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NUMERICAL METHODS FOR THE
CAPUTO-TYPE FRACTIONAL DERIVATIVE

WITH AN EXPONENTIAL KERNEL∗
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Abstract In the present article, several typical numerical discrete formulas
for the Caputo-type fractional derivative with an exponential kernel (call “ex-
ponential Caputo derivative” for brevity) with order α ∈ (0, 1) and α ∈ (1, 2)
are constructed, which are L1, L1-2, L2-1σ formulas for α ∈ (0, 1), and H2N2
and L21 formulas for α ∈ (1, 2), respectively. And the estimates of the trun-
cation errors are determined. Meanwhile, the properties of the coefficients in
these formulas are studied. Finally, some numerical examples are displayed
which support the theoretical analysis.

Keywords Exponential Caputo derivative, numerical discrete formula, trun-
cation error.
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1. Introduction
On one hand, it is often said that the solution to the (integer-order) ordinary differ-
ential equation is exponentially asymptotic and that the solution to fractional or-
dinary differential equation has algebraic asymptotics. But in effect, the fractional
derivative in the latter case is the usual Caputo derivative or Riemann-Liouville
derivative [13, 16]. This naturally leads us to ask which kind of fractional ordinary
differential equation has the solution with exponential asymptotics if it exists.

On the other hand, the Cauchy problem of partial differential equation with time
integer-order derivative or time Caputo/Riemann-Liouville fractional derivative has
algebraically asymptotical solution, e.g., [12]. It is also natural to ask which kind
of Cauchy problem of time fractional partial differential equation has the solution
with exponential asymptotics if there is any.

The answer to the above two questions is positive. There exists indeed fractional
derivative, i.e., Caputo/Riemann-Liouville fractional derivative with an exponential
kernel (call exponential Caputo/Riemann-Liouville fractional derivative for brevity)
[9]. In the following, the corresponding definitions in this respect are introduced.

Definition 1.1 ( [9]). For α > 0 and f(t) ∈ L1(a, b) (−∞ ≤ a < b ≤ +∞), the
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α-th exponential Riemann-Liouville fractional integral of f(t) is defined as follows

eD
−α
a,t f(t) =

1

Γ(α)

∫ t

a

(
et − es

)α−1
f(s)esds, t > a. (1.1)

Remark 1.1. In the definition of Riemann-Liouville fractional integral, the condi-
tion f(t) ∈ L1(a, b) in most of papers is default albeit not clearly stated. Hereafter,
we re-state the condition in this definition in order to attract the attention of be-
ginners.

Definition 1.2 ( [9]). For n − 1 < α < n ∈ Z+ and f(t) ∈ ACn
δe
[a, b] =

{
f :

[a, b] → R : δn−1
e f(t) ∈ AC[a, b]

}
(−∞ ≤ a < b ≤ +∞), the α-th exponential

Riemann-Liouville fractional derivative of f(t) is defined as follows

eD
α
a,tf(t) =

1

Γ(n− α)
δne

∫ t

a

(
et − es

)n−α−1
f(s)esds, t > a, (1.2)

where the operator δne is represented by

δne f(s) =

(
e−s d

ds

)n

f(s) = δe
(
δn−1
e f(s)

)
, δ0ef(s) = f(s).

Remark 1.2. In the definition of Riemann-Liouville fractional derivative, in most
of papers the condition f(t) ∈ ACn[a, b] is admitted despite being not clearly
pointed out. Hereafter, we emphasize this condition f(t) ∈ ACn

δe
[a, b] in the above

definition. This explanation applies also to the next definition.

Definition 1.3 ( [9]). For n − 1 < α < n ∈ Z+ and f(t) ∈ ACn
δe
[a, b] =

{
f :

[a, b] → R : δn−1
e f(t) ∈ AC[a, b]

}
(−∞ ≤ a < b ≤ +∞), the α-th exponential

Caputo fractional derivative of f(t) is defined as below

CeD
α
a,tf(t) =

1

Γ(n− α)

∫ t

a

(
et − es

)n−α−1
δne f(s)e

sds, t > a. (1.3)

The exponential Riemann-Liouville fractional derivative (1.2) and the exponen-
tial Caputo fractional derivative (1.3) for order n − 1 < α < n ∈ Z+ are not
equivalent with each other, but they have the following relationship [6]

CeD
α
a,tf(t) = eD

α
a,t

[
f(t)−

n−1∑
k=0

δke f(a)

k!

(
et − ea

)k]

= eD
α
a,tf(t)−

n−1∑
k=0

δke f(a)

Γ(k − α+ 1)

(
et − ea

)k−α
.

(1.4)

Due to this relation, this paper only focuses on constructing computational formulae
for the exponential Caputo fractional derivative.

Because it is difficult and even impossible to exactly solve fractional differen-
tial equations, seeking numerical solutions to these equations becomes more and
more important. So deriving various kinds of numerical discrete formulas for the
corresponding fractional derivatives in these equations is one of the vital tasks.
This paper aims to establish the typical approximate formulas for the exponential
Caputo fractional derivatives.
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The rest of the paper is outlined as follows. In Section 2, the necessary pre-
liminaries are provided. In Section 3, some numerical formulas are obtained for
approximating the exponential Caputo fractional derivatives defined in (1.3) under
a uniform partition, namely, L1-A, L1-2-A, L2-1σ-A formulas for α ∈ (0, 1), and
H2N2-A, L21-A formulas for α ∈ (1, 2), where the corresponding truncation errors
are determined. And properties of coefficients in the above formulas have been
studied. In Section 4, L1-B, L1-2-B, L2-1σ-B, H2N2-B and L21-B formulas under a
special nonuniform partition are presented. Numerical experiments for the discrete
formulas are displayed in Section 5, which support the theoretical analysis. Finally,
the summary is given in Section 6.

2. Preliminaries
Before constructing the numerical formulas, divide the interval [a, T ] into subinter-
vals [ti−1, ti] with a = t0 < t1 < · · · < tN = T for N ∈ Z+. Hereafter, only two
kinds of partitions are considered.
Partition A : Uniform partition

tk = t0 + kτ, τ = tk − tk−1 =
T − a

N
(1 ≤ k ≤ N) . (2.1)

Partition B : Non-uniform partition (i.e., uniform partition in exponent’s sense)

tk = log
(
et0 + kτ̃

)
, τ̃ = etk − etk−1 =

eT − ea

N
(1 ≤ k ≤ N) . (2.2)

For convenience, call the numerical approximate formulas under Partition A
and Partition B A-type formulas and B-type formulas, respectively. Denote fk =
f(tk) and introduce the following operator

∇exp,tf
k− 1

2 =
fk − fk−1

etk − etk−1
.

Next, we introduce the interpolation functions in the exponential sense in order
to facilitate the construction of the approximate formulae.

Two points (tj−1, f(tj−1)), (tj , f(tj)) can determine the linear Lagrange inter-
polation function Lexp,1,jf(t) (in the sense of exponential function) for function f(t)
on the interval [tj−1, tj ] (1 ≤ j ≤ N), which reads as

Lexp,1,jf(t) =
etj − et

etj − etj−1
f j−1 +

et − etj−1

etj − etj−1
f j . (2.3)

The corresponding truncation error on [tj−1, tj ] is given below,

rj1(t) = f(t)− Lexp,1,jf(t)

=
1

2
δ2ef(ηj)

(
et − etj−1

) (
et − etj

)
, ηj ∈ (tj−1, tj).

(2.4)

Similarly, three points (tj−1, f(tj−1)), (tj , f(tj)) and (tj+1, f(tj+1)), can deter-
mine quadratic polynomial interpolations (in the sense of exponential function) for
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function f(t) on [tj−1, tj+1] (1 ≤ j ≤ N − 1) as follows,

Lexp,2,jf(t) =
(et − etj )(et − etj+1)

(etj−1 − etj )(etj−1 − etj+1)
f j−1 +

(et − etj−1)(et − etj+1)

(etj − etj−1)(etj − etj+1)
f j

+
(et − etj−1)(et − etj )

(etj+1 − etj−1)(etj+1 − etj )
f j+1,

(2.5)

Nexp,2,jf(t) = f(tj−1) +∇exp,tf
j− 1

2 (et − etj−1)

+
∇exp,tf

j+ 1
2 −∇exp,tf

j− 1
2

etj+1 − etj−1
(et − etj−1)(et − etj ),

(2.6)

where the two interpolations are essentially the same, albeit with different expres-
sions in form. They are called Lagrange interpolation and Newton interpolation (in
the exponential sense) respectively, and their truncation errors are denoted as

rj2(t) = f(t)− Lexp,2,jf(t), Rj
N (t) = f(t)−Nexp,2,jf(t),

which are the same

rj2(t) =Rj
N (t) =

1

6
δ3ef(ξj)

(
et − etj−1

) (
et − etj

) (
et − etj+1

)
, ξj ∈ (tj−1, tj+1).

(2.7)

On the other hand, (t0, f(t0)), (t1, f(t1)) and (t0, δef(t0)) can determine quadratic
Hermite interpolation Hexp,2,0f(t) (in the exponential sense) for function f(t) on[
t0, t1

]
Hexp,2,0f(t) = f(t0) + δef(t0)

(
et − et0

)
+

∇exp,tf
1
2 − δef(t0)

et1 − et0

(
et − et0

)2
, (2.8)

with truncation error in the following form,

RH(t) = f(t)−Hexp,2,0f(t) =
1

6
δ3ef(ξ0)

(
et − et0

)2 (
et − et1

)
, ξ0 ∈ (t0, t1). (2.9)

In addition, function φ(x) at x = x0 can be expanded in the the following form,

φ(x) =φ(x0) + δeφ(x0) (e
x − ex0) +

1

2!
δ2eφ(x0) (e

x − ex0)
2

+ · · ·+ 1

n!
δne φ(x0) (e

x − ex0)
n
+

1

(n+ 1)!
δn+1
e φ(ξ) (ex − ex0)

n+1
,

(2.10)

where ξ is between x and x0. This is just the Taylor expansion in span{1, ex, e2x, · · · }.

3. A-type formulas
In present section, typical numerical approximate formulas for the exponential Ca-
puto fractional derivative (1.3) with α ∈ (0, 1) and α ∈ (1, 2) under Partition A
(2.1) are constructed. All these formulas are called A-type formulas.
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3.1. L1-A formula
Now, the L1-A formula under Partition A for approximating fractional derivative
(1.3) with α ∈ (0, 1) is constructed as follows.

Using the interpolation function Lexp,1,jf(t) on [tj−1, tj ] to approximate the
function f(t) on the same interval gives

f(t) ≈ Lexp,1,jf(t), t ∈ [tj−1, tj ]. (3.1)

From the interpolation function (2.3) on [tj−1, tj ], one has

δe (Lexp,1,jf(t)) = ∇exp,tf
j− 1

2 . (3.2)

By means of formula (3.2), the exponential Caputo fractional derivative CeD
α
a,tf(t)

at t = tk (1 ≤ k ≤ N) can be written as

CeD
α
a,tf(t)

∣∣∣
t=tk

=
1

Γ(1− α)

k∑
j=1

∫ tj

tj−1

(
etk − es

)−α
δef(s) e

sds

≈ 1

Γ(1− α)

k∑
j=1

∫ tj

tj−1

(
etk − es

)−α
δe (Lexp,1,jf(s)) e

sds

=
1

Γ(2− α)

k∑
j=1

c
(α)
j,k

(
f j − f j−1

)
,

:=CeD
α
a,tf

k,

(3.3)

where

c
(α)
j,k =

1

etj − etj−1

[(
etk − etj−1

)1−α −
(
etk − etj

)1−α
]
, j = 1, 2, . . . , k. (3.4)

The numerical formula CeDα
a,tf

k in (3.3) is called L1-A formula for the exponen-
tial Caputo fractional derivative with α ∈ (0, 1). The truncation error is analyzed
in the following.

Theorem 3.1. For 0 < α < 1 and δ2ef(t) ∈ C [a, T ], the following truncation errors
Rk (1 ≤ k ≤ N) with τ = tk − tk−1 = T−a

N ,

Rk =CeD
α
a,tf(t)

∣∣∣
t=tk

− CeD
α
a,tf

k

=
1

Γ(1− α)

k∑
j=1

∫ tj

tj−1

(
etk − es

)−α
δe [f(s)− Lexp,1,jf(s)] e

sds,
(3.5)

has the estimate below∣∣Rk
∣∣ ≤ 1

8Γ(1− α)
max

t0≤t≤tk−1

∣∣δ2ef(t)∣∣ max
1≤l≤k−1

(
etl − etl−1

)2 (
etk − etk−1

)−α

+
α

2Γ(3− α)
max

tk−1≤t≤tk

∣∣δ2ef(t)∣∣ (etk − etk−1
)2−α

.
(3.6)
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Proof. Using integration by parts in the right side of (3.5) and the truncation
error given in (2.4) gives

Rk =
−α

Γ(1− α)

k−1∑
j=1

∫ tj

tj−1

rj1(s)
(
etk − es

)−α−1
esds

+
−α

Γ(1− α)

∫ tk

tk−1

rk1 (s)
(
etk − es

)−α−1
esds

=Rk
1 +Rk

2 .

(3.7)

It follows from rj1(s) (1 ≤ j ≤ k) (see (2.4)) that∣∣Rk
1

∣∣ ≤ α

8Γ(1− α)
max

t0≤t≤tk−1

∣∣δ2ef(t)∣∣ max
1≤l≤k−1

(
etl − etl−1

)2
×
∫ tk−1

t0

(
etk − es

)−α−1
esds

≤ 1

8Γ(1− α)
max

t0≤t≤tk−1

∣∣δ2ef(t)∣∣ max
1≤l≤k−1

(
etl − etl−1

)2 (
etk − etk−1

)−α
,

(3.8)

and∣∣Rk
2

∣∣ ≤ α

2Γ(1− α)
max

tk−1≤t≤tk

∣∣δ2ef(t)∣∣ ∫ tk

tk−1

(
es − etk−1

) (
etk − es

)−α
esds

=
α

2Γ(3− α)
max

tk−1≤t≤tk

∣∣δ2ef(t)∣∣ (etk − etk−1
)2−α

.

(3.9)

Using the above two inequalities ends the proof.

Remark 3.1. Due to etk −etk−1 = O (τ) with tk → tk−1 (1 ≤ k ≤ N), the estimate
of truncation error Rk in (3.3) can be expressed as∣∣Rk

∣∣ ≤ Cτ2−α,

where C is a positive constant.

Next the properties of coefficients c(α)j,k in L1-A formula are shown below.

Theorem 3.2. For order α ∈ (0, 1), the coefficients c(α)j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) in
(3.4) with τ = tk − tk−1 = T−a

N satisfy

c
(α)
k,k > c

(α)
k−1,k > · · · > c

(α)
1,k > 0. (3.10)

Proof. It is obvious that the function (etk − es)1−α is a monotone decreasing
function with respect to s, so

c
(α)
j,k =

1

etj − etj−1

[(
etk − etj−1

)1−α −
(
etk − etj

)1−α
]
> 0.

In addition, using the differential mean value theorem yields

c
(α)
j+1,k − c

(α)
j,k = (1− α)(ξ−α

j+1 − ξ−α
j ) > 0, (3.11)

where etk − etj+1 < ξj+1 < etk − etj < ξj < etk − etj−1 (1 ≤ j ≤ k − 1), and hence
(3.10).
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3.2. L1-2-A formula
In the subsection, L1-2-A formula under Partition A for numerical approach to
fractional derivative (1.3) with α ∈ (0, 1) is established as follows.

