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DYNAMIC BEHAVIOR OF A SEVEN-ORDER
FUZZY DIFFERENCE EQUATION

Lili Jia', Xiaojuan Zhao?, Changyou Wang?! and Qiyu Wang?

Abstract In this paper, we explore the qualitative features of a seven-order
fuzzy difference equation
Ay 1

Tn+1 = P 7
B+Cw,, @, 4% ¢

,n=0,1,2,---

here the parameters A, B,C € R}'7 p,q,r € R and the initial values z_¢,- - - ,x_1,
ToE R}'. Utilizing the fuzzy sets theory, linearization method, mathematical
induction and inequality technique, we obtain some sufficient condition on
the qualitative features including the boundedness of the positive solution of
the equation and the stability and instability of the equilibrium point of the
equation. Moreover, two simulation examples are presented to verify the ef-
fectiveness of our proposed results.

Keywords Fuzzy difference equation, equilibrium point, boundedness, sta-
bility, unstability.
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1. Introduction and Preliminaries

Difference equations are usually expressed in the form of recursive sequences, which
are widely used in various practical problems. It is worth noting that the difference
equation model has been important developed and applied in the fields of infectious
disease dynamics [29], computer [30], engineering [16], biology [18], finance [6]. A
large number of studies show that the dynamic behavior of difference equations with
order greater than 1 is relatively complex, but can be better applied to practical
problems. Therefore, it has attracted the interest of many experts and scholars, and
also produced a large number of meaningful results [1,3,7,8,10,12,13,19]. In 2009,
Ahmed [4] discussed the global asymptotic behavior and periodic characteristics of
the solution for the rational difference equation

bxn—l

m,nzo,l,Q”', (11)

Tnt+1 =
where the parameters b, A, B, p, ¢ and the initial condition x_s,z_1,zq are any non-
negative real number. In 2012, Stevié¢ [24] studied the dynamical behavior of the
following higher-order difference equation
_ Tn—k

b+crp 1 Tk

,n € Np, (12)
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where k € N, the parameters b, ¢ and the initial values x_g,- - - ,x_; are real numbers.
In 2015, Abo-Zeid [2] discussed the global asymptotic stability of all solutions for
the difference equation

Axn72
B+ CxpTn_1Th_2

Tpt1 = n=0,1,---, (1.3)
where the parameters A, B,C and the initial values z_o,z_1,2¢ are positive real
number. In 2016, Erdogan [9] studied the global behavior for the following difference
equation
Qlp—3

B+ YTy 1Tn—2Tpn_3
where the parameters «, 8 an «y are positive real numbers and the initial conditions
Z_3,2_9,2_1 and o are real numbers. In 2019, Belhannach [5] studied the bound-
edness, oscillation and global behavior of positive solutions for a class of nonlinear
difference equations

Tn+1 = T'L:O,l,"' ) (14)

a+ boYn—1 + b1yn—s
c+dyn’ytt,

Yn+1 = 7n:0317"' ) (15)
where the parameters a,b;(i = 0,1) and the initial conditions are non-negative
real numbers, the parameters c,d are positive real numbers, and the parameters
pi(i = 0,1) are positive integers. In 2021, Saleh et al. [20] obtained some results
on the dynamics and bifurcations of the special case for the following second-order
rational difference equations with quadratic terms

o+ ﬂxn—l
A+ B2 + Cxpq

Tn4+1 = ym=0,1,2,---, (16)
where a, 8, A, B, C are positive real numbers and the initial values z_1,x¢ are non-
negative real numbers.

In fact, with the development of set theory, the phenomena and concepts that
cannot be described by classical set theory make it impossible for people to avoid
ambiguity, thus prompting the generation of fuzzy sets, resulting in fuzzy mathe-
matics. Therefore, with the continuous development of fuzzy mathematics, some
scholars apply fuzzy numbers to difference equations to form the fuzzy difference
equations [14,15,17,22,23,25-27,32,33], so that the established models can describe
actual phenomena more appropriately.

