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NUMERICAL METHODS FOR THE
CAPUTO-TYPE FRACTIONAL DERIVATIVE
WITH AN EXPONENTIAL KERNEL*

Enyu Fan', Changpin Li*' and Zhigiang Li?

Abstract In the present article, several typical numerical discrete formulas
for the Caputo-type fractional derivative with an exponential kernel (call “ex-
ponential Caputo derivative” for brevity) with order a € (0,1) and « € (1,2)
are constructed, which are L1, L1-2, 1.2-1, formulas for « € (0, 1), and H2N2
and L2; formulas for o € (1,2), respectively. And the estimates of the trun-
cation errors are determined. Meanwhile, the properties of the coefficients in
these formulas are studied. Finally, some numerical examples are displayed
which support the theoretical analysis.

Keywords Exponential Caputo derivative, numerical discrete formula, trun-
cation error.
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1. Introduction

On one hand, it is often said that the solution to the (integer-order) ordinary differ-
ential equation is exponentially asymptotic and that the solution to fractional or-
dinary differential equation has algebraic asymptotics. But in effect, the fractional
derivative in the latter case is the usual Caputo derivative or Riemann-Liouville
derivative [13,16]. This naturally leads us to ask which kind of fractional ordinary
differential equation has the solution with exponential asymptotics if it exists.

On the other hand, the Cauchy problem of partial differential equation with time
integer-order derivative or time Caputo/Riemann-Liouville fractional derivative has
algebraically asymptotical solution, e.g., [12]. It is also natural to ask which kind
of Cauchy problem of time fractional partial differential equation has the solution
with exponential asymptotics if there is any.

The answer to the above two questions is positive. There exists indeed fractional
derivative, i.e., Caputo/Riemann-Liouville fractional derivative with an exponential
kernel (call exponential Caputo/Riemann-Liouville fractional derivative for brevity)
[9]. In the following, the corresponding definitions in this respect are introduced.

Definition 1.1 ( [9]). For a > 0 and f(t) € L'(a,b) (—o0 < a < b < +00), the
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a-th exponential Riemann-Liouville fractional integral of f(t) is defined as follows

1

D} <t>—r<a>/ (¢ =)™ f(s)e"ds, t > a. (L1.1)

Remark 1.1. In the definition of Riemann-Liouville fractional integral, the condi-
tion f(t) € L'(a,b) in most of papers is default albeit not clearly stated. Hereafter,
we re-state the condition in this definition in order to attract the attention of be-
ginners.

Definition 1.2 ( [9]). For n — 1 < o < n € Z* and f(t) € AC} [a,b] = {f :
[a,b] = R : 6271 f(t) € AC[a,b]}(—o0 < a < b < +00), the a-th exponential
Riemann-Liouville fractional derivative of f(t) is defined as follows

DL = gt [ =) s, e (12

where the operator 0 is represented by

1) = (75 ) 16 =0 @27 3 = I

Remark 1.2. In the definition of Riemann-Liouville fractional derivative, in most
of papers the condition f(t) € AC"[a,b] is admitted despite being not clearly
pointed out. Hereafter, we emphasize this condition f(t) € ACY [a,b] in the above
definition. This explanation applies also to the next definition.

Definition 1.3 ( [9]). For n — 1 < o < n € Z* and f(t) € AC} [a,b] = {f :

[a,b] = R : 627 f(t) € AC[a,b]}(—0c0 < a < b < +00), the a-th exponential
Caputo fractional derivative of f(¢) is defined as below

a 1 ¢ t s\n—a—1 s
ceDg f(t) = F(n—a)/ (6 —e ) or f(s)e’ds, t > a. (1.3)

The exponential Riemann-Liouville fractional derivative (1.2) and the exponen-
tial Caputo fractional derivative (1.3) for order n — 1 < a < m € ZT are not
equivalent with each other, but they have the following relationship [6]

CeDg,tf(t) = eDg,t

k a —a
— D8 (1) ”()) (ef —en) .

Due to this relation, this paper only focuses on constructing computational formulae
for the exponential Caputo fractional derivative.

Because it is difficult and even impossible to exactly solve fractional differen-
tial equations, seeking numerical solutions to these equations becomes more and
more important. So deriving various kinds of numerical discrete formulas for the
corresponding fractional derivatives in these equations is one of the vital tasks.
This paper aims to establish the typical approximate formulas for the exponential
Caputo fractional derivatives.
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The rest of the paper is outlined as follows. In Section 2, the necessary pre-
liminaries are provided. In Section 3, some numerical formulas are obtained for
approximating the exponential Caputo fractional derivatives defined in (1.3) under
a uniform partition, namely, L1-A, L1-2-A, 12-1,-A formulas for a € (0,1), and
H2N2-A, L2;-A formulas for « € (1,2), where the corresponding truncation errors
are determined. And properties of coefficients in the above formulas have been
studied. In Section 4, L1-B, L1-2-B, L2-1,-B, H2N2-B and L.2;-B formulas under a
special nonuniform partition are presented. Numerical experiments for the discrete
formulas are displayed in Section 5, which support the theoretical analysis. Finally,
the summary is given in Section 6.

2. Preliminaries

Before constructing the numerical formulas, divide the interval [a,T] into subinter-
vals [t;_1,t;] witha =ty <ty < --- <ty =T for N € Z*. Hereafter, only two
kinds of partitions are considered.

Partition A : Uniform partition

T—a
N

tr =to+ k1, T=1tr —tp_1= (I1<EkE<N). (2.1)

Partition B : Non-uniform partition (i.e., uniform partition in exponent’s sense)

T a

tr, = log (eto + kF) , T= ¢ —eh1 = € (1<k<N). (2.2)

For convenience, call the numerical approximate formulas under Partition A
and Partition B A-type formulas and B-type formulas, respectively. Denote f* =
f(tr) and introduce the following operator

X k_ k=1
Vexp,tfk_i = %

Next, we introduce the interpolation functions in the exponential sense in order
to facilitate the construction of the approximate formulae.

Two points (t;_1, f(tj-1)), (¢;, f(t;)) can determine the linear Lagrange inter-
polation function Lexp 1,5 f(t) (in the sense of exponential function) for function f(¢)
on the interval [t;_1,¢;] (1 < j < N), which reads as

eli — et

Lexp1 i f(t) =

eti — eti—1

et — eti—1

F 4+ . (2.3)

eti — eti—1

The corresponding truncation error on [t;_1,t;] is given below,

] (t) = f(t) = Lexp,1,5 f(t)

Lo t t; t t; (24)
=50cf(n;) (" —€e71) (¢ =€), my € (11, t).

Similarly, three points (¢;_1, f(tj—1)), (t;, f(t;)) and (tj41, f(tj41)), can deter-
mine quadratic polynomial interpolations (in the sense of exponential function) for
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function f(t) on [tj_1,tj+1] (1 <j < N —1) as follows,

_ _ ptit+1 t_ otio1 t_ otig
Low25f(t) = (etj(el — Z%;Ee% 16— etj)+1)f] 1 (Sj - Ztm;& eethrl))
(et = eti1)(et = eb)

(eti+r — eta—l)(etﬁl —eli)

(2.5)

fj+1

NeXP;QJf(t) :f( J— 1) + vexp tf (6 — €t] 1)

exp, f]+2 - vexp,tfj_% t (26)

+ (e —eti=1)(e! — eY),

eli+1 — eti—1

where the two interpolations are essentially the same, albeit with different expres-
sions in form. They are called Lagrange interpolation and Newton interpolation (in
the exponential sense) respectively, and their truncation errors are denoted as

r(t) = f(t) = Lexp2i f(t), RA(t) = f(t) = Nep 2,5 £ (1),
which are the same
() = Ry (t) = =02f(&) (ef —eb=1) (et —el7) (ef — et #1), & € (tj1,tjt1)-
(2.7)

On the other hand, (to, f(to)), (t1, f(t1)) and (to, 0. f (to)) can determine quadratic
Hermite interpolation Hexp 2,0f(t) (in the exponential sense) for function f(¢) on

[t0. ]

Heoxp2.0f (t) = f(to) + 8. f(to) (e — ™) + Vexpitf2 — 0 f(to) (¢! — €t0)27 (2.8)

ett — eto

with truncation error in the following form,

Rir(t) = f(t) = Hoxpo0f () = =62 f(£0) (e =€) (¢ — ), & € (to,t1). (2.9)

In addition, function ¢(x) at x = x¢ can be expanded in the the following form,

p(x) =p(x0) + dep(x0) (67 — ™) + o plwo) (¢ — ™)

21%¥
1 1 » o (2.10)
B T _ oTo\" n T _ T\
+ + 77,!56 (,0(21?0) (6 € ) + (n + 1)'66 @(6) (6 € ) )
where ¢ is between  and x¢. This is just the Taylor expansion in span{1, e*, e** ... }.

3. A-type formulas

In present section, typical numerical approximate formulas for the exponential Ca-
puto fractional derivative (1.3) with o € (0,1) and « € (1,2) under Partition A
(2.1) are constructed. All these formulas are called A-type formulas.
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3.1. L1-A formula

Now, the L1-A formula under Partition A for approximating fractional derivative
(1.3) with a € (0,1) is constructed as follows.

Using the interpolation function Lexp1,;f(t) on [t;j_1,t;] to approximate the
function f(¢) on the same interval gives

f(t) ~ Lexp,l,jf(t)ﬂ te [t]’fht]']' (31)

From the interpolation function (2.3) on [t;_1,t;], one has

Oc (Lexp,l,jf(t)) = Vexp,tfj_%- (32)

By means of formula (3.2), the exponential Caputo fractional derivative ¢ Dy , f(t)
at t =t (1 <k < N) can be written as

1 koot C
ceDg S (1) i “TA—a) Z/t (e —e®) " d.f(s)e’ds
k j=17ti-

1 j e )
“mz/ (e =€) " be (Lexp1,f(s)) e*ds
j=17ti-1

(3.3)
1 (@
o . 1
RS 2w (=P,
j=1

= Ce@g,tfkv

where
1 —a N1—« .
C;i):m |:(€tk7€tj71)1 7(€tk76t1)1 :|, ]:1,2,...,k. (34)

The numerical formula ¢, Zg, f* in (3.3) is called L1-A formula for the exponen-
tial Caputo fractional derivative with o € (0,1). The truncation error is analyzed
in the following.

