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BIFURCATIONS AND HYDRA EFFECTS IN A
REACTION-DIFFUSION PREDATOR-PREY
MODEL WITH HOLLING II FUNCTIONAL

RESPONSE
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Abstract In this paper, through bifurcation analysis and numerical simu-
lations, we consider a reaction-diffusion predator-prey model with Holling IT
functional response to analyze the existence of hydra effect and the relationship
between mortality independent of predator density and different steady-state
solutions of the system. The hydra effect, which is a paradoxical result in
both theoretical and applied ecology, refers to the phenomenon in which an
increase in population mortality enhances its own population size. We inves-
tigate the existence of the hydra effect when the positive equilibrium point
is locally asymptotically stable and Turing unstable. Meanwhile, numerical
simulations verify the existence of the hydra effect when the one-dimensional
reaction-diffusion system has a spatially inhomogeneous steady-state solution.
In addition, we introduce the existence of the Turing bifurcation, the Hopf
bifurcation, and the Turing-Hopf bifurcation with the parameters d2 and mc,
respectively, as well as the normal form for the Turing-Hopf bifurcation. Based
on the obtained normal form, we analyze the complex spatio-temporal dynam-
ics near the Turing-Hopf bifurcation point. Finally, the numerical simulations
are carried out to corroborate the obtained theoretical results.
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1. Introduction

All living things are not immune to death. Old age, disease, predation and natural
disasters all lead to the death of organisms. It is commonly understood that popu-
lation density decreases as mortality increases [7,16,17,19-22,26-28,30]. However,
there are phenomena in nature that are contrary to this [23,24]. The hydra effect
is defined as the phenomenon in which when the mortality rate of a population in-
creases, its equilibrium density or time-averaged density also increases [4,8,13,25].
Ricker first identified such paradoxical phenomenon in a single-species homogeneous
discrete model discovery and showed that this phenomenon may be of interest in
pest control [11]. However, for a long time, his ideas were largely ignored [18].
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This idea became popular as more and more articles on the subject appeared [2,14].
Nowadays, it has been widely recognized that the hydra effect is of great importance
in applied ecology and epidemiology [4,5,29]. Therefore, the study of the hydra ef-
fect has become a hot topic in theoretical ecology and is well worth studying.

Abrams and Quince were pioneers in the study of the hydra effect in stage-
structured predator-prey systems [1]. As the understanding of the hydra effect in
population dynamics has advanced, there is some evidence for a hydra effect in situ-
ations where species coexist in an oscillatory form. Sieber and Hilker [18,25] studied
Gaussian predator-prey systems with Holling II and III functional responses and
concluded that the time-averaged density of predators increases with mortality when
the predator-prey community evolves in a cyclic pattern. Later, the mathematical
conditions for the emergence of the hydra effect at steady state for unstructured
population models were provided by Cortez and Abrams [3,6]. And they also found
the presence of the hydra effect in different predator-prey systems.

The previously mentioned theoretical studies are limited to cases of spatial ho-
mogenization, ignoring mechanisms such as species dispersal and migration. DeAn-
gelis and Yurek [12] noted that spatially explicit models in ecology are increasingly
being studied by researchers using different methods. The researchers, Cortez and
Abrams [6] and Costa and dos Anjos [9], established the hydra effect in a planar
predator-prey system with highly nonlinear terms. In Chen and Zhang [10], an
example of the presence of the hydra effect in a reaction-diffusion predator-prey
system when a spatially inhomogeneous steady-state solution occurs was given by
numerical simulations. It is very complicated to analyze these models. Therefore,
so far, there have been few studies of hydra effects in spatially explicit models that
consider diffusion. Recently, Lucas dos Anjos [4] presented some examples of the
existence of the hydra effect in population models, including continuous-time pop-
ulation models and discrete-time population models. These models are described
by nonlinear systems of ordinary differential equations and difference equations, re-
spectively. Through numerical simulations, they found that there is a hydra effect
in the static dynamics of some one-dimensional predator-prey models. The model
they studied is described by a system of nonlinear partial differential equations with
different functional response functions. They found that an increase in response dif-
fusivity for the Holling IT functional response shortens the range of the hydra effect.
Their main model studied is as follows:
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where R and C are the densities of prey and predator, respectively. r and K are the
inherent growth rate and the environmental capacity of prey R, respectively. m¢
and g¢ are the per capita mortality rates of density-independent and density-related
species C', respectively. Dg and D¢ are the diffusion coefficients of species R and
C respectively, and efrc is the conversion factor of species R to species C. acpg
and Thcg are the coefficient of attack and time of effect of species C on species R,
respectively. All parameters are positive constants.

We consider the study by Lucas dos Anjos et al. [4] to be very interesting.
However, in their paper, they mainly used numerical simulations to demonstrate
the existence of the hydra effect and did not conduct any theoretical analysis or
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specific study on how mortality affects population size. On the basis of their study,
we would like to use their model to conduct a theoretical analysis with mortality
me as a parameter, and believe that many interesting conclusions will be obtained.

