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SOLUTION AND CONSTRUCTION OF
INVERSE PROBLEM FOR STURM-LIOUVILLE
EQUATIONS WITH FINITELY MANY POINT ¢

- INTERACTIONS

Bayram Bala', Manaf Dzh. Manafov®' and Abdullah Kablan?

Abstract The goal of this paper is to reconstruct a one kind of Sturm-
Liouville problem from its spectral properties. We considered the inverse
spectral problems for a Sturm-Liouville equations with finitely many delta-
interactions. We obtain the effective method and its steps to find the solution
of the inverse problems and then we will give an example to illustrate this
method.
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1. Introduction

In this paper, we shall study inverse problems for the following boundary value
problem

L (q (x),h,H a5, 05,8 =1,m :=1,2, m)
generated by the differential equation

m

ly:=—y"+qx)y=2Xy, =€ U (as,as+1) (0= ag,ami1 =) (1.1)
s=0

with the boundary conditions
U(y) =y (0)—hy(0)=0, V(y):=y (m)+Hy(r)=0, (1.2)

and the transmission conditions at the points x = a5, s =1, m,

I(y) — y(as+0) :y(as _O) Ey(as) (13)
Yy (as +0) =y (as — 0) = gy (as) -

TThe corresponding author.

Email: mmanafov@adiyaman.edu.tr (M. Dzh. Manafov)
1Faculty of Engineering and Natural Sciences, Department of Fundamen-
tal Sciences, Gaziantep Islamic Science and Technology University, 27010
Gaziantep, Turkey

2Faculty of Arts and Sciences, Department of Mathematics, Adiyaman Uni-
versity, 02040 Adiyaman, Turkey

Institute of Mathematics and Mechanics, Azerbaijan National Academy of
Science, AZ1141 Baku, Azerbaijan

3Faculty of Arts and Sciences, Department of Mathematics, Gaziantep Uni-
versity, 27310 Gaziantep, Turkey


http://www.jaac-online.com
http://dx.doi.org/10.11948/20220287

Inverse spectral problems 459

Where ¢ (z) is a reel-valued function in Ly (0,7);h, H and a,’s are real numbers,
and A is a spectral parameter.

Notice that, we can think the problem (1.1) together with (1.3) as studying the
equation with Dirac potential:

"+ <)\Za55(xas)q(x)> y=0, z¢€(0,7), (1.4)

where § (z) is the Dirac Delta function (see [1]). Spectral problems are examined
in two main subjects in the literature. These are direct and inverse investiga-
tions. While direct problems investigate and find some spectral properties of a
differential operator, inverse problems aim to recover an operator using it’s spec-
tral characteristics. These characteristics could be one, two or more spectra, the
spectral function, the normalized constants or Weyl function. Direct and inverse
spectral studies for various Sturm-Liouville operators have been investigated in
books [5,12, 18] with many references. Some of these are, for instance, direct and
inverse problems for discontinuous boundary value problems have been studied
in [6-9,16,17,19,21,22,24]. Also, inverse problems for Sturm-Liouville operators
which are not self-adjoint and includes discontinuity inside an interval have been
investigated in papers [13,15,20,23].

However, there are many problems where the coefficients must be considered
as generalized functions in mathematical physics . For example, one of the first
applications of quantum theory to the problem of an ideal crystal was based on the
use of the proposed Kronig-Penny model. Kronig and Penny (see, [10]), studying
the quantum-mechanical behavior of an electron in a crystal lattice, presented the
potential of the crystal in terms of a linear set of rectangular wells, which they then
converted into a chain of wells in terms of the Dirac-function such that the area of
each well remained unchanged.

The most crucial point in this study is the more sharpenetion of the asymptotic
formulas of eigenvalues and eigenfuctions. Sharpenetion here means that more pre-
cisely estimation of the asymptotic formulas. Thereby, we can see the contribution
of transmission condition in (1.3) i.e. Delta potential in (1.4) to asymptotic formu-
las. In addition, we will obtain steps for finding solution of inverse spectral problems
of Sturm-Liouville equations with finitely many point §-interactions.