Theorem 3.1. For0 < a < 1 and 62 f(t) € Cla,T), the following truncation errors
RF(1<Kk<SN)witht =ty —tp_ = T2

N
RF =0D3f(0)| | = et
=tk
1 kg . (3.5)
_ s\ T« s
=T a) Z/t, (e —€®) " 0c [f(5) = Lexp,,j f(s)] €ds,
j=1 J
has the estimate below
1 2 —«
k < 2 tr _ ti—1 te _ k-1
[B| < Gr gy oo [0S ()] max (e —efmt)™ (e — ) .
+ — % max |5zf(t)’ (et’c — et’“*l)Q_(l )

2I'(3 — @) tw_1<t<ts
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Proof. Using integration by parts in the right side of (3.5) and the truncation
error given in (2.4) gives

_ k=1l ety
R = I§l _aa) Z/ r(s) (e =) etds
j=17ti-1

i
— tk (3.7)
o k te _ 8 —a—1 sd
+7F(1fa) /tklrl(s)(e e®) e’ds
=R + RS,
It follows from 7 (s) (1 < j < k) (see (2.4)) that
k| < 2 t_ 1)
|R1| —8T(1— ) togr?gf,i,l |5€f(t)’ 1§Iln§algil (e € )
bt —a—1
X /t (e —e°) e®ds (3.8)
0
1 2 —«
< - 2 tr Lt th _ k-1
- 8F(1 — a) togr?gt);i,l |5ef(t)’ 1§rlnga‘]§(,1 (e € ) (6 € ) )
and
tr
k o 2 s th_ t s\~ s
< _ ptk—1 ko
78] < g =y, 2, BT [ (e () (59)
= L 2 ty _ tk—1 2—a :
=G _a) tkir&af/xgtk ‘6ef(t)’ (e e ) .
Using the above two inequalities ends the proof. O

Remark 3.1. Due to ett —elh-1 = O (1) with ¢, — tx_1 (1 < k < N), the estimate
of truncation error R* in (3.3) can be expressed as

|R¥| < cr2e,

where C' is a positive constant.

Next the properties of coefficients Cgo;) in L1-A formula are shown below.

Theorem 3.2. For order o € (0,1), the coefficients cgojc) (1<j<k1<EkE<N)in
(8.4) with T =t —tp_1 = % satisfy
A% > > > A% >0, (3.10)

Proof. It is obvious that the function (e'* — e%)!1~% is a monotone decreasing
function with respect to s, so

C;’O;C) = eli 71615]‘71 {(etk B etjil)l_a - (etk - etj)l_a} > 0.

In addition, using the differential mean value theorem yields
eI o)

where eft — eli+1 < &g <efr —eli < & < et —eli-1 (1 < j < k—1), and hence
(3.10). O
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3.2. L1-2-A formula

In the subsection, L1-2-A formula under Partition A for numerical approach to
fractional derivative (1.3) with ao € (0, 1) is established as follows.
Using

f(t) ~ LeXp,l,lf(t)a te [thtlL (3 12)
f(t)zLexp,ijlf(t)a te [tj 17t ]<2<j <N) .
and
e (Lexp,2,i—1f(t))
Vexp. I3 — Ve 7 fi-3 , (3.13)
=0e (Lexnl)jf(t)) + = : eti — et:gpt (Zet — el — et]) )
one has
CeDg,tf(t)
t=t
1 o [Y
_ t s\« s
MZ/t (e’“fe) 5ef(5)€d5
Jg=17"-1
1 t1 ‘ —a
N k—ef Oc (Lex °d
T(l—a) /to (e 6) e (Lexp,1,1f(8)) e’ds
k t; Cu
+ Z (et’“ — es) Oc (Lexp,2,j—1f(s)) e’ds (3.14)
j=27ti-1
a pk 1 . () j—1 j—3
:Ce-@a7tf - m ]z:; bj’k; (vexp,t.f 2 — Vexp,tf 2)
_ 1 (@) (i pi-1
['(2-a) ch’k (f / )
7=1
= Ce]Dg,tfka
where
ﬁ ( () +b(“)) j=1,
(o) « « « .
Cik = ﬁ(a;k) b§k)+b§+)1k>a 2<j<k—-1,
b (el - 0) =k
(a) _ (e — el 1)1 “ (et etj)l o (3.15)



Numerical methods for Caputo-type derivative 383

Formula ¢.Dg,f* in (3.14) is called L1-2-A formula under Partition A (2.1)
for approaching fractional derivative (1.3) with o € (0,1).

Remark 3.2. Particularly, when k£ =1 or k = 2, then one has

1 (@)

(a) _ _ 1.
g = g aq, k=1,

1 a @ @ 1 a e
Clo = etr — eto (ag,g + bé,g) ’ 05,2) = etz _ ot (ag@) - bé,2)) ’ k=2

In the following, the truncation error of L1-2-A formula will be considered.

(3.16)

&
|

Theorem 3.3. For 0 < a <1 and 62 f(t) € C'[a,T), the truncation errors R*(1 <
k< N) under Partition A,

Rk :CeDg,tf(t)’t: . - CeIDgﬁtfk
- mloo{ =0 110) ~ Lo o)) s (317)
koot
+ Z/ (e — es)—a e [f(8) = Lexp,2,j—1.f(5)] esds},
j=27ti-1

have following estimates,

(6 2—a
F] = 3r —ay 23, [0S (e =)0 k=1,

k o 2 t iyl ¢ to)3
R |§mtof§?§1|5ef(t)|(ek—el) (e —€™)
1 3 —«
53 t ( ty t171) ( ty tk—l)
T T —a) o [0SO max (e —eltr ) (e —e
o 3 ty b1 3—a >
3T —a) o N2, eSO ma (1 =) k22

(3.18)

Proof. The case with kK = 1 is clear. For case with k& > 2, using integration by
parts in (3.17), and the truncation errors (2.4) and (2.7), one arrives at

k - f ti sy—a—1 1 s
R =i a ), (e" —e®) ri(s)e’ds
0
—a k=l ot 1.
+ / et —e*) T i (s)etds
I(1-a) Z:; t-,1< ) ? (3.19)
_ 2
* ‘m‘fy a>/t ) R A O
k—1
=R + RS+ RE.
Simple calculations lead to
k @ " t t t —a-1
B8 < gty [ A ) (=) (e~ e
to (3.20)

« o ,
< SRy o, 19270 (e ) T (e et
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k=1
17| < _24F Z }5 F(E-1)| (€5 —eti2) (el —efi-1)? (et —e*) T eds

@ 53 t R A sq
< t T 1—1) ( k __ )
T12I'(1—a) togntlgagi_l 10c £ ()] 15?13(—1(6 € /t1 € ¢ €as
< _ max |02f(t)| max (etl - et“l)s (etk — et’“*)_a
T12I(1 — @) to<t<tu1 © 1<I<k—1 ’

(3.21)

and

th e
B < gy [ ] 6 =) 0 = et (e =) et

a 3 t t_q)\3—c
< 1 _ pli-1
“3r2-a) b aSit, 0210 K-12i<h (e —etm) ™

(3.22)
where m e (to,t1) and fj—l S (tj_g,tj) (2 S] < k‘)
All this completes the proof. O
Now, the properties of coefficients defined in (3.15) are shown.

Theorem 3.4. For order a € (0,1) and step size 7 = t, — tj—1 = T=a  the
coefficients c( @) L (1<j<Ek1<k<N)in (3.15) satisfy

% >0, j# k-1 (3.23)
Proof. Firstly, the proof is divided into the following parts,
(i) 01 1
(i) ¢
(iii) ¢ >0 2<j<k—-2 k>4,
(iv)

>O k> 2,

c1k>o k> 3.

Part (i) is obvious. Part (ii) still holds due to

(@) _ 1 (@) _ (a)
Cin = ol — otit ( Wk bk(,xk)

_ (3.24)
= (etk _etkfl)_a (1 + 5 a et —eh 1) > 0.

—aetk —elr—2

For Part (iii) with 2 < j < k —2(k > 4), by the definition of cgog in (3.15), one
gets

(c) (a) (c)
ajy = b + b5

el —1€tj72 {2 E o [(etk - 6tj71)27a - (6tk - etj)Qia}
e (R R § SN
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_ S i e {2 E 5 |:(etk _ etj)2*o¢ . (etk o etj+1)27ai|

_ (etj+1 _ etj) [(etk _ etj+1)1_a + (etk _ etj)l_a} } _ (etk' _ etj)l_o‘
=11 —1; (3.25)
Denote z = €* (s € [t1,t,_2]) and z; = € (j = 1,2,...,k — 2). Then one has
1— eli+1
Ij _ (e} / (et’“ _ S)—Oc (25 — el — etj"'l) ds + (et’“ _ etj)l—oe

eti+1 —eti-1 [ +;

B l-a ¢ th —a T th l-a
_W/xj (e —s) " (2s —aj; — e"x;)ds + (e — x;)
=F(z;), 1<j<k-2
(3.26)
where for z € [e!t, ett-2],

l—«a

RICErS

/ (e —s) " (2s —a —e"x)ds + (e — x)l_a . (3.27)

In order to find the monotonicity of I; with respect to j, one needs to consider
the monotonicity of F(z) with . Differentiating F'(x) gives

= {<2_>/ (e —s) " sds

eT(e" —1)

R R s 1—e7 GO }

eT — e~ T eT — e~ T
Let 9(s) = s (e** —s)”“. Applying the Hermite interpolation function to t(s) on
interval [z, e”z] yields

Y'(eTx) — |z, e x]

eTx —x

P(s) =¢(@) + [z, ea] (s — ) +

(s—x)(s—€eTx)
X (3.29)
+ 6¢(3)(§) (sfx) (SieT‘r)Qa 5 € (xveTx)a

where

Y[z, e = M. (3.30)

eTr —x
Hence one gets
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Substituting (3.31) into (3.28) gives
Fl(z2) =7
(@) 3(em —e T

n (e™ —1)(2e™ 4+ 3)

eT

—(1-a) ) { (e —eT2) " (e~ 1) [(etk —€’z) —aer (e’ - 1)}

(e =)

+ 2 [T e (s—eTx)st}.

(3.32)

It is evident to know that

P (&) = 3ala+1) (e — &)

And for z € [e't, et 2], one reaches
b b

—a—2

+ afa+ 1) (a+2) (e — f)faigf >0. (3.33)

(e —e"z) —ae"z (e —1) =e"* — "z (1+ ae” —a)
>elt — et (14 e’ — a)
=e*1(1—a)(e” — 1)
> 0.

