Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 13, Number 1, February 2023, 470-485 DOI:10.11948/20220302
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Yitong Pei!, Shasha Bian?, Boling Guo® and Wuming Liu!

Abstract This article is concerned with the Modified Anisotropic Heisenberg
Spin Chain. We prove that the associated nonhomogeneous initial-boundary
value problem has a unique globally smooth solution in H*+! (m,n) for k > 1.
Our main new ingredient is a technique of spatial difference and crucial uni-
formed estimates of the step-size h. Meanwhile, to prove the global existence,
we overcome drawbacks which are not exist in corresponding Cauchy problem.
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1. Introduction

The Heisenberg Spin Chain occurs in the domain of solid state physics [8] [10]. It is
a strongly coupled nonlinear degenerate parabolic equation with high nonlinearity.
We know that many such integrable equations do posses a similar but slightly
different integrable form known as the modified form such as the KdV and MKdV
cases [3]. At the same time, there is a connection between the usual and the modified
form of the KdV equation: a phenomenon known as deformation [12]. In this
paper, we consider the initial-boundary value problem of the Modified Anisotropic
Heisenberg Spin Chain, which was not previously known and has not been well
resolved. The modified anisotropic Heisenberg spin chain [1]:

Zy=—7 % Zpy — %{Z(Z, BZ)}o + (o + B) Z,, (1.1)

posed on {(z,t) € Q x R*}, where Q = (m,n) is an interval in R, « is an arbitrary
constant. The magnetization Z(z,t) is a three-vector {Z;(x,t), Za(x,t), Zs(x,t)}
coupled by the constraint (magnetically saturated condition):

Z3(x,0) + Z2(x,0) + Z2(x,0) = 1, (1.2)
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where z € (m,n), B = diag(by, b2, b3), and b;(i = 1,2, 3) is constant. (a,b) denotes
the scalar product, and (a x b) denotes the cross product in R?. The modified
system(1.1) can be rewritten as the usual anisotropic Heisenberg spin chain when
a=0,B=0.

The initial and boundary value conditions of system (1.1) are given by (without

loss of generality, we choose [m,n] = [0, 1]):
Z(x,0) = ¢(x), for x€0,1] (1.3)
Z(0,t) = go(t), Z(1,t) = g1(t), for teRT (1.4)

where (t), go(t), g1(t) are given function. The initial value condition ¢(z) and
boundary value conditions go(t),g1(t) satisfy the magnetically saturated condi-
tion(1.2).

In a contrast, the so-called Landau-Lifshitz equation for the isotropic Heisenberg
spin chain has fared better than that of modified anisotropic Heisenberg spin chain
[4,5,13-15,17]. Zhou, Guo and Tan proved in [18] that the initial value problem with
periodic boundary condition and the Cauchy problem associated with the system of
anisotropic Heisenberg spin chain with the Gilbert damping term existed a unique
smooth solution in H*(R!) for k > 4. Alouges and Soyeur [2] obtained the globally
weak solutions in R?, the non-uniqueness of weak solutions was demonstrated in [2]
as well. Both results were proved by using the technique of spatial difference and
crucial a priori estimates of high-order derivatives in Sobolev spaces. The local
existence and uniqueness with small energy initial date for strong solution in R3
was shown in [6]. The local existence and uniqueness of strong solution on a bounded
domain was proved in [7].

The case of modified anisotropic Heisenberg spin chain was treated by Tan in
[16]. They obtained the global existence and uniqueness of smooth solutions to the
modified anisotropic Heisenberg spin chain with periodic boundary conditions. But
little is known for the initial-boundary value problem about the modified anisotropic
Heisenberg spin chain. Because we can easily get maximum bound and gradient
estimate in L? without any difficulty for the usual system of Heisenberg spin chain.
However, it is much more difficult to get correspondent estimates for the initial-
boundary value problem of modified anisotropic Heisenberg spin chain.

The objective of this article is to prove new globally smooth solutions results.
In this direction, we obtain the globally smooth solutions in H**!(m,n) for k > 1.
Next are our main results.

Lemma 1.1. Let € be any positive number, go(t),g1(t) € C*H1(RT:S?), p(x) €
H?k+1((0,1);S?). Then the initial-boundary value for two associated systems (2.1)-
(2.3)and (2.5)-(2.7) with Gilbert damping term have local smooth solution Z(x,t) €
W2(0, To; H>*=9)t1) where s € [0,k], k>0, Ty > 0.