In this paper, we study the following seven-order fuzzy difference equation

Al’n,1
p q T
B =+ Omn72xn74xn76

Tpy1 = ,n=0,1,2,---, (1.7)
where the parameters p, g, r are positive real number, the parameters A, B, C and
the initial conditions x_g,---,z_1,x¢ are positive fuzzy numbers. When the pa-
rameters p = ¢ = r = 1,A, B,C and initial conditions are positive real numbers,
Abo-Zeid [2] studied the global asymptotic stability of solutions to the above ordi-
nary difference equation (1.7).

Next, we give some definitions and preliminary results, which can be founded
in [11,21, 31].

Definition 1.1. Let X be a non-empty set, assume T is a mapping from X to [0, 1]
,ae. T:X — [0,1], 2 — T(z),z € X, then we say T is a fuzzy set on X, T'(z) be
called a membership function on a fuzzy set T'.
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Definition 1.2. For a set X, we denote by X the closure of X. Assume T is a fuzzy
set and « € (0,1], the o — cuts of T on R is defined as [T, = {z € R: T'(z) > a}
and [T]o = supp(T). It is clear that the [T], is a bounded closed interval in R for
any specific « € [0, 1].

Definition 1.3. We say that a fuzzy set T is a fuzzy number if it satisfies the
following properties:
(i) T is a normal fuzzy set, i.e., there exists € R such that T'(z) = 1;

(ii) T is a fuzzy convex set, i.e., T(az + (1 — a)y) > min{T(z),T(y)},Va €
(0,1),z,y € R;

(iii) T is upper semicontinuous on R;

(iv) T is compactly supported, i.e.,supp(T) = Usec(01][T]a = {z € R| T(z) > 0}
is compact.

Let us denote by Ry the set of all fuzzy numbers. A fuzzy number T is positive
if supp(T) C (0,400) , we denote by RJT the space of all positive fuzzy numbers.
Similarly, a fuzzy number T is negative if supp(u) C (—o0,0) we denote by R} the
space of all negative fuzzy numbers. If T is a positive real number, then T is also
a positive fuzzy number with [T, = [T, T],a € [0, 1], and we say that T is a trivial
fuzzy number.

Definition 1.4. For any u,v € Ry, [ula = [W,a,Ura] s[V]la = [Via,Vra] , and

A € R, the sum u + v, the scalar product Au, multiplication uv and division ¥ in

the standard interval arithmetic (STA) setting are defined by
[u+ v]a = [u]a + [V]a, [Mu]a = Au]a, Va € [0,1]
[U/U]a = |:m1n {ul,avl,ou UL, aVr oy Ur,aVl,a; ur,avr,a} )

max {ul,avl,aa UL, o Vr,ay Ur,aVl,a; ur,avr,a} } )

u . Ul,a Ul,ao Upr,a Ur,« Ul,oo Ul,ao Upra Ura
—| = |min{ —=, ==, —=, —= % max{ ——, ——, ——, —— 5 [,0 ¢ [v],.
a

9 ) ) )
v Voo Ur,a Vi,aa VUra V,ao Ur,a Vi,a VUra

Definition 1.5. Let u, v be fuzzy numbers with [u]o = [0 Ur.a], [V]a = [Via) Ur.al,
a € [0,1], then the metric of fuzzy numbers set is defined as follows

D(u,v) = sup max{|u;o — Ua
a€l0,1]

y ‘ur,a - Ur,al} .

And the norm on fuzzy numbers set is defined as follows

}s

lull = sup max{|ural, [tr.q
a€(0,1]

then (Ry, D) is a complete metric space. For the convenience of application in the
future, we define 0 € Ry as

1,2 =0,
0,z # 0.

(e}
|

Thus [0], = [0,0],« € [0,1].
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Definition 1.6. Let x, be a sequence of fuzzy numbers, if there exists a positive
real number N such that suppx,, C (0, N] ,n =1,2,---, then the fuzzy sequence x,,
is bounded.