(3.34)

Combining (3.33), (3.34) with (3.32), one has F’(x) < 0, which means that the
sequence I; is monotonically decreasing, i.e.,

L >1> > 1 o

So one has

« 1 « «@ (03
49 =L (-6 + 5

oti — eti1 +1,k

1
=1 -1) >0, 2<j<k-2(k>4).

eti — eti—1

(3.35)

For part (iv), when j = 1 (k > 3), one only needs to determine the sign of

e'2

ef1 1
al?) + b5 —(1a){/t0 QS(s)ds—m/tl gp(s)ds}, (3.36)

where

d(s) = (e —s5)"",  @(s)= (e —s) " (25 — et — ™). (3.37)

Considering Hermite interpolation for ¢(s) on [e', ef'] and Lagrange interpolation
for ¢(s) on [e!1, e'2], respectively, one has the following formulas,

ef1
¢(s)ds
eto
1

= 6{ (e — ') {2 (e —ef0) ™" 44 (e — etl)ia} (3.38)

—a (et1 — eto)2 (et’“ —et1)7a71 —|—/e »3 (&) (s —eto) (s— etl)zds},
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where £ € (e'0,e't), and

in which n € (e'1, ). Combination of (3.36), (3.38) with (3.39) leads to

o )

= %(1 - Oé) (etl — eto){ (etk _ et1)—a—1 [(etk _ etl) —a (etl . et")]

e’ t t1) — e’ t ta) — t to) —
k __ 1 _ k __ 2 k __ 0
+3|:<1+67_+1>(€ e) 6T+1(e e) ]—1—2(6 e) }

o i [0 e e

1 © 1 t t
T 2 (et _eto)/etl ¢"(n) (s —e") (s —e)ds
>0,
(3.40)
where ¢"'(€) > 0, ¢”(n) > 0, and
62’7‘ o 62T o
1 te _ Lt _ te _ Lt
<+6T+1)(e )7 (el )
= il (etk_et2)_a M 1_@ a_l
eT+1 e2r etr — et1
< 7 (et — etz)*a e +em +1 e\ _q (3.41)
— pT 2T T
e +1 e e”+1
2T 27 T
e ¢ wy—a [T +em +1
> k _ pl2 —1
eT—|—1(e ¢) { e + e
> 0.
So it holds that
@_ 1 (@) | pl@)
o2} = = (al +8) > 0. (3.42)
Therefore, the proof is over. O

Remark 3.3. For j = k—1, one can verify that the sign of c,(coi)l’k (k > 2) concerning
« is changeable, which is indicated in the framed part in Table 1. For case with
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k > 3, by means of definition (3.15), one can attain that
N R,

— (e — etkq)l * (e — etkfl)l—a

+ 1 { 2 |:(etk' - etk72)2_a _ (etk - etk*1)2_a:|

el et |2 - a (3.43)
— (efr1 — etn-) {(etk R R etkfl)l—a} }
1 (0% te t 2—«
_etk—etk—22_a<ek_ek 1) )
Taking the limit of the above formula with respect to «, one gets
lim (a’](ga_)l,k _ b(Oé) P + b(a)> — etk,1 _ etk72 > 0,
- () (e) (@) (344)
lim (af™y =0+ 00 = g <o
Considering (3.44) and the formula below together,
(0% 1 (0% [e3 «
C§€ Dk = kT otht _ otes (aé—)uc - bgc—)l,k + blili) ) (3.45)

one knows that the sign of C,(:i)l’k (k > 3) is indefinite. For k = 2, because of

hm ( (@) 4 b(a)) el —elo >0, (3.46)
and .
i (a1 +063) = - - <0 (3.47)
the sign of
A4 = o () ). (3.45)

can be variable.

Table 1. The coefficients cgak) of L1-2-A formula

k=1 cﬁ)
pm2 [o] o

k=3 oy |43 &Y

k=4l gl 4] Y

k=5 of oy &R |db] a4l
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Lemma 3.1. For o € (0,1) and t; = to + j7(0 < j < k), the coefficients b§02
defined in (3.15) are negative, i.e.,

%) <0, 2<j <k k>2 (3.49)

Proof. Considering the monotonicity of ¢(s) = (e** — s)~ " and using the integral

mean value theorem yield the proof. O
Theorem 3.5. For o € (0,1) and sufficiently small 7 = t, — tj—1 = %, the
coefficients cgak) (1<j<k,1<k<N)in (3.15) satisfy
(W)l <D 1<i<k—3, k>4,
) ] < ke 22
(3) 4 < cips k= 3.
Proof. (1) Let
F(x) :1_704 /e% [(et’“ — s) - (et’“ — 677—8) _a] (2s —x —e"x)ds
z(em—e ) J,
+ (e — x)l_a —e” (e — e_Tx)l_a ,
(3.50)

where x € [et, e*-2]. And set z; = €' (1 < j < k — 2). By differentiation and the
integral mean value theorem, one gets

el-a T T T -7
)=~ TL e - [ ) —e e )] )
2 - (3.51)
eT(l—ao) , . eT+1l+e 7 p(x)
<————p(x) —1e,
e +1 er p(eTx)
where £ € [1,€7],
p(s) = (e —s) " — (e —eTs) ", s € [x,e7a], (3.52)
which is a positive monotone increasing function.
Consider the following limit
7' -7 3 [(etk —z) = (etr —e7Ta) "
i LT 0@ _ -1 _3 (353
=0 e’ pleTx) e =1 (eth —eTx) " — (etk — )"
So there exist 7* > 0 such that for (0 <)7 < 7* the following inequality
T 1 -7
CHlre’ vl@) (3.54)

er p(eTx)

holds, which implies F’(z) < 0 for sufficiently small 7.
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For 2 < j <k —3(k > 5) and sufficiently small 7, from (3.15) one has

CY (@)

Civ1e — Sk
1 (@) ( (@) 1 (@) <a) (@)

:m(ﬁ-lk b+ ) - m(a — 050 )
- 6t1+1 — 6t7 |: I ¢ I] 1 (Ij+1 N eTIj)}

etJJrl — (F xJJrl)) > 07

(3.55)
where
1 2 t t\2—a t tiig)2—Q
jzetj+16tj1{2a|:(ek_e]) _(ek_ej+) :|

(e e [(e ) (et ] b (e ey

So cgak) < cg.i)l’k holds for sufficiently small 7 and 2 < 5 < k — 3 with £ > 5.
For k>4, set t_1 =ty — 7, and let

(e} 1 2 —Q —Q
bgk) T T o et {2 "o {(etk - et0)2 — (™ _et1)2 ]

— (et =€) [(etk _ eto)lfa + (et — etl)lfa} }

(3.56)

It is easy to verify that b(a) < 0 by using almost the same method as that used in

the proof of Lemma 3.1. Then one can achieve

Cok —Ck
1 () _ p@) 4 ple) ! (@) _ p(0) | p(@) b
T etz _etr <a2,k —byy + bs,k) T ot _ oto (al k—big bQ,k) T
(3.57)
b(a)

= (Pl - Flao)) —

etz —eh )T ) T et

>0,

() for sufficiently small 7 and k& > 4.

which means ey < c
(2) When k > 3, one gets

4 - ||

1 (@) _ ()
T ote _ etit { (am - bk,k) -
For the case of cl(f_)l & > 0, one has

1 (6% [e% T « [0 T1. QX
{ o) = 2)) = (a2 =02 ) - e}

a
etk — etk—l k,k

(3.58)

()
Tl = by O

4~ |

=
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Using the definition of the coefficients leads to

(al(jlg - bl(calz) —e’ (al(coi)l,k - bl(coi)l,k>
25 — etk—1 _ ptk—2

=(1-a) /k [(etk ) R G 6*75)*“} i o 45 (3.60)

tp—1

etk
> elT;C; / {(et’“ - s) T (et’“ — 677—5)70‘] ds > 0.

t
etk—1

Combining (3.59), (3.60) with Lemma 3.1, one gets c,(fa_)uc < c;alz (k > 3).

For the case of clioi)l & <0, one has

etk — etk—1

[e% @ 1 o T o T (« 71 (
42 = || = {olod v (e -0+l - e, ) Bon

It is evident that eTa,(coi)Lk — eTI),(;i)Uc > 0. Then, one can attain that

(@) - () _ \l-a a e (e —1)
ak’k—l-(e _1)bk,k5 = (et’“ —et" 1) {1_2—0[M . (362)
Because ( )
e’ (e —
lim —~ = .
TIL% e+ 1 0, (3.63)
e’ (e —1)

there exist 7* > 0, for (0 <)7 < 7%, such that < 1, that is, —c,(coi)l’k <

¢i) (k > 3) holds for sufficiently small .
For k = 2, one similarly derives that

1 o (e T a e}
:etz_etl{ (5% = 067) —e7 (af) +653) }

e” (etz _ eto)lfa eT —a eT 4+ 1 (@) (364)
=1 = b
e )

etz —eh eT+1 tz — el

eT+1

4 - |

>0,

where cgog > 0 and 7 is sufliciently small; and

] (e ) + e (o) ) |

&3 - %] = o=
RS GO B Gt ) eal% (3.65)
_(e —-e ) - _ T to __ ot1
2—a e +1 e e
>0,

where c%) < 0 and 7 is sufficiently small.
(3) For k > 4, one gets

(@) ()
Ck(,)(k - Cka—2,k

1 o o 1 o a o
= etk — oth1 (al(c,lz - bl(c,lz) - eth—2 _ otr—s (a.gcJQ,k - bl(cJZ,k + bl(cjl,k)

1 [e% «@ T e} @ T &
— e { (0 - 02) - (ol - )

>0,

(3.66)
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25 — elh—1 — elh—2

=(1-a) /:tk [(et’c — s) T (et" — 6_278) 70‘} ds > 0.

te_1 etk _ etk_g
(3.67)
Similarly, for £ = 3, one has
cid — %)
1 ( (@) _ () L (@) | p()
= (a3 — b3,3) T (01,3 +b2,3>
ol eroer (3.68)
— o (el - ) - () |
>0,
where
e's
af) — e al’ = (1- a)/ [(etf' —s5) " = (eP - e*QTs)‘ﬂ ds > 0. (3.69)
et2
So all this ends the proof. O

3.3. L2-1,-A formula

Next, another higher-order numerical formula called 1.2-1,-A formula under Par-
tition A, for numerical approaching to fractional derivative (1.3) with order « €
(0,1), is established below.

Used
{f(t) % Lexp2,f(t), € [tj-1,t;](2<j <), (3.70)
f(t) ® Lexp1e41f(t), t € [ty trtol,
in which tgy, = tx + o7 (0 will be determined later), and considered
e (Lexp2,5f(t))
5 (Lot s /(1)) + VexptfIT% = Vespa 772 (260 — i1 — o) (3.71)

eti+1 — etj—1 ’

the exponential Caputo fractional derivative c.Dg,f(t) with o € (0,1) at ¢ =
ti+o (0 <k < N —1) can be expressed below,

CeDz,tf(t)
t—tk+a
1 k t; . _ thto , _
=— etvte —e%) Y6, f(s esds—i—/ et —e®) " 6. f(s)eds
e j_l/t“( )7 ep(@)etdst [ (e ) 0up o

tj
/ (et}c+0 — es) —« 66 (Lexp,Q,jf(S)) eSdS
tj—1

J=1""%
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thto —a
+/ (€7 —€®) " b¢ (Lexp,1,k+1f(s)) €°ds
tr
1 k+1 ) .
=Ty 2 G Vel Th Zb(“ (Vespaf 774 = Veupat 74
j=1
1 & (@,0)
«,0 j ) —1
:mzcj,k (=)
Jj=1
::ce©g7tfk;+a" (372)
where
ke (457 —657) G =1,
G =) wm (o7 L8R 2 < <
i (AT +0s) s =k,
gy | (€ et )T (et ) T 1< <k

al?) = 1 (3.73)
(Mo —elimt) ™" j =k +1,

bgi);ca) { _ (etj _ etj,l) {(6“‘*‘7 _ etjfl)l_a + (6tk+“ o etj)l—a}

[l e ]

eti+1 — etj-1’

Call formula (;e@g‘ifk"'” given in (3.72) L2-1,-A formula.

Remark 3.4. In particular, when k = 0 or k£ = 1, one has

a,o 1 a,o 0
Cg 0 ) et1 — elo g,o )’ k ;
o,0 1 «,0 l «,0 «,0 1 «,0 «,0
Cg,i : €t1 €t0 (ag,l ) g,l )) ) Cé,l ) - €t2 € (aé 1 ) b( )> k=1

(3.74)

Now, the following theorem indicates the truncation error.