Using {
f(t) ≈ Lexp,1,1f(t), t ∈ [t0, t1],

f(t) ≈ Lexp,2,j−1f(t), t ∈ [tj−1, tj ] (2 ≤ j ≤ N) ,
(3.12)

and

δe (Lexp,2,j−1f(t))

=δe (Lexp,1,jf(t)) +
∇exp,tf

j− 1
2 −∇exp,tf

j− 3
2

etj − etj−2

(
2et − etj−1 − etj

)
,

(3.13)

one has

CeD
α
a,tf(t)

∣∣∣
t=tk

=
1

Γ(1− α)

k∑
j=1

∫ tj

tj−1

(
etk − es

)−α
δef(s)e

sds

≈ 1

Γ(1− α)

{∫ t1

t0

(
etk − es

)−α
δe (Lexp,1,1f(s)) e

sds

+

k∑
j=2

∫ tj

tj−1

(
etk − es

)−α
δe (Lexp,2,j−1f(s)) e

sds

}

=CeD
α
a,tf

k − 1

Γ(2− α)

k∑
j=2

b
(α)
j,k

(
∇exp,tf

j− 1
2 −∇exp,tf

j− 3
2

)

=
1

Γ(2− α)

k∑
j=1

c
(α)
j,k

(
f j − f j−1

)
:=CeD

α
a,tf

k,

(3.14)

where

c
(α)
j,k =



1
et1−et0

(
a
(α)
1,k + b

(α)
2,k

)
, j = 1,

1
etj−etj−1

(
a
(α)
j,k − b

(α)
j,k + b

(α)
j+1,k

)
, 2 ≤ j ≤ k − 1,

1
etk−etk−1

(
a
(α)
k,k − b

(α)
k,k

)
, j = k,

a
(α)
j,k =

(
etk − etj−1

)1−α −
(
etk − etj

)1−α
,

b
(α)
j,k =

{(
etj − etj−1

) [(
etk − etj

)1−α
+
(
etk − etj−1

)1−α
]

+
2

2− α

[(
etk − etj

)2−α −
(
etk − etj−1

)2−α
]} 1

etj − etj−2
.

(3.15)
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Formula CeD
α
a,tf

k in (3.14) is called L1-2-A formula under Partition A (2.1)
for approaching fractional derivative (1.3) with α ∈ (0, 1).

Remark 3.2. Particularly, when k = 1 or k = 2, then one has

c
(α)
1,1 =

1

et1 − et0
a
(α)
1,1 , k = 1;

c
(α)
1,2 =

1

et1 − et0

(
a
(α)
1,2 + b

(α)
2,2

)
, c

(α)
2,2 =

1

et2 − et1

(
a
(α)
2,2 − b

(α)
2,2

)
, k = 2.

(3.16)

In the following, the truncation error of L1-2-A formula will be considered.

Theorem 3.3. For 0 < α < 1 and δ3ef(t) ∈ C [a, T ], the truncation errors Rk
(
1 ≤

k ≤ N
)

under Partition A,

Rk =CeD
α
a,tf(t)

∣∣∣
t=tk

− CeD
α
a,tf

k

=
1

Γ(1− α)

{∫ t1

t0

(
etk − es

)−α
δe [f(s)− Lexp,1,1f(s)] e

sds

+

k∑
j=2

∫ tj

tj−1

(
etk − es

)−α
δe [f(s)− Lexp,2,j−1f(s)] e

sds

}
,

(3.17)

have following estimates,∣∣R1
∣∣ ≤ α

2Γ(3− α)
max

t0≤t≤t1

∣∣δ2ef(t)∣∣ (et1 − et0
)2−α

, k = 1,∣∣Rk
∣∣ ≤ α

8Γ(1− α)
max

t0≤t≤t1

∣∣δ2ef(t)∣∣ (etk − et1
)−1−α (

et1 − et0
)3

+
1

12Γ(1− α)
max

t0≤t≤tk−1

|δ3ef(t)| max
1≤l≤k−1

(
etl − etl−1

)3(
etk − etk−1

)−α

+
α

3Γ(2− α)
max

tk−2≤t≤tk

∣∣δ3ef(t)∣∣ max
k−1≤l≤k

(
etl − etl−1

)3−α
, k ≥ 2.

(3.18)

Proof. The case with k = 1 is clear. For case with k ≥ 2, using integration by
parts in (3.17), and the truncation errors (2.4) and (2.7), one arrives at

Rk =
−α

Γ(1− α)

∫ t1

t0

(
etk − es

)−α−1
r11(s)e

sds

+
−α

Γ(1− α)

k−1∑
j=2

∫ tj

tj−1

(
etk − es

)−α−1
rj−1
2 (s)esds

+
−α

Γ(1− α)

∫ tk

tk−1

(
etk − es

)−α−1
rk−1
2 (s)esds

=Rk
1 +Rk

2 +Rk
3 .

(3.19)

Simple calculations lead to∣∣Rk
1

∣∣ ≤ α

2Γ(1− α)

∫ t1

t0

∣∣δ2ef(η1)∣∣ (es − et0
) (
et1 − es

) (
etk − es

)−α−1
esds

≤ α

8Γ(1− α)
max

t0≤t≤t1

∣∣δ2ef(t)∣∣ (etk − et1
)−α−1 (

et1 − et0
)3
,

(3.20)
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∣∣Rk
2

∣∣ ≤ α

24Γ(1−α)

k−1∑
j=2

∫ tj

tj−1

∣∣δ3ef(ξj−1)
∣∣ (es−etj−2

) (
etj−etj−1

)2 (
etk−es

)−α−1
esds

≤ α

12Γ(1−α)
max

t0≤t≤tk−1

|δ3ef(t)| max
1≤l≤k−1

(
etl − etl−1

)3∫ tk−1

t1

(
etk − es

)−α−1

esds

≤ 1

12Γ(1− α)
max

t0≤t≤tk−1

|δ3ef(t)| max
1≤l≤k−1

(
etl − etl−1

)3(
etk − etk−1

)−α

,

(3.21)

and∣∣Rk
3

∣∣ ≤ α

6Γ(1− α)

∫ tk

tk−1

∣∣δ3ef(ξk−1)
∣∣ (es − etk−2

) (
es − etk−1

) (
etk − es

)−α
esds

≤ α

3Γ(2− α)
max

tk−2≤t≤tk

∣∣δ3ef(t)∣∣ max
k−1≤l≤k

(
etl − etl−1

)3−α
,

(3.22)

where η1 ∈ (t0, t1) and ξj−1 ∈ (tj−2, tj) (2 ≤ j ≤ k).
All this completes the proof.
Now, the properties of coefficients defined in (3.15) are shown.

Theorem 3.4. For order α ∈ (0, 1) and step size τ = tk − tk−1 = T−a
N , the

coefficients c(α)j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) in (3.15) satisfy

c
(α)
j,k > 0, j ̸= k − 1. (3.23)

Proof. Firstly, the proof is divided into the following parts,

(i) c
(α)
1,1 > 0,

(ii) c
(α)
k,k > 0, k ≥ 2,

(iii) c
(α)
j,k > 0, 2 ≤ j ≤ k − 2, k ≥ 4,

(iv) c
(α)
1,k > 0, k ≥ 3.

Part (i) is obvious. Part (ii) still holds due to

c
(α)
k,k =

1

etk − etk−1

(
a
(α)
k,k − b

(α)
k,k

)
=
(
etk − etk−1

)−α
(
1 +

α

2− α

etk − etk−1

etk − etk−2

)
> 0.

(3.24)

For Part (iii) with 2 ≤ j ≤ k − 2 (k ≥ 4), by the definition of c(α)j,k in (3.15), one
gets

a
(α)
j,k − b

(α)
j,k + b

(α)
j+1,k

=
1

etj − etj−2

{
2

2− α

[(
etk − etj−1

)2−α −
(
etk − etj

)2−α
]

−
(
etj − etj−1

) [(
etk − etj

)1−α
+
(
etk − etj−1

)1−α
]}

+
(
etk − etj−1

)1−α
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− 1

etj+1 − etj−1

{
2

2− α

[(
etk − etj

)2−α −
(
etk − etj+1

)2−α
]

−
(
etj+1 − etj

) [(
etk − etj+1

)1−α
+
(
etk − etj

)1−α
]}

−
(
etk − etj

)1−α

= Ij−1 − Ij . (3.25)

Denote x = es (s ∈ [t1, tk−2]) and xj = etj (j = 1, 2, . . . , k − 2). Then one has

Ij =
1− α

etj+1 − etj−1

∫ etj+1

etj

(
etk − s

)−α (
2s− etj − etj+1

)
ds+

(
etk − etj

)1−α

=
1− α

xj (eτ − e−τ )

∫ eτxj

xj

(
etk − s

)−α
(2s− xj − eτxj) ds+

(
etk − xj

)1−α

= F (xj), 1 ≤ j ≤ k − 2,

(3.26)

where for x ∈ [et1 , etk−2 ],

F (x) =
1− α

x (eτ − e−τ )

∫ eτx

x

(
etk − s

)−α
(2s− x− eτx) ds+

(
etk − x

)1−α
. (3.27)

In order to find the monotonicity of Ij with respect to j, one needs to consider
the monotonicity of F (x) with x. Differentiating F (x) gives

F ′(x) =− (1− α)

{
2

x2 (eτ − e−τ )

∫ eτx

x

(
etk − s

)−α
sds

− eτ (eτ − 1)

eτ − e−τ

(
etk − eτx

)−α
+

1− e−τ

eτ − e−τ

(
etk − x

)−α

}
.

(3.28)

Let ψ(s) = s (etk − s)
−α. Applying the Hermite interpolation function to ψ(s) on

interval [x, eτx] yields

ψ(s) =ψ(x) + ψ [x, eτx] (s− x) +
ψ′(eτx)− ψ [x, eτx]

eτx− x
(s− x) (s− eτx)

+
1

6
ψ(3)(ξ) (s− x) (s− eτx)

2
, ξ ∈ (x, eτx) ,

(3.29)

where
ψ [x, eτx] =

ψ(eτx)− ψ(x)

eτx− x
. (3.30)

Hence one gets

2

x2 (eτ−e−τ )

∫ eτx

x

ψ(s)ds =
eτ − 1

3(eτ − e−τ )

{
2
(
etk − x

)−α
+ 4eτ

(
etk − eτx

)−α

− (eτ−1)
[(
etk−eτx

)−α
+ α

(
etk−eτx

)−α−1
eτx
]}

+
1

3x2 (eτ − e−τ )

∫ eτx

x

ψ(3)(ξ) (s− x) (s− eτx)
2
ds.

(3.31)
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Substituting (3.31) into (3.28) gives

F ′(x) =
− (1− α)

3 (eτ − e−τ )

{(
etk − eτx

)−α−1
(eτ − 1)

[ (
etk − eτx

)
− αeτx (eτ − 1)

]
+

(eτ − 1) (2eτ + 3)

eτ
(
etk − x

)−α

+
1

x2

∫ eτx

x

ψ(3)(ξ) (s− x) (s− eτx)
2
ds

}
.

(3.32)

It is evident to know that

ψ(3)(ξ) = 3α(α+ 1)
(
etk − ξ

)−α−2
+ α(α+ 1)(α+ 2)

(
etk − ξ

)−α−3
ξ > 0. (3.33)

And for x ∈ [et1 , etk−2 ], one reaches(
etk − eτx

)
− αeτx (eτ − 1) = etk − eτx (1 + αeτ − α)

≥ etk − etk−1 (1 + αeτ − α)

= etk−1(1− α)(eτ − 1)

> 0.

(3.34)

Combining (3.33), (3.34) with (3.32), one has F ′(x) < 0, which means that the
sequence Ij is monotonically decreasing, i.e.,

I1 > I2 > · · · > Ik−2.

So one has

c
(α)
j,k =

1

etj − etj−1

(
a
(α)
j,k − b

(α)
j,k + b

(α)
j+1,k

)
=

1

etj − etj−1
(Ij−1 − Ij) > 0, 2 ≤ j ≤ k − 2 (k ≥ 4) .

(3.35)

For part (iv), when j = 1 (k ≥ 3), one only needs to determine the sign of

a
(α)
1,k + b

(α)
2,k =(1− α)

{∫ et1

et0
ϕ(s)ds− 1

et2 − et0

∫ et2

et1
φ(s)ds

}
, (3.36)

where

ϕ(s) =
(
etk − s

)−α
, φ(s) =

(
etk − s

)−α
(2s− et1 − et2). (3.37)

Considering Hermite interpolation for ϕ(s) on [et0 , et1 ] and Lagrange interpolation
for φ(s) on [et1 , et2 ], respectively, one has the following formulas,∫ et1

et0
ϕ(s)ds

=
1

6

{(
et1 − et0

) [
2
(
etk − et0

)−α
+ 4

(
etk − et1

)−α
]

− α
(
et1 − et0

)2 (
etk − et1

)−α−1
+

∫ et1

et0
ϕ(3)(ξ)

(
s− et0

) (
s− et1

)2
ds

}
,

(3.38)
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where ξ ∈ (et0 , et1), and

∫ et2

et1
φ(s)ds =

1

2

{(
et2 − et1

)2 [(
etk − et2

)−α −
(
etk − et1

)−α
]

+

∫ et2

et1
φ′′(η)

(
s− et1

) (
s− et2

)
ds

}
,

(3.39)

in which η ∈ (et1 , et2). Combination of (3.36), (3.38) with (3.39) leads to

a
(α)
1,k + b

(α)
2,k

=
1

6
(1− α)

(
et1 − et0

){ (
etk − et1

)−α−1 [(
etk − et1

)
− α

(
et1 − et0

)]
+ 3

[(
1 +

e2τ

eτ + 1

)(
etk − et1

)−α − e2τ

eτ + 1

(
etk − et2

)−α
]
+ 2

(
etk − et0

)−α

}

+ (1− α)

{
1

6

∫ et1

et0
ϕ′′′(ξ)

(
s− et0

) (
s− et1

)2
ds

− 1

2 (et2 − et0)

∫ et2

et1
φ′′(η)

(
s− et1

) (
s− et2

)
ds

}
> 0,

(3.40)

where ϕ′′′(ξ) > 0, φ′′(η) > 0, and

(
1 +

e2τ

eτ + 1

)(
etk − et1

)−α − e2τ

eτ + 1

(
etk − et2

)−α

=
e2τ

eτ + 1

(
etk − et2

)−α
{
e2τ + eτ + 1

e2τ

(
1− et2 − et1

etk − et1

)α

− 1

}
≥ e2τ

eτ + 1

(
etk − et2

)−α
{
e2τ + eτ + 1

e2τ

(
eτ

eτ + 1

)α

− 1

}
>

e2τ

eτ + 1

(
etk − et2

)−α
{
e2τ + eτ + 1

e2τ + eτ
− 1

}
> 0.

(3.41)

So it holds that

c
(α)
1,k =

1

et1 − et0

(
a
(α)
1,k + b

(α)
2,k

)
> 0. (3.42)

Therefore, the proof is over.

Remark 3.3. For j = k−1, one can verify that the sign of c(α)k−1,k (k ≥ 2) concerning
α is changeable, which is indicated in the framed part in Table 1. For case with
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k ≥ 3, by means of definition (3.15), one can attain that

a
(α)
k−1,k − b

(α)
k−1,k + b

(α)
k,k

=
(
etk − etk−2

)1−α −
(
etk − etk−1

)1−α

+
1

etk−1 − etk−3

{
2

2− α

[(
etk − etk−2

)2−α −
(
etk − etk−1

)2−α
]

−
(
etk−1 − etk−2

) [(
etk − etk−2

)1−α
+
(
etk − etk−1

)1−α
]}

− 1

etk − etk−2

α

2− α

(
etk − etk−1

)2−α
.

(3.43)

Taking the limit of the above formula with respect to α, one gets

lim
α→0

(
a
(α)
k−1,k − b

(α)
k−1,k + b

(α)
k,k

)
= etk−1 − etk−2 > 0,

lim
α→1

(
a
(α)
k−1,k − b

(α)
k−1,k + b

(α)
k,k

)
= − eτ

eτ + 1
< 0.

(3.44)

Considering (3.44) and the formula below together,

c
(α)
k−1,k =

1

etk−1 − etk−2

(
a
(α)
k−1,k − b

(α)
k−1,k + b

(α)
k,k

)
, (3.45)

one knows that the sign of c(α)k−1,k (k ≥ 3) is indefinite. For k = 2, because of

lim
α→0

(
a
(α)
1,2 + b

(α)
2,2

)
= et1 − et0 > 0, (3.46)

and
lim
α→1

(
a
(α)
1,2 + b

(α)
2,2

)
= − eτ

eτ + 1
< 0, (3.47)

the sign of
c
(α)
1,2 =

1

et1 − et0

(
a
(α)
1,2 + b

(α)
2,2

)
, (3.48)

can be variable.