Consider the system of difference equations

Tnt1 = f(fﬂnal'nfla"' yTn—kyYnsYn—1," " 7yn7l)7 n=01,- (18)

Yn+1 =9 (mnwxnfl; oy Tn—ksYns Yn—1, 7yn7l) 3

where I,,1, are the interval of real numbers, f : IF+1 x Ié*l — I, g IFH Ié*l —
I, are continuous function.

Definition 1.7. The equilibrium point of the system of difference equations (1.8)
refers to the solution of the following rational equations

,I:f(.r,l',"' YUYy Yyt 7y)5y:g(xaxa"' Y Ly Yy Yyt ay)v

expressed as (7,y), and the equations (1.9) is called the equilibrium equations of
equations (1.8). The equilibrium point of equations (1.8) refers to the solution
(n,yn) = (T,7) satisfying for n > 0 , which is also known as the equilibrium
solution.

Definition 1.8. Assume that (Z,7) be an equilibrium point of the difference system
(1.8). Then, we have

(i) An equilibrium point (Z,y) is called locally stable if for any ¢ > 0, there
exits d(e) > 0 such that for any initial conditions (x;,y;) € I, x I, (i =
—k, o ,0,5 = =1+ ,0) with 320 |2 — 2] < 6,50 ly; — gl < &, we
have |z, — Z| < 4, |yn, — 7| < ¢| for any n > 0.

(ii) An equilibrium point (Z,7) is called locally attractor if lim,, oo 2n = T, lim;,,— 00

yn = @ for any initial conditions (z;,y;) € I, x L,,(i = —k,---,0,j =
—1,---,0).

(iii) An equilibrium point (Z,7) is called asymptotically stable if it is stable and
attractor.

(iv) An equilibrium point (Z,7) is called unstable if it is not locally stable.

Definition 1.9. Let (Z,) be an equilibrium point of the vector map

F=(fixn, - ,Tn—k,9sYn, "+ sYn—1), where f and g are continuously differential
functions at (%,7). The linearized system of symmetric system (1.8) about the
equilibrium (z,7) point is X,41 = F(X,) = F; - X,,, where F} is the Jacobian
matrix of the system (1.8) about (Z,7) and X, = (Tn, - s T — EyUns -+ > Ynk) .

Lemma 1.1. Let f : Rt x RT x Rt — RT be a continuous function and A, B,C
be fuzzy number, then

[f(A’ B, C)]a =f ([A]Ow [B]Om [C]a) o € (07 1]'

Lemma 1.2. Let I, I, be some intervals of real numbers and let f : IF+1 x If/“ —
I,,g: IFH1 I?l/"rl — I, be continuously differentiable functions. Then for every set
of initial conditions (x;,y;) € Ip x I, (1 = =k, —k+1,--- ,0,j = =1,—l+1,---,0),

the difference equations (1.8) has a unique solution {(x;,y;) j:i’,j;i_l.
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Lemma 1.3. Assume that X(n + 1) = F(X(n)),n = 0,1,---, is a system of
difference equations and X is the equilibrium point of this system i.e.,F(X) = X.
Then we have

(i) If all eigenvalues of the Jacobian matriz Jp about X lie inside the open unit
disk, i.e., |\ <1, then X is locally asymptotically stable.

(ii) If one of eigenvalues of the Jacobian matriz Jr about X has norm greater
than one, then overlineX is unstable.

Lemma 1.4 (Theorem 1, [28]). For the fuzzy difference equation (1.7), if the pa-
rameters p,q,r are positive real number, the parameters A, B,C and initial condi-
tions r_g, -+ ,T_1,xg are positive fuzzy numbers, then for any initial conditions
T_g, + ,T_1,To there exists a unique positive fuzzy solution {x,} to the fuzzy dif-
ference equation (1.7).

2. Main results and proofs

In this section, by using fuzzy set theory, iterative method, inequality technology
and mathematical induction as well as the above Lemmas, the dynamic properties
of the seven-order exponential fuzzy difference equation (1.7) are studied.