Theorem 3.6. Assume 05 f(t) € Cla,T] and o € (0,1). For the fized constant o =

1— 5 and sufficiently small T, the following truncation errors RO (0<k<N-1)
under Partition A

R :ceDg,tﬂt)\ — D
t=tkto

k
- CT(1-a) { / (et — )_a e [f(8) = Lexp,2,jf(s)] e*ds
=1 tj—1

b

[ e =) [f(s)—Lexp@,kﬂf(s)]eSds},

(3.75)
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have the estimate as follows

1 3 t t1—1\3 [ trto tr
| = 12I'(1 — o) togl?giﬂ |6 f(t)| 1§r{1§a1§+1 (e = et (e — )

1 o(l—o) 9
+{F(3 max |5ef(t)|

—

|Rk+a

—a)  2e%  4,<t<tpi

1 3 trt1 ti\2 (othto try1—o
@ o) w2, %0 } (e —eb) {efr =)
(3.76)
Proof. For RF*% given in (3.75), let
RFFo = pkto 4 Rhto, (3.77)
Applying (2.7) and integration by parts to R¥ T gives
« b L 1
o - s\ "o~ j s
|le+ | SmZ/t_ (ethr — € ) ‘T%(S) e’ds
j=1 j—1
1 3 t ti—1\3 [ thto tp)
ST ) Wi, 19/ (O], Jpgic (1 = efm) (eher =)
(3.78)
Next, estimate Ry, It is obvious that
k+o 1 bt t s\ & k+1 s
R2 = m (6 ko e ) (5ef(3) - Vexp,tf 2) e’ds. (379)
23

Denote #, .1 = t), + log AL ¢ (tg,thir), i€, etd = 3 (e™ + e's+1). Then using
S =

2

the Taylor expansion (2.10) to d.f(s) (s € [tk, tito)) at fk+% gives

g 2 0% s £k+l 1 3 s £k+l ?
8. F(5) = 0uf(Fay) + 02F (Fay) (€5 = €8 ) 4 SO2F(Q) (e = ™42 ), (380)
where ( is between s and t~k+%. Thus, from (3.79) and (3.80), one obtains

1

thto
k+o __ g _ k+l thio 8\ s
REY = sy (0o (iry) = Voupaf )/ (ere —et) " etds

+ ;(52.]“(5 1) /tk+‘7 (etk+<f — es)_a (es _ ethr%) e’ds
F(1—a) ©' k2’ [, (3.81)

thto 7 2
‘zm% a>/ B e R G

122

+

=0+ I+ I

Next duty is to estimate I, I and I3 . In order to investigate the item Iy, applying
the Taylor formula (2.10) at ¢ =3, 1 to f(tx) and f(tx41) gives

Vexpt 78 = 0 f(Bys) + 4—18 [63£(C1) + 82 £(Ca)] (e — e)?, (3.82)
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in which ¢; € (tk,fk+%), G2 € (tN,H_%,tkH). Therefore, one can arrive at

! max |5§f(t)| (et’““ - et’“)2 (et’”“ - et’“)l_a. (3.83)

L| < —+—
Al < 241(2 — ) te<t<tx41

For I3, one has

1 o [trto .
I < ———M— S3F(t tky1 _ ptk / thto _ 8 sd
Sy o 2, S ON 2 e e

1 .

- m tkg?gifc+1 |§2f(t)| (etk+l - etk)Q (etk+a — etk)lia .

In order to estimate item I5, first consider the following integral,

Bere —a feis
(e kto — es) (es —e ’“*2) e’ds
tr (385)

_ 1 ) (etk+a _ etk)lfoc [(etk+g _ etk) . 2 ; (e (etk“ o etk)] .

l1-a)2-«
For guaranteeing high accuracy of L2-1,-A formula, the following condition must
be met at least
2—«a

(e —e) =25

(et’““ — et"") =0 ((et""“ - et’“)2> . (3.86)
Denote x = ™. Then one has
(ethin — ) 250 (ehen — ) (a7 1) = 252 (@~ 1)

(eter1 — etr)? et (x — 1) (3.87)

222 (z—1)— (2" —1)

where F(z) = =2 o1 . It is clear that

2—a _ o—1
lim F(z) = lim ( 2 or )

/. 3.88
z—1+4+ z—1+4 Q(x - 1) ( )

So the limit (3.88) exists if and only if o = 252. In this situation,

—1)— (2" —1 1-
Py = 2@ =1 (ﬁ ) i P = 24
(JC —_ 1) z—1+ 2
Obviously, F'(z) is a monotonically decreasing positive function and satisfies F'(z) <
w. Thus, one has
thio _ otk _ 2= (otpy1 _ otk _ _
(e etr) 5 (62 e')| _ LF(I‘) - 1 o(1-0) < 101 0'))
(etr+1 — etr) etr etk 2 e? 2
(3.89)
that is,
(ethrf, _ etk) _ 2-a (etk+1 _ etk) ia(l — 0) (etk+1 _ etk)z.
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Therefore, for o = Q_Ta, 15 has following estimate,

1 o(l—o0) 2 l—a
T N [ e R )

It immediately follows from (3.78), (3.81)-(3.84) and (3.90) that the proof is
ended. O

Remark 3.5. Since ef* —ets-1 = O (1) asty, — t_1 (1 <k < N) and efrto —elt =
O (1) with tg4o — t (0 <k < N — 1), the estimation of truncation error R+ in
(3.75) can be rewritten as

|Rk+a| S CTSia,

where C' is a positive constant.

Next, the positivity and monotonicity of coefficients cg-f’;f) (1<j<k+1) wil
be shown.

Lemma 3.2. For order o € (0,1) and t; =to+j7(0 < j < k+1), the coefficients
bfk’a) defined in (3.73) are positive, that is,
%7 >0, 1<j<k1<k<N-1. (3.91)

Proof. The proof is almost the same as that of Lemma 3.1 and so is omitted here.
O

Lemma 3.3. For order o € (0,1) and t; =to+j7(0 < j < k+1), the coefficients
aﬁ;‘ﬂ and bgilk’a) defined in (3.73) satisfy

G ) >0, 1< i<k 1<k<N-L (3.92)

]7

Proof. Using the traditional Taylor formula for (e't+s — ¢3)*™® at efe+o — eli-1
yields the conclusion. O

Theorem 3.7. For order a € (0,1) andt; = to+j7 (0 < j < k+ 1), the coefficients
(a ) defined in (3.73) are positive, i.e.,

% >0, 1<j<k+1,0<k<N-1 (3.93)
Proof. For k > 1, the following result can be attained by Lemma 3.3,
(o) 1 (ev,0) (a o)
Lk T o (al L —b ) > 0.

For the case of 2 < j <k, k > 2, using Lemmas 3.2 and 3.3, one knows that

(,0) _ 1 (,0) 4 (a,0) (e a)

57 = o= ((ale” =b557) + 627} ) > 0.

Obviously, (a 750 (1<j<k+1). Then, when k > 1, one has

(a,0)
Chiik =

1 (a,0) <a )
= ete+1 — etk <ak+1 k + b ) > 07

and for k = 0, (a o) = ﬁa(laoa) > 0. The proof is thus completed. O



Numerical methods for Caputo-type derivative 397

Theorem 3.8. For order a € (0,1) and sufficiently small T = tj41 — t), = L2
the coefficients cﬁc’a) (1<j<k+1,0<k<N-—1) defined in (3.73) satisfy

(a,0) (040) (e,0)

g <oy < Gy (3.94)

Proof. For 2 < j <k —1(k> 3), by the definition of c(a ) n (3.73), one has

52 - d”
1 (v, (a o) (a,0) 1 (a o) (a, (oc o)
= etj+1 _ etj ( j+1 k + b - b]+1 k‘) etj _ etj_l ( + b 1,k b )
1 T
= o W= L) =€ (L1 = )]
1 T T
:7etj+l —etj [(ije Ij—l) — (Ij+1*6 Ij)] 5
(3.95)

where

1 2 N 2— \2—
Ij - eti+t1 — etji—1 {2 — o [(etk+a - etrl) e (etk+a - etj) O‘}

= et [(eer i) T (et ) T et )

Let
Fla)=— i / e =T (e o) ] 25— T - ) ds
)
(3.96)
where 2 = €' € [e'2,e'*]. Denote z; = €% (2 < j < k). And set
p(s) = (e =)™ = (e — e T8) s, s € [ Taal] (3.97)
Differentiation of the above function F(x) gives
Fla) = = oot [0 [(eer =)™ = (e - e s
+ 61;“1{ [ I L I
e (et —e ) T (el — ) ] } (3.98)

= Eeme [ A e T
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It is evident that

0= [ o e

(3.99)

From ¢(s) > 0, ¢'(s) > 0 and (3.98), one knows that F'(z) < 0, that is, F(x) is a
monotonically decreasing function. Now, one can arrive at

o ag 1 T T
e~ = o (=€) = (L =€)
1 (3.100)
T ettt — el [F(2)) = F(xj41)] >0,
which means C(HL > c§akg) (2<j<k-1k>3).
For k > 2, one gets
c}(co:ly)k cék ?
_ a o’) a o’) 1 (e, (a,0) (a o
o ef;m — etk ( W1k T ) T oth — etr—1 (ak,k T o1 — g )
3.101)

_ (0) T(‘T) ‘r(vff) 7—(0) (
= etk_,_l o { @ — €T agy ) + ((1 +en) by — el k) }
- ( + JQ)

etk+1 — etk

Firstly, define

—x

P(s) = (L+em) (elrr —s) % — (efv+r —e7Ts) 7, s € [ e] . (3.102)

One can get
' (s) =« [(1 +e7) (et — s)7a71 —e T (et — 677—8)7(171} >0. (3.103)

Now one can start to show Jo > 0. From (3.101) and (3.73), one has

elett —etv-1 | 2 — o

(e ) [l o) et - )] |

etk —etk—2 | 2 —

_ (etkfl _ etk—Z) |:(etk+o _ etkfz)lfo‘ + (et’““ _ etk 1)1 ai| }
elk

= _lza / P(s) (23 — etr-1 — et’“) ds.

elk+1 — etrk—1 oth—1

J2 _ ]. + eT { 2 I:(etk+d . etk—l)Qia B (6tk+‘7 . etk)Qfa:I
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Furthermore, by means of the integral mean value theorem, one arrives at

l—« 6%7712“%
SN PR
etk—1

- elk+1 — eth—1

+ /eek ’@[1(8) (28 — etk-1 _ etk) dS} (3105)

(etk — elk—1 )2

= o (- ) {v(&) — v | 2o,

4 (etk+1 _ 6tk—1)

where ets-1 < & < etk*l%etk < & < etk
The next duty is to show J; > 0. Introduce

$(o) = <oi 1)20_1, o e (;1> . (3.106)

By elementary operation, one gets ¢'(0) < 0 and ¢(o) € (¢(1),9(3)) = (3.1).
From (3.101) and 0 = 1 — §, one has

_ (a,0) 7 (o,0)
N =0y — € Qg

=(1+e") (e — et’“)l_a —e” (et — et’“*l)l_a

o - (3.107)
B |
Let ®(7,0) = 1£& (%)QH. And then the following limit holds
lim @(7,0) = 2¢(0) > 1, (3.108)

which indicates that for Vo € (3,1), 37* > 0, such that for 7 < 7%, ®(7,0) > 1.
So J; > 0 for sufficiently small 7.