Remark 1.1. The two associated systems (2.1)-(2.3)and (2.5)-(2.7) with Gilbert
damping term are give in Section2.1.

Lemma 1.2. Let go(t),g1(t) € C?*THRT;S2), p(x) € H*+1((0,1);S?). Then the
initial-boundary value (1.1)-(1.4) has a unique global smooth solution Z(x,t) €
L (RY; H2 1) such that |Z(z,t)| = 1 for any k > 1.

This paper is organized as follows: in the next section we introduce two associ-
ated systems with Gilbert damping term and derive crucial uniformed estimates of
the step-size h. The main new ingredient in the proof of Theorem 1.1 is a technique
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of spatial difference. In Section 3, we establish a priori estimates and overcome
some difficulties that do not exist for corresponding Cauchy problem. Meanwhile,
we get the global existence of smooth solution to the problem (1.1)-(1.4).

2. Local smooth solutions to the system with Gilbert
damping term

In this section, we obtain the local smooth solution to the Modified Anisotropic
Heisenberg Spin Chain with Gilbert damping term.

2.1. The associated systems with Gilbert damping term.

Firstly, we introduce two associated systems with Gilbert damping term. we Re-
placing (1.1)-(1.4) by the following viscosity approximation

Zy = —eZ % (Z X Zus) — Z X Zns — %{Z(Z,BZ)}JC t(a+B)Z,  (21)
Z(x,0) = o(t), for z€10,1], (2.2)
Z(0,t) = go(t), Z(1,t) = g1 (1), for teRT. (2.3)

where € is a non-negative number. The initial date satisfies magnetically saturated
condition: |Z(x,0)|? = 1, then we get the following property.

Lemma 2.1. Let € be any positive number, go(t),g1(t) € C?*T1(RF;S?), p(x) €
H?k%1((0,1);S?). The smooth solution of the initial-boundary value (2.1)-(2.3) sat-
isfies W°(0, To; H>F=9)+1) " where s € [0,k], k>0, Ty > 0. Then we have

|Z(x,t) =1, x€]0,1], t>0. (2.4)
Proof. Multiplying (2.1) by Z(xz,t) and integrating over [0, 1], we get

1d [* 1! 1t
77/ \Z|2dx:77/ (|Z|2)z(Z,BZ)dxff/ |Z|*(Z,BZ),dx
2dt J, 4 Jo 2 Jo

(%

1 1 1
+f/ (|Z|2)wdm+f/ (Z,BZ),dx.
2 0 2 0

Set V = |Z|? — 1, then (2.1)-(2.3) can be rewritten as

1

Vi ==5ValZ,B2) = V(Z,BZ), + Vs,

V(z,0) =0, for x€10,1],
V(0,t) = ga(t) — 1,V (1,t) = g3(t) — 1, for teRT.

Multiplying the above identity by V(z,t) and integrating over [0, 1], by integration
by parts, we have

d 1 1 1 1
%ang :fi[Vz(Z,BZ)BC:Of/ VQ(Z,BZ)xdx]fQ/ VQ(Z,BZ)mder/ |V2|,dx
0 0 0

3 1
— 5 | VA(2.B2).d < Clasn. ) I(2 B2 VI3
0
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Thus, we get (2.4) by using Gronwall inequality. O
Then in the classical sense problem (2.1)-(2.3) is equivalent to the following
problem:

Zy = €Ly — Z X ZDyy — %{Z(Z, BZ)}o 4 (a + B)Z, + €| Z.*Z, (2.5)
Z(x,0) = p(t), for x€[0,1], (2.6)
Z(O7t) :.QO(t)’Z(lat) :gl(t)7 for t€R+-

As described in the following Lemma:

Lemma 2.2. Assuming that € is any positive number, Zo(z) € H*,|Zy(z)| = 1.
Then in the classical sense, Z is a solution of problem (2.1)-(2.3) if and only if Z
is a solution of the problem (2.5)-(2.7).

Proof. Let Z(z,t) be a classical solution of the problem (2.1)-(2.3). From Lemma
2.1, we know that |Z(x,t)] = 1,¥(x,t) € [0,1] x [0,T]. Combining the formula
ax (bxc)=(a-c)b—(a-b)c, we obtain

—€Z X (Z X Zyy) = €| 2| Zp — €(Z - Zp)Z
= Zpy + €| 2?7 — €(Z - Z1) o Za
= Zpe + €| 2.2 2.