2. Some properties of the spectral characteristics of
operator L

In this section, we will provide the some spectral characteristics of I and present
the relationship among these spectral characteristics. The technique employed is
similar to those used in [5].

Let y(x) and z(x) be continuously differentiable functions on the intervals
(ai;ai+1), @ = 0,m. Denote (y,2) := yz’ —y'2. If y(x) and z(x) satisfy the
conditions (1.3), then

<y7 Z>m:a570 = <y7 Z>m:a5+0’ §= 17m' (21)

This means that (y,z) is continuous on the interval (0, 7). If y (z,\) and z (z, p)
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are solutions of the equations ly = Ay and [z = puz respectively, then

%(y,d = (A —pyz.

Let ¢ (x,\), ¥ (x,\), C(x,\), S(x,A) be solutions of (1.1) under the condi-
tions

C(O,)\):(p(o,)\):SI(07>\):”¢(7T,)\):]_,
C'(0,A\)=8(0,\)=0, ¢ (0,\)=h, ¢ (m ) =—H,

(2.2)

and the conditions (1.3). Then U (¢) =V (¢») = 0.

Let’s denote A (\) := (¢ (z,\), ¥ (x,N)). By virtue of Ostrogradskii-Liouville
theorem (see [3, p83]) and equality (2.1), A (A\) that will be called the characteristic
function of L, does not depend on x. Clearly,

AN =-V(p)=U(¥). (2.3)

It can be seen that, the function A (\) is entire in A and it has at most a countable
set of zeros {\,}.

Lemma 2.1. The eigenvalues {\,}, >, of the boundary value problem L and the ze-
ros of the characteristic function are coincide. The functions ¢ (z, \n) and ¥ (x, \y,)
are eigenfunctions of the boundary value problem L, and there exists a sequence {3, }
such that

(0 (:U, An) = ﬂncp (xa )‘n) , B 7£ 0.

Now let’s denote

’yn:/o ©° (z, A dz. (2.4)

We call set {\, v}, the spectral data of L.
Lemma 2.2. The following equality
holds. Here A (\) = %A ()).

—dx

We omit the proofs of Lemma 2.1 and Lemma 2.2 since their proofs can be
conducted in a similar way to that of the proof for the classical Sturm-Liouville
operators (see [11]).

Now, consider the solution ¢ (z,\). Let Cy (z, ) and Sy (x,\) be smooth so-
lutions of (1.1) on the interval (0,7) that satisfy the initial conditions Cy (0,A) =
So(0,0) =1, CH(0,\) = Sp(0,A) =0. Then

C(xz,A)=Co(x,N), S(z,\)=50(z,N\), ao<z<ai, (2.5)
C (:E, )\) = Ass_1Cy (.’ﬂ, )\) + Bas_1S50 (SL’, )\) R
S (CC, )\) = Ay,Cy (:17, )\) + B9sSo (.I', )\) R

as < <asy1, s=1,m, (2.6)
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where
A1 =1—-1Cp(a1,A) So (a1,A), Bi=a1C§ (a1, N), 2.7)
AQZ—Ong (a1,>\), By =14+ a1Cy (a1,/\) So (a1,>\).
and for s =2, m
A2$—1
Bstl
B H 1— ayCo (ar, ) So (ar, A)  —ay [So (ag, N)]? Ay
Pt o [Co (ag, N 14 aiCo (a, A) So (ak, A) By
y (2.8)
AZS
BQS
g [ o a N So(aks ) = [So (ks M) A
= ar, [Co (ag, M) 1+ aCo (ag, A) So (ak, A) By
Let A = p?, p=oc+ir. It is easy to see that Cy (x, \) satisfies the relations:
: x 1 x
Co (2, \) = cos pz + m"”/ q(t)dt + —/ q(t)sinp(z — 2t)dt
2 2p Jo
+0 ( exp (|7] )) (2.9)
Cj (x,\) = t)dt+ - / q(t)cosp(x —2t)dt
0 0
+0 ( exp (|7| z ) (2.10)
Analogously,
sinpr  cospr Y
So(z,A) = — / dt + /qtcos x —2t)dt
()= S8 S [y o [ty cosp @20
1
+0 (pB exp (|7 x)) , (2.11)
S{)(x,)\):cospx—i—smpx/ dt——/ t)sinp (z — 2¢) dt
2p Jo
1
+0 (/}2 exp (|7] a:)) . (2.12)