Combining with (3.101) and (3.105), one gets ciy7), > ey (k > 2) for suffi-
ciently small 7.

Besides, for £ = 1, one has

) el
= (7 ) - ot (a7 - 05)
- { (557 = eaiy”) + (L 4-eT) bﬁf“f")} 1
= ﬁ [T+ (L+e) by 7).
For the term J, one gets
J=e (ehte — ) (@(T, o) — 1). (3.110)

By (3.108) and Lemma 3.2, one can prove that cé?‘l’g) > cg?‘l’g) for sufficiently small

T.
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Finally, for k£ > 2, the following formula holds by using (3.73),

e — el
_ 1 (a,0) (a o) (o) 1 (00) _ p(a,0)
etz —eh ( O by ) et —eto (al’k ~ o ) (3.111)

1 a,o r (a,o a,o (a0 a,o
:{(agg S S v B )}.

etz —eh

Furthermore, one can attain that

ag@ka) _ eTagaka) _ b(a o) + eTbgiX];U)
et2 et1
(1- a)/ (e s —s) "ds—(1—a)e / (e"te —s) “ds
1 a e -
- tero _ T (90 ot Lt
T ot _ ot { /etl (efre —s) 7 (25 — et — ) ds (3.112)

— eQT/ (et"*“ — s)_a (28 —elo — etl) ds}
eto

e'2 to _
=(1- a)/ erter—2s |:(etk+a —8) T (et — e—fs>—a} ds > 0.
e

1 ets — el

Combining (3.111) and (3.112) with Lemma 3.2 leads to 7" > e\ (k > 2).
Till now, the proof is finally shown. [
The above three subsections are for the fractional derivative with order o €

(0,1). The following two subsections are for order a € (1,2).

3.4. H2NN2-A formula

In this subsection, we propose an H2N2-A formula to approximate the fractional
derivative in (1.3) with « € (1,2).

At first, we use the Hermite interpolation Heyp 2,0f(t) on [to, tl] to approximate
the function f(¢) on the interval [to,tl] and the quadratic Newton interpolation
Nexp,2,jf(t) on [tj—1,tj41] (1 <j<k—1,1 <k < N) to approximate the function
f(t) on the interval [j_,, j+d 1] (1<j<k—1,1<k<N), thatis,

f(t) ~ Hexp,Q,Of(t)v te [t()at%]a
_ (3.113)
f(t) ~ Nexp,?,jf(t)7 t € [tj % tj—&-%} (1 S .] S k - 1)7
where £ 1 = @ (1 <k < N). Then one can derive
9 2 (vexp,tf% - 6ef(t0))
56 (Hexp,Q,Of(t)) = th to y
ett —e
(3.114)

2 <Vexp,tfj+% - vexp,tfj7%>

eti+1 — eli-1

52( exp,2,]f( )) =
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Used (3.114), for the order a € (1,2), the fractional derivative ¢.Dg , f(t) defined
in (1.3) at ¢ =t;,_1 (1 <k < N) can be obtained as follows,

1 /té t_1 l1—a 9 k_l/tj”r% t, 1 l1—a 9
= er 2 —¢€° 0:f(s)e’ds+ g erz —¢° 0z f(s)e’ds
F(2_a){ to ( ) ( ) j=1 t. 1 ( ) ( )

T3

1 t% t,_1 s 11—« .
= M{ ~/750 (6 2 € ) 53 (Hexp,2,0f(8)) e ds

— tii1 -«
+ Z/t ak <et"*% - es)l 62 (Nexp,2,;f(5)) esds}

J=1"%-3%

k—1
2 1 @ 2 1 L N
= ]_—‘(370[) (vexp,th — 5€f(t0))aé7]3+m (VEXp,tf]+2 _vexp’tf'] 2)@;7]3
Jj=1
IR . 2w
T L (P~ 1) — el auf ()
Jj=1
::CGDg,tfk_%a
(3.115)
where

ell ie‘D (a(()?ék) - ag(”‘k)) ’ j = 17

U G (fh s —als)), 2<i<h—1, (3.116)

eti—efi-1

1 (a) .
etk —etk—1 a’k—l,k’ J = k’

2—a 2—a
1 b1 t t,_1 t .
et1 —eto |:(6,c 2_60> _(e,c 2 —e ) .7_07
2—a 2—«
t t. t t.
1 k=1 -1 _ k=1 b4l - _
Ty [(e 2 —e 2) (e 2 —e’t2 A< <k—-1.

Call ¢.Dg , f k=3 in (3.115) H2N2-A formula under Partition A which is useful
for approximating the exponential Caputo fractional derivative (1.3) with « € (1, 2).
By the way, the Hermite interpolation has ever been used to approximate the Caputo

derivative [5,19]. Here the interpolation method is used by utilizing different basis
functions.

|

Remark 3.6. When k=1 or k = 2, one has

(e 1 (e
cgl) T ot — eto a((J,l)’ k=1 (3.117)
RON. (am) _ a(a)) o L @, '

1,2 etr — eto 0,2 1,2 )> 2,2 etz — et 1,2» .

Now, the truncation error is estimated below.



402 E. Fan, C. Li & Z. Li

Theorem 3.9. Let 63f(t) € Cla,T] and 1 < a < 2. For the sufficiently small T,
1

the truncation errors R*=2 (1 <k < N),

Rki% = CeDg,tf(t)' - CeDg,tfkié

t=t,

Nf=

= I‘(Zl—a){ /t:% (et’“‘% - 68)1_a 62 (f(8) — Hexpoof(s)) e*ds (3.118)

= tj*% t, 1 N 1-a .
#3 [T =) TR ()~ Nowpas £(9) d}
=17ty

with t; = to + j7 and tii=tj1+ %7‘ (1 <7 < k) have following estimates,

1 t 22—«
< 3 t1 _ Lto ( i to) _
“TB-a) toiot, [0/ @) (e e) (e —e , k=1,

< 1 ) (2+ 5(6Ta+3)) max |5g’f(t){

24

11—«
2 t 1 t, 3
X max (etl — et“l) (e k=3 —¢e* 2)

1<I<k—1
bt max (0] (e — ) (h )T kz
(3 — @) te_a<t<tr ' © T
(3.119)
Proof. For k =1, one can get the following estimation
‘R% < _ 1 max ’63f(t)| (e —e') /té (et% - es)lia e’ds
T2 - a)testst T ° o - (3.120)

- : 3 t ¢ )2
=T ey 2, IO =) (4 —e)

For k > 2, R*=2 can be divided into three subitems,

1 1 t% N s 11—« s
R = s / ("t =) " 62 (Ru(s)) e*ds
to

tivd ko1 sy j s
+F(21_a)jz:/t‘ + <6t . )1 52 (R%(s))e ds s.12)

From the interpolation remainder (2.9), one has

1

i
1 3 t% tkfl s l1-a s to s t1 s
S?ma)torgfélwef(t)‘/to (e 2—6) [2]e" — €| + |e® — e |] e°ds
< _ max ‘(52f(t)’ (e — et°)2 (et’“*% — et’“%)lia.

“I(2 - @) to<t<ty
(3.122)
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By the same way, using the interpolation remainder (2.7) gives

<o | ] (¢ ) T e e e
“3a2-a) ),

k—

N\

1
“TI'(3—a) ti- 2<t<tk

‘5 f | ( etk*l) (et’“*% —et’“*%>2ﬂl7
(3.123)

where g1 € (tp—2, tk).

After integration by parts, the item Rsfz can be divided into two subitems,

p 1 k—2 1—a ) t]‘+%
i z< ) o)
l—a K2 L J: s (3.124)
;/% ( 2 —e ) e (RN(S)> e’ds

By means of the interpolation remainder (2.7) again, one gets

b (Ri(9)) = g827E0{ (€0 = ) (¢ — ) + (e = e0) (¢° — o)

(3.125)
+ (65 — €tj71) (65 — etf) }7 é-j € (tjfl,t]q,l).
Therefore, for s € {t- 1,tj+1], one gets
J < 3 tiv1 _ ti)2
c (RN(S))’ <, max (OS] (e —eh)” (3.126)
Substituting (3.126) into Js leads to
a—1 2 tk:—% t 1 -
< = 3 tr _ tiea ( k-1 _ s) s
|J2‘ - F(Q - Oé) toﬁr?fat)lifl léef(t)‘ 2SIln§al§(—l (6 € ) /t1 e = e"ds
2
1 3 ty ti—1)2 ( te_1 tk—i)l_a
“I'2-a) to<t St léef(t)‘ 2191 (e =€) (etmd et .
(3.127)

Before estimating the subitem J;, the following equations are needed.
de (Rgv(tﬁé))
_1 3 2t 1, 1, T 1. -7 i, T
=g (¢4 =1) (o4 ) (oA =) (¢4 -)
+ (e%T - e_T) (ﬁf - 1) } (3.128)
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. (Bi(t,-1))
= é 55]”({]-) e%'{ (67%7 — 1) <e*%7 — 67) + (e*%T — e*T> (e*%T - eT)
+ (67%7— — 677—> (6757 — 1) },

where §; € (tj—1,tj41). Thus, let = €7 (2 > 1). Then one has
(Bl )] < 2 1525 | (e Iet-f)% -
(BAt) = 0. (RA ()| = < |20 (&) | B

in which

B; = 2t {2 (x% —x*%) —3(3:—3371)} >0, z>1.

In addition, let
2 (x% — x_%> -3 (J: — a:_l)

F(z) = , > 1.
Then it is easy to verify that F(x) is a monotonically decreasing positive function
and
lim F(z) = g
o1+ 4

So, F(z) < 2 (z > 1). Then one can obtain

B; 1 5 5
. = F(r) < — : (3.130)

(etj+1 — etj)3 el

Substituting the above relation into the second equation of (3.129) leads to

&) (el —et)’. (3.131)

5o (Bittyp)) =0 (Rt -)) | < 5z biste

It follows from the first inequality of (3.129) and (3.131) that

|J1]

k—2 | | - L
SI‘(Ql_a)];{ Je (RJ (’f7+ )) — 5, (Rgv (tj_%))‘ (e e _€J+§)1
o (R (11-1)) [(et” I G _eﬂé)“‘”

T—a
( + 3) max |5§f(t)| 2<I}’l<a]2(71 (etz _ et1_1)2 (etk_% _e'n

<——=
T 24T(2 — @) to<t<ti_:

+

(3.132)

It follows from that (3.122), (3.123), and (3.124) together with (3.127) and (3.132)

the second inequality of (3.119) holds.
Till now, all this ends the proof. O
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Remark 3.7. Because e'* —eti—1 = O (1) with ¢, — tx_1 and et 3 =0 (1)

with ¢, 1 —t;_s, the truncation errors RF=% in (3.118) can be estimated as follows

k—1 3—
’R 3 < oo,

where C' is a positive constant.

The properties of the coefficients in the above H2N2 formula (3.115) are studied
below.

