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Figure 2. (a) Neimark-Sacker bifurcation diagram of model (1.3) in (a, ) plane for b = 1,¢ = 2,d =
3, h = 0.1, the initial condition is (—0.8, —0.6). (b) Neimark-Sacker bifurcation diagram of model (1.2)
in (a,z) plane for b = 1,¢ = 2,d = 3,h = 0.1, the initial condition is (—0.8,—0.6). (c) Maximum
Lyapunov exponents corresponding to (a). (d) Maximum Lyapunov exponents corresponding to (b).

Figure. 3(f), which shows the emergence of the chaotic phenomenon and periodic
structure clearly. Comparing Figure. 3(e) with Figure. 3(f), within the same range,
Figure. 3(f) has more overflow, which is due to the divergence of the forward Euler
scheme. So we infer that applying the NSFD scheme to discretize a continuous-time
system could get more results. Moreover, we can see more complex dynamic phe-
nomena. As we see in Figure. 3(a), the fixed point undergoes the Neimark-Sacker
bifurcation and is enclosed by a closed invariant cycle. When the step size h lies in a
small neighborhood of 1.2299, the corresponding maximum Lyapunov exponents are
positive, which implies the possibility of the occurrence of chaotic phenomena [18].
The occurrence of closed invariant curves and chaotic attractors are displayed in
Figure. 5. Meanwhile, the variation between e; = |az — a1/, e = |az — a1| and the
step size h is given in Table 1. As seen from Table 1, when h = 0.757785471, e;
is approximately equal to the value of es with h = 0.1, which demonstrates the
following conclusions:

1. Taking the same step size h, the error of the NSFD scheme e; is smaller than
the error of the forward Euler method es.

2. The step size h in the model (1.3) can be taken in a wide range.

3. The Hopf bifurcation of the model (1.3) obtained by the NSFD method is
much closer to the original model (model (1.1)) than the model (1.2) obtained by
the forward Euler method.

Furthermore, since model (1.1) is independent of h so that a; is taken as a; =
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Figure 3. (a) Neimark-Sacker bifurcation diagram of model (1.3) in (h, ) plane for a = 1.2023,b =
1,¢ = 2,d = 3, the initial condition is (—0.8, —0.6). (b) Neimark-Sacker bifurcation diagram of model
(1.2) in (h, z) plane for a = 1.2277,b = 1, ¢ = 2, d = 3, the initial condition is (—0.8, —0.6). (c¢) Maximum
Lyapunov exponents corresponding to (a). (d) Maximum Lyapunov exponents corresponding to (b). (e)
Two-dimensional parameter-plane diagram in (h,a) plane corresponding to (a). (f) Two-dimensional
parameter-plane diagram in (h, a) plane corresponding to (b).

1.198557159 in Table 1. From Table 1, it is clear that as h — 0, the critical values of
bifurcation parameter a for the emergence of Hopf bifurcation and Neimark-Sacker
bifurcation are nearly identical, that is, e; = |ag — a1| — 0.

5. Conclusions

In this paper, a discrete-time Hindmarsh-Rose model is obtained by the NSFD
scheme in R2?. Fortunately, its explicit expression can be solved, which facilitates
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Figure 4. Phase portraits for various values of a corresponding to Figure. 2(a). (a) Orbits for a = 1.207.
(b) Orbits for a = 1.20235. (c¢) An invariant cycle for a = 1.18.
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Figure 5. Phase portraits for various values of h corresponding to Figure. 3(a). (a) An invariant cycle
for h = 0.855. (b) Period-21 orbits for h = 1.081. (c) A chaotic attractor for h = 1.299, and the
corresponding Maximum Lyapunov exponents is about equal to 0.06967.

Table 1. Variation of as, |az — a1| and a2, |az — a1| with different values of h.

h as €1=‘a3—a1| as egz\ag—aﬂ
0.0000001 1.198557163 4 %1077 1.198557188 2.9x10°%
0.00001 1.198557526 | 3.67 x 10~7 1.198560149 | 2.99 x 107°
0.001 1.198593893 | 0.000036734 | 1.198856204 | 0.000299045
0.1 1.202251732 | 0.003694573 | 1.227681392 | 0.029124233

0.3 1.209771941 | 0.011214782 | 1.282178621 | 0.083621462

0.5 1.217473491 | 0.018916332 | 1.333333333 | 0.134776174

0.7 1.225364787 | 0.026807628 | 1.382585944 | 0.184028785
0.757785471 | 1.227681393 | 0.029124234 | 1.396623222 | 0.198066063

our research. The fold bifurcation and the Neimark-Sacker bifurcation have been
investigated by using the center manifold theorem and bifurcation theory.