We denote as a = ef:fCC B = gTCc’ system (1.1) can be rewritten as
ou(z,t) 0%u u aCcRUV
FeLY _ g, 28 1Ly 9erRYWY e >0,
ot ! 0x? + Tu( K) 1+ acrThcru .
Ov(z,t 02
v(z,?) =ds Y + mev( aacrY —1—=pv), 2€Q, t >0,

ot 022 1+ acrTheru (1.2)

Ug (2, 1) = ve(2,8) =0, x € 0, t >0,

u(r,0) = up(z) >0, v(z,0) =vo(z) >0, x € .

In this paper, we investigate the occurrence of the hydra effect when the positive
equilibrium point is locally asymptotically stable and Turing unstable through bifur-
cation analysis and numerical simulations of a one-dimensional spatial predator-prey
model with Holling IT functional response. We also investigate how small pertur-
bations in per capita mortality for species C resulted in different steady states for
predator and prey populations. Essentially, the purpose of this study is to analyze
how mortality m¢ affects the equilibrium state of predator and prey populations.
Because the hydra effect refers to the increase in the mean density or stable pop-
ulation of a species with increasing mortality, it is necessary to examine in detail
the effect of changes in mortality mc on population size.

The organizational structure of this paper is as follows. In Section 2, the exis-
tence and stability conditions for all feasible equilibrium points of the system (1.2)
are analysed. Furthermore, the bifurcation analysis is investigated in Section 3,
where the existence of the Turing bifurcation, the Hopf bifurcation and the Turing-
Hopf bifurcation are shown by choosing the do and m¢ as bifurcation parameters,
respectively. In addition, we investigate the presence of the hydra effect when
the positive equilibrium point is locally asymptotically stable and Turing unstable.
Moreover, the normal form of the Turing-Hopf bifurcation for the system (1.2) near
the unique positive constant equilibrium is obtained in Section 4. And finally, in
Section 5, numerical simulations are carried out to verify the obtained theoretical
conclusions.

2. Existence and stability of equilibrium points

In this section, the existence of coexistence equilibrium of the system (1.2) is ana-
lyzed. Considering the following equation

U acRUV

= 1 _— ) - —_—

f(u7 U) Tu( K) 1+ acrThcru
aAaCcRrU

1+ acrThcru

-0,
(2.1)
g(u,v) = mev( —1-pv)=0.

The system (1.2) has three meaningful equilibrium points, and their feasibility and
stability are given below.

Theorem 2.1. The trivial equilibrium point Ey(0,0) always exists and is a saddle
point.
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r 0

Proof. J(Ep) = is the Jacobian matrix of system (1.2) around Ej
0 —mg

and A\; =7 > 0 and Ay = —m¢ < 0 are the eigenvalues. So, Fy is a saddle point.

O

Theorem 2.2. The prey only equilibrium point E1(K,0) always exists (.- K > 0)
and is locally asymptotically stable when —1+ Kacr(a—Ther) < 0, non-hyperbolic
when —1 + Kacr(a — Ther) = 0 and unstable when —1 + Kacg(ao — Thegr) > 0.

Proof. F;(K,0) is a prey-only equilibrium, which means that at this equilibrium
point there is only prey and the population density of predators is zero. J(E;) =

—r __ Kacrn
IKacrThor is the Jacobian matrix of system (1.2) around F;
0 mc(71+KGCR(a7ThCR))
1+KacrThcr
and the eigenvalues are \; = —r < 0 and Ay = me(Z1HKacr(a=Ther)) —Therefore,

1+KacrThcr
when A, takes different signs, the E7 has different stable states. When Ay < 0, E

is locally asymptotically stable; when Ao = 0, E; is non-hyperbolic; when Ao > 0,
FE; is unstable. O

Theorem 2.3. Assume that usacr(a—Ther) > 1 holds, then there exists at least
one positive equilibrium point E,(u.,vs) for system (1.2).

Proof. By using the second equation of (2.1), we are able to obtain

—1 4+ uaacr — uacrTheor
v= . (2.2)
B(1 +uacrThcr)

Substituting (2.2) into the first equation of (2.1), we obtain the following expression

h(u) = — 7‘56120127%2012713
+ (=2rBacrThcer + KrBag g The p)u?
+ (=B — Kaazp + 2KrBacrThor + Kat g Ther)u + Krf + Kacr.

Obviously, h(0) = Krf + Kacr > 0 and lim, 1o h(u) — —oo, then there exists
at least one positive constant u, satisfying h(u.) = 0, and at this point v, =
—1+usaacr — usacrThcr
B(1 + usacrThcr)
one positive equilibrium point (., vy). O
In this article, we mainly study the relevant properties of the coexistence equi-
librium of the system (1.2). The Theorem 2.3 means that the system (1.2) has
at least one positive equilibrium point. We suppose that E, (u.,v,) is the positive
equilibrium point of the system (1.2) for the remainder of the article.