By virtue of (2.7), (2.8) and (2.9)-(2.12),

Agg_q = 17—Zalsm2pal+0( ), BQS_l:%Zal(l‘i’COSQpal)‘i’O(%),

h=0(2). Bu=1r0()), a=Tm
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Since ¢ (x, A) = C (z,\) + hS (z, ), using (2.5)-(2.12), we calculate:

sin px
p

¢ (x, ) = cos pr + <h+;/0mq(t)dt>

1
+0 (/}2 exp (|7] x)) . ap<x<a, (2.13)

1< 1 [* sin px
cp(x,)\)cospx+<h+2;al+2/o q(t)dt> P

1 sinp(2q -z 1
—2Zalp(pl)—|—0<p2exp(|7'|x)>,
I=1

as < T < Qg41, s =

1 T
¢ (x,\) = —psin pz + <h+ 5/ q(t) dt) cos px
0

—

m, (2.14)

1
+0 (p exp (|7] x)) ,  ap<z<ai, (2.15)
, _ 1< 1 [
o' (x,\) = —psin pz + h—i—onq—l—f q(t)dt | cospx
2 — 2 Jo

1g 1
+§;alcosp(2al —z)+ 0 <pexp(|T|x)) ,

as < T < Qgy1, s=1,m. (2.16)
It follows from (2.3), (2.14) and (2.16) that
) m 1
A()\):p51np7r—wcosp7r—fZalcosp(2al—7r)—|—O -, (2.17)
23 P

where
h+H+1§: +1/z (t) dt
w = — o+ = .
22473 g a

Using (2.17) and applying Rouche’s theorem ( [4, pl125]), and the well-known
method given in [2] as n — oo

pn=n—140(1).

Similarly, again using Rouche’s theorem, it can be shown that for sufficiently large
values of n, every circle o, (§) = {p:|p—n| <4} contains exactly one zero of
A (p?). Since § > 0 is arbitrary, we have

pn=n—14¢e, e,=0(1), n— . (2.18)

Since p,, are zeros of A (p?), from (2.17) we get

1 m
n.sine, ™ — wcose, ™ — 5 (Z «q cos 2na; cos 2al5n> .cose,m+ o0, =0, (2.19)
1=1
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m

where o,, = e, sine, 7™ — % (Z agsin2(n+ep) al> .sine,m + o(exp || w) and
=1

7, = Imp,,. Hence sine,, 7 = O (%), that is, €, = O (%) Using (2.19) we get more

precisely

1 1 1
En = — <w + 3 Zozl cos 2nal> +o0 (n) . (2.20)

=1

Substituting (2.20) into (2.18), we get

1 1 1
=n—14— = 2 — . 2.21
pn=n—1+— (w—i— 5 Zal cos nal> +o (n) (2.21)

=1

Since the boundary value problem L is self-adjoint (see [14]), all eigenvalues {\, }, <,
are real and simple. B
At last, using (2.4), (2.13), (2.14) and (2.21) one can calculate

'yn:2+n+0(>, (2.22)

where

If g (x) is a smooth function, we can obtain sharper asymptotics for the spectral
data.

3. Solution and construction of the inverse problem

In this section, we first study the inverse problems to recover the boundary value
problem L. To do this, we will use the method of spectral mappings together with
Cauchy’s integral formula and Residue theorem. Then by using the solution of the
main equation, we construct the algorithms for the solution of the inverse problems.

For this purpose we agree that together with L we consider a boundary value
problem L of the same form but with different coefficients g (z), h, H; as and as,
s = 1, m. Everywhere below if a certain symbol e denotes an object related to L,
then the corresponding symbol € with tilde denotes the analogous object related to
L.