Lemma 3.4. For a € (1,2), the coefficients agojc) 0<j<k—-1,1<EkE<N) in
(3.116) with 7 =t} — tx—1 = TJQ“ and b1 =tk — %T satisfy

Ay >0y, > > all) > 0. (3.133)

Proof. It is obvious that ag.?;) >0 (0 <j<k—1) from the definition (3.116). In
addition, for 1 < j <k —2(k > 3), using the differential mean value theorem gives

1 t 1 t. .1 2—a t 1 t.. 3 2—«
o) = (k)T (e )
) ) eli — el
1 t t. 2-a ¢ t. 2-a
T o o1 (ekfé—ek%) —(6'“*%—6”*%)
eti+tl — eli—
1 1
e2” —e 27
o o l-a _ ¢l-«
=(2-a) pr— (& =&77)
>0,

(3.134)

t L, t , . .
where e 2 — e it3 < §iv1 <e e-d o elith < & < et — et]‘%, which means
(@) (@) ;
that aj y < a4 g (1<j<k-—2,k>3).
For j = 0(k > 2), one has

(e} « 1
a;(L,k) - a((),k) = [(et"

etz — elo

1 1 to 2—« e 1 t1 2—«
——F|lef 2 —e —le* 2 —ez
etr — eto
1. o

ol
|
)
o~
ol
N—
i
Q
|
/N
)
~
e
|
ol
|
)
o~
wjw
N—
¢
Q
[

>0,
where e % —¢'% < &< et et < & < e'n3 —elo, that is, a(()?‘,z < ag?k) (k>2).
The proof is thus finished. O

Theorem 3.10. For o € (1,2), the coefficients c;?;c) (1<j<k,1<k<N) in

(3.116) with T =ty — tp—1 = TI\_,a and bpo1 =t — %T satisfy

W <o(1<j<k—1), ¢ >0 (3.136)

Proof. It is easy to be proved by using Lemma 3.4. O
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Theorem 3.11. For o € (1,2) and sufficiently small step T, the coefficients
(1< j <k 1<k <N)in (3.116) with =ty —ty_y = T5% and t,_y = tp— 47
satisfy

()P, <y 2<i<h—2 k>4,

(2) ‘c,(cajl’k| < cgf,z, k> 2.

Proof. (1) For 2 <j <k —2(k>4), using (3.116) yields

(@) (@) 1 (@ () 1 (@) (@)
Cj+1k T Sk T otin — oty (%k - aj+1,k> T o ol (ajfl,k - “j,k)

1 (@ 7 () (@) r (@)
= ot _ ol { (afk —¢ ajcil,k) - (“ﬁrl,k - ajfL) :

Consider the following function F(z) where x € [e",e'*~2] and z; = €% (1 < j <
k— 2)a

(3.138)

in which

to

bls) = TS p(ehra) + S y(ehr)
e2"x —e2"x e2’x —e2"x (3.140)
+ %1//’(5) (s - e?Tx) (s - e%Tx) , € (e%Tx,e%Tx) .
So
e L [T C O R Co) N

Furthermore, one can obtain the following result using differentiation on = €



Numerical methods for Caputo-type derivative 407

[et, e'*~2) and formula (3.141)

A e ) o] s

(3.143)

it immediately follows that F'(x) > 0 (z € [e", e'*~2)), which implies that F(z) is
an increasing function with respect to x € [e'1, e'*~2]. Therefore,

(0% « 1
C(. ) C;',k) = —" |:F(a)‘j1) — F(IJ):| < 0. (3144)

Jj+1.k - eli+1 — etj

(2) For k > 3, one has
(o) (o)
Crk — |Ck—1,k
1 o 1 o o
_ (a) (a< ) )

B etk — etk—l ak—Lk o etk_l _ 6tk—2 k—1,k ak—Z,k

(3.145)
( te_1 tkfé)Qia 2
e 2 —¢ 2 T a
_ 2T e’ + 1 27 T
" (et — et (ef — etn2) { ( e ) IR }
Let )
T 1 -«
ola) = 7 (e i ) — (e’ +e" —1).
67’
Simple calculations imply
THINTY eT 41
¢ (a) = —€*7 <€ i ) log6 + <0,
e’ er
©(1) > 0, and ¢(2) < 0. Set p(a*) = 0. Then one gets
2T T_1 T 1
oz*z?—loge +2€ /1oge + .
e<T er
Therefore, according to the above results, one has
’cé@l7k‘ > cl(flz, a> o,
(3.146)

(@) *
Cplik| < Cpgr O <o
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Because of the following limit
lim o® = 2,
T7—0

one can get that for Va € (1,2), 37* > 0 such that when 7 < 7%, a < a* holds,
which means ’c,(;i)l, k’ < c,(ca,z for sufficiently small step 7.
By almost the same way as above, for k£ = 2, one has

¢y — i3

_ 1 (@) 1 (<a> <a>>

= a —_
etz _ etl 1,2

GE e%f‘“ . 2-a )
- R e (e L
(e ey (e =) | \ebr —edr 1) [

9
e —1 : e’ —1
— T T
del=lm ) T\t
2
T €T +erm 41 a_627—|—2eT—1
a e +es” er+1

etr — eto

(3.147)

Set

(3.148)

Then it is convenient to get that

<0, (3.149)

2—a
, - €T 4erT +1 €T 4er +1
gla)=—e [ T0) gt o

1 1
e‘f‘ + 657— e‘r + 657’

(1) > 0, and ¢(2) < 0. Setting ¢(a*) = 0 yields

(3.150)

N e + 27 — 1 €T +erm 41
o =2-log—5——— / log———.

1
627' +e7 eT +e3”

From (3.149) and (3.150), one knows that

(3.151)

Considering the following limit

lim o = 2,
T—0

one can get that for Va € (1,2), 37* > 0 such that when 7 < 7%, the inequality
a < o* holds, that is, cgf) > |c§a2) | for sufficiently small 7.

Finally, the theorem is proved. O

Remark 3.8. Choose [a,T] = [0,2], 7 = 0.02 and o = 1.5 to get the values of

cgak) - cgo‘k) (3 <k <100) with different ¢ 1 in Figure 1. By observation, one can

find that the sign of céak) — cgak? (k > 3) is uncertain.
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0.2

0.1

1,k

) - k)

03

-04

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
tp_1
2

Figure 1. The values of céak) — c;ak) for H2N2-A formula.

3.5. L2;-A formula

In the following, adopting the order reduction method produces a new formula,
called L2{-A formula, which is somewhat similar to the H2N2-A formula.

For brevity, denote g(t) = d.f(t), 8 = a — 1, and fk_% = log (%)

(1 <k < N), that is, et = % (et* + et*=1). Then one has the following approxi-
mate relations

g(ty) — g(to) -
66 (g(t»% tgl . P te [t07t%]7
(;ﬁ Pl i) (3.152)
g\ 1) —9{t; 1 ~ .
be (9(t)) ~ Jg. 7 ; t€e [tj7%7tj+%](1 <j<k-1),

and

) =0 f(I;_1) = VepafI7%, 1<j<k (3.153)

3

According to the above relationships (3.152) and (3.153), the fractional deriva-
tive c.Dg ,f(t) defined in (1.3) at t = f,%% (1 <k < N) with order a € (1,2) have
the following expression

CEDZL f(t) . = Ce gg(t) .
it ‘t:tk% it ‘t= k—%
1 R —8
= “2 —¢° e 5d
m_ﬁ){/to ("1 =) b (gls)) eds



410 E. Fan, C. Li & Z. Li

EEy {aéf? () = a(t0)) + D a5 (a(i1) — 900 ) } + T
i=1
k—1
{ak 1,k exp,tfk_7 + (agai)lyk - a( k) Vexp,tf oz
j=1
— a6, (f(t0)) } LEh gk
=ceD2 fF7% + RF 3, (3.154)

1 1 1
where RF=2 = Yk=z 4 rF~3 and

ez —eto
k=1 ot o 7 B (E 1)— (t~ 1)
it3 t_1 s g J+3 g J—3 s
=174 e/t: —elz
_1 1 e _1
¥ 2:1—\(3_ ){al(c)lk<5€f(tk 1) = Vesp i f* )
k—
—|—Z(a§a)1k—a§f;€)) ((56 (tj—1) = Vexptf )},
j=1
(3.155)
in which
- 2—« ~ e 2—a
[(;k;_eto) - (Br - ) ] j=o,
() _ ) ez—et0
ajvk i i 2—« i i 2—«
{1{[(6,@;_&;) _(ek—%_ea'+%) }71<J‘<k—1.
e ItE _oi—% -
(3.156)

Call formula ¢.Dg, f¥=2 in (3.154) L2;-A formula under Partition A for ap-
proximating the fractional derivative (1.3) with a € (1,2).

Remark 3.9. Particularly, when k£ = 1, one has

1 1 Bon NP g(t1) —g(to)\ |
! m—m/to <““f> QU e L 157

<
Wl
Il

The coefficients in (3.156) satisfy the following properties.
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Theorem 3.12. For a € (1,2), the coefficients agilk) 0<j<k—-1,1<k<N)in

(3.156) with 7 =t} — tx—1 = % satisfy

o > aly > > aly >0 (3.158)

Proof. It is easy to prove them using the mean value theorem and so the proof is
omitted here. O
In the following, the truncation error of L2; formula will be analyzed.

Theorem 3.13. Let 62f(t) € Cla,T] and 1 < a < 2. The truncation errors R¥~2
(1<k<N)in (3154) withty = to+kT and fk_% = log (%) have following
estimations

2(1—1 5
k=5« =2 3 t1_ _to a -1
‘R NSr(Ba) Jmax [ f(0)] (e —e)" ", k=1,
a—1 a—1
k=g 2 2 +6 3 t t_1\3—
< 1 _ pli-1 > 9.
4 < sy T J i SO s (e ) ez

(3.159)

Proof. The first step is to estimate the item rk=2 . For k > 2, using (3.82) gives

k—

Nl

< - - 3 ty i 2( () (Ot))

r =240 (3 - a) torgtagxtk |5ef(t)| 1r£lagxk (e € ) 2021k — Qo (5.160)
< T max |62 f(t)| max (e" — et“l)?’_a. '
T 12I'(3 — @) to<t<ty ' € 1<i<k

When k£ =1, one has

=

r

<—0-—— 3 t_ gto)2 (@)
T 243 - o) torgtaé(tl ‘5ef(t)| (e e’) ap,1

= 2 3 t to)3—a
= 2T a) W, 0O (e e

(3.161)

The next step is to consider the item YE=3 for k > 2, which can be broken down
into three subitems,

Th=3
1 o 1-a g(ty) —g(t
- / 2 (etk7% _ es) 5o (Q(S)) _ ( g) ( 0) eSds
I'2-a)/, 't — eto
k-2 . . 1— £ —q(t
1 / 3 E o 9(tj1) —g(t;_1)
+ er 2 —¢° e (9(s)) —= ———=2" | e°ds
F2-a) ng to1 ( ) ( ety ey
1 bt s 7, 1=a 9(t—1) —9(e_z)
+ / ek z —¢€° 0 (g(s)) — 2 2 °ds
I'(2-a) g ( ) ( (9(5)) P
—I) + I + Is.
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For the subitem I, using the linear interpolation on [to, t 1 ] in the sense of expo-
nential function gives

HE max [32000)] (¢ ) [ (s - ) e
X e 2 —e e 2 —e (& S
= 2F(2 — a) t0<t<t1 9 ¢

2 t t,_ 33—«
] 2, 90 )
2

(3.163)

By the interpolation on [tN -_%,fj +%] and integration by parts, one can derive

3= =3 3
2%~ 3—«
K} t tr _ ti—a
SST@—ayr, 2 [0o®)] s (7 =)
(3.164)
By the similar technique, one knows that
|75 < # max_ |dog(t)| max (e — e 1) bk (eg’“*% —es)lia e’ds
NEM2—a) g, g, ) O ko1<I<k P,
—y T T kg k=5
1 3—a
<— 62g(t b ghi-t .
SB[l ma (e =)
2 2
(3.165)
If K =1, then one gets
1 tl to t-% El S Lo S
T ’fﬁtoﬂi’;'” Ol (e —ev) [ 7 (e -e) eds
(3.166)
2&—1

_ 2 t1 _ to\3—
TR )toriltaél'é @] (e =)™

It follows from (3.160), (3.161) and (3.163)-(3.166) that the estimates hold. O

4. B-type formulas

If one selects Partition B (2.2), then B-type formulas can be derived. Borrowing
the technique in [7], the exponential Caputo derivative c.Dg ,f(t) on [a,T] can be

changed into ¢ D t/fa(t’) on [0,eT —e?]. So the corresponding discrete formulas for
ceDy f(t) may be conveniently got.
Several definitions are introduced firstly.