. If v, > 0, it means that the system (1.2) has at least

3. Bifurcation analysis and hydra effect

3.1. Linear stability analysis and hydra effect

Firstly, we conduct a linear stability analysis of the system (1.2). Define a real-
valued Sobolev space

X ={(u,v) € [H2(O,l7r)]2 ¢ (Ugy V) |w=0,1r = 0},
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and the complexification of X to be
X =X®iX ={x1 +ixe: 21,20 € X}.

Then the system (1.2) can be written in the following abstract form in space X

U Au u
-D 1L ,
Vg Av v
where
D— d1 0 ,L _ aq a9
0 dy mebr mebs
and
r(K —2u,) + (K — 2u)u?aZ s Thi p — acr(Kvs + 2ru.(—K + 2u.)Ther)
a1 =
! K(1 —|—u*aCRThCR)2 ’
UxACR
a ==
2 1+ U*G,CRT}LCR’
b — VLQACR
' (1 + weacrThor)?’
b —1—2v.8 4+ usacr(a — (1 +2v,8)Thcr)
2 = .

14+ usacrThcer

It can be seen from the literature [15],

—Pzz = PP, T € (Oa lﬂ-)a (Paslac:O,lﬂ’ = 07

2

and the characteristic value of it is p, = n € Ny :={0,1,2,...}. The corre-

n
2’

n
sponding characteristic function is ¢, (z) = oS- Let

90 n=0 bn

be the characteristic function of L + A corresponding to the characteristic value .
Then we can obtain

Ln (b =A ¢ ,n € Z\/v()7
¥ ¥
where
n2
ayp — Cllf2 a9
Ln = ! 2

n

mcbl mcb2 — d2l7

It can be seen that the eigenvalue of L + A can be given by the eigenvalue of L,,
with n € Np. Then at the positive equilibrium point E,(u,v,), we can obtain the

following characteristic equation, that is

A —TR,\+ DET, =0,n € Ny, (3.1)
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where

’I’L2

M’I’L = l2 )
TR, = —(dy + d2)pin + a1 + bomc, (3.2)
DET, = didsp? — (arda + badime) pin + (a1ba — azbi)me,

and the eigenvalues of the system (1.2) are given by

. TR, ++/TR: — 4DFET,
A = 5" .n € Np. (3.3)

Then we make the following hypotheses:

(Al) a1 + bome < 0.
(AQ) arby — asby > 0.

If the assumptions (A;) and (Ag) are both valid, then when n = 0, there is TRy < 0
and DET, > 0. That is to say, the real parts of the eigenvalues of the system (1.2)
are all less than zero. Therefore, the following theorem is obtained.

Theorem 3.1. Suppose that (A1) and (Ag) hold. Then the ordinary differential
equation system corresponding to the system (1.2) is locally asymptotically stable at
the positive equilibrium point E,(u.,vs).

We want to verify whether the per capita mortality of species C' can induce
hydra effects in the stable equilibrium of the model. The mathematical conditions
for the emergence of the hydra effect at steady state for unstructured population
models were provided by Cortez and Abrams [6]. Next, these conditions are used
to study our model. The coexistence equilibrium E, (u.,v,.) satisfies

(1 U ) AC RU4Vx 0
rus(l——)————F57—— =0,
K’ 14 acrThcrus (3.4)
efRCACRUVx

2 _
T — — mcvy — qovi = 0.
In the Jacobian matrix, both as and b; have a certain sign, i.e., as < 0, by > 0.
However, a; and by can change their signs on different parameter spaces. Assume
that the positive equilibrium point F, (u.,v,) is locally asymptotically stable even
when a; > 0. We then calculate the change in predator species stock with mortality
by differentiating m¢ in the system (3.4). We can obtain

du dvs
al + ao =0,
d C dm (3 5)
mcb du, + mcb dv, = .
C 1dm C de — Ux

Applying Cramer’s rule to the solution of the system (3.5), we can obtain

duy — 9y dv, a1 Vs

dmc o ((leg — azbl)mc’ dmc - (albg — agbl)mc '
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If the positive equilibrium F, (u4,vs) is locally asymptotically stable, i.e., (A1) and
(Az2) hold, and ay > 0, then we obtain

du, dv,
U >0, v

dmc dmc > 0.

Thus, it is known that in the steady state, the number of both predator and prey
populations increases with the increase in mortality m¢c. Moreover, in the steady
state, the number of prey populations always increases (i.e., there is no need to
restrict a; > 0). Figure 1 verifies our idea. Also, we can obtain the following
theorem.

Theorem 3.2. Predator species experiences hydra effects at stable states, when
a; > 0.

25 10.212

10.211

10.21

S 246 ! > 10209 -

10.208 -

10.207 -

2.42 10.206
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m, m
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Figure 1. The existence of the hydra effect is depicted when the system is in a stable state. The
parameters value are r = 5.01, K = 6.01,acr = 1.01,Thcr = 1,efrc = 1,qc = 0.01.