Table 1. The coefficients c
(α)
j,k of L1-2-A formula

k = 1 c
(α)
1,1

k = 2 c
(α)
1,2 c

(α)
2,2

k = 3 c
(α)
1,3 c

(α)
2,3 c

(α)
3,3

k = 4 c
(α)
1,4 c

(α)
2,4 c

(α)
3,4 c

(α)
4,4

k = 5 c
(α)
1,5 c

(α)
2,5 c

(α)
3,5 c

(α)
4,5 c

(α)
5,5

...
...

...
...

...
... . . .
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Lemma 3.1. For α ∈ (0, 1) and tj = t0 + jτ (0 ≤ j ≤ k), the coefficients b
(α)
j,k

defined in (3.15) are negative, i.e.,

b
(α)
j,k < 0, 2 ≤ j ≤ k, k ≥ 2. (3.49)

Proof. Considering the monotonicity of φ(s) = (etk − s)
−α and using the integral

mean value theorem yield the proof.

Theorem 3.5. For α ∈ (0, 1) and sufficiently small τ = tk − tk−1 = T−a
N , the

coefficients c(α)j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) in (3.15) satisfy

(1) c
(α)
j,k < c

(α)
j+1,k, 1 ≤ j ≤ k − 3, k ≥ 4,

(2)
∣∣c(α)k−1,k

∣∣ < c
(α)
k,k , k ≥ 2,

(3) c
(α)
k−2,k < c

(α)
k,k , k ≥ 3.

Proof. (1) Let

F (x) =
1− α

x (eτ − e−τ )

∫ eτx

x

[(
etk − s

)−α −
(
etk − e−τs

)−α
]
(2s− x− eτx) ds

+
(
etk − x

)1−α − eτ
(
etk − e−τx

)1−α
,

(3.50)

where x ∈ [et1 , etk−2 ]. And set xj = etj (1 ≤ j ≤ k − 2). By differentiation and the
integral mean value theorem, one gets

F ′(x) =− eτ (1− α)

eτ + 1

{
(eτ + 1)φ (ξx)−

[
eτφ (eτx)− e−τφ (x)

] }
≤− e2τ (1− α)

eτ + 1
φ (eτx)

{
eτ + 1 + e−τ

eτ
φ (x)

φ (eτx)
− 1

}
,

(3.51)

where ξ ∈ [1, eτ ],

φ(s) =
(
etk − s

)−α −
(
etk − e−τs

)−α
, s ∈ [x, eτx] , (3.52)

which is a positive monotone increasing function.
Consider the following limit

lim
τ→0

eτ + 1 + e−τ

eτ
φ (x)

φ (eτx)
= lim

eτ→1

3
[
(etk − x)

−α − (etk − e−τx)
−α
]

(etk − eτx)
−α − (etk − x)

−α = 3. (3.53)

So there exist τ∗ > 0 such that for (0 <)τ < τ∗ the following inequality

eτ + 1 + e−τ

eτ
φ (x)

φ (eτx)
> 1 (3.54)

holds, which implies F ′(x) < 0 for sufficiently small τ .
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For 2 ≤ j ≤ k − 3 (k ≥ 5) and sufficiently small τ , from (3.15) one has

c
(α)
j+1,k − c

(α)
j,k

=
1

etj+1 − etj

(
a
(α)
j+1,k − b

(α)
j+1,k + b

(α)
j+2,k

)
− 1

etj − etj−1

(
a
(α)
j,k − b

(α)
j,k + b

(α)
j+1,k

)
=

1

etj+1 − etj

[(
Ij − eτIj−1

)
−
(
Ij+1 − eτIj

)]
=

1

etj+1 − etj

(
F (xj)− F (xj+1)

)
> 0,

(3.55)

where

Ij =
1

etj+1 − etj−1

{
2

2− α

[(
etk − etj

)2−α −
(
etk − etj+1

)2−α
]

−
(
etj+1 − etj

) [(
etk − etj

)1−α
+
(
etk − etj+1

)1−α
]}

+
(
etk − etj

)1−α
.

So c(α)j,k < c
(α)
j+1,k holds for sufficiently small τ and 2 ≤ j ≤ k − 3 with k ≥ 5.

For k ≥ 4, set t−1 = t0 − τ , and let

b
(α)
1,k = − 1

et1 − et−1

{
2

2− α

[(
etk − et0

)2−α −
(
etk − et1

)2−α
]

−
(
et1 − et0

) [(
etk − et0

)1−α
+
(
etk − et1

)1−α
]}

.

(3.56)

It is easy to verify that b(α)1,k < 0 by using almost the same method as that used in
the proof of Lemma 3.1. Then one can achieve

c
(α)
2,k − c

(α)
1,k

=
1

et2 − et1

(
a
(α)
2,k − b

(α)
2,k + b

(α)
3,k

)
− 1

et1 − et0

(
a
(α)
1,k − b

(α)
1,k + b

(α)
2,k

)
−

b
(α)
1,k

et1 − et0

=
1

et2 − et1

(
F (x1)− F (x2)

)
−

b
(α)
1,k

et1 − et0

> 0,

(3.57)

which means c(α)1,k < c
(α)
2,k for sufficiently small τ and k ≥ 4.

(2) When k ≥ 3, one gets

c
(α)
k,k −

∣∣∣c(α)k−1,k

∣∣∣
=

1

etk − etk−1

{(
a
(α)
k,k − b

(α)
k,k

)
− eτ

∣∣∣a(α)k−1,k − b
(α)
k−1,k + b

(α)
k,k

∣∣∣ }. (3.58)

For the case of c(α)k−1,k > 0, one has

c
(α)
k,k −

∣∣∣c(α)k−1,k

∣∣∣ = 1

etk − etk−1

{(
a
(α)
k,k − b

(α)
k,k

)
− eτ

(
a
(α)
k−1,k − b

(α)
k−1,k

)
− eτ b

(α)
k,k

}
.

(3.59)
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Using the definition of the coefficients leads to(
a
(α)
k,k − b

(α)
k,k

)
− eτ

(
a
(α)
k−1,k − b

(α)
k−1,k

)
= (1− α)

∫ etk

etk−1

[(
etk − s

)−α −
(
etk − e−τs

)−α
] 2s− etk−1 − etk−2

etk − etk−2
ds

≥ 1− α

eτ + 1

∫ etk

etk−1

[(
etk − s

)−α −
(
etk − e−τs

)−α
]
ds > 0.

(3.60)

Combining (3.59), (3.60) with Lemma 3.1, one gets c(α)k−1,k < c
(α)
k,k (k ≥ 3).

For the case of c(α)k−1,k < 0, one has

c
(α)
k,k −

∣∣∣c(α)k−1,k

∣∣∣ = 1

etk − etk−1

{
a
(α)
k,k + (eτ − 1) b

(α)
k,k + eτa

(α)
k−1,k − eτ b

(α)
k−1,k

}
. (3.61)

It is evident that eτa(α)k−1,k − eτ b
(α)
k−1,k > 0. Then, one can attain that

a
(α)
k,k + (eτ − 1) b

(α)
k,k =

(
etk − etk−1

)1−α
{
1− α

2− α

eτ (eτ − 1)

eτ + 1

}
. (3.62)

Because
lim
τ→0

eτ (eτ − 1)

eτ + 1
= 0, (3.63)

there exist τ∗ > 0, for (0 <)τ < τ∗, such that eτ (eτ−1)
eτ+1 < 1, that is, −c(α)k−1,k <

c
(α)
k,k (k ≥ 3) holds for sufficiently small τ .

For k = 2, one similarly derives that

c
(α)
2,2 −

∣∣∣c(α)1,2

∣∣∣ = 1

et2 − et1

{(
a
(α)
2,2 − b

(α)
2,2

)
− eτ

(
a
(α)
1,2 + b

(α)
2,2

)}
=
eτ (et2 − et0)

1−α

et2 − et1

{(
eτ

eτ + 1

)−α

− 1

}
− eτ + 1

et2 − et1
b
(α)
2,2

> 0,

(3.64)

where c(α)1,2 > 0 and τ is sufficiently small; and

c
(α)
2,2 −

∣∣∣c(α)1,2

∣∣∣ = 1

et2 − et1

{(
a
(α)
2,2 − b

(α)
2,2

)
+ eτ

(
a
(α)
1,2 + b

(α)
2,2

)}
=
(
et2 − et1

)−α
{
1− α

2− α

eτ (eτ − 1)

eτ + 1

}
+

eτa
(α)
1,2

et2 − et1

> 0,

(3.65)

where c(α)1,2 < 0 and τ is sufficiently small.
(3) For k ≥ 4, one gets

c
(α)
k,k − c

(α)
k−2,k

=
1

etk − etk−1

(
a
(α)
k,k − b

(α)
k,k

)
− 1

etk−2 − etk−3

(
a
(α)
k−2,k − b

(α)
k−2,k + b

(α)
k−1,k

)
=

1

etk − etk−1

{(
a
(α)
k,k − b

(α)
k,k

)
− e2τ

(
a
(α)
k−2,k − b

(α)
k−2,k

)
− e2τ b

(α)
k−1,k

}
> 0,

(3.66)
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where(
a
(α)
k,k − b

(α)
k,k

)
− e2τ

(
a
(α)
k−2,k − b

(α)
k−2,k

)
= (1− α)

∫ etk

etk−1

[(
etk − s

)−α −
(
etk − e−2τs

)−α
] 2s− etk−1 − etk−2

etk − etk−2
ds > 0.

(3.67)

Similarly, for k = 3, one has

c
(α)
3,3 − c

(α)
1,3

=
1

et3 − et2

(
a
(α)
3,3 − b

(α)
3,3

)
− 1

et1 − et0

(
a
(α)
1,3 + b

(α)
2,3

)
=

1

et3 − et2

{(
a
(α)
3,3 − e2τa

(α)
1,3

)
−
(
b
(α)
3,3 + e2τ b

(α)
2,3

)}
> 0,

(3.68)

where

a
(α)
3,3 − e2τa

(α)
1,3 = (1− α)

∫ et3

et2

[(
et3 − s

)−α −
(
et3 − e−2τs

)−α
]
ds > 0. (3.69)

So all this ends the proof.

3.3. L2-1σ-A formula
Next, another higher-order numerical formula called L2-1σ-A formula under Par-
tition A, for numerical approaching to fractional derivative (1.3) with order α ∈
(0, 1), is established below.

Used {
f(t) ≈ Lexp,2,jf(t), t ∈ [tj−1, tj ] (2 ≤ j ≤ k) ,

f(t) ≈ Lexp,1,k+1f(t), t ∈ [tk, tk+σ],
(3.70)

in which tk+σ = tk + στ (σ will be determined later), and considered

δe (Lexp,2,jf(t))

=δe (Lexp,1,jf(t)) +
∇exp,tf

j+ 1
2 −∇exp,tf

j− 1
2

etj+1 − etj−1

(
2et − etj−1 − etj

)
,

(3.71)

the exponential Caputo fractional derivative CeD
α
a,tf(t) with α ∈ (0, 1) at t =

tk+σ (0 ≤ k ≤ N − 1) can be expressed below,

CeD
α
a,tf(t)

∣∣∣
t=tk+σ

=
1

Γ(1− α)

{
k∑

j=1

∫ tj

tj−1

(
etk+σ−es

)−α
δef(s)e

sds+

∫ tk+σ

tk

(
etk+σ−es

)−α
δef(s)e

sds

}

≈ 1

Γ(1− α)

{
k∑

j=1

∫ tj

tj−1

(
etk+σ − es

)−α
δe (Lexp,2,jf(s)) e

sds
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+

∫ tk+σ

tk

(
etk+σ − es

)−α
δe (Lexp,1,k+1f(s)) e

sds

}

=
1

Γ(2− α)

k+1∑
j=1

a
(α,σ)
j,k ∇exp,tf

j− 1
2 +

1

Γ(2− α)

k∑
j=1

b
(α,σ)
j,k

(
∇exp,tf

j+ 1
2 −∇exp,tf

j− 1
2

)

=
1

Γ(2− α)

k+1∑
j=1

c
(α,σ)
j,k

(
f j − f j−1

)
:=CeD

α
a,tf

k+σ, (3.72)

where

c
(α,σ)
j,k =



1
et1−et0

(
a
(α,σ)
1,k − b

(α,σ)
1,k

)
, j = 1,

1
etj−etj−1

(
a
(α,σ)
j,k + b

(α,σ)
j−1,k − b

(α,σ)
j,k

)
, 2 ≤ j ≤ k,

1
etk+1−etk

(
a
(α,σ)
k+1,k + b

(α,σ)
k,k

)
, j = k + 1,

a
(α,σ)
j,k =


(etk+σ − etj−1)

1−α − (etk+σ − etj )
1−α

, 1 ≤ j ≤ k,

(etk+σ − etj−1)
1−α

, j = k + 1,

b
(α,σ)
j,k =

{
−
(
etj − etj−1

) [(
etk+σ − etj−1

)1−α
+
(
etk+σ − etj

)1−α
]

+
2

2− α

[(
etk+σ − etj−1

)2−α −
(
etk+σ − etj

)2−α
]} 1

etj+1 − etj−1
.

(3.73)

Call formula CeD
α
a,tf

k+σ given in (3.72) L2-1σ-A formula.

Remark 3.4. In particular, when k = 0 or k = 1, one has

c
(α,σ)
1,0 =

1

et1 − et0
a
(α,σ)
1,0 , k = 0;

c
(α,σ)
1,1 =

1

et1 − et0

(
a
(α,σ)
1,1 − b

(α,σ)
1,1

)
, c

(α,σ)
2,1 =

1

et2 − et1

(
a
(α,σ)
2,1 + b

(α,σ)
1,1

)
, k = 1.

(3.74)

Now, the following theorem indicates the truncation error.

Theorem 3.6. Assume δ3ef(t) ∈ C[a, T ] and α ∈ (0, 1). For the fixed constant σ =
1− α

2 and sufficiently small τ , the following truncation errors Rk+σ (0 ≤ k ≤ N − 1)
under Partition A

Rk+σ =CeD
α
a,tf(t)

∣∣∣
t=tk+σ

− CeD
α
a,tf

k+σ

=
1

Γ(1− α)

{
k∑

j=1

∫ tj

tj−1

(
etk+σ − es

)−α
δe [f(s)− Lexp,2,jf(s)] e

sds

+

∫ tk+σ

tk

(
etk+σ − es

)−α
δe [f(s)− Lexp,1,k+1f(s)] e

sds

}
,

(3.75)
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have the estimate as follows∣∣Rk+σ
∣∣ ≤ 1

12Γ(1− α)
max

t0≤t≤tk+1

∣∣δ3ef(t)∣∣ max
1≤l≤k+1

(
etl − etl−1

)3 (
etk+σ − etk

)−α

+

{
1

Γ(3− α)

σ(1− σ)

2ea
max

tk≤t≤tk+1

∣∣δ2ef(t)∣∣
+

1

6Γ(2− α)
max

tk≤t≤tk+1

∣∣δ3ef(t)∣∣
} (

etk+1 − etk
)2 (

etk+σ − etk
)1−α

.

(3.76)

Proof. For Rk+σ given in (3.75), let

Rk+σ =Rk+σ
1 +Rk+σ

2 . (3.77)

Applying (2.7) and integration by parts to Rk+σ
1 gives

∣∣Rk+σ
1

∣∣ ≤ α

Γ(1− α)

k∑
j=1

∫ tj

tj−1

(
etk+σ − es

)−α−1
∣∣∣rj2(s)∣∣∣ esds

≤ 1

12Γ(1− α)
max

t0≤t≤tk+1

∣∣δ3ef(t)∣∣ max
1≤l≤k+1

(
etl − etl−1

)3 (
etk+σ − etk

)−α
.