On the other hand, let Z(z,t) be a classical solution of problem (2.5)-(2.7). Multi-
plying (2.5) by Z(z,t), we get

1
%\ZP:6|Zz|m+2€|ZI|2(ZQ—1)—Z2(Z, BZ)1—5|ZQ|$(Z, BZ)+a|Z?.+(Z,BZ).,
set u(z,t) = |Z(x,t)|?, (2.5)-(2.7) can be rewritten as

1
Up = €Uy + 26|Zm|2(u -1 —wu(Z,BZ), — ium(Z, BZ)+ auy + (Z,BZ),, (2.8)
u(z,0) =1,
u(0,t) = ga(t) = 1,u(l,t) = ¢2(t) = 1.

Set W(w,t) = u(x,t) — 1= |Z(z,t)|* — 1, we get

1
Wi =eW,oo+2¢| Z,)°W — W (Z,BZ),—(Z, BZ)I—EWJC(Z, BZ)+aW,+(Z,BZ),,

(2.9)
W (z,0) =0, (2.10)
W(0,t) = ga(t) — 1, W(1,t) = g3(t) — 1. (2.11)

Multiplying (2.9) by W(z,t), we get

1d (', L
-—— |W| dere/ |Wy|“dx
th/o 0

1 1
:€W$W|;:0+26/ |Zw\2|W|2dx—/ \W|*(Z,BZ),
0 0
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1t 1
_7/ \W2|I(Z,BZ)d:v+9/ W2, da
4 Jo 2 Jo
1
SC(a,B,e,go,gl)(maxz’t|Zi|2+maxz’t\Z|2)/ W |?d.
0

Thus, we get W (z,t) = 0 by using Gronwall inequality, where (z,t) € [0, 1] x [0, T].
Namely, the classical solution of problem (2.5)-(2.7) satisfies |Z(x,t)|?> = 1. So we
come to the following conclusion
Zpa + 22?2 =21 Zoy — (Z - Zya) Z + (2 - Zy) o Z
= —Z X (Z X Zyy).

Therefore we obtain this Lemma. O

2.2. Uniformed estimates of the step-size.

In this subsection, the existence of smooth solution to the problem (2.5)-(2.7) is
proved by the spatial difference method and a priori estimates in the Sobolev space.
We now consider the following ordinary differential-difference equations:

dZ;  ALA_Z, ALA_Z, ALZ,
F R ey e R
1A {7;(%;,BZ))} | (AtZ;
-3 - + el =12, (2.12)
Zili=0 = »(x), for x € (0,1), (2.13)
Zo = go(t), Zs = a1 (t), for teR", (2.14)

where 0 < j < J—-1,h = %, J>0,7=0,1,2,...,Ja; = h,zy=1.A,, A_ represent
the forward and backward difference operators, respectively. We define discrete
functions Z;(t) = Z(z;,t) on grid point (x;,t) satisfies A4 Z; = Z; 41— Z;,A_Z; =
Zjy1 — Zj. It follows from the standard theory on ordinary differential-difference
equations that the problem (2.12)-(2.14) admits unique local smooth solution Z;, =
{Z;(t),7 =0, ..., J}. To verify the local existence of the smooth solution to question
(2.5)-(2.7), we need only prove that Zj(t)maintains the bounds of h — 0 and
t € [0,7*], in which T* is a constant independent of h. In addition, Zj converges to
Z(x,t) as h — 0 such that we can easily see that Z(x,t) is the local smooth solution
of the initial-boundary value problem (2.5)-(2.7). By convention, we denote

J—k
AkU‘ 1
[ unllp = (D | = 1PR)7,
=0
AE
16%unlloe = mazo<j<s sl =71,
k
i 1
lunll e = (Y 18%unl3)%,
=0

where up, = {u;|j =0,1,...,J.},h = %,0 < k < J. Meanwhile, we recall some well-
known Sobolev and Caliarrdo-Nirenberg inequalities which were given in [9,19].
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Lemma 2.3. Assuming that j,m € NU{0},¢q,r €e RT, 0 < j <m,1 < q,r < co.
Then

ID7ull, < ClID™ul[lullg~, (2.15)

for w e W™ (Q) N LY(RQ), where Q C R, L

<a<lLi=jta(;-—m)+(1-a);.

Lemma 2.4. Assuming that p € RY,j;m € NU{0}, 2 <p < 00,0 <j<m. Then
187 unllp < Cllunllz™ (16" unll2 + (2D) ™™ [lunll2)°, (2.16)

fora=L(i+3-21) where up, = {u; = u(z;)},j =0,1,2,..,J},h = 22

m p

Moreover, we get the following Lemma, which can be proved easily by using the
definition of the forward and backward difference operators.