If {z,} is the solution of equation (1.7) with initial conditions z_g, x_5, x_4,
T_3, T_a, T_1, o and satisfies [z,]q = [Ln.a, Rn.al,@ € (0,1],n = 0,1,---, then
from Lemma 1.1 (L, o, Ry, o) satisfy the following difference equations

L Al,aLnfl,oz
n+l,a — s
' Bro+C.oRP_, R _, R"_
) ) n—2,a" 'n—4,a’'n 67@046(0,1],71:0,1,“-. (2.1)
Ar,aRn—l,a
Rn+1,a =

Bl,a + Cl’aLp L? Lr ’

n—2,a“’n—4,a“n—6,a

In order to study the asymptotic properties of the solution for fuzzy difference
equation (1.7), the above equations can be abbreviated as the following rational
difference equations

aYn—1 bZn_l
y An+l = 7”20’1"”’ (22)
c+exd 2l 0" d+ fYp_oYn—_aYn—s

Yn41 =

where the parameter a, b, ¢, d, e, f, p, q, r are positive real numbers and satisfies a < b,
c<d, e< f, initial conditions y_g, Y_5, Y—a, Y—3, Y—2, Y—1, Y0, Z—6> Z—5, Z—4s Z—3,
Z_9, Z_1, zo are also positive real numbers.

According to Lemma 1.2, it can be known that for any given initial values, the
difference equations (2.2) have a unique solution (yy, z, ), and it is easy to know that
the equation system (2.2) has an equilibrium point X; = (0,0). When a > ¢,b > d,
the system (2.2) has 2nd equilibrium point

72 = (:D-*—q-%—rl%7 p+q+rl%) .

Theorem 2.1. For the equilibrium point X, of difference equation system (2.2),
we have the following conclusions:

(i) When a < ¢ and b < d, the equilibrium point X is locally asymptotically
stable.
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(ii) When a > ¢ or b > d, the equilibrium point X1 is unstable.
Proof. Define functions F': (RT)* = RT, H : (RT)* — R* as
aYn—1
Ct ez 9%y 4%y g
bzn—l
d+ [Yn oYV

Therefore, to find its partial derivative, we have

F (yn—h Zn—25fn—4, Zn—ﬁ) -

H(zn—layn—2ayn—4ayn—6) =

p—1 _q r
_ a F _ _aepynflzn72zn74zn76
Yn—1 — p q r ? Zn—2 2
Ct ez 0%y 4% 6 (c+ezl_,zl_y2n )
P q=1 _r P q r—1
_ 7aeqyn—1zn—2zn—4zn76 _ 7aery’ﬂ—1zn—2zn—4zn—6
Zn—4 2 Zn—6 2
p q T p q T
(C + ezn—2zn—4zn—6) (C + ezn—2Z7L—4Zn—6) (2 3)
p—1, q r ’
B b . bfPZn—1Yp_2Yn—1Yn—6
Zn—1 T P q T ’ Yn—2 — 29
d+ fyn—2y7L—4yn—6 (d + fqu:,nyfrILfllerL*G)
P2l p ,q ,r—1
_ bfqzn—1Yn_oYn—_14Yn—¢ _ bfT2n—1Yp—2Yn—aYn—_s
Yn—a — Yn—6 —

(d+ fof oy _yyr_e)” (d+ fof oy’ _g)”

From (2.3), the linear equation of equation (2.2) about the equilibrium point X; =
(0,0) can be constructed as

Pnt1 = Dipn, (2.4)
where

oy | (02000000000000]

Yo 10000000000000

Yn_2 01000000000000

Yn_3 00100000000000

Yn_a 00010000000000

Yn_s 00001000000000

o _|e| p _[00000100000000
2 00000000%00000

1 00000001000000

Zn s 00000000100000

s 00000000010000

Zn—a 00000000001000

s 00000000000100

20 | (00000000000010

Then the characteristic equation of equation (2.4) is
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(AT 22) (37— 53%) =0,

Therefore, if a < cand b < d, then all |A| < 1 can be obtained. Thus, from Lemma
1.3 the equilibrium point X is locally asymptotically stable. If a > c or b > d,
then the equilibrium point X; is unstable by means of Lemma 1.3. O

Theorem 2.2. When a > ¢,b > d, the difference equations (2.2) have a unique
positive equilibrium Xo = ( praty/ %, pratr %) and this equilibrium is unstable.