Compared with the forward Euler scheme, our investigation demonstrates that
the difference equation obtained by the NSFD scheme is closer to the original contin-
uous system. The convergence and stability of the NSFD scheme are much better
than the forward Euler scheme, which has been demonstrated by comparing the
relevant properties between model (1.2) and model (1.3). When the step size h
increases, the forward Euler method diverges earlier than the NSFD method, which
makes the model (1.3) obtained by the NSFD method get more dynamic behaviors.
Moreover, taking the Hopf bifurcation as an example, with the same step size h, the
bifurcation parameter of the model (1.3) is closer to the original continuous model
than the model (1.2). Therefore, it is much better to use the NSFD scheme to
discretize continuous systems than the forward Euler scheme from the perspective
of retaining the structure of the original system as much as possible.

Due to the complexity of this Hindmarsh-Rose model, it is hard to obtain the
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direct relationship of the eigenvalues of the Jacobian matrices between the differ-
ential equations and the resulting difference equations in a strictly theoretical way.
So it limits the strict theoretical deduction concerning the comparison between the
differential equations and the resulting difference equations in depth. Therefore,
what we can do depends on mostly the bifurcation analysis and numerical simula-
tions, respectively. Even so, it is worthwhile to take into account these comparisons
between the NSFD scheme and the forward Euler scheme. This is because through
these comparisons, on the one hand, we can build up much more experience to deal
with a similar problem. On the other hand, these confirmed methods can guarantee
the accuracy of numerical results for complex neuron dynamical systems.

Appendix A

A NSFD scheme is applied to the model (1.1) as shown in the following formula:

Tn4+1 = Tn _ c(Tn + Tni1) _ Cm%anrl c(Yn + Ynt1)

h 2 3 2 ’

d(xn+x b(Yn+yn
yn+1 _yn B xn-rn—‘,-l _|_ ( n 5 n+1) _ ( n 5 L+1) +a

h c ’

Tn+Tny1
2

where h > 0 is the step size and the approximations x,, — T2 Ty,

— Yn +§n+1

xf’L — xixnﬂ and vy, are used to approximate x,, xi, mi and y,, terms.

Notice that z,11 and y,11 in the above formula can be solved. Writing the
discrete system in the form of mapping, the model (1.3) is obtained.

Appendix B

24 (0a® — daxgn + 3) W2t + 480 (((~Loa® + oage = 3) b+ 2t az + B 4 B ) 02— ?) 8
Ju =

M2(k)
(144 + ((—6x%> —9)b* + (6day? + 24azy + 18d) b — 9d + 36a) h* — 48bh%x?) 2
+ M2(E)
(—120%h3x;,% + 144bh) ¢ + 36b%h*
+ ME(R)
—12c¢%h
Jig = ——,
M(k)
12ch? ((7% + (% - 2%) T2+ (1 - 2df””> Tk *l/k) - (%b + 1) o? —dxy + % - % +a)
== M2(k)
248 (2 (M2 4 dog® +a+ 3= 3db) o + ((a+ §)d— D)o+ %)
M2(k)
4h ((dwg? — 3d — 6yx) ¢ + 3b(d + 2ax)) h + 6¢(d + 22))
+ E) :
S (422 — 6) ¢ + (12 — (2bx,2 — 3b+ 3d + 6xy,) h?) ¢ — 6bh
22 =

M(k) ’



Bifurcation and comparison of a HR model 51

Appendix C

(24bxy + 36)c2h* + 4831y h?