Lemma 2.5. Assume that up, = {u; = u(z;),j = 0,1,2,...,J} v, = {v; =
v(z;),5 = 0,1,2, ..., J}. Then we have

J J—1
(7) Z v A_uj; = — Z u; ALv; — ugto + u vy,
j=1 j=0
(’LZ) A+A_Uj = A_A+Uj = Ain_l,
(i) A (uyv5) = ujr1Ayvj + v;ALuy,

where AL, A_ represent the forward and backward difference operators, respectively.

Now we derive crucial uniformed estimates of the step-size h for the solutions of
the problem (2.12)-(2.14).

Lemma 2.6. Assuming that go(t),g1(t) € C1(R™;S?),p(x) € H'((0,1);S?). Then
for the smooth solution Zp(t) of the problem (2.12)-(2.14) we have the following
estimates

supo<t<t, | Zn (1)l g1 < C, (2.17)

where the constant C is independent of h.

Proof. Multiplying (2.12) by hZ;, summing up the products for j = 1,2,...,J —1,
we get

1d, . ) AL Zo AL Z; — ALZ
§%||Zh||2+€||5zh||2:Ggo(t) n —e€g1(t) 3 +(Q+B);h ; Z;

J—1

1 A {Z;(Z;,BZ,)}
2 hZ, J\43> i
2; h

then we have

1d
5 g 12nl2+ €02z < (a+ B)I6Znlal| Znlla +1102Zn oo | 215+ 2€ll6Zn ] oo (2:18)

Multiplying (2.12) by %A+A_Zj, summing up the products for j =1,2,...,J — 1,
we get
1d
2dt

AT
162315 + g4 (t) +h L go(t)

R L0
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J—1 J-1
O["‘B 2 A+ZJ B 2 A+ZJ A+A_ZJ
== > AZi - —EZ|Z]»| h=— SR

j=1

j=1
then

51820+ 15 Z0l3 <(Ugb (D) + 164 (D6 Znloe +116° Zallllo 20
A HAMEZA (219)
Adding (2.18)(2.19) together, one gets
d 2 2 3
il Zullg + el Znllg. < CQA+1Znl5,),

where C' is given by €, «, B, g;(t),i = 0,1. C is independent of h. O

Lemma 2.7. Under conditions of Lemma 2.6, for the smooth solution Z(t) of the
problem (2.12)-(2.14), there exists a constant Ty > 0 such that

To
sumcren|6Zula-+ [ 18 Zun(0)de < O (2.20)
0

where the constant C' is independent of h.

Proof. Differentiating (2.12) with respect to ¢, we have

VANWANEY/#3 VANWANEY/#3 VANWANY/# VAN
tht ZGTJ — Z] X h2 9t _ Z]t h2 J + (a+B)TJ
B yANSwA
- S(1Z,P=E,
multiplying above equation by %, summing up the products for j=1,2, ..., J—
1, we get
1d
5%“5th\|§ + €ll6® Zne|3
J—1
A+ZJ¢ A-‘,—ZO,t A+A_Z
=91 ()= —g0(t)—— —h Y AL Zu(Zy x 2 )
j=1
J—1 J—-1
B A+Z o+ B AJ’_Z t
+ 37 2 (12, DA T —— Zﬂizj—u 0
Jj=1 j=1
Meanwhile, we have || Znt||2 ~ ||0%2Z4 |2, therefore
d 2 2 3
i 12l + ellZnellg, < A+ 1 Zuell,),
where C' is independent of A. [

According to Lemma 2.6 and 2.7, we can easily prove the following result by
generalizing k.
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Lemma 2.8. Assuming that k>0, go(t), g1(t) € C**TH(RT; S?), p(x) € H*11((0,1);S?)),
for the smooth solution Zp(t) of the problem (2.12)-(2.14), there exists constants
C, Ty such that

To
supo<t<T, [0 Zper () |2 +/ (162 Zy,0 (t) I3t < C, (2.21)
0

where constants C, Ty are independent of h. And

To
wmﬁﬂwmwmm+/ 1200 (0)][2 00t < C (2.22)
0

where constants C, Ty are independent of h.

From Lemma 2.8 we conclude that the solution Zj of problem (2.12)-(2.14) for
t € [0,Tp) is uniformly bounded in the space W*°°(0, Ty; H2(*~5)*1) relative to the
step-size h — 0. One could therefore repeat the same procedure in [11] and then
achieve a smooth solution to the local existence of problem (2.5)-(2.7). Therefore,
we propose Theorem 1.1.