3.2. Turing instability and hydra effect

In this section, the existence conditions of the Turing instability are analyzed. Under
the assumptions that (A;) and (As) are established, it is known from Theorem 3.1
that there is TR,, < TRy < 0 for n € Ng. Then when DET, (d2) = didap? —
(ardg 4 badime ) pin, + (a1ba — agby)me, ds is selected as the Turing bifurcation line
parameter. Let a; > 0 and discuss in the following three situations:

bad
Situation 1. doy < —w,
ax
bad
Situation 2. dy > —M, and A <0,
ai
bad
Situation 3. do > fw, and A > 0,

ay
where A = (aydy + badymc)? — 4dyda(aiby — asby)me. After the analysis and
discussion of the above three situations, we can get the following theorem.

Theorem 3.3. Suppose (A1) and (Az) hold. The positive equilibrium E. (., vs)
for the system (1.2) is locally asymptotically stable in Situation 1 or Situation 2.
In addition, in Situation 3, if there is no p,(n € Ny) satisfying DET,, < 0, the
positive equilibrium point E.(u.,vs) for the system (1.2) is locally asymptotically
stable. However, in Situation 3, if there exists at least one p,(n € Ny) satisfying
DET, <0, E.(ux,vi) is Turing unstable.
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Proof. Suppose that (A;) and (Az) hold. Under the condition that the parameters
of Situation 1 or Situation 2 are satisfied, there is TR,, < TRy < 0 for n € Ny, then
if DET,, > 0(n € Np), the system (1.2) has the eigenvalue of the negative real part.
When the parameter relationship belongs to Situation 3, and there is not n € Ny
such that DET,, < 0, then a similar method can be used to prove the conclusion.
When the parameter relationship belongs to Situation 3, and there is a n! € Ny such

TR, +,/TR?, —4DET,
that DET,,: < 0, then the real part of the eigenvalue /\( ) ' !

of the system (1. 2) will be positive, which means that the pos1t1ve equ1hbr1um point
E,(ux,vy) of the system (1.2) becomes no longer stable. The proof of the theorem
is complete. O

As stated in Chen and Zhang [10], we also found the example of the presence of
the hydra effect when Turing instability occurs, as shown in Figure 2.
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Figure 2. Spatial distribution of predator population size when the other parameters are fixed at values:
dy = 0.01,dy = 2.51,7 = 0.25, K = 14.95,acg = 1.01,Ther = 1,a = 2.61,8 = 0.61,1 = 1,z € (0, 27)
and the predator per capita mortality rate mc is taken to be 0.3900 and 0.3905, respectively.

3.3. Hopf bifurcation

In this section, the existence conditions of the Hopf bifurcation are analyzed. Denote

(di +do)pn, —a
by

me =mlh = LS 0,n€eN,. (3.6)

Obviously, DETy(m2) = (a1ba — azbi)m?, > 0 under hypothesis (Az). Denote
A ={n € Ny|DET,, > 0 and mg¢ > 0}. (3.7

After analysis, we can get the following theorem.

Theorem 3.4. If (Ay) holds, the system (1.2) undergoes a Hopf bifurcation at the
positive equilibrium point E.(u.,v.) when mec = mg, for n € A. Moreover, the
bifurcating periodic solution is spatially homogeneous when me = mOC and spatially
nonhomogeneous when mc = mg forn € A and n # 0.
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Proof. Let A\,(m§) = an(m@) £in,(mg),n € A, be the roots of Eq.(3.1).

(¢) When m¢e = mg, we can get TR,,(m¢) = 0and DET,, (m¢) > 0forn € A. Then
An(mg) = +iy/DET,(m) is a pair of pure imaginary roots of the characteristic
equation (3.1) for system (1.2).

(72) When mc¢ is near mg, from Eq.(3.3), we can get

TR, (mc) £ /TR2(mc) — 4DET,(mc)
5 .

an(me) £ in,(me) =

dan(mC) — b72
dmc -

transversal condition holds. This completes the proof. O

Then we can obtain < 0. That is to say, for each m¢, n € A, the

3.4. Turing-Hopf bifurcation

In this section, the existence conditions of the Turing-Hopf bifurcation are analyzed.
For the system (1.2) to undergo a Turing-Hopf bifurcation, the following conditions
need to be satisfied:
(i) When n = 0, the characteristic equation (3.1) for system (1.2) has a pair of pure
imaginary roots +iw. This phenomenon can be produced when mc = m, = ‘gl
(#9) When n > 0, the characteristic equation (3.1) for system (1.2) has a single zero
root. This phenomenon can be produced when DET,, = 0.

In this section, we assume (A3) always holds. Denote

d — <b2d1/ln + (az2by — a1bs)
2 = Mc
Mn(_al + dlﬂn)

>, S:{nEN,a17d1Mn>O}7

such that

= m (bden* + (agb; — a1b2)>
? ¢ pin, (—a1 + difin,)

. (b2d1,un + (a2by — a1b2))
= minm, .
nes ,un(—al + dlun)

From the Theorem 3.4, we can know that the system (1.2) will have a Hopf bi-
furcation at the positive equilibrium point E,(u.,v.), when mgo = mOC = 7‘5—21.
Therefore, m¢, = Z;, when n = n,. dj are the Turing bifurcation lines and mg
is the Hopf bifurcation line. When n = n,, we hope to find the first intersection of
these two types of bifurcation lines in the first quadrant, which is the Turing-Hopf

bifurcation point. After the above analysis, we can get the following theorem.