Proof. According to (2.3), the linear equation of equations (2.2) about the equi-
librium point X is

Pnt1 = Dagn, (2.5)
where
Ly | 01 0 0 0 0 0 00—Mg_cM g _er]
Yn—1 10 0 0 0 0 0 00 O O O O O
Yn—2 6r 0 0 0O 0 0 00 O O O 0 O
Yn—3 060 1.0 0O O 0O 00 O O O 0 O
Yn—da 060 0 1.0 0 0 00 O O O 0 O
Yn—5 060 0 0 1.0 0 00 O O O 0 O
o, — Yn—6 060 0 0 01 0 00 O O O 0 O
s | 002N g _fsNg_ Ny g 9 0 0 0
Zn—1 060 0 0 0 0O 0 10 0 0 0 0 O
Zn—2 060 0 0 0 0 0 01 0 O O O O
Zn—3 00 0 0 0 0O 0 00 1 0 0 0 O
Zn—4 00 0 0 0 0O 0 00 0 1 0 0 O
Zn—5 060 0 0 0 0O 0 00 0 O 1 0 O
| zn-6| [00 O O O O O 00 O O O 1 0 |
In matrix D5 above
- p+q+F<a—c) i N p+q+F (b—d) e
f e ’ e f ’
let % =T, then the characteristic equation of equation (2.5) is as follow

A 2N MO —p2TANS —2pgTA® — (2abprT + abg®T) A*—2qrTA*—r*T = 0. (2.6)
Let
FO) =A2X2N0 —p2TAS —2pg TN — (2abprT + abg®T) A*—2qrTA*—r*T. (2.7)

According to the above function (2.7), we have



Dynamic behavior of a seven-order fuzzy difference equation 493

f(1) = —p? — 2pqT — (QabprT + aquT) —2qrT — 12T < 0.
It is obvious that )\lirf f(A) = 400, so the equation (2.6) has at least one root
— 400

in the interval (1,4o00). According to Lemma 1.3, the equilibrium point X, of
equations (2.2) is unstable. O

Theorem 2.3. Let (yn, zn) be a positive solution of the difference equations (2.2),
if a < b < c<d, the positive solution of the equations (2.2) is bounded.

Proof. To prove that the positive solution of the equations (2.2) is bounded, we
only need to prove that the following inequalities hold.

a\ m+1
OSynﬁ(*) Yy-1 <y-1, pxtn=2m+1m=0,1,---,
C

a m
Ogyn<(g) Yo < Yo, p:l:n:2m,m:0,1,~~,

m—+1
0<zn<<d> z1<z 1, pxn=2m+1,m=0,1,---,
and
0<z2, < (%)mzogzo, ptEn=2m,m=20,1,---.

When m = 0, the above inequalities obviously hold. Now suppose that the above
inequalities also hold when m = k, namely

an k+1
Oéyn§<7) y 1<y 1, pEn=2k+1,k=0,1,---,
C

k
Oﬁynﬁ(g) y0§y07pin:2kakzo71a'”7
C
b k+1
0§2n§<d) z1<z 4, pEn=2k+1,k=0,1,---,

and
0<z2z, < (%)kzo <z &£ ptn=2kk=01,---.
Thus, when m = k + 1, from equations (2.2) we have

a an k+2
0 <yomrt1)+1 < Ya(k+1)-1 < (E) y-1 <y-1,

a an k+1
0<yoms1) < o2k < (E) Yo < Yo,

a b k+2
0 < 2ak41)41 < ZA2(k+1)-1 < () z-1 < z-1,

d
and
k+1
0< 2o041) < 220 < (3)7 20 < 20.
According to mathematical induction, the proof is completed. O

Theorem 2.4. Consider fuzzy difference equation (1.7), where the parameters
A, B,C are positive fuzzy numbers, the parameters p,q,r are positive real num-
bers, and the initial conditions x;, (i = —6,—5,---,0) are positive fuzzy numbers.
If the parameters satisfy Ajoq < Aro < Bio < Bro, then the positive solutions of
fuzzy difference equation (1.7) are all bounded.
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Proof. Assume that z,, is a positive solution of fuzzy difference equation (1.7)
based on the initial condition z;, (i = —6,—5,---), and the parameter A, B, C are
positive fuzzy numbers. Consider the a — cuts, o € (0, 1], then we have