3. Global smooth solutions to the system without
Gilbert damping term

In this section, we consider the global existence of smooth solution to the problem
(1.1)-(1.4). A common approach is to establish a priori estimates which are not
dependent on «,t in the Sobolev space. However there is a serious drawback to this
approach, that is, we can not get the estimate | Z(-, )|z as followes:

Lemma 3.1. Under conditions of Theorem 1.1, for the smooth solution Z(x,t) of
the problem (2.5)-(2.7) , there exists constants C1 = C(||¢l| g1(q)), Co=C(T,[|gll0,00)
C3=C(T, ||9|l1,00), Ca=C(T, v, B) such that

t t
nzm@ﬁsa+@/n@uﬂum+a@xm/namﬂ&w,<m>
0 0
where t € [0,T], > 0.

Proof. Multiplying (2.5) by Z,, and integrating over [0, 1], we get

1 1 1
/ Ly Zydr = e/ | Z |2 da — / Zyw {%[Z(Z, B2Z)], — (a+ B)Z,}dz,
0 0 0

noting that

1 1
/ Zow - {2(Z,BZ)} pdx = %/ |Z.|*(Z, BZ)dx + %{|Zz|2(Z,BZ)}|;:O,
0 0

where we have used the integration by parts and identities:
Z-Zy, =0, Z - Zpw = —| Zs|%

Hence, we have

d 1 1
— | | Z.|?dx +2 Z.|?d
dt/0| 2dz + e/0| 2z
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3 1
- _ 5/0 |Zo|2(Z, BZ)wdx + {22, 7Z; + |Z2|*(Z, BZ) + (a + B)| Z.|*}|% -0,
thus
1Z2(-,1)|3

<[|Z(-, 0)[I3 + /{Z BZ) s —oll Z: 1% }dT+2/ (Z:(1,7)Z:(1,7)
— Zx(o,T)Zt(o,T)]dTJr/o [1Z.(1,7)*(Z(1,7), BZ(1,7)) — | Z.(0,7)|?

t
(2(0,7), BZ(0,7))]dr + (o + B) / (1Z2(1,7)[2 = | 220, 7)2)dr
0

then we yield (3.1). O
Noting that this disadvantage dose not exist in corresponding Cauchy problem.
Our approach to solve the this problem is to combine (3.1) with H2— estimate.
Then we can get || Z(-,t)|| g2 is not dependent on «. Before that, straightforward

computations give the following Lemma.

Lemma 3.2. Under conditions of Theorem 1.1, Z(x,t) is a smooth solution of the
problem (2.5)-(2.7). Set

Ai(t):Zﬂca:( )
B;(t) = Z(i,t) X Zyy(i,t),
Ci(t) = Z(i,t) - (Za (i, 1) X Zza(ist)),
D?(t): x( )-wa(i,t),
Ei(t): w(v )'met(i7t>7
where 1 = 0,1. Then we get
. . +B), .
A8 = — (g1 % gD = 1700 D) P it —— 7.5, 8) (952 Bas)— 2T B) 7 i
() €2+1(g ng) | (27 )79 +2(€2+1) (% )(97 g) 241 (Z’ )
1 a+B € 2¢
— =—5—(9:B9:i) Zo (i, 1) X i+ ——=Zo (i, t) X gi+ 5—9i — i i
2(EQH)(Q, 9i)Za (i) X git 5 Zo(1 ) X 91t 5 79— 5799
(3.2)
€ 1 . a+ B . 1
Bi(t) = 5——=9i X 9i — 575 Z(1,)(9i» Bgs) + 5 Za(i,1) — 5——=9;
(t) = 579 %9 1) (0 0)(91, Bgi) + 57 Ze(0t) = 5770
€ _ ela+B) . 2 ,
— 575 (9, Bgi) Z2(i, 1 i+ =52, (i, 1 i+ =9 9
2(€2+1)(9 9i)Za(ist) X 91 + =5 Za (1) X 9i + 57796 9
(3.3)
1 , ) € .
()= ——g' . 7. - — (g N.Z.
Ci(t) €2+1gz 2(i,1) 62_’_1(gzx91) 2(i,1)
1 a+ B
————1Z.(i,0)|*(gi, Bg;) + ——|Z,(i,1)|?, 3.4
+ g 200 B + SN ) (3.4)
€ 1
D,(t) = "7 (i (g N.Z (i
i(t) €2+1gz «(4,t) + 62+1(gz X g;) - Zu(i,t)
€ _ e(a+ B) )
|2 (i, 1) (9i, Bgi) + —5——"1Zx (i, 1)]?, 3.5
+ Sy 20O B + S5 2400 (35)
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Ei(t) = g - Z(ir1) (3.6)