Definition 4.1 ( [18]). For a > 0 and f(t) € L'(a,b), the a-th Riemann-Liouville
fractional integral of f(¢) is defined by

1

RDLE 0 = s / (t — 5)°" f(s)ds. (4.1)
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Definition 4.2 ( [18]). Forn — 1 < o < n € Z" and f(t) € AC"[a,b], the a-th

Riemann-Liouville fractional derivative of f(t) is defined by
1 d" ¢ n—a—1

— t— ds. 4.2

el A (42)

Definition 4.3 ( [15]). Forn — 1 < o < n € Z" and f(t) € AC"[a,b], the a-th
Caputo fractional derivative of f(t) is defined by

reDg f(t) =

1

cDg f(t) = Tn—a)

t/ (t— )" FM (5)ds. (4.3)

The following lemmas reveal the relationship between Caputo/Riemann-Liouville
derivatives and exponential Caputo/Riemann-Liouville derivatives.

Lemma 4.1. Forn—1 < a <n € ZT andt > a, the following nonlinear differential
system with the exponential Caputo derivative

{CeDg,tx(t) =9 (tv T (t)) )

4.4
§§x(a):xak,k:071,...,n—1, (4.4)

where the continuous function g (t,x (t)) satisfies the Lipschitz condition with the
second variable in the given domain, is equivalent to the following nonlinear frac-
tional differential system with Caputo derivative

{CD&t,:ﬁa(t’) =g (log(t' +e%), 2, (t"), t' >0,

4.5
iP0) = zar, k=0,1,...,n— 1. (4:5)

Proof. From the transformations § = e® — e® and t’ = e! — e%, one finds that
sra(s) = oz (log(5 4 €)) and 67z(t) = ﬁx (log(t' + e*)). Then, using Defini-
tions (4.3) and (1.3), one gets

1 ! n—a—
oDy x(t) = o) /a (e" —e®) ! rx(s)e’ds
1 ef—e” t a n—a—1 dn
= —e*—3 log(5 + €%))ds
meaLA (" =" =5) e loe(S+e)ds ) o
1 v —ar d?
_ t/ _z n—o ..a ~ d..
I'(n—a) /0 =39 an” (5)d5
= CDg’t/i’a(tl).
Under the above transformation, one can also get
g (t,z(t)) = g(log(t' + e*), z(log(t' + €*))) = g(log(t' + €*), T4 (t")).
For the initial value conditions, one can arrive at
k d*
Lak = 5ez(a) = 6§x(t)|tia = Wia(t/)|t/:0 = i’gk)(()), 0<k<n-1.

The proof is thus finished. O
From the above lemma, one can see that for ¢ € [a, T|, z(t) = z(log(t' + %)) =
Z4(t'), where ¢’ € [0, — e2].
Similarly, one can also get the lemma below.
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Lemma 4.2. Forn—1 < a <n € Z", the following nonlinear differential system
with the exponential Riemann-Liouville derivative

{Ditw() gtz (), t>a,

4.7
D2TF"z(a) = 2o, k=0,1,...,n—1, (4.7)

where the continuous function g (t,x (t)) satisfies the Lipschitz condition with the
second variable in the given domain, is equivalent to the following nonlinear frac-
tional differential system with Riemann-Liouville derivative

{RLDM%( ") =g (log(t' +¢%), Zq ('), t' >0,

4.8
RLDG T 84 (0) = @ar, k=0,1,...,n— 1. (4.8)

Proof. Forn—1 < a < n € Z*, using the transformations 5§ = e® — e* and
t' = et — e? yields

o 1 n ! syn—a—1 s
Dy (t) = mée / (e" —e®) x(s)e’ds
— #5" / (e —e* — §)n7a71 x(log(s +e))ds
0

(4.9)
n t
_ 7“”17 5 d(iW /0 (t' = 3)" " E,(3)d5
= rLDG ya(t)).
Similarly, one gets
g(t, x(t)) = g(log(t' + ), Za(t')).
For o > 0, according to Definitions (1.1) and (4.1), the following relation holds

eDﬁ%@)n;L/(deﬂalﬂgﬁm
1 et t a ~\a—1 ~ a ~
=) /0 (" —e*—38)"  z(log(s + e))ds (4.10)
R S L
~iag , €9 o

= RLDO t,asa(t').
The initial value conditions are obtained as follows

_ a+t+k—n
Tak = eDayt

|t=a
ok D" ()]

a* n—a) -~
= g DoV Ea )l

t=a

= REDGH " Ea () 1=o

=reD§T " E,(0), 0<k<n-—1

Hence, the proof is completed. O
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From Lemma 4.2, one can see also that for ¢ € (a,T], z(t) = x(log(t' + €*)) =
Z4(t'), where t’ € (0,e — e9].

Through the above Lemma 4.1, one can find that the numerical approximation
formulas under Partition B for the exponential Caputo derivatives, i.e., L1-B, L1-
2-B, L2-1,-B, H2N2-B and 1.2;-B formulas, are almost the same as the approxima-
tion formulas of the Caputo derivatives on the uniform partition [1,3,10,11,19,21].
The discretisations under Partitions B and A are those at different nodes. Hence
Partition B discretization can be regarded as a supplement to Partition A dis-
cretization. Here we omit the mathematical details but directly list them. Recall
in Partition B (2.2), t; = log (¢’ + k7), T = e'* —elr—1 = ET*E (1<k<N).

4.1. L1-B formula

The L1-B formula for the fractional derivative (1.3) with a € (0,1) att =, (1 < k < N)
is given by

o K
e b = Sl (g gty

where EEO;C) —k—j+D)" (k=" 1< <k

Theorem 4.1. For 0 < a < 1, §2f(t) € Cla,T] and t;, = log (e’ + kT), the
truncation errors have following estimation,

CED;{tf(t)L:tk —ce D0 fF < CF, 1<k < N.

Theorem 4.2. The coefficients c( ) v (1<j <k, 1<k<N)ofLI-B formula satisfy

1—é§€a,3>c§€)1k> >c(1a,2>0.

4.2. L1-2-B formula

The L1-2-B formula for the fractional derivative (1.3) with @ € (0,1) at ¢ =
tr (1 <k < N) is given by

) k
oD fF = 2_a &) (F7 - 7,
J:l
where
i =1
GR = a0+ 2 i<k -1
(7)_b§:27j:ka

(4.11)
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Remark 4.1. When k =1 or k = 2, one has

Theorem 4.3. Let 52f(t) € C[a,T], 0 < a < 1 and t;, = log (e** + k7). Denote
RF = CeDggtf(t)L:tk — ceDgfF, 1<k<N.
Then the truncation errors satisfy

1 - 2 (1) 72
< - —
IR < orG —ay 2, P/ O1T70 k=1,
k « 2 te _ t1)Tlm@ =3
< k __ 1
|R ’_81“(1704) tﬂr;liaélwef(t)’(e e) T
1 « -
3 ~3—«a
k> 2.
5 10 f()|{121’(1—a)+31’(2—a)}7 =

Theorem 4.4. For « € (0,1), coefficients c( @) (1<j<k,3<Ek<N) defined by
(4.11) have following properties,

(1) &) >

~(a) ~(0¢)
(2) Cic > Crlo
(3)&%) >0, j#£k—1,

(4 )Cl(c )2k>c§ca)3k> >C§ak)a

- a
(5) Yy = k'™
In particular, when k =1 one has Egal) = 1; and when k = 2, one can arrive at

MR =2~ G+ ) € (~51). &Y =F+55< (L),

|c(a)| <é ~(a)

4.3. L2-1,-B formula

For tj, = log (e'® + k7), ty1o = log (e + (k + o) T) and %, the L2-1,-B for-
mula for the fractional derivative (1.3) with a € (0, ) ko (0<E<N-1)
is given by

=\—«

Do fk+0 — L ’il gleo) (fj — fj_l)
w2 -a) ’
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where

a5 b =1
437 = AT I R, 2 <<k
N Y R
g leo) k+o—j+1)'"""—(k+o—5)"" 1<j<k,
3k

ot g =k4+1,
flao) _ 1 . \2-a N2-a
bk =54 (k+o—g+1)" " —(k+0—17)

_% (k40— +1)" "+ k+o—5)"].

Remark 4.2. In particular, when k = 0 or k£ = 1, one has

ay” =ay”, k=0 (4.12)
é(a,cr) _ ~(a,0) _ 6(04,0) E(a,cr) o d(a,a) + B(Q,U) E—1 :
1,1 =011 1,1 » Co1 =gy 1,1 =L

Theorem 4.5. Let 62 f(t) € C'la,T], a € (0,1) and the fized 0 =1 — . Denote
RE+o — CeDg‘th(t)h:tk+ - ce®;“,tfk+0, 0<k<N-1.

For t;, = log (e'* + kT) and tyi, = log (e + (k + o) T), the truncation errors are
bounded as follows,

—« e’

|Rk+o|<{0 max [535(0)] + —0—  max |5§f(t)]}?3‘a.

12T°(1 — @) to<t<tni1 6I(2 — @) tx<t<trs1

Theorem 4.6. For a € (0,1) and 0 = 1 — §, coefficients Eﬁc’g) (1<j<k+1,
0 <k <N —1) defined by (4.3) satisfy

1) EY) > 15 (k—j+1+0)",

(a,0) _ (a0) - o) (@,0)  A(e0)
(2) i > Cpg SOl > > Gy >,

soo) sl

(3) (20 —1) ¢y, > ac;

4.4. H2N2-B formula

For t;, = log (et + k7) and fk_% = log (e’ — 17), the H2N2-B formula for the

fractional derivative (1.3) with oo € (1,2) at t = t~k7% (1 <k < N)is given by

~_—a kK ~l—a
CeDg,tfk_E = 1—\2((37-)_ a) ~§,ak) (fj - fj_l) - 2(7—)

Jj=1
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where

ay) —al), j=1,
A SN

jlk‘ia]k 2<j<k-—-1,

a’l(coi)l,]w J=k, (4.13)
2—« —« .
(@) (kié) 7(]671)2 » J=0,

1

Se=g) = k=i —1"], 1<kt
Remark 4.3. In particular, when k£ =1 and k& = 2, one has
&l
€11

Theorem 4.7. Let 52f(t) €

_1 o
RF-3 — CeDa7tf(t)|t:t~k71 Ce atf’“ ,1<k<N.