For the sake definiteness, we just consider the inverse problem of recovering L
from the spectral data {\,,7},~;. Let boundary value problems L and L be such
that N

4y =5, s=Lm, Y &l\| < oo, (3.1)
n=1

where &, := [\, — Xn

+ |7n — Yn|. Denote

)\nO = )\na )\nl = Anv Tno = Vny  Tnl = ﬁnv
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define @kj (z, \) by replacing ¢ with ¢ in the above definition.

©Oni () = ¢
ij (1‘, )‘) =

Qnikj ()

(xa )‘nl) )

@ni (CC) =

QZ(%, )‘nl) ;

(o (@A), onj (@) 1

Vg (A — Akj)

= ij (xa )\nz)

for ¢,5 = 0,1 and n,k = 1,2, ...
potential ¢ under the initial conditions ¢ (0, A) = 1,

Vkj

- /jwm ok () dt,

, where @ (z,A) is the solution of (1.4) with the
¢ (0, ) = h. Similarly, we can

Using Schwarz’s lemma ( [4, p130]) and (2.13)-(2.16), (2.21) we obtain the fol-
lowing asymptotic estimates:

o) @] <cm+1),

@i ()] < MR 1

where n, k =1,2, ...
are also valid for @,; (z),

C

—kl+1 ‘

Q(v+1

ni,kj

representations hold for i, =0,1 and n,k =1,2,...:

The series in (3.4) converge absolutely and uniformly with respect to z € (0,

The proof of this lemma is similar to that of the lemma given in [1

is omitted.

From all arguments mentioned above, it is seen that, for each fixed z€(0, #\{as} -

(Pnz

+Z(kao ) 210 (2) — Quijr (2) o1 (@)

’<C’(n+k+1)

(3.2)

(3.3)

, 4, J,v = 0,1 and C is a positive constant. Analogous estimates
Qnikj (7).

Lemma 3.1. Let ¢,; (x) and Qn; r; () be defined as above. Then the following

(3.4)

m)\as}

] and hence

s=1"

the relation (3.4) can be thought as a system of linear equations with respect to

©ni (x) for n = 1,2, ...

and ¢ = 0,1. But the series in (3.4) converges only "with

brackets”. So, it is not convenient to use (3.4) as a main equation of the inverse

problem.

Let V be a set of indexes u = (n, i),
z € (0,m)\{as},-,, we define the vectors

¢ (x) =

by the formulas

§n
0

g—l
0

n=1,2,... and ¢ = 0,1. For each fixed

¢n0 (x)

(bnl (1‘)

[¢u (m)]uev =

1 i Sonl

_5771 @no

1 L ZIETLl

(3.5)
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If &, = 0 for a certain n, then we put ¢, (z) = $no (z) =
Further, we define the block matrix

Hno,ko (Jﬁ) Hno,k‘l (SC)
H(z) = [Huw (x)}uwev = )
Hnl,ko (I) Hnl,kl (CL‘)

n,k=1,2,...
where u = (n,7), v=(k,7) and
Hno,ko (:E) Hno,k:l (13) . 5;1 _Erjl Qno,ko (1‘) Qno,kl (33) gk fk
Hnl,ko (1’) Hnl,kl ((E) 0 1 in,ko (ZL’) in,kl (CL’) 0 -1

Analogously we define ¢ (z),H (x) by replacing in the previous definitions ¢n; (z)
Qnikj () by @ni (), Qnikj (z), respectively. It follows from (2.13)-(2.16), (2.21),
(2.22), (3.2), (3.3) and Schwarz’s lemma that

o) @), |08 @] <cm+1, v=0,1, )
Ce :

‘ankj(”a nlk]() Sﬁ’

Y @] Y @ < e, v=01 (3.7)

Let us consider the Banach space B of bounded sequences a = [ay], ¢y, with the

norm |||l 5 = sup,cy || and define an operator E + H (z) from B to B. Here
E is the identity operator. It follows from (3.6), (3.7) that for each fixed x, this
operator is linear bounded operator, and

- i 1
[ @] < com s g <o
" ok=1

Now we are ready to give the main result of the section.

Theorem 3.1. For each fized x € (0,7)\{as},—,, the vector ¢ (x) € B satisfies
the equation

@)= (E+H ()6 (), (3.8)

in the Banach space B. Moreover, the operator E + H (z) has a bounded inverse
operator, i.e. the equation (3.8) is uniquely solvable.