where 1 = 0, 1.
Proof. Multiply (2.5) with Z(z,t), we get
—2g; - gg = (Z(Za t)’ BZ(iv t))wa

moreover, (2.5) can be rewritten as
1 . . .
—€Ai(t) + Bi(t) = —523:(27 t)(9i Bgi) + (a + B) Zy (i, 1) + €| Z, (i, 1) P gi-
Cross Z(z,t) to both sides of (2.5), we get

) 1 . .
—gi ><9§:*GBi(t)*Ai(t)*\Zz(l»t)\2gi*§(9m Bgi)Z(i,t) X gi+(a+DB)Z.(i,t) X gi.

(3.2)(3.3) can be proved above. On the other hand, multiply (2.5) with Z,(4,¢), we
get

gh - Zy(i,t) = eD; + C; — %IZI(M)F(QZ-, Bgi) + (a + B)|Z, (i, t)[?,
multiply (2.5) with (Z(4,t) x Z,(i,t)), we have
~Z(i,t) - (9 % g;) = €Ci — Dy,
so we get (3.4)(3.5). Similarly, both sides of the equation compute derives about ¢,
we get
9! = €Zuar(ist) — g) X Zuw(ist) — Z X Zyus(ist) — %{Z(z‘,t)(Z(i,t),BZ(ivt))}m
+ (a+ B) Zot(ist) + 262, (i, t) - Zai(i,1) - Z(i,t) + €| Z2(3,1)Pg;

Cross Z(z,t) and Z,(x,t) to both sides of the above equation, then multiply with
Z(z,t), we have

9 - Zo(ist) = —e(Zu (i) - Zoan(i,1))
thus we get (3.6). -

Lemma 3.3. Under conditions of Theorem 1.1, for the smooth solution Z(x,t) of
the problem (2.5)-(2.7) , there exists constants C1 =C(||¢|| m1(q)), Co=C(T,||gll0,00)
C3 = C(T,|gll1,00), Ca = C(T,,B), C5 = C(T']|gll2,00); C6 = C(ll¢llm2(ay) such
that

5 t
1Zoa (011 — S 122 (O3 <Cs + Col| Zo (1) [5 + C(C2, Cs€) | [ Za(,7)150dT
4 0

t t
+C(Cz,Cs,6)/\\Zm(~,7)\I%OdT+C4/IIZm(',T)Ilng,
0 0

(3.7)

where t € [0,T],¢ > 0.
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Proof. Using the integration by parts, we get

d 1 1 1
%/ ‘wa(xat)‘Q = 2/ Za:IZwa:tdx = _2/ Zwma:Zwtdx + ZZIZZQZt‘:alj:O
0 0 0

which means

t 1 t

1ZesC O = 10alB 2 | [ Zuna Zusdadr 42 [ Zuao, ) Zurto iy
0 0 0

(3.8)

Next, we estimate (3.8) in two steps.
Stepl. For the third term on the right of (3.8), we have

) /0 G ) Zr(ar PV
_ o / L) a0, )1+ 2 (0,7 Z (0,7
- —Q/Ot(El(T) — Eo(7))dr + 2(D1 () — Do(7))[% 2o
< Cllglsoo) [ N Zulloodr + OT: g0 )| Zo 2. (3.9)

Step2. For the second term on the right of (3.8), we know that Z-Z,,, = —3Z,-Z,,
thus

t el
— 2/ / L gz LordxdT
0o Jo

t 1
1
_ _2/ / B Zaa =7 X D~ JAZ(Z.BD))s + (0 + BYZ, + |2, 2 Yot
0 J0
t rl t pl t r1
:—26// |me|2da:d7+2//me-(Zzszz)dxdT—%//Zmz-{|ZI\2ZI
0J0 0J0 0J0
t 1 t pl
+(|Zx\2)xZ}dxd7'+//me~{Z(Z,BZ)}mdxdT—Q(a—FB)//me-Zmda:dT
0J0 0J0
t pl t rl t
§—26//|sz|2dxdr+2//me-(Zw X Zpe)dxdr+2€¢ | {| Zowsll2|| Zell2
0J0 0J0 0
t . t
+ IIZmlliollellé}dHC(B)/ IIZmllzllellédHC(a,B)/ | Zewz |2l Ze |l2dT
0 0
t 1 t 1
< —C(e)/ / |Zm|2dxd7+2/ / Zowe - (Zy X Zyg)dadr
0 0 0 0
t t
+ClaB) [ | Zulfdr + Ce.B) [ 12:ar (3.10)
0 0
Combining (3.8) with (3.9)(3.10), we get