Theorem 3.5. If the hypothesis (Az) holds, the following conclusions can be drawn:
(i) If S = @, the Turing-Hopf bifurcation does not be undergoed for the system

(1.2);

(i) If S # @, the system (1.2) undergoes Turing-Hopf bifurcation at the point
(me,d2) = (m§,dy*), and the positive equilibrium E,(us,v.) of the system
(1.2) is locally asymptotically stable for

* badi pin, + (a2by — arb
(mc,d2> S {(mc,d2)|mc >mC,0<d2 <m(;< 201 ( 271 ! 2)>}

Hon, (*al + dl,um)
Proof. In m¢ — ds plane, we define the Turing bifurcation curves as follows:

bady fin + (a2by — a1b2)>
L,:dy=m ,n€S.
2 e ( i (—a1 + dyfin)
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The Hopf bifurcation curve is Ho : mg = mg..

(i) If S = @, then there is no intersection point between Turing bifurcation curves
L,, and the Hopf bifurcation curve Hj in the first quadrant. This indicates that the
system (1.2) does not undergo Turing-Hopf bifurcation.

(i) If S # @, then the Turing bifurcation curve £,,, and the Hopf bifurcation curve
Ho intersect at point (mg,ds*). This point is called the Turing-Hopf bifurcation
point. In addition, when

badipin, + (a2by — Cllbz)>}

7d € 7d > *’0<d <
(me, dz) € {(me, dz)|me > me 2 mc< fin, (—a1 + difin,)

it is easy to prove that TR, < 0 and DFET,, > 0 for n € Ny. Then the positive
equilibrium point E,(u.,v,) is locally asymptotically stable. Next, let us verify
the transversality conditions. Suppose A1 (mc¢, dz2) = a1(me, d2) +im (me, d2) with
ar(mf) = 0,m(mE) = w > 0 when n = 0, and Aa(me,d2) = ax(me,da) +
ina(mc,ds) with as(mg,dy*) = 0,m2(m&,dy*) = 0 when n = n, > 0, then the
following transversality conditions can be obtained:

dRe()\l(mC,dg)) . bj <0
dm. a2 ’
c mc=—7",Ho
be
dRe()\g(mc, dg)) - _b2d1ﬂn* + a1b2 — a2b1 < 0
dmgc e N TR '
mc=—7—",Ln, (2
be
This completes the proof. O

4. Normal forms for Turing-Hopf bifurcation

In this section, the normal form for the Turing-Hopf bifurcation of the reaction-
diffusion system (1.2) under the positive equilibrium point FE, (u.,v,) is computed.
Firstly, we introduce the parameters o1 and o2 by letting m¢ = mg + o1 and
dy = d3* + 09, which satisfy that the reaction-diffusion system (1.2) will undergo
Turing-Hopf bifurcation at the positive equilibrium point E,(u.,vs), when o; =0
and o3 = 0. Then the system (1.2) can be transformed into

ou 0%u U ac RUv
a —dlﬁ—FTU(l — E)

ov 0%v QacRrU
(- g % __ SRCR®
ot (d +U2)85L‘2 * (mC+Ul)U(1+aCRThCRu

B 1+ acrThcru’ (4.1)

—1-— po).

For the system (4.1), E,(u.,v) is still the positive equilibrium point. By making
the transformations & = u — u, and ¥ = v — v, to move E,(u,,v,) to the origin.
After omitting the horizontal bar, the system (4.1) becomes

ou 0%u U+ Uy acr(u+uy) (v + vy)

D (1 — _ ,

ot d18x2 +T(U+u )< K ) 1 +aCRThCR(u+u*)

v 0%v aacr(u + uy)

22— (@3 +00) o 4 (m . —1- ).
o = (& o) g meto)vie) (o —a e s — 1At )

(4.2)
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Then according to [15], for the system (4.2), we can get

dy 0
D(o) = ;
0 dg* + 09

L(a):( “ “ )
(m& + o1)b1 (Mg + o1)b2

$1+ue,  acr(dr +us) (P2 +vs)
K 1+ acrThcr(P1 + ux)

F(¢,0) = <mz~+al><¢2+v*><1+j§§;§t‘i§¢’jﬁu*)—1—/3(¢2+v*>> ,

—(mg& + o1)bidr — (MG + o1)badh2

r(pr + us) (1 — —a1¢1 — axp2

where ¢ = (¢1,¢2)T € X. Then, we can obtain

dy 0 00
D(0)< ),Dl(a)( )
0 dm 0 20,

al as 0 0
L(0) = » L(o) = ,
mébl m"ébg 2b10’1 2b20’1

116191 + ara(Prtbs + 12) + A13daths )