B—
M?(k) ’
. ~4ch* (VPak + 6baf} + (~ 307 + 9+ 3bd) aF + 9(d — by + 2540
- M?(k)
N 4ch® (((6b — 3d)a7 — 12bayyr + 9b — 9d — 18y ) ¢ + 9b (ba? — b+ d + 224,))
M2 (k)
N 12 ((—3a} + 32 — 2yk) 2 + bay) apc®h® + ((36 — 122%) ¢ — 36b) ch — 72¢>
M? (k) 7
D— 48c3xh® — (24bxy, + 36)c2h?
B M?(k) ’
1‘2 39
5 :—24h204(9cﬁ —dapy + 3) — 48h03((—% + (byr — 2)axp + 2E)h2 + 22)
M?(k)
(144 +6(b — d) (22 + (b — d))h* + (72d + 144wy )h?)c? + 12b%ch®x? — 36b%h>
+ R '

Remark. M (k) is equal to the value of M at = = xy.

Appendix D

The proofs of Proposition 2.1 and Proposition 2.2 are as follow:

Proof. 1. A <O0:
. VB2E-BCD+D? - VB2E-BCD+D?
When A < 0, that is =B<&2D=2 éB;FfBCD*m <aq< =BC2DR2 ngfBCD*m , then

there exist two pairs of conjugate complex eigenvalues of model (3) as follows:

o= % (Ba+Cj:z'\/4(Da+E) - (Ba+C)2> .

The modules of these eigenvalues at the fixed point Ej are easily calculated and
found to be |A1 2| = vV Da + E. Next, the following two cases should be considered.

Case 1: The fixed point Ej is a stable focus if |[A; 2| < 1, i.e., the following
conditions are satisfied:

A <o, ~BO+2D-2VBPE-BCDID? _ , o ~BC+2D+2/B’E-BCDID?
=
Aio| < 1. a<ZE(D>0); a>15E(D<0).
(5.1)

From the inequalities (5.1), we obtain
_ — 9B’ E—BCD+D? _ VBZE—BODTD? _
BC+2D=2VBTE=BODED? o « =BC+2D+2VEPE=FCDID? o 1=E(]) > ()

— —2vB2E—BCD+D? _ vVB2E—BCD+D? —
BC+2D—2 5215 BCD+D? _ . - —BC+2D+2 §2E BCDED? ) %(D < 0).

or
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Case 2: The fixed point Ej is an unstable focus if |A1 2| > 1, i.e., the following
conditions are satisfied:

A< 0’ —BC+2D—2\/§22E—BCD+D2 <a< —BC+2D+2\/§22E—BCD+D2,
=
|A12| > 1. a>ZE(D>0); a<FE(D<0).
(5.2)

From the inequalities (5.2), we obtain
_ —oVB?E—BCDELD? _ VBZE—BCDID? _
BC+2D—2 522E BCD+D? _ , . —BC+2D+2 ng BCDIDZ - 1=E(D > 0)

— _9v/B2E— 2 _ /B2 F— 2 _
or BC+2D—2 BB2E BCD+D <a< BC+2D+2 BBZE BCD+D Ja < 1DE(D <0)

2. A>0:
When A > 0, that is a > 2DfBC+2\/]g22EfBCD+D2 ora < 2DfBC72\/%22EfBCD+D2’

then there exist two different real eigenvalues of model (3) as follows:

Ao = 1 <Ba+Cj: \/(Ba+0)274(Da+E)>.

2
There are three cases depending on the modules of | A1 2].

Case 1: The fixed point Ej is a stable sink if |A; 2] < 1, i.e., the following
conditions are satisfied:

A >0, a> 21}30+2¢W or a < 21}3&2@7
h(1) > 0, a<EEL(B-D>0); a>EEE(B- D <0),
h(—1) > 0, = a< 5B+ D <0); a> —FEC(B+ D >0),
—2< A+ A2 <2, =22 ca< =S (B> 0); =2 <a< =£2(B <0),
—1< A<, —1<Da+FE <1.

(5.3)

It is easy to calculate that there is no solution to the inequalities (5.3).

Case 2: The fixed point Fj, is an unstable source if |A1 2| > 1, i.e., the following
conditions are satisfied:

v/ B2FE-BCD+D? —BC-—2+/BZE-BC D{D?
A Z 0’ az 2D-BCH2 BB2E -BC D+D or CLS 2D-BC—2 %ZE -BC D+D ,

h1)>0, =1 a<EEL(B-D<0); a>EEE(B-D>0),

h(—1) < 0. a< =5ES(B+D>0); a>=zE5%(B+ D <0).
(5.4)
or
A Z 07 GZ QLLBC+2\/]]3322EfBCD+D2 or ag 21%3072\/]]3322]}BCD+D2’

BatC <1, = a<—-%2(B>0); a>-F2(B <0),

h(—1) > 0. a < ==ESC(B+ D <0); a> =zES(B+ D >0).
(5.5)
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or

\/ﬁ e 2 2
CLZ 2D-BCH2 %2E -BC' D+D ora< 2D—-BC- 2\/%2E -BC' D+D ,

A >0,
BatC > 1, = a>=52(B>0); a> =52(B <0),
h(1) > 0. a<EEC(B-D>0); a>HEE(B-D<0).