t t
1 Zoa(8)[2 <Co + Cal| Zul2 + s / |Zolloodr + C(e. Cs) / 1 Z,|Ydr
0 0
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t t 1
+C(a,B)/ HZmﬂng—i—Q/ / Zunn - (Zo % Zon)dadr. (3.11)
0 0 0

Now, we consider the last term on the right of (3.11). Noticing that
Z 2o =0, Z+Zoo=—|Za|?, Z* Zowe =—3Z0" Zaa, (3.12)

and (z,t) € S = {z € [0,1],¢ € [0,T];|Z,(z,t)| # 0}, then from the orthogonality
of the three vectors Z, Z,, Z x Z,, we know that

Zoe = 07 + BZy + 77 X Zy (3.13)

where a = —|Z,|?, B="Zs Zuow/|Z:|?, v=(Z X Zy) Zps/|Zs|? then we get

t 1
2 / / Zowa  (Zo X Zypg)dadr
0 0

t 1
- 2/ / Zowe - {Zs X (QZ + BZy +7Z % Zy)}dxdr
—2//\2 2(Z % Z,) Zmdxd7+2// (2 X\ZZ|2 \E X 2a) Zut g (7 % Z)} Zugodadr
_5//\2 2(Zx Z,)- Zmdxdr+3/{|z (1,7)[2C1 (1) | Zo (0, 7)|2Co () Y

:5// |z$|2(2xzz).zmdxd+03/ ||Zw||§od7+(e,02,05)/ 12|14 dr,
0 0 0 0
(3.14)

where

t 1
5/ / \Zo|2(Z % Zy) - Zyppdadr
0 0

t 1
1
= 5/ / | Zo|>Zy - {Zs — €Zpw — €| Zo1*Z + f{Z(Z, BZ)}, — (a+ B)Z,} dxdr

122,04 = 2ol + 5 / | Zawall2)| Z2 |2

%\0‘!

w156 [ 120180+ O [ 1221801 Zun i
0 0

Cle
1Z (-, )13 +

t t
m||§dr+ec5/ |\Zx|\§0dr+04/ | Zee ||2d7 + C.
0 0

| Ot

Combining (3.11) with (3.14), we get (3.7). O

Lemma 3.4. Under conditions of Theorem 1.1, for the smooth solution Z(x,t) of
the problem (2.5)-(2.7) , we have

[ Zaa (-, )2 < C, (3.15)

where t € [0,T],e € (0,e0] and € is a positive constant. The constant C' is only
depends on T, ||¢|| i, ,
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Proof. Setting F(t) = [ Zpa(- )13 + A Za( )13 + M Ze ()13 + Al Za (- 1)]13,
where t € [0.7], A is a constant to be determined. Combining (3.1) with (3.7), we
get

t
F(t) <Cs + Col| Zo(- D)% + C(Ca. Cs.€) / 12,7 [ dr
0

t t
5
+C(Cn.C.0) [ 12070 +C1 [ Zeoom)lBtr + 1201
using the Gagliardo-Nirenberg inequality and the Young inequality, we have
1
F(t) <C + §||Zm(~77)||§ + Co([|Z2 (-, I3 + 11 Z2 (-, 7)1I9)

t t
+ C/ F(r)dr + C’e/ F2(7)dr,
0 0

where C is independent of A, ¢, t. Setting A > 2C), we get
t t
F(t) < E;+ Eg/ F(r)dr + €E3/ F2(r)dr
0 0

where F1, Fs, F3 are positive constants independent of e. O

Lemma 3.5. Under conditions of Theorem 1.1, for the smooth solution Z(x,t) of
the problem (2.5)-(2.7) , we have

”Z:Ct('at)HQ =+ ||Z£C$3?('at)“2 < 07 (3.16)

where t € [0,T],e € (0,e0] and € is a positive constant. The constant C' is only
depends on T ||| s [lg

|3,00~

Proof. Using the integration by parts, we get

d 1 1 1
a / |Z3;t(l',t)|2d17 = 2/ th . thtdx = —2/ Z;K;Ct . Zttdaf + 2Z$t . Ztt|glg:0;
0 0 0

which means

t 1 t
1Zet ()13 = 112240, 1) 13 = —2/ / Zyat - LydrdT + 2/ Zyt - ZupdT] g,
0 JO 0
(3.17)

where
Zyt(7,0) =[—ep(x) x (p(x) x " (2)) — p(x) x " (2)