2

For tj, = log (e + kT) and fk7% = log (e — 17

57), the following truncation errors
hold
R < - x |52F(0)| 70, k=1,
3—a) to<t<t1
5 1
Rk—— ~3— a k > 2.
‘ T to<t<ty ol {3F(2—a) + F(B—a)}

Theorem 4.8. For a € (1,2), coefficients c( )(1 <j<k, 1<k<N) given by
(4.13) satisfy

(e >0, &Y <oa<j<k-1),
(2) Y>> > (k> 3),
(o)

|Ck 1 k’ <c ~(a)
4.5. L2,-B formula

For t,

= log (e + kT) and f,%% = log (e'* — 37), the L2;-B formula for the frac-
tional derivative (1.3) with a € (1,2) at ¢t = fk_% (1 <k < N) is given by

k—L1
ceDg f 2

k—1
1 (a _1 o o 1 (e
m—cy){a'(c)l’kvexpvffk Py (@ - ) Ve - ag,,gaemo)},
j=1

where

(4.14)
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Theorem 4.9. For a € (1,2), §3f(t) € Cla,T) and fk_% = log (e’ — 17) the
truncation errors

RF=% = oD, f(t)],_;

— DS PR 1<k <N,

1
k-3

are bounded as follows,

2&71
max |63 f(t)| 707, k=1,

i [ —
‘ = 6I'(3 — a) to<t<ts

I

7
= SfH)| 7, k>2.
—{4r(2—a)+12F(3_a)}t0123<xtk| |77 k>
Theorem 4.10. For o € (1,2), the coefficients dg»?g (0<j<k—1) defined by
(4.14) satisfy

(@) (@) (@)

A1 > Ap_op > >0y > 0.

Remark 4.4. Through further calculations, one can find that H2N2-B formula and
L.2,-B formula for exponential Caputo fractional derivatives are the same albeit
different factors in the error bounds. But it is not the same if non-uniform partition
on [e, ] is used.

5. Numerical Examples

In the section, numerical examples are displayed to test the obtained numerical
formulae for the exponential Caputo fractional derivatives with « € (0,1) and a €
(1,2).

Example 5.1. Let f(t) = ¢, [a,T] = [1,2], @ € (0,1). Then one has

. 3 6
CEDan(t) :F ¢

7(2_006 e’ —e) _O‘—i-ir(?)_a)e“(e —e

6 t a\3—«
+ Ti—a) (ef —e®)°™.
The truncation errors of L1-A, L1-2-A and L2-1,-A formulas are defined by

Error = |cDy  f(1)],_, . — ceZaif™|,
Error = CeDg,tf(t)|t:tN - celDS,th‘ )
and
Error = CeDitf(t)‘t:tN_Hg - Ce:DgitJdV_l—‘_(7 .

The L1-A formula, L1-2-A formula and L2-1,-A formula with o = 0.2,0.5,0.8 and
N =100, 200, 300, 400 are used to get some numerical results displayed in Table 2.
The results show that the convergence order of errors is near to (2 — «)-th order for
L1-A formula and (3 — a)-th order for the L1-2-A formula and L2-1,-A formula,
which is in agreement with the theoretical analysis. Similarly, one can also check
the error and convergence order of L1-B, L1-2-B and L2-1,-B formulas in Table 3,
which is consistent with the theoretical result.
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Table 2. Errors and convergence rates for L1-A, L1-2-A and L2-1,-A formulas

« 0.2 0.5 0.8
Formula N Error Rate Error Rate Error Rate
100  3.6004E-02 - 1.9490E-01 - 7.2844E-01 -

L1-A 200 1.0994E-02 1.7115 7.0397E-02 1.4692 3.1946E-01 1.1892
300  5.4630E-03 1.7248 3.8672E-02 1.4774 1.9692E-01 1.1933
400 3.3195E-03 1.7317 2.5254E-02 1.4813 1.3963E-01 1.1950

100 1.9742E-04 - 1.1363E-03 - 4.5702E-03 -
L1-2-A 200 3.0079E-05 2.7243 2.0539E-04 2.4768 1.0049E-03 2.1931
300  9.9488E-06 2.7342 7.5221E-05 2.4825 4.1331E-04 2.1956
400 4.5286E-06 2.7397 3.6836E-05 2.4853 2.1990E-04 2.1967

100 1.8527E-04 - 8.5274E-04 - 2.6793E-03 -
L2-1,-A 200 2.8216E-05 2.7150 1.5437E-04 2.4657 5.8856E-04 2.1866
300  9.3374E-06 2.7274 5.6597E-05 2.4747 2.4203E-04 2.1916
400 4.2526E-06 2.7339 2.7737TE-05 2.4791 1.2876E-04 2.1937

Table 3. Errors and convergence rates for L1-B, L1-2-B and L2-1,-B formulas

« 0.2 0.5 0.8
Formula N Error Rate Error Rate Error Rate
100 1.7480E-02 - 1.0146E-01 - 4.2508E-01 -
L1-B 200 5.2400E-03 1.7380 3.6243E-02 1.4852 1.8545E-01 1.1967
300 2.5811E-03 1.7464 1.9817E-02 1.4890 1.1410E-01 1.1979
400 1.5597E-03 1.7509 1.2905E-02 1.4908 8.0826E-02 1.1985
100 6.6642E-05 - 3.8328E-04 - 1.7031E-03 -
L1-2-B 200 9.7965E-06 2.7661 6.7896E-05 2.4970 3.7067E-04 2.2000
300 3.1863E-06 2.7701 2.4661E-05 2.4977 1.5191E-04 2.2000
400 1.4352E-06 2.7723 1.2020E-05 2.4981 8.0674E-05 2.2000
100  3.1329E-05 - 1.1333E-04 - 2.9864E-04 -
L2-1,-B 200 4.7974E-06 2.7072 2.0380E-05 2.4754 6.5147E-05 2.1967
300 1.5918E-06 2.7208 7.4510E-06 2.4816 2.6722E-05 2.1979
400 7.2621E-07 2.7280 3.6458E-06 2.4846 1.4197E-05 2.1984

Example 5.2. Let f(t) = €%, [a,T] = [1,2], @ € (1,2). Then one can get

6
I'4—a)

6 t

ceDg f(t) = mea(e — )2 4 (et — e)32.

The definitions of truncation errors for the H2N2-A and L2;-A formulas are given
as follows, respectively,

1
Error = CeDg,tf(t”t:tN_ - CeDg,th 2

1
2

and

_1
Error = |¢.DZ, f(t)|t:t~N — cDg N

1
2

Some numerical results presented in Table 4 are obtained by H2N2-A and L2;-A
formulae with o = 1.2,1.5,1.8 and N = 200, 300, 400, 500. Through observing the
numerical results, one can know that the convergence order of errors coincides with
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theoretical order 3 — . Furthermore, comparing the results of H2N2-A formula
and L2;-A formula, one can find that convergence order of L21-A is closer to the
theoretical order 3—a than that of H2N2-A under the same parameters. In addition,
one also checks the error and convergence order of H2N2-B/L2:-B formula (See
Remark 4.4) in Table 5, which is in agreement with the theoretical result.

Table 4. Errors and convergence rates for H2N2-A | L.2;-A formulas

« 1.2 1.5 1.8

Formula N Error Rate Error Rate Error Rate
200 8.8149E-04 - 9.1168E-03 - 4.2921E-02 -

H2N2-A 300 4.7008E-04 1.5506 5.0534E-03 1.4553 2.6514E-02 1.1880
400 2.9787E-04 1.5859 3.3171E-03 1.4634 1.8822E-02 1.1911
500 2.0810E-04 1.6072 2.3903E-03 1.4683 1.4423E-02 1.1928
200 1.2465E-03 - 9.3823E-03 - 4.3104E-02 -

L2,-A 300 6.3262E-04 1.6728 5.1716E-03 1.4690 2.6596E-02 1.1909
400 3.8939E-04 1.6869 3.3836E-03 1.4747 1.8868E-02 1.1933
500 2.6670E-04 1.6959 2.4329E-03 1.4781 1.4453E-02 1.1946

Table 5. Errors and convergence rates for H2N2-B/L2;-B formula

« 1.2 1.5 1.8
N Error Rate Error Rate Error Rate
200 6.5026E-04 - 4.9161E-03 - 2.5146E-02 -

300 3.2315E-04 1.7246 2.6867E-03 1.4901 1.5462E-02 1.1993
400 1.9637E-04 1.7315 1.7492E-03 1.4918 1.0950E-02 1.1995
500 1.3330E-04 1.7360 1.2537E-03 1.4928 &.3786E-03 1.1996

6. Conclusion and Remark

This article is concerned with constructing typical numerical discrete formulas for
the exponential Caputo fractional derivatives on the two kinds of partitions. In
general, for fractional order « € (0,1), L1 formula is of (2 — «)-th order convergence
and L1-2, L2-1, formulas are of (3 — «)-th order convergence. For order a € (1, 2)
H2N2 and L2; formulae have (3 — «a)-th order convergence. Finally, some numerical
examples are given to verify the correctness of the derived formulas.

One may be curious about naming rules of formulas. In fact, there are two
naming rules in this article. On one hand, the symbol L1 is from [14], where
L1 is used for the left fractional derivative with order in (0,1). L2; is for the left
fractional derivative with order in (1, 2) while the subscript 1 means that the original
derivative order is reduced to derivative order in (0, 1) by the function replacement.
On the other hand, the symbols L1-2, L.2-1, and H2N2 are named from the types of
interpolation polynomials, for example, L1-2 means that the linear interpolation (in
the sense of exponential function) is used in the first subinterval and the quadratic
interpolations (in the sense of exponential function) in the following subintervals.
It seems not to be necessary to unite the naming rules in order to avoid confusion
because they have already existed in the references available.
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B-type formulas can be obtained via the transform t' = e! — e® which changes
t € [a,T] into ¢ € [0,e” — ] and which changes f(t), t € [a,T] into f,(t') =
fllog(t' + e2)), t' € [0,eT — e?]. But nodes t, = log(e'® + k7) and stepsize
T = eTﬁea (1 < k < N) (see (2.2)) involve the exponential and/or logarithmic
functions which may bring a bit bigger rounding errors in the real calculations. In
this sense, A-type formulas may be a bit more applicable. One one hand, numerical
methods for Caputo fractional derivatives problems have been extensively and in-
tensively studied, for example see [1,2,4,10] and references cites therein, such a kind
of Caputo-type derivative may attract intention due to its possible applications in
describing exponential asymptotics in nonlocal problems. On the other hand, the
method and technique derived in this paper may be applied to y-type fractional
derivatives [8,17,20]. Hope numerical studies in this respect will be appeared some-
where in the future.
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