(3.78)

Next, estimate Rk+σ
2 . It is obvious that

Rk+σ
2 =

1

Γ(1− α)

∫ tk+σ

tk

(
etk+σ − es

)−α
(
δef(s)−∇exp,tf

k+ 1
2

)
esds. (3.79)

Denote t̃k+ 1
2
= tk + log eτ+1

2 ∈ (tk, tk+1), i.e., et̃k+1
2 = 1

2 (e
tk + etk+1). Then using

the Taylor expansion (2.10) to δef(s) (s ∈ [tk, tk+σ]) at s = t̃k+ 1
2

gives

δef(s) = δef(t̃k+ 1
2
) + δ2ef(t̃k+ 1

2
)
(
es − e

t̃
k+1

2

)
+

1

2
δ3ef(ζ)

(
es − e

t̃
k+1

2

)2
, (3.80)

where ζ is between s and t̃k+ 1
2
. Thus, from (3.79) and (3.80), one obtains

Rk+σ
2 =

1

Γ(1− α)

(
δef(t̃k+ 1

2
)−∇exp,tf

k+ 1
2

)∫ tk+σ

tk

(
etk+σ − es

)−α
esds

+
1

Γ(1− α)
δ2ef(t̃k+ 1

2
)

∫ tk+σ

tk

(
etk+σ − es

)−α
(
es − e

t̃
k+1

2

)
esds

+
1

2Γ(1− α)

∫ tk+σ

tk

δ3ef(ζ)
(
etk+σ − es

)−α
(
es − e

t̃
k+1

2

)2
esds

= I1 + I2 + I3.

(3.81)

Next duty is to estimate I1, I2 and I3 . In order to investigate the item I1, applying
the Taylor formula (2.10) at t = t̃k+ 1

2
to f(tk) and f(tk+1) gives

∇exp,tf
k+ 1

2 = δef(t̃k+ 1
2
) +

1

48

[
δ3ef(ζ1) + δ3ef(ζ2)

] (
etk+1 − etk

)2
, (3.82)
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in which ζ1 ∈ (tk, t̃k+ 1
2
), ζ2 ∈ (t̃k+ 1

2
, tk+1). Therefore, one can arrive at

|I1| ≤
1

24Γ(2− α)
max

tk≤t≤tk+1

∣∣δ3ef(t)∣∣ (etk+1 − etk
)2 (

etk+σ − etk
)1−α

. (3.83)

For I3, one has

|I3| ≤
1

8Γ(1− α)
max

tk≤t≤tk+1

∣∣δ3ef(t)∣∣ (etk+1 − etk
)2 ∫ tk+σ

tk

(
etk+σ − es

)−α
esds

=
1

8Γ(2− α)
max

tk≤t≤tk+1

∣∣δ3ef(t)∣∣ (etk+1 − etk
)2 (

etk+σ − etk
)1−α

.

(3.84)

In order to estimate item I2, first consider the following integral,∫ tk+σ

tk

(
etk+σ − es

)−α
(
es − e

t̃
k+1

2

)
esds

=
1

(1− α)(2− α)

(
etk+σ − etk

)1−α
[(
etk+σ − etk

)
− 2− α

2

(
etk+1 − etk

)]
.

(3.85)

For guaranteeing high accuracy of L2-1σ-A formula, the following condition must
be met at least(

etk+σ − etk
)
− 2− α

2

(
etk+1 − etk

)
= O

((
etk+1 − etk

)2)
. (3.86)

Denote x = eτ . Then one has

(etk+σ − etk)− 2−α
2 (etk+1 − etk)

(etk+1 − etk)
2 =

(xσ − 1)− 2−α
2 (x− 1)

etk (x− 1)
2

= − 1

etk
F (x),

(3.87)

where F (x) =
2−α
2 (x−1)−(xσ−1)

(x−1)2
. It is clear that

lim
x→1+

F (x) = lim
x→1+

(
2−α
2 − σxσ−1

)
2 (x− 1)

. (3.88)

So the limit (3.88) exists if and only if σ = 2−α
2 . In this situation,

F (x) =
σ (x− 1)− (xσ − 1)

(x− 1)
2 , lim

x→1+
F (x) =

σ(1− σ)

2
.

Obviously, F (x) is a monotonically decreasing positive function and satisfies F (x) <
σ(1−σ)

2 . Thus, one has∣∣(etk+σ − etk)− 2−α
2 (etk+1 − etk)

∣∣
(etk+1 − etk)

2 =
1

etk
F (x) <

1

etk
σ(1− σ)

2
≤ 1

ea
σ(1− σ)

2
,

(3.89)

that is, ∣∣∣∣(etk+σ − etk
)
− 2− α

2

(
etk+1 − etk

)∣∣∣∣ < 1

ea
σ(1− σ)

2

(
etk+1 − etk

)2
.
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Therefore, for σ = 2−α
2 , I2 has following estimate,

|I2| ≤
1

Γ(3− α)

σ(1− σ)

2ea
max

tk≤t≤tk+1

∣∣δ2ef(t)∣∣ (etk+1 − etk
)2 (

etk+σ − etk
)1−α

. (3.90)

It immediately follows from (3.78), (3.81)-(3.84) and (3.90) that the proof is
ended.

Remark 3.5. Since etk −etk−1 = O (τ) as tk → tk−1 (1 ≤ k ≤ N) and etk+σ −etk =
O (τ) with tk+σ → tk (0 ≤ k ≤ N − 1), the estimation of truncation error Rk+σ in
(3.75) can be rewritten as ∣∣Rk+σ

∣∣ ≤ Cτ3−α,

where C is a positive constant.

Next, the positivity and monotonicity of coefficients c(α,σ)j,k (1 ≤ j ≤ k + 1) will
be shown.

Lemma 3.2. For order α ∈ (0, 1) and tj = t0 + jτ (0 ≤ j ≤ k + 1), the coefficients
b
(α,σ)
j,k defined in (3.73) are positive, that is,

b
(α,σ)
j,k > 0, 1 ≤ j ≤ k, 1 ≤ k ≤ N − 1. (3.91)

Proof. The proof is almost the same as that of Lemma 3.1 and so is omitted here.

Lemma 3.3. For order α ∈ (0, 1) and tj = t0 + jτ (0 ≤ j ≤ k + 1), the coefficients
a
(α,σ)
j,k and b(α,σ)j,k defined in (3.73) satisfy

a
(α,σ)
j,k − b

(α,σ)
j,k > 0, 1 ≤ j ≤ k, 1 ≤ k ≤ N − 1. (3.92)

Proof. Using the traditional Taylor formula for (etk+σ − etj )
2−α at etk+σ − etj−1

yields the conclusion.

Theorem 3.7. For order α ∈ (0, 1) and tj = t0+jτ (0 ≤ j ≤ k + 1), the coefficients
c
(α,σ)
j,k defined in (3.73) are positive, i.e.,

c
(α,σ)
j,k > 0, 1 ≤ j ≤ k + 1, 0 ≤ k ≤ N − 1. (3.93)

Proof. For k ≥ 1, the following result can be attained by Lemma 3.3,

c
(α,σ)
1,k =

1

et1 − et0

(
a
(α,σ)
1,k − b

(α,σ)
1,k

)
> 0.

For the case of 2 ≤ j ≤ k, k ≥ 2, using Lemmas 3.2 and 3.3, one knows that

c
(α,σ)
j,k =

1

etj − etj−1

((
a
(α,σ)
j,k − b

(α,σ)
j,k

)
+ b

(α,σ)
j−1,k

)
> 0.

Obviously, a(α,σ)j,k > 0 (1 ≤ j ≤ k + 1). Then, when k ≥ 1, one has

c
(α,σ)
k+1,k =

1

etk+1 − etk

(
a
(α,σ)
k+1,k + b

(α,σ)
k,k

)
> 0,

and for k = 0, c(α,σ)1,0 = 1
et1−et0 a

(α,σ)
1,0 > 0. The proof is thus completed.



Numerical methods for Caputo-type derivative 397

Theorem 3.8. For order α ∈ (0, 1) and sufficiently small τ = tk+1 − tk = T−a
N ,

the coefficients c(α,σ)j,k (1 ≤ j ≤ k + 1, 0 ≤ k ≤ N − 1) defined in (3.73) satisfy

c
(α,σ)
1,k < c

(α,σ)
2,k < · · · < c

(α,σ)
k+1,k. (3.94)

Proof. For 2 ≤ j ≤ k − 1 (k ≥ 3), by the definition of c(α,σ)j,k in (3.73), one has

c
(α,σ)
j+1,k − c

(α,σ)
j,k

=
1

etj+1 − etj

(
a
(α,σ)
j+1,k + b

(α,σ)
j,k − b

(α,σ)
j+1,k

)
− 1

etj − etj−1

(
a
(α,σ)
j,k + b

(α,σ)
j−1,k − b

(α,σ)
j,k

)
=

1

etj+1 − etj

[(
Ij − Ij+1

)
− eτ

(
Ij−1 − Ij

)]
=

1

etj+1 − etj

[(
Ij − eτIj−1

)
−
(
Ij+1 − eτIj

)]
,

(3.95)

where

Ij =
1

etj+1 − etj−1

{
2

2− α

[(
etk+σ − etj−1

)2−α −
(
etk+σ − etj

)2−α
]

−
(
etj − etj−1

) [(
etk+σ − etj−1

)1−α
+
(
etk+σ − etj

)1−α
]}

+
(
etk+σ − etj

)1−α
.

Let

F (x) =
1− α

x (eτ − e−τ )

∫ x

e−τx

[(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
] (

2s− e−τx− x
)
ds

+
[(
etk+σ − x

)1−α − eτ
(
etk+σ − e−τx

)1−α
]
,

(3.96)

where x = et ∈ [et2 , etk ]. Denote xj = etj (2 ≤ j ≤ k). And set

φ(s) =
[(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
]
s, s ∈

[
e−τx, x

]
. (3.97)

Differentiation of the above function F (x) gives

F ′(x) = − 2 (1− α)

x2 (eτ − e−τ )

∫ x

e−τx

[(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
]
sds

+
1− α

eτ + 1

{[(
etk+σ − x

)−α −
(
etk+σ − e−τx

)−α
]

+ e−τ
[(
etk+σ − e−τx

)−α −
(
etk+σ − e−2τx

)−α
]}

− (1− α)
[(
etk+σ − x

)−α −
(
etk+σ − e−τx

)−α
]

= − 2 (1− α)

x2 (eτ − e−τ )

∫ x

e−τx

φ(s)ds− 1− α

x (eτ + 1)

{
eτφ(x)− φ(e−τx)

}
.

(3.98)
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It is evident that

φ′(s) =
[(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
]

+ αs
[(
etk+σ − s

)−α−1 −
(
etk+σ − e−τs

)−α−1
e−τ

]
> 0.

(3.99)

From φ(s) > 0, φ′(s) > 0 and (3.98), one knows that F ′(x) < 0, that is, F (x) is a
monotonically decreasing function. Now, one can arrive at

c
(α,σ)
j+1,k − c

(α,σ)
j,k =

1

etj+1 − etj

[(
Ij − eτIj−1

)
−
(
Ij+1 − eτIj

)]
=

1

etj+1 − etj

[
F (xj)− F (xj+1)

]
> 0,

(3.100)

which means c(α,σ)j+1,k > c
(α,σ)
j,k (2 ≤ j ≤ k − 1, k ≥ 3).

For k ≥ 2, one gets

c
(α,σ)
k+1,k − c

(α,σ)
k,k

=
1

etk+1 − etk

(
a
(α,σ)
k+1,k + b

(α,σ)
k,k

)
− 1

etk − etk−1

(
a
(α,σ)
k,k + b

(α,σ)
k−1,k − b

(α,σ)
k,k

)
=

1

etk+1 − etk

{(
a
(α,σ)
k+1,k − eτa

(α,σ)
k,k

)
+
(
(1 + eτ ) b

(α,σ)
k,k − eτ b

(α,σ)
k−1,k

)}
=

1

etk+1 − etk

(
J1 + J2

)
.

(3.101)

Firstly, define

ψ(s) = (1 + eτ )
(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
, s ∈

[
etk−1 , etk

]
. (3.102)

One can get

ψ′(s) = α
[
(1 + eτ )

(
etk+σ − s

)−α−1 − e−τ
(
etk+σ − e−τs

)−α−1
]
> 0. (3.103)

Now one can start to show J2 > 0. From (3.101) and (3.73), one has

J2 =
1 + eτ

etk+1 − etk−1

{
2

2− α

[(
etk+σ − etk−1

)2−α −
(
etk+σ − etk

)2−α
]

−
(
etk − etk−1

) [(
etk+σ − etk−1

)1−α
+
(
etk+σ − etk

)1−α
]}

− eτ

etk − etk−2

{
2

2− α

[(
etk+σ − etk−2

)2−α −
(
etk+σ − etk−1

)2−α
]

−
(
etk−1 − etk−2

) [(
etk+σ − etk−2

)1−α
+
(
etk+σ − etk−1

)1−α
]}

=
1− α

etk+1 − etk−1

∫ etk

etk−1

ψ(s)
(
2s− etk−1 − etk

)
ds.

(3.104)
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Furthermore, by means of the integral mean value theorem, one arrives at

J2 =
1− α

etk+1 − etk−1

{∫ e
tk−1+etk

2

etk−1

ψ(s)
(
2s− etk−1 − etk

)
ds

+

∫ etk

e
tk−1+etk

2

ψ(s)
(
2s− etk−1 − etk

)
ds

}

=
(etk − etk−1)

2

4 (etk+1 − etk−1)
(1− α)

{
ψ(ξ2)− ψ(ξ1)

}
≥ 0,

(3.105)

where etk−1 ≤ ξ1 ≤ etk−1+etk
2 ≤ ξ2 ≤ etk .

The next duty is to show J1 > 0. Introduce

ϕ(σ) =

(
σ

σ + 1

)2σ−1

, σ ∈
(
1

2
, 1

)
. (3.106)

By elementary operation, one gets ϕ′(σ) < 0 and ϕ(σ) ∈
(
ϕ(1), ϕ( 12 )

)
=
(
1
2 , 1
)
.

From (3.101) and σ = 1− α
2 , one has

J1 = a
(α,σ)
k+1,k − eτa

(α,σ)
k,k

=(1 + eτ )
(
etk+σ − etk

)1−α − eτ
(
etk+σ − etk−1

)1−α

= eτ
(
etk+σ − etk−1

)1−α

{
1 + eτ

eτ

(
eτ (eστ − 1)

e(σ+1)τ − 1

)2σ−1

− 1

}
.

(3.107)

Let Φ(τ, σ) = 1+eτ

eτ

(
eτ (eστ−1)
e(σ+1)τ−1

)2σ−1

. And then the following limit holds

lim
τ→0

Φ(τ, σ) = 2ϕ(σ) > 1, (3.108)

which indicates that for ∀σ ∈ ( 12 , 1), ∃ τ∗ > 0, such that for τ < τ∗, Φ(τ, σ) > 1.
So J1 > 0 for sufficiently small τ .

Combining with (3.101) and (3.105), one gets c(α,σ)k+1,k > c
(α,σ)
k,k (k ≥ 2) for suffi-

ciently small τ .
Besides, for k = 1, one has

c
(α,σ)
2,1 − c

(α,σ)
1,1

=
1

et2 − et1

(
a
(α,σ)
2,1 + b

(α,σ)
1,1

)
− 1

et1 − et0

(
a
(α,σ)
1,1 − b

(α,σ)
1,1

)
=

1

et2 − et1

{(
a
(α,σ)
2,1 − eτa

(α,σ)
1,1

)
+ (1 + eτ ) b

(α,σ)
1,1

}
=

1

et2 − et1

[
J + (1 + eτ ) b

(α,σ)
1,1

]
.

(3.109)

For the term J , one gets

J = eτ
(
et1+σ − et0

)1−α
(
Φ(τ, σ)− 1

)
. (3.110)

By (3.108) and Lemma 3.2, one can prove that c(α,σ)2,1 > c
(α,σ)
1,1 for sufficiently small

τ .
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Finally, for k ≥ 2, the following formula holds by using (3.73),

c
(α,σ)
2,k − c

(α,σ)
1,k

=
1

et2 − et1

(
a
(α,σ)
2,k + b

(α,σ)
1,k − b

(α,σ)
2,k

)
− 1

et1 − et0

(
a
(α,σ)
1,k − b

(α,σ)
1,k

)
=

1

et2 − et1

{(
a
(α,σ)
2,k − eτa

(α,σ)
1,k − b

(α,σ)
2,k + eτ b

(α,σ)
1,k

)
+ b

(α,σ)
1,k

}
.