~ @) (@), Be@ o + (o + Bol@)!

and

t
2/ Z:nt . Zttd7—|;]i:()
0

t
=— 2/ Zy - ZendT|heg 4 224 - Zutly—olbmo
0
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T /(J(/Zm(LT)-gi”(T)—Zz(O,T) 96" (M) dr+2(Zx(1,7) - g1 (1) = Z2(0,7) g5 (7)) 7=o
<C.

For the first term on the right of (3.17), we have

t 1
— 2/ / Zza:t . ZttdxdT
0 JoO

t 1
- 2/ / Zowt - {€Zps — Z X Ly — E{Z(Z,BZ)}I +(a+B)Z, +€|Z,°Z},

< - QE/HZth ||2d7'+2// zxt® ZtXwa)dxdT

1
—l—//th'{Z(Z,BZ)}ztdxdT—Q(a—l—B)/ / Lywt * LgrdaxdT
0o Jo 0o Jo
t el t el
—26/ / Zwt(|Zx|2)tdedT—26/ / Zoput(|Z|?) Zydadr

— 26/ ||wat szT + 2/ / zxt * (Zt X sz)dl'dT
03,04 / Hth ||2d7'+C (318)

combining (3.17) with (3.18), we get

t
1 Zon ()] + 26 / | Zuar (- 8) |3
t 1 t
gz/ / th-(Ztmem)da:dT+C(Cg7C4)/ 1 Zue (-, )27 +C. (3.19)
0 0 0

Now, we consider the first term on the right of (3.19). Noticing the orthogonality
of the three vectors Z, Z;, Z X Z;, we get

Lyt :MZ+VZf + w2 X Zy

where o= _ZZQT . th — Zt . Zxx, vV = Zt . wat/|Zt|2, w = (Z X Zt) . Zxxt/|Zt|2a
thus we have

t 1
2/ / Z:vzt . (Zt X me)dxd’r
0 Jo

t pl
:—2/ {(ILLZ+VZt+WZX Zt) XZt}'Zxde‘dT
0 JO

t 1
=— 2/ / (274« Zas — Zy - Zwa(Z X Z4) - Zypdadr
0

t 1
+2/ / (Z X Zy) - Zyat| Zo|*dzdr
0 JO

t t 1
<c / (1 Zat 1211 Zas 2 Zell oo + 1 222 | Zo |2) i — / / s (2 % Zya)t| Zu 2 dudr
0 0 0
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t t 1
1
1+/ ||Zwt||§dr)—2/ / Zt-{Zt—eZm—e\Z$|QZ+§{Z(Z,BZ)}w
0 0 JO
— (a+ B)Z,}4| Z,|*dxdr

t
§C+C/ e szT—i—e/ | Zuwn (- 7) |12, (3.20)
0

combining with (3.19), we get

t t
1 Zan (- £)[3 + € / | Zowt (- D)|2dr < C + C / | Zoa (-7 | 2d,

using the Gronwall inequality, we have
1Zae (-, 1)]I3 < C. (3.21)

Meanwhile, we know that

1
Zot = Zpve — (Z X Zy)w + €(|Ze?Z) 0 — 5{Z(Z, B2} + (a0 + B) Zya,

and
~(ZxZ)y == €(Z X Zyz)a — Zwaw — (| 26?2
+ %(z X Z)(Z,BZ) — (a0 + B)Z X Zys,
we get
vaz = 2+1{6th+(Z X Zy)z+ (Z X Zo)(Z,BZ)—(a+B)Z X Zyu } + (| Z4|* Z)
(3.22)
thus we can easily get (3.16). O

Then we repeat the same procedure in Lemma(3.4)(3.5) and easily prove the
following result by induction.

Lemma 3.6. Under conditions of Theorem 1.1, for the smooth solution Z(x,t) of
the problem (2.5)-(2.7) , we have

Yrpos<il|Zypri= (-, t)]]2 < C, (3.23)

where t € [0,T],e € (0,e0] and € is a positive constant. The constant C' is only
depends on T, ||,

This completes the proof of Theorem1.2 by passing to the limit in equation(2.5)
as € = 0.
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