Proof. Using the notation ¢ (z), we rewrite (3.4) as

i () = 6ni (2 +ZHW Yo (@), (ni) eV, (kj)eV,

which is equivalent to (3.4). Interchanging places for L and E, we obtain analogously

6(0) = (B~ H (@)@ (@), (BE-H@)(E+H@)=E.
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~ -1
Hence the operator (E +H (x)) exists, and it is a linear bounded operator. [
Let,

(3.9)

where A'(\) = ¢ (0,\) = V (S) is the characteristic function of the boundary
value problem L;, which is equation (1.4) with the boundary conditions U (y) =
0, y(m) =0. Let {un},~, be zeros of A! (\), in other words the eigenvalues of L;.

Equation (3.8) is named as basic equation of the inverse problem. Solving (3.8)
we find the vector ¢ (z), and hence, the functions ¢,; (z). Thus, we get the following
algorithms to find the solution of inverse problems.

Algorithm 3.1. Given the spectral data {\,,Vn}, >, to construct q(x) and h, H;
as, g, s = 1,m. N N

(i) Choose L and find ¢ (x) and H (x);

(i) Find ¢ (x) by solving the equation (3.8) and calculate v (x) via (3.5);

(#it1) Choose some (e.g., n =0) and construct q (x) and h, H; as, as, s=1,m
by following formulas

©no (T) / ©ho ()
qlo) =200 LN, b=l (0), H = 7
() ¢no () 0 (0) ©no (T)
Pno (as +0) — ¢l (as — 0)
n s 0) = n 5—0, s — 5 :17 .
©no (as +0) = pno (a ), « oo (@ = 0) s m

Algorithm 3.2. Given M (), to construct q (z) and h, H; as, as, s =1,m.
(i) According to M (\) = Y m construct the spectral data {An,Yn},>;:

(it) Using Algorithm 3.1, construct q (x) and h, H; as, as, s =1,m.

Algorithm 3.3. Given two spectra {\n, pin },~, to construct q (x) and h, H; ag, o,
s=1,m.

(i) Using (3.9) find M (N);

(i) Using Algorithm 3.2, construct q (x) and h, H; as, as, s =1,m.

4. Example

In this section we give an example that exhibits the algorithm obtained above.
Here we construct ¢ () and h, H; as, as, s = 1,m when the spectral data set
{ A Yntp,>q 1S given.
(i) Take such that §(z) = 0, h = H = 0; a; = T o =1 (m=1). Let
{Xm ﬁn} be the spectral data of L. Clearly,
n>1

S5m+2

™ o~ V2 s m
BT ©®10 (z)=cosx (x<1), golo:—sm(erZ) (£E>Z>

A=1, 1= 5
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LEt)\n:Xn (nzl),’)’n:%
positive number. Denote @ :=

2=
2
2

B . % (2x + sin 2z) ,
A= [ Fwa=1 2

4( +g—|—1—0052m),

s
.’II<Z7

s

(n>2), and let 74 > 0 be an arbitrary

(74) Find ¢ (z) by solving the equation (3.8) and calculate @10 (z) via (3.5), that

—1
{1 + % (2z + sin 2:1:)] ,

r <7,
P10 () = 0 -1
{1—1—4(96—&—2—}—1—(3052:10)} , x> 7.
(#i1) We calculate
92 2
2 {1 + % (2z + sin2x)} (g + %COS 21‘)
1 B T < %7
+Q.sin 2z {1 + % (2x + sin 2;15)} +1
q(z) 2 2
2[1—1—%@—&—%4—1—0082@} (g-i-gCOSQiE) -
-1 , T > 4
+Q. cos 2z [1+%(m+g+17c052z)] +1
h= _Q7

- Q 3\ *

C[+eGn] 8-

(z+1)] |

10 1
E st 1
o

[ o~ S~ — T~ —

0

—_
+
'N's)

&

Figure 1. The graph of ¢(z), which has a discontinuity point at @ = m/4, constructed by the given

spectral data set
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