(3.111)

Furthermore, one can attain that

a
(α,σ)
2,k − eτa

(α,σ)
1,k − b

(α,σ)
2,k + eτ b

(α,σ)
1,k

= (1− α)

∫ et2

et1

(
etk+σ − s

)−α
ds− (1− α) eτ

∫ et1

et0

(
etk+σ − s

)−α
ds

− 1− α

et3 − et1

{∫ et2

et1

(
etk+σ − s

)−α (
2s− et1 − et2

)
ds

− e2τ
∫ et1

et0

(
etk+σ − s

)−α (
2s− et0 − et1

)
ds

}

= (1− α)

∫ et2

et1

et3 + et2 − 2s

et3 − et1

[(
etk+σ − s

)−α −
(
etk+σ − e−τs

)−α
]
ds > 0.

(3.112)

Combining (3.111) and (3.112) with Lemma 3.2 leads to c(α,σ)2,k > c
(α,σ)
1,k (k ≥ 2).

Till now, the proof is finally shown.
The above three subsections are for the fractional derivative with order α ∈

(0, 1). The following two subsections are for order α ∈ (1, 2).

3.4. H2N2-A formula
In this subsection, we propose an H2N2-A formula to approximate the fractional
derivative in (1.3) with α ∈ (1, 2).

At first, we use the Hermite interpolation Hexp,2,0f(t) on
[
t0, t1

]
to approximate

the function f(t) on the interval
[
t0, t 1

2

]
and the quadratic Newton interpolation

Nexp,2,jf(t) on
[
tj−1, tj+1

]
(1 ≤ j ≤ k − 1, 1 ≤ k ≤ N) to approximate the function

f(t) on the interval
[
tj− 1

2
, tj+ 1

2

]
(1 ≤ j ≤ k − 1, 1 ≤ k ≤ N), that is,{

f(t) ≈ Hexp,2,0f(t), t ∈ [t0, t 1
2
],

f(t) ≈ Nexp,2,jf(t), t ∈
[
tj− 1

2
, tj+ 1

2

]
(1 ≤ j ≤ k − 1) ,

(3.113)

where tk− 1
2
= tk−1+tk

2 (1 ≤ k ≤ N). Then one can derive

δ2e (Hexp,2,0f(t)) =
2
(
∇exp,tf

1
2 − δef(t0)

)
et1 − et0

,

δ2e (Nexp,2,jf(t)) =
2
(
∇exp,tf

j+ 1
2 −∇exp,tf

j− 1
2

)
etj+1 − etj−1

.

(3.114)
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Used (3.114), for the order α ∈ (1, 2), the fractional derivative CeD
α
a,tf(t) defined

in (1.3) at t = tk− 1
2
(1 ≤ k ≤ N) can be obtained as follows,

CeD
α
a,tf(t)

∣∣∣
t=t

k− 1
2

=
1

Γ(2−α)

{∫ t 1
2

t0

(
e
t
k− 1

2 −es
)1−α

δ2ef(s)e
sds+

k−1∑
j=1

∫ t
j+1

2

t
j− 1

2

(
e
t
k−1

2 − es
)1−α

δ2ef(s)e
sds

}

≈ 1

Γ(2− α)

{∫ t 1
2

t0

(
e
t
k− 1

2 − es
)1−α

δ2e (Hexp,2,0f(s)) e
sds

+

k−1∑
j=1

∫ t
j+1

2

t
j− 1

2

(
e
t
k− 1

2 − es
)1−α

δ2e (Nexp,2,jf(s)) e
sds

}

=
2

Γ(3−α)

(
∇exp,tf

1
2 − δef(t0)

)
a
(α)
0,k+

2

Γ(3− α)

k−1∑
j=1

(
∇exp,tf

j+ 1
2 −∇exp,tf

j− 1
2

)
a
(α)
j,k

=
2

Γ(3− α)

k∑
j=1

c
(α)
j,k

(
f j − f j−1

)
− 2

Γ(3− α)
a
(α)
0,k δef(t0)

:=CeDα
a,tf

k− 1
2 ,

(3.115)

where

c
(α)
j,k =



1
et1−et0

(
a
(α)
0,k − a

(α)
1,k

)
, j = 1,

1
etj−etj−1

(
a
(α)
j−1,k − a

(α)
j,k

)
, 2 ≤ j ≤ k − 1,

1
etk−etk−1

a
(α)
k−1,k, j = k,

(3.116)

a
(α)
j,k =


1

et1−et0

[(
e
t
k− 1

2 − et0
)2−α

−
(
e
t
k− 1

2 − e
t 1
2

)2−α
]
, j = 0,

1
etj+1−etj−1

[(
e
t
k− 1

2 − e
t
j− 1

2

)2−α

−
(
e
t
k− 1

2 − e
t
j+1

2

)2−α
]
, 1 ≤ j ≤ k − 1.

Call CeDα
a,tf

k− 1
2 in (3.115) H2N2-A formula under Partition A which is useful

for approximating the exponential Caputo fractional derivative (1.3) with α ∈ (1, 2).
By the way, the Hermite interpolation has ever been used to approximate the Caputo
derivative [5, 19]. Here the interpolation method is used by utilizing different basis
functions.

Remark 3.6. When k = 1 or k = 2, one has

c
(α)
1,1 =

1

et1 − et0
a
(α)
0,1 , k = 1;

c
(α)
1,2 =

1

et1 − et0

(
a
(α)
0,2 − a

(α)
1,2

)
, c

(α)
2,2 =

1

et2 − et1
a
(α)
1,2 , k = 2.

(3.117)

Now, the truncation error is estimated below.
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Theorem 3.9. Let δ3ef(t) ∈ C[a, T ] and 1 < α < 2. For the sufficiently small τ ,
the truncation errors Rk− 1

2 (1 ≤ k ≤ N),

Rk− 1
2 =CeD

α
a,tf(t)

∣∣∣
t=t

k− 1
2

− CeDα
a,tf

k− 1
2

=
1

Γ(2− α)

{∫ t 1
2

t0

(
e
t
k− 1

2 − es
)1−α

δ2e (f(s)−Hexp,2,0f(s)) e
sds

+

k−1∑
j=1

∫ t
j+1

2

t
j− 1

2

(
e
t
k− 1

2 − es
)1−α

δ2e (f(s)−Nexp,2,jf(s)) e
sds

}
,

(3.118)

with tj = t0 + jτ and tj− 1
2
= tj−1 +

1
2τ (1 ≤ j ≤ k) have following estimates,∣∣∣Rk− 1

2

∣∣∣ ≤ 1

Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
) (
e
t 1
2 − et0

)2−α

, k = 1,

∣∣∣Rk− 1
2

∣∣∣ ≤ 1

Γ(2− α)

(
2 +

5
(
eT−a + 3

)
24

)
max

t0≤t≤tk−1

∣∣δ3ef(t)∣∣
× max

1≤l≤k−1

(
etl − etl−1

)2 (
e
t
k− 1

2 − e
t
k− 3

2

)1−α

+
1

Γ(3− α)
max

tk−2≤t≤tk

∣∣δ3ef(t)∣∣ (etk − etk−1
) (
e
t
k− 1

2 − e
t
k− 3

2

)2−α

, k ≥ 2.

(3.119)
Proof. For k = 1, one can get the following estimation∣∣∣R 1

2

∣∣∣ ≤ 1

Γ(2− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
) ∫ t 1

2

t0

(
e
t 1
2 − es

)1−α

esds

=
1

Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
) (
e
t 1
2 − et0

)2−α

.

(3.120)

For k ≥ 2, Rk− 1
2 can be divided into three subitems,

Rk− 1
2 =

1

Γ(2− α)

∫ t 1
2

t0

(
e
t
k− 1

2 − es
)1−α

δ2e (RH(s)) esds

+
1

Γ(2− α)

k−2∑
j=1

∫ t
j+1

2

t
j− 1

2

(
e
t
k− 1

2 − es
)1−α

δ2e

(
Rj

N (s)
)
esds

+
1

Γ(2− α)

∫ t
k− 1

2

t
k− 3

2

(
e
t
k− 1

2 − es
)1−α

δ2e
(
Rk−1

N (s)
)
esds

=R
k− 1

2
1 +R

k− 1
2

2 +R
k− 1

2
3 .

(3.121)

From the interpolation remainder (2.9), one has∣∣∣Rk− 1
2

1

∣∣∣
≤ 1

3Γ(2− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ ∫ t 1
2

t0

(
e
t
k− 1

2 − es
)1−α [

2
∣∣es − et0

∣∣+ ∣∣es − et1
∣∣] esds

≤ 1

Γ(2− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
)2 (

e
t
k− 1

2 − e
t
k− 3

2

)1−α

.

(3.122)
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By the same way, using the interpolation remainder (2.7) gives∣∣∣Rk− 1
2

3

∣∣∣
≤ 1

3Γ(2− α)

∫ t
k− 1

2

t
k− 3

2

∣∣δ3ef(ξk−1)
∣∣ (etk− 1

2 − es
)1−α [(

etk − etk−2
)
+
∣∣es − etk−1

∣∣] esds
≤ 1

Γ(3− α)
max

tk−2≤t≤tk

∣∣δ3ef(t)∣∣ (etk − etk−1
) (
e
t
k− 1

2 − e
t
k− 3

2

)2−α

,

(3.123)

where ξk−1 ∈ (tk−2, tk).
After integration by parts, the item R

k− 1
2

2 can be divided into two subitems,

R
k− 1

2
2 =

1

Γ(2− α)

k−2∑
j=1

(
e
t
k− 1

2 − es
)1−α

δe

(
Rj

N (s)
) ∣∣∣∣∣

t
j+1

2

t
j− 1

2

+
1− α

Γ(2− α)

k−2∑
j=1

∫ t
j+1

2

t
j− 1

2

(
e
t
k− 1

2 − es
)−α

δe

(
Rj

N (s)
)
esds

= J1 + J2.

(3.124)

By means of the interpolation remainder (2.7) again, one gets

δe

(
Rj

N (s)
)
=

1

6
δ3ef(ξj)

{(
es − etj

) (
es − etj+1

)
+
(
es − etj−1

) (
es − etj+1

)
+
(
es − etj−1

) (
es − etj

)}
, ξj ∈ (tj−1, tj+1).

(3.125)

Therefore, for s ∈
[
tj− 1

2
, tj+ 1

2

]
, one gets∣∣∣δe (Rj

N (s)
)∣∣∣ ≤ max

tj−1≤t≤tj+1

∣∣δ3ef(t)∣∣ (etj+1 − etj
)2
. (3.126)

Substituting (3.126) into J2 leads to

|J2| ≤
α− 1

Γ(2− α)
max

t0≤t≤tk−1

∣∣δ3ef(t)∣∣ max
2≤l≤k−1

(
etl − etl−1

)2 ∫ t
k− 3

2

t 1
2

(
e
t
k− 1

2 − es
)−α

esds

≤ 1

Γ(2− α)
max

t0≤t≤tk−1

∣∣δ3ef(t)∣∣ max
2≤l≤k−1

(
etl − etl−1

)2 (
e
t
k− 1

2 − e
t
k− 3

2

)1−α

.

(3.127)

Before estimating the subitem J1, the following equations are needed.

δe

(
Rj

N (tj+ 1
2
)
)

=
1

6
δ3ef(ξj) e

2tj

{(
e

1
2 τ − 1

)(
e

1
2 τ − eτ

)
+
(
e

1
2 τ − e−τ

)(
e

1
2 τ − eτ

)
+
(
e

1
2 τ − e−τ

)(
e

1
2 τ − 1

)}
, (3.128)
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δe

(
Rj

N (tj− 1
2
)
)

=
1

6
δ3ef(ξj) e

2tj

{(
e−

1
2 τ − 1

)(
e−

1
2 τ − eτ

)
+
(
e−

1
2 τ − e−τ

)(
e−

1
2 τ − eτ

)
+
(
e−

1
2 τ − e−τ

)(
e−

1
2 τ − 1

)}
,

where ξj ∈ (tj−1, tj+1). Thus, let x = eτ (x > 1). Then one has∣∣∣δe(Rj
N (tj− 1

2
)
)∣∣∣ ≤ 5

6

∣∣δ3ef(ξj)∣∣ (etj+1 − etj
)2
,∣∣∣δe(Rj

N (tj+ 1
2
)
)
− δe

(
Rj

N (tj− 1
2
)
)∣∣∣ = 1

6

∣∣δ3ef(ξj)∣∣Bj ,

(3.129)

in which
Bj = e2tj

{
2
(
x

3
2 − x−

3
2

)
− 3

(
x− x−1

)}
> 0, x > 1.

In addition, let

F (x) =
2
(
x

3
2 − x−

3
2

)
− 3

(
x− x−1

)
(x− 1)3

, x > 1.

Then it is easy to verify that F (x) is a monotonically decreasing positive function
and

lim
x→1+

F (x) =
5

4
.

So, F (x) < 5
4 (x > 1). Then one can obtain

Bj

(etj+1 − etj )
3 =

1

etj
F (x) <

5

4etj
<

5

4ea
. (3.130)

Substituting the above relation into the second equation of (3.129) leads to∣∣∣δe(Rj
N (tj+ 1

2
)
)
− δe

(
Rj

N (tj− 1
2
)
)∣∣∣ < 5

24ea
∣∣δ3ef(ξj)∣∣ (etj+1 − etj

)3
. (3.131)

It follows from the first inequality of (3.129) and (3.131) that

|J1|

≤ 1

Γ(2− α)

k−2∑
j=1

{∣∣∣δe (Rj
N

(
tj+ 1

2

))
− δe

(
Rj

N

(
tj− 1

2

))∣∣∣ (etk− 1
2 − e

t
j+1

2

)1−α

+
∣∣∣δe (Rj

N

(
tj− 1

2

))∣∣∣ [ (etk− 1
2 − e

t
j+1

2

)1−α

−
(
e
t
k− 1

2 − e
t
j− 1

2

)1−α
]}

≤
5
(
eT−a + 3

)
24Γ(2− α)

max
t0≤t≤tk−1

∣∣δ3ef(t)∣∣ max
2≤l≤k−1

(
etl − etl−1

)2 (
e
t
k− 1

2 − e
t
k− 3

2

)1−α

.

(3.132)

It follows from that (3.122), (3.123), and (3.124) together with (3.127) and (3.132)
the second inequality of (3.119) holds.

Till now, all this ends the proof.
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Remark 3.7. Because etk−etk−1 = O (τ) with tk → tk−1 and etk− 1
2 −etk− 3

2 = O (τ)

with tk− 1
2
→ tk− 3

2
, the truncation errors Rk− 1

2 in (3.118) can be estimated as follows∣∣∣Rk− 1
2

∣∣∣ ≤ Cτ3−α,

where C is a positive constant.

The properties of the coefficients in the above H2N2 formula (3.115) are studied
below.

Lemma 3.4. For α ∈ (1, 2), the coefficients a
(α)
j,k (0 ≤ j ≤ k − 1, 1 ≤ k ≤ N) in

(3.116) with τ = tk − tk−1 = T−a
N and tk− 1

2
= tk − 1

2τ satisfy

a
(α)
k−1,k > a

(α)
k−2,k > · · · > a

(α)
0,k > 0. (3.133)

Proof. It is obvious that a(α)j,k > 0 (0 ≤ j ≤ k − 1) from the definition (3.116). In
addition, for 1 ≤ j ≤ k − 2 (k ≥ 3), using the differential mean value theorem gives

a
(α)
j+1,k − a

(α)
j,k =

1

etj+2 − etj

[(
e
t
k− 1

2 − e
t
j+1

2

)2−α

−
(
e
t
k− 1

2 − e
t
j+3

2

)2−α
]

− 1

etj+1 − etj−1

[(
e
t
k− 1

2 − e
t
j− 1

2

)2−α

−
(
e
t
k− 1

2 − e
t
j+1

2

)2−α
]

=(2− α)
e

1
2 τ − e−

1
2 τ

eτ − e−τ

(
ξ1−α
j+1 − ξ1−α

j

)
> 0,

(3.134)

where etk− 1
2 − e

t
j+3

2 < ξj+1 < e
t
k− 1

2 − e
t
j+1

2 < ξj < e
t
k− 1

2 − e
t
j− 1

2 , which means
that a(α)j,k < a

(α)
j+1,k (1 ≤ j ≤ k − 2, k ≥ 3).