QoY) =
210191 + a2 (192 + V102) + aazdaths

Br101¢1v1 + Br2(p19p1v2 + P11Pav1 + Patprvr)
+B13(P11202 + P21P1V2 + d21hav1) + Bradathave

C(¢7 ’(/}7 U) = y
Ba1d19101 + Paz(P19102 + P1epav1 + Pathivy)
+B23(P19202 + P21P1V2 + P2thav1) + Baadathavs
with
2r 2v,a% g Ther acRr 0
= —— —, Qg = — , a3 =0,
H K ' (1+u.acrThor)® = (14 usacrTher)?’ =~ "
2v*am*ca20RThCR aMGacR
= — = ) 3= —2 ¢ )
a1 (1 + u*aCRThCR)3 » O22 (1 + u*aCRThCR)Q @23 Bmc
GU*CL%RTh%’R 2achThCR
= — = = = O
Bll (1 +U*GCRThCR)47 /812 (1 +U*GCRThCR>3, /813 B14 3
By — 6v.amyad Thip By = — 2amgat g Thor Bos = fos = 0
7 (1 +waacrTher)d % (1 +usacgTher)® 7% 4=
and

¢ = (¢17¢2)Taw = (w17w2)TaU = (U17U2>T e X.
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The characteristic matrix corresponding to the system (4.2) is

Dy () = A—ar+dipn —a he N
—mg&b A —mEby +dy” py,

According to the Theorem 3.5, A = +iw with w = \/(al by — asby)my,, are eigenval-
ues of Dg(A), and A = 0 is a simple eigenvalue for D, (\), with other eigenvalues
having negative real parts. Then, by straightforward calculations, we have

méblag
1 (d 2 p
_ _ 1Hn, _a’l) + mgbraz
P e —an [ = | g, ] |
as (dipin, —a1)? +mgbias
. T
agmcbl
1 (iw — ay)? ¢
B ’ . 1)°+ ancbl
P2= | iw—ay |» V2= as(iw — ay)

as (iw — a1)? + agm¥by
Therefore, ® = (¢1, P2, ¢2) and U = (3,19, 1) T satisfying W = I3, where I3 is
the identity matrix. By [15], we can compute the following parameters.
1
a(0) = 591(L1(0)¢1 — pn. D1(0)$1),

a200 = aop11 = b110 = 0,

ba(o) = 50a(La(0)02 — 0D (0)6),

1 1 .
as00 = V1001610, + ;%Re[l%mzlﬁz]@mm +1Q 1 )

¢1(h9o0+—7=h305 )
1200 \/i 200

2 .
aiil = ¢IC¢1¢2¢} + *¢1R6[2Q¢1¢2¢2]Q¢2d§2 + wl(Q 1 + Q¢2h;L51
w ¢1(h811+7h2"*)

\ﬁ 011
+ Q<52h7f1*0)’
1 1 _
ba10 = §¢20¢1¢1¢2 + %%(2@#14&1 w1Q¢1¢2 + (_Q¢2¢2w2 + Qd)gqb_ng)QGﬁl(Iﬁl)

+ 92(Qpnys, + Qpangyy):

1 1 2 — _
bo21 = §w20¢2¢2¢;2 + m¢2 <3Q¢2¢2¢2Q¢2¢2 + (_2Q¢2¢2w2 + 4Q¢2¢2w2)Q¢2¢2>

+ wQ(@(ﬁgho + Q¢;2h0 )a

011 020

where

1 1 _
hg0 = —§L_1(0)Q¢1¢1 + ﬂ(@d)z — $212)Qg, 6, »
1
hgg& = _ﬁ[L(O) - 4/‘n*D(0)]_1Q¢1¢17

ho1y = —L7H(0)Qy,4, + i(@% — 0212)Qy, 4,
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1 1 1 - -
5[220.)] — L(O)]_1Q¢2¢>2 o (92521/}2 + 3¢2¢2) Q¢2¢2,

0 _
h020 -

. . _ 1
it = [iwl = (L(0) — diag(—pin,, —dn, p1n.)] " Qg 6s — = 91¥1@s10s,
0 « _ pls 2N
hooz = hizo, hig1 = hiTes hoti =
According to [15], the normal form restricted to the third order on the central
manifold of the reaction-diffusion system (1.2) at the Turing-Hopf singularity is
21 = a1(0)z1 + ag0027 + ao1122% + az002i + arn1z122% + o(|z[*),
Zy = iwzy + ba(0) 22 + brioz122 + bar0zi 22 + bo2125 22 + o(|2[*), (4.3)

Z9 = 7’L‘wZ_2 —+ 52(0—)22 —+ 51102122 —+ 1_72102%22 —+ 1_7021222_22 + O(|Z|4)

Through the parameter transformation z; = r, zo = pcosf —ipsin6, the normal
form Eq.(4.3) can be rewritten into real coordinates form (the third-order term is
truncated and the azimuth angle is removed item 6)