(5.6)

Case 3: The fixed point Ej is a saddle if |A1] < 1,|A2] > 1, or [A1] > 1, | 2| < 1,
i.e., the following conditions are satisfied:

A >0,

h(~1)h(1) < 0.
— \/_7 _ — \/_7
a Z 2D—BC+2 B;ZzE BCD+D?2 or a S 2D—BC—2 B;ZE BC’D—&-DQ7

D—-BC—/(EH1)? B22BC D+D?(C?—E?-2E)

=

D—BC- 1)2B2-2BC D+D2(C2—E2—2E
' (E+H) DD ( ) cq<

BZ_D2 B2_D2
(D% — B% > 0);
D—BC—+/(E+1)?B2—2BCD+D?(C?—E?—2E)
a < B2I_D?
22 2 2__p2_
oras D—BC++/(E+1) BBQQ_%C;D+D (C2_E2—2E)
(D* — B2 <0).
(5.7)
O

Appendix E

by — _2(6h02+((3b—3d)h2+12)c+6bh)(—S}LCka+(—4bzk+6)h2c)
L (ah(= 2 an?) P+ (12+(2bzs > —3b+3d—62 1 )h2 ) o+ 6bh )
(6h(—zk+2yx)c®+(((3d—3b)xr —6a)h? —12z% ) c—6bhay, ) (4bch®+8hc?)
(4h( =2 +242)c2+(12+(2bx), 2 —3b+3d—6x),)h2)c+6bh)
+2(6h(—zk+2yk)c2+(((3d—3b)zk—6a)h2—12xk)c—6bhmk)(—8hc21k+(—4bmk+6)h2c)2
(4h(7%+mk2)02+(12+(2bzk273b+3d76zk)h2)c+6bh)3

)

by — 4c(byr —3dwk+2a+3)h°+(—8cyx+24)h

2 = (2022 —3b+3d—6x1)h2+((4x2—6)c2+6b)h+12¢

P 2
(82T o0y (at T2 )) 2 48(22 2 g+ Bd—6ax ) h) (6—4bay ) h* c—8hayc?)
(c(2bz,2—3b+3d—6x 1) h2+((4212—6)c2+6b)h+12c)?
+2(ch2<4zi<a+%>—6(zkyk+a>—dmi—3yk(b—a>>+(12(a+mz>+c2yk(6—4zi>+6byk712m)h—12cyk>
(c(2bs2 —3b+3d—6a1, )h2+( (422 —6)c2+6b) h+12c)”

x ((6—4bmk)h2c—8hmkc2)2

(c(2bx2 —3b+3d—6z1 ) h2+((4x2 —6)c2+6b)h+12¢)3

((1}L2(4wi(a+byk%2+3)76(mkyk+a)fdwi73yk(b*(L))Jﬁ(lQ(aerz)+(12yk(674x£)+6byk712d.’l;1€)h712cyk)

- (c(2ba2 —3b+3d—6a )h2 +( (422 —6) 2 +6b) At 12¢)°
4(bch®4+2hc?)
X (c(2ba2 36+ 3d—62x ) h2 +( (422 —6) P+ 6b) hr120)°
k k
be — 12hc2(78hxkc2+(74bxk+6)h2c)
87 (ah(— 242r2) 2+ (124 (2b21,2—3b+3d—621 ) h? ) c+6bh ) |
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4(ch? (b —32)—2hxkc?)