For j = 0 (k ≥ 2), one has

a
(α)
1,k − a

(α)
0,k =

1

et2 − et0

[(
e
t
k− 1

2 − e
t 1
2

)2−α

−
(
e
t
k− 1

2 − e
t 3
2

)2−α
]

− 1

et1 − et0

[(
e
t
k− 1

2 − et0
)2−α

−
(
e
t
k− 1

2 − e
t 1
2

)2−α
]

= (2− α)

{
e

1
2 τ − e−

1
2 τ

eτ − e−τ
ξ1−α
1 − e

1
2 τ − 1

eτ − 1
ξ1−α
0

}
> 0,

(3.135)

where etk− 1
2 −et 3

2 < ξ1 < e
t
k− 1

2 −et 1
2 < ξ0 < e

t
k− 1

2 −et0 , that is, a(α)0,k < a
(α)
1,k (k ≥ 2).

The proof is thus finished.

Theorem 3.10. For α ∈ (1, 2), the coefficients c
(α)
j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) in

(3.116) with τ = tk − tk−1 = T−a
N and tk− 1

2
= tk − 1

2τ satisfy

c
(α)
j,k < 0 (1 ≤ j ≤ k − 1) , c

(α)
k,k > 0. (3.136)

Proof. It is easy to be proved by using Lemma 3.4.
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Theorem 3.11. For α ∈ (1, 2) and sufficiently small step τ , the coefficients
c
(α)
j,k

(
1 ≤ j ≤ k, 1 ≤ k ≤ N

)
in (3.116) with τ = tk−tk−1 = T−a

N and tk− 1
2
= tk− 1

2τ
satisfy

(1) c
(α)
j+1,k < c

(α)
j,k , 2 ≤ j ≤ k − 2, k ≥ 4,

(2)
∣∣c(α)k−1,k

∣∣ < c
(α)
k,k , k ≥ 2.

Proof. (1) For 2 ≤ j ≤ k − 2 (k ≥ 4), using (3.116) yields

c
(α)
j+1,k − c

(α)
j,k =

1

etj+1 − etj

(
a
(α)
j,k − a

(α)
j+1,k

)
− 1

etj − etj−1

(
a
(α)
j−1,k − a

(α)
j,k

)
=

1

etj+1 − etj

{(
a
(α)
j,k − eτa

(α)
j−1,k

)
−
(
a
(α)
j+1,k − eτa

(α)
j,k

)}
.

(3.137)

Consider the following function F (x) where x ∈ [et1 , etk−2 ] and xj = etj (1 ≤ j ≤
k − 2),

F (x) =
2− α

(e2τ − 1)x

{∫ e
3
2
τx

e
1
2
τx

(
e
t
k− 1

2 − s
)1−α

ds− e2τ
∫ e

1
2
τx

e−
1
2
τx

(
e
t
k− 1

2 − s
)1−α

ds

}

=
2− α

(e2τ − 1)x

∫ e
3
2
τx

e
1
2
τx

ψ(s)ds,

(3.138)

in which

ψ(s) =
(
e
t
k− 1

2 − s
)1−α

− eτ
(
e
t
k− 1

2 − e−τs
)1−α

. (3.139)

Applying the Lagrange linear interpolation on interval
[
e

1
2 τx, e

3
2 τx
]

to ψ(s) leads
to

ψ(s) =
e

3
2 τx− s

e
3
2 τx− e

1
2 τx

ψ(e
1
2 τx) +

s− e
1
2 τx

e
3
2 τx− e

1
2 τx

ψ(e
3
2 τx)

+
1

2
ψ′′(ξ)

(
s− e

1
2 τx
)(

s− e
3
2 τx
)
, ξ ∈

(
e

1
2 τx, e

3
2 τx
)
.

(3.140)

So

1

x

∫ e
3
2
τx

e
1
2
τx

ψ(s)ds =
1

2

(
e

3
2 τ − e

1
2 τ
) [
ψ
(
e

3
2 τx
)
+ ψ

(
e

1
2 τx
)]

+
1

2x

∫ e
3
2
τx

e
1
2
τx

ψ′′(ξ)
(
s− e

1
2 τx
)(

s− e
3
2 τx
)
ds.

(3.141)

Furthermore, one can obtain the following result using differentiation on x ∈
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[et1 , etk−2) and formula (3.141)

F ′(x) =
2− α

(e2τ − 1)x

{
ψ
(
e

3
2 τx
)
e

3
2 τ − ψ

(
e

1
2 τx
)
e

1
2 τ − 1

x

∫ e
3
2
τx

e
1
2
τx

ψ(s)ds

}

=
2− α

(e2τ − 1)x

{
1

2

(
e

3
2 τ + e

1
2 τ
) [
ψ
(
e

3
2 τx
)
− ψ

(
e

1
2 τx
)]

+
1

2x

∫ e
3
2
τx

e
1
2
τx

ψ′′(ξ)
(
s− e

1
2 τx
)(

e
3
2 τx− s

)
ds

}
.

(3.142)

Since

ψ′(s) = (α− 1)

[(
e
t
k− 1

2 − s
)−α

−
(
e
t
k− 1

2 − e−τs
)−α

]
> 0,

ψ′′(s) =α(α− 1)

[(
e
t
k− 1

2 − s
)−α−1

− e−τ
(
e
t
k− 1

2 − e−τs
)−α−1

]
> 0,

(3.143)

it immediately follows that F ′(x) > 0 (x ∈ [et1 , etk−2)), which implies that F (x) is
an increasing function with respect to x ∈ [et1 , etk−2 ]. Therefore,

c
(α)
j+1,k − c

(α)
j,k =

1

etj+1 − etj

[
F (xj−1)− F (xj)

]
< 0. (3.144)

(2) For k ≥ 3, one has

c
(α)
k,k −

∣∣c(α)k−1,k

∣∣
=

1

etk − etk−1
a
(α)
k−1,k − 1

etk−1 − etk−2

(
a
(α)
k−1,k − a

(α)
k−2,k

)

=

(
e
t
k− 1

2 − e
t
k− 3

2

)2−α

(etk − etk−1) (etk − etk−2)

{
e2τ
(
eτ + 1

eτ

)2−α

−
(
e2τ + eτ − 1

)}
.

(3.145)

Let
φ(α) = e2τ

(
eτ + 1

eτ

)2−α

−
(
e2τ + eτ − 1

)
.

Simple calculations imply

φ′(α) = −e2τ
(
eτ + 1

eτ

)2−α

log
eτ + 1

eτ
< 0,

φ(1) > 0, and φ(2) < 0. Set φ(α∗) = 0. Then one gets

α∗ = 2− log
e2τ + eτ − 1

e2τ

/
log

eτ + 1

eτ
.

Therefore, according to the above results, one has
∣∣∣c(α)k−1,k

∣∣∣ > c
(α)
k,k , α > α∗,∣∣∣c(α)k−1,k

∣∣∣ < c
(α)
k,k , α < α∗.

(3.146)
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Because of the following limit
lim
τ→0

α∗ = 2,

one can get that for ∀α ∈ (1, 2), ∃ τ∗ > 0 such that when τ < τ∗, α < α∗ holds,
which means

∣∣c(α)k−1,k

∣∣ < c
(α)
k,k for sufficiently small step τ .

By almost the same way as above, for k = 2, one has

c
(α)
2,2 −

∣∣c(α)1,2

∣∣
=

1

et2 − et1
a
(α)
1,2 − 1

et1 − et0

(
a
(α)
1,2 − a

(α)
0,2

)

=

(
e
t 3
2 − e

t 1
2

)2−α

(et2 − et1) (et1 − et0)

{
eτ

(
e

3
2 τ − 1

e
3
2 τ − e

1
2 τ

)2−α

−
(
eτ +

eτ − 1

eτ + 1

)}
.

(3.147)

Set

ϕ(α) = eτ

(
e

3
2 τ − 1

e
3
2 τ − e

1
2 τ

)2−α

−
(
eτ +

eτ − 1

eτ + 1

)

= eτ

(
eτ + e

1
2 τ + 1

eτ + e
1
2 τ

)2−α

− e2τ + 2eτ − 1

eτ + 1
.

(3.148)

Then it is convenient to get that

ϕ′(α) = − eτ

(
eτ + e

1
2 τ + 1

eτ + e
1
2 τ

)2−α

log
eτ + e

1
2 τ + 1

eτ + e
1
2 τ

< 0, (3.149)

ϕ(1) > 0, and ϕ(2) < 0. Setting ϕ(α∗) = 0 yields

α∗ = 2− log
e2τ + 2eτ − 1

e2τ + eτ

/
log

eτ + e
1
2 τ + 1

eτ + e
1
2 τ

. (3.150)

From (3.149) and (3.150), one knows that
c
(α)
2,2 <

∣∣∣c(α)1,2

∣∣∣, α > α∗,

c
(α)
2,2 >

∣∣∣c(α)1,2

∣∣∣, α < α∗.
(3.151)

Considering the following limit

lim
τ→0

α∗ = 2,

one can get that for ∀α ∈ (1, 2), ∃ τ∗ > 0 such that when τ < τ∗, the inequality
α < α∗ holds, that is, c(α)2,2 >

∣∣c(α)1,2

∣∣ for sufficiently small τ .
Finally, the theorem is proved.

Remark 3.8. Choose [a, T ] = [0, 2], τ = 0.02 and α = 1.5 to get the values of
c
(α)
2,k − c

(α)
1,k (3 ≤ k ≤ 100) with different tk− 1

2
in Figure 1. By observation, one can

find that the sign of c(α)2,k − c
(α)
1,k (k ≥ 3) is uncertain.
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Figure 1. The values of c
(α)
2,k − c

(α)
1,k for H2N2-A formula.

3.5. L21-A formula
In the following, adopting the order reduction method produces a new formula,
called L21-A formula, which is somewhat similar to the H2N2-A formula.

For brevity, denote g(t) = δef(t), β = α − 1, and t̃k− 1
2

= log
(

etk+etk−1

2

)
(1 ≤ k ≤ N), that is, et̃k− 1

2 = 1
2 (e

tk + etk−1). Then one has the following approxi-
mate relations

δe (g(t)) ≈
g(t̃ 1

2
)− g(t0)

e
t̃ 1
2 − et0

, t ∈ [t0, t̃ 1
2
],

δe (g(t)) ≈
g(t̃j+ 1

2
)− g(t̃j− 1

2
)

e
t̃
j+1

2 − e
t̃
j− 1

2

, t ∈ [t̃j− 1
2
, t̃j+ 1

2
] (1 ≤ j ≤ k − 1) ,

(3.152)

and

g(t̃j− 1
2
) = δe f(t̃j− 1

2
) ≈ ∇exp,tf

j− 1
2 , 1 ≤ j ≤ k. (3.153)

According to the above relationships (3.152) and (3.153), the fractional deriva-
tive CeD

α
a,tf(t) defined in (1.3) at t = t̃k− 1

2
(1 ≤ k ≤ N) with order α ∈ (1, 2) have

the following expression

CeD
α
a,tf(t)

∣∣∣
t=t̃

k− 1
2

= CeD
β
a,tg(t)

∣∣∣
t=t̃

k− 1
2

=
1

Γ(1− β)

{∫ t̃ 1
2

t0

(
e
t̃
k− 1

2 − es
)−β

δe (g(s)) e
sds

+

k−1∑
j=1

∫ t̃
j+1

2

t̃
j− 1

2

(
e
t̃
k− 1

2 − es
)−β

δe (g(s)) e
sds

}
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=
1

Γ(1− β)

{
g(t̃ 1

2
)− g(t0)

e
t̃ 1
2 − et0

∫ t̃ 1
2

t0

(
e
t̃
k− 1

2 − es
)−β

esds

+

k−1∑
j=1

g(t̃j+ 1
2
)− g(t̃j− 1

2
)

e
t̃
j+1

2 − e
t̃
j− 1

2

∫ t̃
j+1

2

t̃
j− 1

2

(
e
t̃
k− 1

2 − es
)−β

esds

}
+Υk− 1

2

=
1

Γ(3− α)

{
a
(α)
0,k

(
g(t̃ 1

2
)− g(t0)

)
+

k−1∑
j=1

a
(α)
j,k

(
g(t̃j+ 1

2
)− g(t̃j− 1

2
)
)}

+Υk− 1
2

=
1

Γ(3− α)

{
a
(α)
k−1,k∇exp,tf

k− 1
2 +

k−1∑
j=1

(
a
(α)
j−1,k − a

(α)
j,k

)
∇exp,tf

j− 1
2

− a
(α)
0,k δe (f(t0))

}
+Υk− 1

2 + rk−
1
2

=CeDα
a,tf

k− 1
2 +Rk− 1

2 , (3.154)

where Rk− 1
2 = Υk− 1

2 + rk−
1
2 , and

Υk− 1
2 =

1

Γ(1− β)

{∫ t̃ 1
2

t0

(
e
t̃
k− 1

2 − es
)−β

(
δe (g(s))−

g(t̃ 1
2
)− g(t0)

e
t̃ 1
2 − et0

)
esds

+

k−1∑
j=1

∫ t̃
j+1

2

t̃
j− 1

2

(
e
t̃
k− 1

2 − es
)−β

(
δe (g(s))−

g(t̃j+ 1
2
)− g(t̃j− 1

2
)

e
t̃
j+1

2 − e
t̃
j− 1

2

)
esds

}
,

rk−
1
2 =

1

Γ(3− α)

{
a
(α)
k−1,k

(
δef(t̃k− 1

2
)−∇exp,tf

k− 1
2

)
+

k−1∑
j=1

(
a
(α)
j−1,k − a

(α)
j,k

)(
δef(t̃j− 1

2
)−∇exp,tf

j− 1
2

)}
,

(3.155)

in which

a
(α)
j,k =


1

e
t̃ 1
2 −et0

[(
e
t̃
k− 1

2 − et0
)2−α

−
(
e
t̃
k− 1

2 − e
t̃ 1
2

)2−α
]
, j = 0,

1

e
t̃
j+1

2 −e
t̃
j− 1

2

[(
e
t̃
k− 1

2 − e
t̃
j− 1

2

)2−α

−
(
e
t̃
k− 1

2 − e
t̃
j+1

2

)2−α
]
, 1 ≤ j ≤ k − 1.

(3.156)

Call formula CeDα
a,tf

k− 1
2 in (3.154) L21-A formula under Partition A for ap-

proximating the fractional derivative (1.3) with α ∈ (1, 2).

Remark 3.9. Particularly, when k = 1, one has

Υ
1
2 =

1

Γ(1− β)

∫ t̃ 1
2

t0

(
e
t̃ 1
2 − es

)−β
(
δe (g(s))−

g(t̃ 1
2
)− g(t0)

e
t̃ 1
2 − et0

)
esds,

r
1
2 =

1

Γ(3− α)
a
(α)
0,1

(
δef(t̃ 1

2
)−∇exp,tf

1
2

)
.

(3.157)

The coefficients in (3.156) satisfy the following properties.
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Theorem 3.12. For α ∈ (1, 2), the coefficients a(α)j,k (0 ≤ j ≤ k − 1, 1 ≤ k ≤ N) in
(3.156) with τ = tk − tk−1 = T−a

N satisfy

a
(α)
k−1,k > a

(α)
k−2,k > · · · > a

(α)
0,k > 0. (3.158)

Proof. It is easy to prove them using the mean value theorem and so the proof is
omitted here.

In the following, the truncation error of L21 formula will be analyzed.

Theorem 3.13. Let δ3ef(t) ∈ C[a, T ] and 1 < α < 2. The truncation errors Rk− 1
2

(1 ≤ k ≤ N) in (3.154) with tk = t0+kτ and t̃k− 1
2
= log

(
etk+etk−1

2

)
have following

estimations∣∣∣Rk− 1
2

∣∣∣ ≤ 2α−1

6Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
)3−α

, k = 1,∣∣∣Rk− 1
2

∣∣∣ ≤{ 2α−1

4Γ(2− α)
+

2α−1+6

12Γ(3− α)

}
max

t0≤t≤tk

∣∣δ3ef(t)∣∣ max
1≤l≤k

(
etl − etl−1

)3−α
, k ≥ 2.

(3.159)

Proof. The first step is to estimate the item rk−
1
2 . For k ≥ 2, using (3.82) gives∣∣∣rk− 1

2

∣∣∣ ≤ 1

24Γ(3− α)
max

t0≤t≤tk

∣∣δ3ef(t)∣∣ max
1≤l≤k

(
etl − etl−1

)2 (
2a

(α)
k−1,k − a

(α)
0,k

)
≤ 2α−1

12Γ(3− α)
max

t0≤t≤tk

∣∣δ3ef(t)∣∣ max
1≤l≤k

(
etl − etl−1

)3−α
.