. 3 2
7 = a1(o)r + azeor” + ai117p”,

(4.4)
p = Re(bg(o))p + Re(bglo)pTz + Re(bogl)p?’.
5. Numerical simulations
In this section, we perform the numerical simulations. Taking r = 0.25, K =
14.95,acr = 1.01,Ther = 1,a = 2.61,5 = 0.61,d; = 0.01,] = 1, we have
ou 0%u U 1.01uv
— =0.01=— + 0.25u(1 — - ,
at gez T 02 = 358) ~ T 01w 51)
v 0%v 2.61 % 1.01u '
— =dy—= — — 1 - 0.61v).
ot = Bgpz T e v)

Through calculation, we get the unique positive equilibrium point E,(u., vi) =
(0.9483,0.4539). And a; ~ 0.0987,as ~ —0.4892,b; ~ 0.3121,by ~ —0.2769, then
hypothesis (A2) holds. In addition, S = {1,2,3},m§ ~ 0.3565,n, = 2,d3" =~
0.2072.

Ho : me = mg ~ 0.3565,

is the Hopf bifurcation curve in m¢e — ds plane.

bgdl,un + (CLle — a1b2)>
L,:dy=m ,neSs,
? ¢ ( pn(—ar + dyfin)

are the Turing bifurcation curves. Then, the normal form restricted on center
manifold for the reaction-diffusion system (5.1) at Turing-Hopf singularity is
71 =(=0.157107 + 0.27020%) 21 — 0.022925 + 0.030421 2075 + 0(|z|4),
Zy =0.2114i25 + (—0.1384 + 0.2965i) 01 20 — (0.0374 + 0.03957) 27 25
—(0.0185 + 0.0824i)23 2 + o(|2|*),
Zy = —0.2114i7 + (—0.1384 — 0.29651) 01 Zo — (0.0374 — 0.03957) 2% 2,
— (0.0185 — 0.08241) 2222 + o(|z|*).
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Then we have

i = (=0.15710y + 0.270205)r — 0.02297° + 0.03047p2, (52)

p = —0.138401p — 0.0374pr> — 0.0185°.

Considering p > 0, from [15], the system (5.2) has the following equilibrium points
Ap = (0,0),
AI—L = (+v/—6.849501 + 11.783305,0), for — 6.849507 + 11.783305 > 0,
Ay = (0, vV *7.500001), for o1 <0,

Agt = (£v/—4.554301 + 3.195003, /1.730601 — 6.4757073),
for —4.55430;1 + 3.195002 > 0 and 1.73060; — 6.475709 > 0.

By [15], we know:
Ay is the coexistence equilibrium;
Ali are spatially inhomogeneous steady states;
A, is spatially homogeneous periodic solution;
143i are spatially inhomogeneous periodic solutions.
Then, the following critical bifurcation curves can be obtained.

HQ 01 = O,
T : 09 = 0.581307,
Ti : 09 = 1.425401, 01 <0,
T : 09 = 0.2672071, o1 < 0.
From Figure 3, it can be seen that the first intersection of the Turing curves
L,, and the Hopf curve Hy with (m¢,ds) = (m{,dy”) is chosen as the Turing-
Hopf bifurcation point. Therefore, the system (5.1) undergoes the Turing-Hopf

bifurcation at the point (m,ds*) = (0.3565,0.2072). Then, the parameter plane
partition diagram and phase diagram can be obtained, as shown in Figure 4.

(mg.dy)

HO

L1:n=1
L2:n=2 | 4
L3:n=3

251

0.5

Figure 3. Turing-Hopf bifurcation point (mg,dy*) in me — d2 plane.

After analysis, for each area, we come to the following conclusions.
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Figure 4. The bifurcation set (a) and the phase portraits (b) for Turing-Hopf bifurcation of the system
(5.1).

Proposition 5.1. For given r = 0.25, K = 14.95, acr = 1.01, Ther = 1,
a = 261, g =061, dg = 0.01, I = 1, the bifurcation curves Hgo, T, T1i, T2
divide the parameter plane o1-09 into six regions Dy-Dg. For each region, different
dynamic phenomenon are generated by the system (1.2). The following results can
be obtained.

(1) When (01,02) € Dy, the system (1.2) has a locally asymptotically stable
positive equilibrium point E,(u.,vy) (see Figure 5). Conversely, when (01,02) ¢ D1,
the positive equilibrium point E.(us,v.) becomes unstable.

(2) When (01,02) € Da, the system (1.2) has a pair of stable spatially inhomo-
geneous steady states (see Figure 6). The spatial patterns and bistability are shown
by the system (1.2).

(3) When (o1,02) € D3, there is a pair of stable spatially inhomogeneous steady
states and an unstable spatially homogeneous periodic solution for the system (1.2)
(see Figure 7).

(4) When (01,02) € Dy, there is a pair of stable spatially inhomogeneous periodic
solutions, a pair of unstable spatially inhomogeneous steady states and an unstable
spatially homogeneous periodic solution (see Figure 8).