b =
47 c(2ba2—3b+3d—62 )h2+((422 —6)c2+6b) ht12c
(ch?(6xy, —2b2343(b—d))+((42k > —6)c* —6b)h+12¢) ((6—4bxy ) h2c—8hwyc?)
(c(2b02 —3b+3d—6x, ) h2+( (422 —6)c2+6b) h+12c)” ’
_ 6(6hc®+((3b—3d)h%+12)c+6bh) ((6—4bzy )h2c—8hayc?®)?
T (4he2 (22— )+ (12+(2bxk 2 —3b+3d—6xk ) h2) c+6bh)°
_ 12(6hc®+((3b—3d)h>+12)c+6bh) (bch®+2hc?)
(4he? (21,2~ 3)+(12+(2b2y,2—3b+3d— 62, ) h2) c+6bh)°
_ 6(6h(—mk+2yk)c2+(((3d—3b)zk—6a)h2—12wk)c—6bha:k)(—8hzcz+(—4bwk+6)hzc)3
(4h (=3 +2k?)c2+(12+(2bws 2 —3b+3d—6ay,)h2)c+6bh)
6(6h(—zk+2yk)c2+(((3d—3b)zk—6a)h2—1217k)c—6bhzk)(—8hc2zk,+(—4bzk+6)h20) (4bch2+8hc2)
(4h(—32 +212)c2+(12+(2bwy 2 —3b+3d—6x),)h2)c-+6bh)” ’
co — 12¢dh?
2 = Ch2(2bxy,2—3b+3d—6wy )+ ((4z,2—6)c2+6b)h+12¢
_ 3(4c(by, —3daxi+2a+3)h?+(24—8c%yr ) h) ((6—4bz k) h? c—8ha i c?)
chZ(2bx 1,2 —3b+3d—6xy )+ ((4z,2—6)c2+6b)h+12c)?
2
6| dc| —2x (a+l”.!Tk+%) +%+3d%> h2+(8021kyk+12d—24mk)h> (—8h021k+(—4bzk+6)h2c)2
+ (c(2bx1,2—3b+3d—621)h2+((42%2—6)c2+6b)h+12c)3
2 Y 3dz )2
3(46(—2xk (a+””7k+g)+3%+‘d7k) h2+(8021kyk+12d—24zk)h> (4bch?+8hc?)
o (c(2bxk2—3b+3d—61k)3h2+((4zk2—6)c2+6b)h+12c)2
- 6(4ch?(zp?(a+ by"2'+3 )— S(mky’“Jr;erzk ) 3?”“(41771) V+(12(a+x2?)+c2 (6y—4z?y)+6by—12xd) h—12cy)
(c(2b22 —3b+3d—6x)h2+((4x, 22 —6)c2+6b)h+12c)?
% ((6—4bx)h*c—8hac?)®
(c(2bz2—3b+3d—61)h2+((4zkzz—6)3c2+6b)h+12c)4
+ 6(4ch? (23 (at by’“2+3 )— Sy tatdey) By"‘(‘lbfl) V4+(12(a+a?)+c2ys (6—4x3 ) +6byy, —12day )h—12cyy)
(c(2b52 —3b+3d—6xy, ) h2+( (422 —6)c2+6b) h+12¢)°
((6—4bxy,)h*c—8hxyc?)(4bch? +8hc?)
(c(2b23 —3b+3d—6ay, ) h2+( (427 —6)c2+6b)h+12¢) "
24h02(—thkcz+(—4bwk+6)h2c)2
Ca = — -
3 (4n(= 2 +ax?)c+(12+(2bas ? —3b+3d—621,)h2)c+6bh )
n 12he? (4bch®+8hc?)
(4h( =2 +242)c2+(12+(2b2 ), —3b+3d—6xy, ) h2)c+6bh)
o 4(—bch?4+2hc?)
C4 = CRZ(2bzn? 301 3d—625) 1 ((dzk2—6)c2 1 60)ht12¢
. 2(4ch2(bwk —%)—Shwkcz)((6—4ba:k)h20—8ha:kcz)
(ch?(2bxp2—3b+3d—6z))+((4x2—6)c2+6b)h+12c)?
2(4(3(7 %bzk2+%xk+%b7 %d)h2+((4a:k276)0276b)h+12c) (78ha:kc2+(f4b:c;C +6)h2c)2
+ (c(2bx 1,2 —3b+3d—6xk ) h2+((4212—6)c2+6b)h+12¢)3
(4e(—L1bzr?+ 3+ 3b—3d)h*+((4wk> —6)c® —6b) h+12¢) (4bch®+8hc”)
(c(2bx,2—3b+3d—6x) )h2+((4xk2—6)c2+6b)h+12¢)? )
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