(3.160)

When k = 1, one has∣∣∣r 1
2

∣∣∣ ≤ 1

24Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
)2
a
(α)
0,1

=
2α−1

24Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ (et1 − et0
)3−α

.

(3.161)

The next step is to consider the item Υk− 1
2 for k ≥ 2, which can be broken down

into three subitems,

Υk− 1
2

=
1

Γ(2− α)

∫ t̃ 1
2

t0

(
e
t̃
k− 1

2 − es
)1−α

(
δe (g(s))−

g(t̃ 1
2
)− g(t0)

e
t̃ 1
2 − et0

)
esds

+
1

Γ(2− α)

k−2∑
j=1

∫ t̃
j+1

2

t̃
j− 1

2

(
e
t̃
k− 1

2 − es
)1−α

(
δe (g(s))−

g(t̃j+ 1
2
)− g(t̃j− 1

2
)

e
t̃
j+1

2 − e
t̃
j− 1

2

)
esds

+
1

Γ(2− α)

∫ t̃
k− 1

2

t̃
k− 3

2

(
e
t̃
k− 1

2 − es
)1−α

(
δe (g(s))−

g(t̃k− 1
2
)− g(t̃k− 3

2
)

e
t̃
k− 1

2 − e
t̃
k− 3

2

)
esds

=I1 + I2 + I3.

(3.162)
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For the subitem I1, using the linear interpolation on
[
t0, t̃ 1

2

]
in the sense of expo-

nential function gives

|I1| ≤
1

2Γ(2− α)
max

t0≤t≤t̃ 1
2

∣∣δ2eg(t)∣∣ (et̃ 1
2 − et0

)∫ t̃ 1
2

t0

(
e
t̃
k− 1

2 − es
)1−α

esds

≤ 2α−1

8Γ(2− α)
max

t0≤t≤t̃ 1
2

∣∣δ2eg(t)∣∣ max
1≤l≤k

(
etl − etl−1

)3−α
.

(3.163)

By the interpolation on
[
t̃j− 1

2
, t̃j+ 1

2

]
and integration by parts, one can derive

|I2| ≤
α−1

8Γ(2−α)
max

t̃ 1
2
≤t≤t̃

k− 3
2

∣∣δ2eg(t)∣∣ max
1≤l≤k−1

(
etl − etl−1

)2 ∫ t̃
k− 3

2

t̃ 1
2

(
e
t̃
k− 1

2 − es
)−α

esds

≤ 2α−1

8Γ(2− α)
max

t̃ 1
2
≤t≤t̃

k− 3
2

∣∣δ2eg(t)∣∣ max
1≤l≤k

(
etl − etl−1

)3−α
.

(3.164)

By the similar technique, one knows that

|I3| ≤
1

2Γ(2− α)
max

t̃
k− 3

2
≤t≤t̃

k− 1
2

∣∣δ2eg(t)∣∣ max
k−1≤l≤k

(
etl − etl−1

)∫ t̃
k− 1

2

t̃
k− 3

2

(
e
t̃
k− 1

2 − es
)1−α

esds

≤ 1

2Γ(3− α)
max

t̃
k− 3

2
≤t≤t̃

k− 1
2

∣∣δ2eg(t)∣∣ max
k−1≤l≤k

(
etl − etl−1

)3−α
.

(3.165)

If k = 1, then one gets∣∣∣Υ 1
2

∣∣∣ ≤ 1

4Γ(2− α)
max

t0≤t≤t̃ 1
2

∣∣δ2eg(t)∣∣ (et1 − et0
) ∫ t̃ 1

2

t0

(
e
t̃ 1
2 − es

)1−α

esds

=
2α−1

8Γ(3− α)
max

t0≤t≤t̃ 1
2

∣∣δ2eg(t)∣∣ (et1 − et0
)3−α

.

(3.166)

It follows from (3.160), (3.161) and (3.163)-(3.166) that the estimates hold.

4. B-type formulas
If one selects Partition B (2.2), then B-type formulas can be derived. Borrowing
the technique in [7], the exponential Caputo derivative CeD

α
a,tf(t) on [a, T ] can be

changed into CD
α
0,t′ f̃a(t

′) on [0, eT − ea]. So the corresponding discrete formulas for
CeD

α
a,tf(t) may be conveniently got.

Several definitions are introduced firstly.

Definition 4.1 ( [18]). For α > 0 and f(t) ∈ L1(a, b), the α-th Riemann-Liouville
fractional integral of f(t) is defined by

RLD
−α
a,t f(t) =

1

Γ(α)

∫ t

a

(t− s)
α−1

f(s)ds. (4.1)
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Definition 4.2 ( [18]). For n − 1 < α < n ∈ Z+ and f(t) ∈ ACn[a, b], the α-th
Riemann-Liouville fractional derivative of f(t) is defined by

RLD
α
a,tf(t) =

1

Γ(n− α)

dn

dtn

∫ t

a

(t− s)
n−α−1

f(s)ds. (4.2)

Definition 4.3 ( [15]). For n − 1 < α < n ∈ Z+ and f(t) ∈ ACn[a, b], the α-th
Caputo fractional derivative of f(t) is defined by

CD
α
a,tf(t) =

1

Γ(n− α)

∫ t

a

(t− s)
n−α−1

f (n)(s)ds. (4.3)

The following lemmas reveal the relationship between Caputo/Riemann-Liouville
derivatives and exponential Caputo/Riemann-Liouville derivatives.

Lemma 4.1. For n−1 < α < n ∈ Z+ and t > a, the following nonlinear differential
system with the exponential Caputo derivative{

CeD
α
a,tx(t) = g (t, x (t)) ,

δkex(a) = xak, k = 0, 1, . . . , n− 1,
(4.4)

where the continuous function g (t, x (t)) satisfies the Lipschitz condition with the
second variable in the given domain, is equivalent to the following nonlinear frac-
tional differential system with Caputo derivative{

CD
α
0,t′ x̃a(t

′) = g (log(t′ + ea), x̃a (t
′)) , t′ > 0,

x̃(k)a (0) = xak, k = 0, 1, . . . , n− 1.
(4.5)

Proof. From the transformations s̃ = es − ea and t′ = et − ea, one finds that
δne x(s) =

dn

ds̃nx (log(s̃+ ea)) and δne x(t) = dn

d(t′)nx (log(t
′ + ea)). Then, using Defini-

tions (4.3) and (1.3), one gets

CeD
α
a,tx(t) =

1

Γ(n− α)

∫ t

a

(
et − es

)n−α−1
δne x(s)e

sds

=
1

Γ(n− α)

∫ et−ea

0

(
et − ea − s̃

)n−α−1 dn

ds̃n
x (log(s̃+ ea)) ds̃

=
1

Γ(n− α)

∫ t′

0

(t′ − s̃)
n−α−1 dn

ds̃n
x̃a(s̃)ds̃

=CD
α
0,t′ x̃a(t

′).

(4.6)

Under the above transformation, one can also get

g (t, x(t)) = g
(
log(t′ + ea), x(log(t′ + ea))

)
= g
(
log(t′ + ea), x̃a(t

′)
)
.

For the initial value conditions, one can arrive at

xak = δkex(a) = δkex(t)|t=a =
dk

d(t′)k
x̃a(t

′)|t′=0 = x̃(k)a (0), 0 ≤ k ≤ n− 1.

The proof is thus finished.
From the above lemma, one can see that for t ∈ [a, T ], x(t) = x(log(t′ + ea)) =

x̃a(t
′), where t′ ∈ [0, eT − ea].

Similarly, one can also get the lemma below.
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Lemma 4.2. For n− 1 < α < n ∈ Z+, the following nonlinear differential system
with the exponential Riemann-Liouville derivative{

eD
α
a,tx(t) = g (t, x (t)) , t > a,

eD
α+k−n
a,t x(a) = xak, k = 0, 1, . . . , n− 1,

(4.7)

where the continuous function g (t, x (t)) satisfies the Lipschitz condition with the
second variable in the given domain, is equivalent to the following nonlinear frac-
tional differential system with Riemann-Liouville derivative{

RLD
α
0,t′ x̃a(t

′) = g (log(t′ + ea), x̃a (t
′)) , t′ > 0,

RLD
α+k−n
0,t′ x̃a(0) = xak, k = 0, 1, . . . , n− 1.

(4.8)

Proof. For n − 1 < α < n ∈ Z+, using the transformations s̃ = es − ea and
t′ = et − ea yields

eD
α
a,tx(t) =

1

Γ(n− α)
δne

∫ t

a

(
et − es

)n−α−1
x(s)esds

=
1

Γ(n− α)
δne

∫ et−ea

0

(
et − ea − s̃

)n−α−1
x(log(s̃+ ea))ds̃

=
1

Γ(n− α)

dn

d(t′)n

∫ t′

0

(t′ − s̃)
n−α−1

x̃a(s̃)ds̃

=RLD
α
0,t′ x̃a(t

′).

(4.9)

Similarly, one gets
g(t, x(t)) = g(log(t′ + ea), x̃a(t

′)).

For α > 0, according to Definitions (1.1) and (4.1), the following relation holds

eD
−α
a,t x(t) =

1

Γ(α)

∫ t

a

(
et − es

)α−1
x(s)esds

=
1

Γ(α)

∫ et−ea

0

(
et − ea − s̃

)α−1
x(log(s̃+ ea))ds̃

=
1

Γ(α)

∫ t′

0

(t′ − s̃)
α−1

x̃a(s̃)ds̃

=RLD
−α
0,t′ x̃a(t

′).

(4.10)

The initial value conditions are obtained as follows

xak = eD
α+k−n
a,t x(t)

∣∣
t=a

= δke eD
−(n−α)
a,t x(t)

∣∣
t=a

=
dk

d(t′)k
RLD

−(n−α)
0,t′ x̃a(t

′)|t′=0

=RLD
α+k−n
0,t′ x̃a(t

′)|t′=0

=RLD
α+k−n
0,t′ x̃a(0), 0 ≤ k ≤ n− 1.

Hence, the proof is completed.
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From Lemma 4.2, one can see also that for t ∈ (a, T ], x(t) = x(log(t′ + ea)) =
x̃a(t

′), where t′ ∈ (0, eT − ea].
Through the above Lemma 4.1, one can find that the numerical approximation

formulas under Partition B for the exponential Caputo derivatives, i.e., L1-B, L1-
2-B, L2-1σ-B, H2N2-B and L21-B formulas, are almost the same as the approxima-
tion formulas of the Caputo derivatives on the uniform partition [1,3,10,11,19,21].
The discretisations under Partitions B and A are those at different nodes. Hence
Partition B discretization can be regarded as a supplement to Partition A dis-
cretization. Here we omit the mathematical details but directly list them. Recall
in Partition B (2.2), tk = log (et0 + kτ̃), τ̃ = etk − etk−1 = eT−ea

N (1 ≤ k ≤ N).

4.1. L1-B formula
The L1-B formula for the fractional derivative (1.3) with α ∈ (0, 1) at t = tk (1 ≤ k ≤ N)
is given by

CeD
α
a,tf

k =
(τ̃)−α

Γ(2− α)

k∑
j=1

c̃
(α)
j,k

(
f j − f j−1

)
,

where c̃(α)j,k = (k − j + 1)
1−α − (k − j)

1−α
, 1 ≤ j ≤ k.

Theorem 4.1. For 0 < α < 1, δ2ef(t) ∈ C[a, T ] and tk = log (et0 + kτ̃), the
truncation errors have following estimation,∣∣∣CeD

α
a,tf(t)

∣∣
t=tk

−Ce Dα
a,tf

k
∣∣∣ ≤ Cτ̃2−α, 1 ≤ k ≤ N.

Theorem 4.2. The coefficients c̃(α)j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) of L1-B formula satisfy

1 = c̃
(α)
k,k > c̃

(α)
k−1,k > · · · > c̃

(α)
1,k > 0.

4.2. L1-2-B formula
The L1-2-B formula for the fractional derivative (1.3) with α ∈ (0, 1) at t =
tk (1 ≤ k ≤ N) is given by

CeD
α
a,tf

k =
(τ̃)−α

Γ(2− α)

k∑
j=1

c̃
(α)
j,k

(
f j − f j−1

)
,

where

c̃
(α)
j,k =


ã
(α)
1,k + b̃

(α)
2,k , j = 1,

ã
(α)
j,k − b̃

(α)
j,k + b̃

(α)
j+1,k, 2 ≤ j ≤ k − 1,

ã
(α)
k,k − b̃

(α)
k,k , j = k,

ã
(α)
j,k = (k − j + 1)

1−α − (k − j)
1−α

,

b̃
(α)
j,k =

1

2

[
(k − j)

1−α
+ (k − j + 1)

1−α
]

+
1

2− α

[
(k − j)

2−α − (k − j + 1)
2−α

]
.

(4.11)
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Remark 4.1. When k = 1 or k = 2, one has

c̃
(α)
1,1 = ã

(α)
1,1 , k = 1;

c̃
(α)
1,2 = ã

(α)
1,2 + b̃

(α)
2,2 , c̃

(α)
2,2 = ã

(α)
2,2 − b̃

(α)
2,2 , k = 2.

Theorem 4.3. Let δ3ef(t) ∈ C[a, T ], 0 < α < 1 and tk = log (et0 + kτ̃). Denote

Rk = CeD
α
a,tf(t)

∣∣
t=tk

− CeD
α
a,tf

k, 1 ≤ k ≤ N.

Then the truncation errors satisfy

∣∣R1
∣∣ ≤ α

2Γ(3− α)
max

t0≤t≤t1

∣∣δ2ef(t)∣∣ τ̃2−α, k = 1,∣∣Rk
∣∣ ≤ α

8Γ(1− α)
max

t0≤t≤t1

∣∣δ2ef(t)∣∣ (etk − et1
)−1−α

τ̃3

+ max
t0≤t≤tk

|δ3ef(t)|
{

1

12Γ(1− α)
+

α

3Γ(2− α)

}
τ̃ 3−α, k ≥ 2.

Theorem 4.4. For α ∈ (0, 1), coefficients c̃(α)j,k (1 ≤ j ≤ k, 3 ≤ k ≤ N) defined by
(4.11) have following properties,

(1) c̃
(α)
k,k >

∣∣c̃(α)k−1,k

∣∣,
(2) c̃

(α)
k,k > c̃

(α)
k−2,k,

(3) c̃
(α)
j,k > 0, j ̸= k − 1,

(4) c̃
(α)
k−2,k > c̃

(α)
k−3,k > · · · > c̃

(α)
1,k ,

(5)
∑k

j=1 c̃
(α)
j,k = k1−α.

In particular, when k = 1 one has c̃(α)1,1 = 1; and when k = 2, one can arrive at

(1) c̃
(α)
1,2 = 21−α −

(
1
2 + 1

2−α

)
∈
(
− 1

2 , 1
)
, c̃

(α)
2,2 = 1

2 + 1
2−α ∈

(
1, 32
)
,

(2)
∣∣c̃(α)1,2

∣∣ < c̃
(α)
2,2 .

4.3. L2-1σ-B formula

For tk = log (et0 + kτ̃), tk+σ = log (et0 + (k + σ) τ̃) and σ = 1− α
2 , the L2-1σ-B for-

mula for the fractional derivative (1.3) with α ∈ (0, 1) at t = tk+σ (0 ≤ k ≤ N − 1)
is given by

CeD
α
a,tf

k+σ =
(τ̃)−α

Γ(2− α)

k+1∑
j=1

c̃
(α,σ)
j,k

(
f j − f j−1

)
,
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where

c̃
(α,σ)
j,k =


ã
(α,σ)
1,k − b̃

(α,σ)
1,k , j = 1,

ã
(α,σ)
j,k + b̃

(α,σ)
j−1,k − b̃

(α,σ)
j,k , 2 ≤ j ≤ k,

a
(α,σ)
k+1,k + b

(α,σ)
k,k , j = k + 1,

ã
(α,σ)
j,k =


(k + σ − j + 1)

1−α − (k + σ − j)
1−α

, 1 ≤ j ≤ k,

σ1−α, j = k + 1,

b̃
(α,σ)
j,k =

1

2− α

[
(k + σ − j + 1)

2−α − (k + σ − j)
2−α

]
− 1

2

[
(k + σ − j + 1)

1−α
+ (k + σ − j)

1−α
]
.