(5) When (01,02) € Ds, there is a pair of stable spatially inhomogeneous periodic
solutions and an unstable spatially homogeneous periodic solution (see Figure 10).

(6) When (o1,02) € Dg, the system (1.2) has a stable spatially homogeneous
periodic solution (see Figure 12).

u(x.t) v(x.t)

0.l 0
3000 T ; 3000

Figure 5. When (01,02) = (1,0) lies in region D;, the positive equilibrium point FE,(ux,vs) =
(0.9483,0.4539) is asymptotically stable and u(z,0) = 0.94, v(z,0) = 0.45 is the initial value.
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u(x.t) v(x.t)

(a) The initial value is u(z,0) = 0.948292462 — 0.05cos(2z), v(z,0) = 0.453859373 + 0.05cos(2x).

u(x.t) v(x.t)

(b) The initial value is u(z,0) = 0.948292462 + 0.05cos(2z), v(z,0) = 0.453859373 — 0.05cos(2x).

Figure 6. When (01,02) = (1,1) lies in region Dg, the positive equilibrium point F, (ux,vs) =
(0.9483,0.4539) is unstable and there are two stable spatially inhomogeneous steady states like cos(2x).

u(x.t) v(x.t)

(a) The initial value is u(z,0) = 0.948292462 — 0.01cos(2z), v(z,0) = 0.453859373 + 0.01cos(2x).

u(x,t) v(x.t)

(b) The initial value is u(z,0) = 0.948292462 + 0.01cos(2z), v(x,0) = 0.453859373 — 0.01cos(2z).

Figure 7. When (o1,02) = (—0.1,0) lies in region D3, the positive equilibrium point E, (u.,vs) =
(0.9483,0.4539) is unstable and there are two stable spatially inhomogeneous steady states like cos(2z).
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u(x.t) v(x,t)

u(x.t) v(x,t)

. I
*10 3 995\\ e ’

(e) (d)

Figure 8. When (01, 02) = (—0.1, —0.04) lies in region Dy, the positive equilibrium point E. (us, v.) =
(0.9483,0.4539) is unstable and there are stable spatially inhomogeneous periodic solutions. The initial
value is u(z,0) = 0.948292462 + sin(2z), v(z,0) = 0.453859373. (a) and (b) are transient behaviours for
w and v, respectively; (c) and (d) are long-term behaviours for u and v, respectively.

(a) (b)

Figure 9. (a) and (b) are the projections of Fig.8 (¢) and (d) in the & — ¢ plane, respectively.
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u(x.t) v(x,t)

u(x.t) v(x,t)

=l
x10% 3$\ & ®
T
t 399 o x
() (d)

Figure 10. When (01,02) = (—0.1, —0.1) lies in region Ds, the positive equilibrium point E. (w, vs) =
(0.9483,0.4539) is unstable and there are stable spatially inhomogeneous periodic solutions. The initial
value is u(z, 0) = 0.948292462 + sin(3z), v(z,0) = 0.453859373. (a) and (b) are transient behaviours for
w and v, respectively; (c) and (d) are long-term behaviours for u and v, respectively.

Figure 11. (a) and (b) are the projections of Fig.10 (¢) and (d) in the z — ¢t plane, respectively.

u(x.t) v(x,t)

8o = v oo

5

Figure 12. When (o1, 02) = (—0.1, —0.2) lies in region Dg, the positive equilibrium point E. (us, v.) =
(0.9483,0.4539) is unstable and there is a stable spatially homogeneous periodic solution. The initial
value is u(z, 0) = 0.948292462 + 0.1, v(z,0) = 0.453859373 — 0.1.
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6. Conclusions

In this paper, we consider a diffusive predator-prey model with Holling II func-
tional response. We obtain many interesting results. Mathematically, we analyze
the existence and stability conditions for all feasible equilibrium points of the model,
and give conditions for the existence of the Turing instability, the Hopf bifurcation
and the Turing-Hopf bifurcation, by selecting ds and m¢ as the Turing and Hopf
bifurcation parameters, respectively. We also give the conditions required for the
steady-state hydra effects to be able to occur (Theorem 3.2). In addition, we calcu-
late the normal form for the Turing-Hopf bifurcation of the system (1.2) and divide
the parameter plane o1-07 into six regions D;-Dg. We analyze each region and find
that the system exhibits different spatio-temporal dynamics in different regions,
such as spatially non-homogeneous steady-state solutions, spatially homogeneous
periodic solutions, and spatially non-homogeneous periodic solutions. Ecologically,
the ecological theory obtained in this study may be useful for conservation policy
and ecological balance management. In the steady state, the hydra effect can be
made to occur in the population by regulating a; to achieve the purpose of in-
creasing the predator population size. In addition, predator population size can be
improved by adjusting the spatial distribution of predators. Finally, according to
the increase of different small perturbations to the predator mortality can make the
predator and prey populations exhibit different equilibrium states to improve the
corresponding population size to achieve the ideal population size stability state.
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