Remark 4.2. In particular, when k = 0 or k = 1, one has

c̃
(α,σ)
1,0 = ã

(α,σ)
1,0 , k = 0;

c̃
(α,σ)
1,1 = ã

(α,σ)
1,1 − b̃

(α,σ)
1,1 , c̃

(α,σ)
2,1 = ã

(α,σ)
2,1 + b̃

(α,σ)
1,1 , k = 1.

(4.12)

Theorem 4.5. Let δ3ef(t) ∈ C [a, T ], α ∈ (0, 1) and the fixed σ = 1− α
2 . Denote

Rk+σ = CeD
α
a,tf(t)

∣∣
t=tk+σ

− CeD
α
a,tf

k+σ, 0 ≤ k ≤ N − 1.

For tk = log (et0 + kτ̃) and tk+σ = log (et0 + (k + σ) τ̃), the truncation errors are
bounded as follows,

∣∣Rk+σ
∣∣ ≤ { σ−α

12Γ(1− α)
max

t0≤t≤tk+1

∣∣δ3ef(t)∣∣+ σ1−α

6Γ(2− α)
max

tk≤t≤tk+1

∣∣δ3ef(t)∣∣} τ̃3−α.

Theorem 4.6. For α ∈ (0, 1) and σ = 1 − α
2 , coefficients c̃(α,σ)j,k (1 ≤ j ≤ k + 1,

0 ≤ k ≤ N − 1) defined by (4.3) satisfy

(1) c̃
(α,σ)
j,k > 1−α

2 (k − j + 1 + σ)
−α

,

(2) c̃
(α,σ)
k+1,k > c̃

(α,σ)
k,k > c̃

(α,σ)
k−1,k > · · · > c̃

(α,σ)
2,k > c̃

(α,σ)
1,k ,

(3) (2σ − 1) c̃
(α,σ)
k+1,k > σc̃

(α,σ)
k,k .

4.4. H2N2-B formula
For tk = log (et0 + kτ̃) and t̃k− 1

2
= log

(
etk − 1

2 τ̃
)
, the H2N2-B formula for the

fractional derivative (1.3) with α ∈ (1, 2) at t = t̃k− 1
2
(1 ≤ k ≤ N) is given by

CeDα
a,tf

k− 1
2 =

2(τ̃)−α

Γ(3− α)

k∑
j=1

c̃
(α)
j,k

(
f j − f j−1

)
− 2(τ̃)1−α

Γ(3− α)
ã
(α)
0,k δef(t0),
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where

c̃
(α)
j,k =


ã
(α)
0,k − ã

(α)
1,k , j = 1,

ã
(α)
j−1,k − ã

(α)
j,k , 2 ≤ j ≤ k − 1,

ã
(α)
k−1,k, j = k,

ã
(α)
j,k =


(
k − 1

2

)2−α − (k − 1)
2−α

, j = 0,

1
2

[
(k − j)

2−α − (k − j − 1)
2−α

]
, 1 ≤ j ≤ k − 1.

(4.13)

Remark 4.3. In particular, when k = 1 and k = 2, one has

c̃
(α)
1,1 = ã

(α)
0,1 , c̃

(α)
1,2 = ã

(α)
0,2 − ã

(α)
1,2 , c̃

(α)
2,2 = ã

(α)
1,2 .

Theorem 4.7. Let δ3ef(t) ∈ C[a, T ] and α ∈ (1, 2). Denote

Rk− 1
2 = CeD

α
a,tf(t)

∣∣
t=t̃

k− 1
2

− CeDα
a,tf

k− 1
2 , 1 ≤ k ≤ N.

For tk = log (et0 + kτ̃) and t̃k− 1
2
= log

(
etk − 1

2 τ̃
)
, the following truncation errors

hold ∣∣∣Rk− 1
2

∣∣∣ ≤ 1

22−αΓ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ τ̃3−α, k = 1,∣∣∣Rk− 1
2

∣∣∣ ≤ max
t0≤t≤tk

∣∣δ3ef(t)∣∣ { 5

3Γ(2− α)
+

1

Γ(3− α)

}
τ̃3−α, k ≥ 2.

Theorem 4.8. For α ∈ (1, 2), coefficients c̃
(α)
j,k (1 ≤ j ≤ k, 1 ≤ k ≤ N) given by

(4.13) satisfy
(1) c̃

(α)
k,k > 0, c̃

(α)
j,k < 0 (1 ≤ j ≤ k − 1),

(2) c̃
(α)
1,k > c̃

(α)
2,k > · · · > c̃

(α)
k−1,k (k ≥ 3),

(3)
∣∣c̃(α)k−1,k

∣∣ < c̃
(α)
k,k.

4.5. L21-B formula
For tk = log (et0 + kτ̃) and t̃k− 1

2
= log

(
etk − 1

2 τ̃
)
, the L21-B formula for the frac-

tional derivative (1.3) with α ∈ (1, 2) at t = t̃k− 1
2
(1 ≤ k ≤ N) is given by

CeDα
a,tf

k− 1
2

=
1

Γ(3− α)

{
ã
(α)
k−1,k∇exp,tf

k− 1
2 −

k−1∑
j=1

(
ã
(α)
j−1,k − ã

(α)
j,k

)
∇exp,tf

j− 1
2 − ã

(α)
0,k δef(t0)

}
,

where

ã
(α)
j,k =


2τ̃1−α

[(
k − 1

2

)2−α −
(
k − 1

)2−α]
, j = 0,

τ̃1−α
[(
k − j

)2−α −
(
k − j − 1

)2−α]
, 1 ≤ j ≤ k − 1.

(4.14)
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Theorem 4.9. For α ∈ (1, 2), δ3ef(t) ∈ C[a, T ] and t̃k− 1
2
= log

(
etk − 1

2 τ̃
)

the
truncation errors

Rk− 1
2 = CeD

α
a,tf(t)

∣∣
t=t̃

k− 1
2

− CeDα
a,tf

k− 1
2 , 1 ≤ k ≤ N,

are bounded as follows,∣∣∣Rk− 1
2

∣∣∣ ≤ 2α−1

6Γ(3− α)
max

t0≤t≤t1

∣∣δ3ef(t)∣∣ τ̃3−α, k = 1,∣∣∣Rk− 1
2

∣∣∣ ≤{ 1

4Γ(2− α)
+

7

12Γ(3− α)

}
max

t0≤t≤tk

∣∣δ3ef(t)∣∣ τ̃3−α, k ≥ 2.

Theorem 4.10. For α ∈ (1, 2), the coefficients ã
(α)
j,k (0 ≤ j ≤ k − 1) defined by

(4.14) satisfy

a
(α)
k−1,k > a

(α)
k−2,k > · · · > a

(α)
0,k > 0.

Remark 4.4. Through further calculations, one can find that H2N2-B formula and
L21-B formula for exponential Caputo fractional derivatives are the same albeit
different factors in the error bounds. But it is not the same if non-uniform partition
on [ea, eT ] is used.

5. Numerical Examples
In the section, numerical examples are displayed to test the obtained numerical
formulae for the exponential Caputo fractional derivatives with α ∈ (0, 1) and α ∈
(1, 2).

Example 5.1. Let f(t) = e3t, [a, T ] = [1, 2], α ∈ (0, 1). Then one has

CeD
α
a,tf(t) =

3

Γ(2− α)
e2a(et − ea)1−α +

6

Γ(3− α)
ea(et − ea)2−α

+
6

Γ(4− α)
(et − ea)3−α.

The truncation errors of L1-A, L1-2-A and L2-1σ-A formulas are defined by

Error =
∣∣∣CeD

α
a,tf(t)

∣∣
t=tN

− CeD
α
a,tf

N
∣∣∣ ,

Error =
∣∣∣CeD

α
a,tf(t)

∣∣
t=tN

− CeD
α
a,tf

N
∣∣∣ ,

and

Error =
∣∣∣CeD

α
a,tf(t)

∣∣
t=tN−1+σ

− CeD
α
a,tf

N−1+σ
∣∣∣ .

The L1-A formula, L1-2-A formula and L2-1σ-A formula with α = 0.2, 0.5, 0.8 and
N = 100, 200, 300, 400 are used to get some numerical results displayed in Table 2.
The results show that the convergence order of errors is near to (2−α)-th order for
L1-A formula and (3 − α)-th order for the L1-2-A formula and L2-1σ-A formula,
which is in agreement with the theoretical analysis. Similarly, one can also check
the error and convergence order of L1-B, L1-2-B and L2-1σ-B formulas in Table 3,
which is consistent with the theoretical result.
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Table 2. Errors and convergence rates for L1-A, L1-2-A and L2-1σ-A formulas

α 0.2 0.5 0.8
Formula N Error Rate Error Rate Error Rate

100 3.6004E-02 – 1.9490E-01 – 7.2844E-01 –
L1-A 200 1.0994E-02 1.7115 7.0397E-02 1.4692 3.1946E-01 1.1892

300 5.4630E-03 1.7248 3.8672E-02 1.4774 1.9692E-01 1.1933
400 3.3195E-03 1.7317 2.5254E-02 1.4813 1.3963E-01 1.1950
100 1.9742E-04 – 1.1363E-03 – 4.5702E-03 –

L1-2-A 200 3.0079E-05 2.7243 2.0539E-04 2.4768 1.0049E-03 2.1931
300 9.9488E-06 2.7342 7.5221E-05 2.4825 4.1331E-04 2.1956
400 4.5286E-06 2.7397 3.6836E-05 2.4853 2.1990E-04 2.1967
100 1.8527E-04 – 8.5274E-04 – 2.6793E-03 –

L2-1σ-A 200 2.8216E-05 2.7150 1.5437E-04 2.4657 5.8856E-04 2.1866
300 9.3374E-06 2.7274 5.6597E-05 2.4747 2.4203E-04 2.1916
400 4.2526E-06 2.7339 2.7737E-05 2.4791 1.2876E-04 2.1937

Table 3. Errors and convergence rates for L1-B, L1-2-B and L2-1σ-B formulas

α 0.2 0.5 0.8
Formula N Error Rate Error Rate Error Rate

100 1.7480E-02 – 1.0146E-01 – 4.2508E-01 –
L1-B 200 5.2400E-03 1.7380 3.6243E-02 1.4852 1.8545E-01 1.1967

300 2.5811E-03 1.7464 1.9817E-02 1.4890 1.1410E-01 1.1979
400 1.5597E-03 1.7509 1.2905E-02 1.4908 8.0826E-02 1.1985
100 6.6642E-05 – 3.8328E-04 – 1.7031E-03 –

L1-2-B 200 9.7965E-06 2.7661 6.7896E-05 2.4970 3.7067E-04 2.2000
300 3.1863E-06 2.7701 2.4661E-05 2.4977 1.5191E-04 2.2000
400 1.4352E-06 2.7723 1.2020E-05 2.4981 8.0674E-05 2.2000
100 3.1329E-05 – 1.1333E-04 – 2.9864E-04 –

L2-1σ-B 200 4.7974E-06 2.7072 2.0380E-05 2.4754 6.5147E-05 2.1967
300 1.5918E-06 2.7208 7.4510E-06 2.4816 2.6722E-05 2.1979
400 7.2621E-07 2.7280 3.6458E-06 2.4846 1.4197E-05 2.1984

Example 5.2. Let f(t) = e3t, [a, T ] = [1, 2], α ∈ (1, 2). Then one can get

CeD
α
a,tf(t) =

6

Γ(3− α)
ea(et − ea)2−α +

6

Γ(4− α)
(et − ea)3−α.

The definitions of truncation errors for the H2N2-A and L21-A formulas are given
as follows, respectively,

Error =

∣∣∣∣CeD
α
a,tf(t)

∣∣
t=t

N− 1
2

− CeDα
a,tf

N− 1
2

∣∣∣∣ ,
and

Error =

∣∣∣∣CeD
α
a,tf(t)

∣∣
t=t̃

N− 1
2

− CeDα
a,tf

N− 1
2

∣∣∣∣ .
Some numerical results presented in Table 4 are obtained by H2N2-A and L21-A

formulae with α = 1.2, 1.5, 1.8 and N = 200, 300, 400, 500. Through observing the
numerical results, one can know that the convergence order of errors coincides with
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theoretical order 3 − α. Furthermore, comparing the results of H2N2-A formula
and L21-A formula, one can find that convergence order of L21-A is closer to the
theoretical order 3−α than that of H2N2-A under the same parameters. In addition,
one also checks the error and convergence order of H2N2-B/L21-B formula (See
Remark 4.4) in Table 5, which is in agreement with the theoretical result.

Table 4. Errors and convergence rates for H2N2-A, L21-A formulas

α 1.2 1.5 1.8
Formula N Error Rate Error Rate Error Rate

200 8.8149E-04 – 9.1168E-03 – 4.2921E-02 –
H2N2-A 300 4.7008E-04 1.5506 5.0534E-03 1.4553 2.6514E-02 1.1880

400 2.9787E-04 1.5859 3.3171E-03 1.4634 1.8822E-02 1.1911
500 2.0810E-04 1.6072 2.3903E-03 1.4683 1.4423E-02 1.1928
200 1.2465E-03 – 9.3823E-03 – 4.3104E-02 –

L21-A 300 6.3262E-04 1.6728 5.1716E-03 1.4690 2.6596E-02 1.1909
400 3.8939E-04 1.6869 3.3836E-03 1.4747 1.8868E-02 1.1933
500 2.6670E-04 1.6959 2.4329E-03 1.4781 1.4453E-02 1.1946

Table 5. Errors and convergence rates for H2N2-B/L21-B formula

α 1.2 1.5 1.8
N Error Rate Error Rate Error Rate

200 6.5026E-04 – 4.9161E-03 – 2.5146E-02 –
300 3.2315E-04 1.7246 2.6867E-03 1.4901 1.5462E-02 1.1993
400 1.9637E-04 1.7315 1.7492E-03 1.4918 1.0950E-02 1.1995
500 1.3330E-04 1.7360 1.2537E-03 1.4928 8.3786E-03 1.1996

6. Conclusion and Remark
This article is concerned with constructing typical numerical discrete formulas for
the exponential Caputo fractional derivatives on the two kinds of partitions. In
general, for fractional order α ∈ (0, 1), L1 formula is of (2−α)-th order convergence
and L1-2, L2-1σ formulas are of (3− α)-th order convergence. For order α ∈ (1, 2)
H2N2 and L21 formulae have (3−α)-th order convergence. Finally, some numerical
examples are given to verify the correctness of the derived formulas.

One may be curious about naming rules of formulas. In fact, there are two
naming rules in this article. On one hand, the symbol L1 is from [14], where
L1 is used for the left fractional derivative with order in (0, 1). L21 is for the left
fractional derivative with order in (1, 2) while the subscript 1 means that the original
derivative order is reduced to derivative order in (0, 1) by the function replacement.
On the other hand, the symbols L1-2, L2-1σ and H2N2 are named from the types of
interpolation polynomials, for example, L1-2 means that the linear interpolation (in
the sense of exponential function) is used in the first subinterval and the quadratic
interpolations (in the sense of exponential function) in the following subintervals.
It seems not to be necessary to unite the naming rules in order to avoid confusion
because they have already existed in the references available.
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B-type formulas can be obtained via the transform t′ = et − ea which changes
t ∈ [a, T ] into t′ ∈ [0, eT − ea] and which changes f(t), t ∈ [a, T ] into f̃a(t

′) =
f(log(t′ + ea)), t′ ∈ [0, eT − ea]. But nodes tk = log(et0 + kτ̃) and stepsize
τ̃ = eT−ea

N (1 ≤ k ≤ N) (see (2.2)) involve the exponential and/or logarithmic
functions which may bring a bit bigger rounding errors in the real calculations. In
this sense, A-type formulas may be a bit more applicable. One one hand, numerical
methods for Caputo fractional derivatives problems have been extensively and in-
tensively studied, for example see [1,2,4,10] and references cites therein, such a kind
of Caputo-type derivative may attract intention due to its possible applications in
describing exponential asymptotics in nonlocal problems. On the other hand, the
method and technique derived in this paper may be applied to ψ-type fractional
derivatives [8,17,20]. Hope numerical studies in this respect will be appeared some-
where in the future.
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