[A]a = [Al,aa Ar,a] 5 [B]a = [Bl,ou Br,a]
[C}oz = [Cl,ou C’r‘,a} 5 [xn]a = [Ln,om Rn,oz] , = _67 _57 Tt

According to Lemma 1.4, (L, o, Rn.o), o € (0,1] satisfies equation (2.1), and from
Theorem 2.3 there are Loy11,0 < L-1,05 Lom,a < Lo,as Rom+1,0 £ R_1,0; Rom,a <
Ry, m = 0,1,---, namely there are two positive real numbers pv satisfying 0 <
Lpo < 1,0 < R,o <o, where p = max{L_14,Lo,a},v = max{R_1 4, Ro,a}

Therefore, set N = mazx {u, v}, we have

supp (zn) = Uae(o71] [xn]a = Uae(O,l] [Ln,m Rn,(x} C (0, N],
the proof is completed. O

Theorem 2.5. Consider fuzzy difference equation (1.7), where the parameter A,
B, C are positive fuzzy numbers, the parameters p,q,r are positive real numbers,
and the initial conditions x;,i = —6,—5,---,0 are positive fuzzy numbers. The
equilibrium point [0], = [0,0] of equation (1.7) is globally asymptotically stable if
the parameters satisfy Aro < Bj.q.

Proof. According to Theorem 2.1, if A, o < By, it is easy to know that the
equilibrium point [0], = [0,0] of equation (1.7) is locally asymptotically stable.
According to the system (2.1), we have

_ Al,aLnfl,a Al,aLnfl,a
Ln+1,a - D q - S )
Bﬁ@ + CT7aRn—2,aRn—4,aRn—6,a BT”KX (2 8)
o Ar,aRnfl,a Ar,aRnfl,oz '
Rn+1,a - D q T S .
Blﬂl + Cl,aL7z—2,aLn—4,aLn—6,a Bl»a
Let gi‘; =k, from (2.8), we can get
Ln+1,a < kLnfLa- (29)

According to (2.9), we can get the following inequality

L2m,(x < kLQ(mfl),a < k'QLZ(m72),a <-..-< kmLO,avn = 2m7m = 07 17 2a )
Lomt1,a <kLagm-iyi1,a <k*Logmayta < <k™L1q,n=2m+1,m=0,1,2,--- .

According to the conditions of Theorem 2.5, we can get 0 < k < 1 and Lo q, L1 o

are positive real numbers, so lim Lgy o =0, lim Lgpi14 = 0, and thus get
m——+oo ’ m——+oo ’

lim Ly, = 0. In the same way, we can prove lim R, ., = 0 ,and the proof is
n—-+oo n—-+oo

completed. O

3. Numerical example

In this section, two examples are given to verify the asymptotic stability and un-
stability of the equilibrium points of the fuzzy difference equation (1.7).
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Example 3.1. Considering equation (1.7) when p = 5,¢ = 5,7 = 5, that is the
following fuzzy difference equation
Amn—l
Tn+1 =
" B+ Cxd x> 15,

=01 (3.1)

where A, B, C are positive fuzzy numbers, according to Theorem 2.5, the parameters
A, B, C satisfying A, , < Bj, can be defined as
[Alo =24+ a,5 —20a],[Bla = [11 + o, 13 — o, [Cla = [2 + 20,6 — 2a].

The initial conditions are defined as

z—3, 3<z<d4, ir—2,4<2<6,
xo(x) = z_1(x)
—12+3,4<2<6, —x+T7,6<2<T,
(3.2)
50 —1.5, 0.3<z<0.5, r—2, 2<z<3,
x_o(x) = r_3(z) =
—5x +3.5,0.5 <z < 0.7, —3r+2,3<z<6.
and
10z -2, 02<z<0.3, ir—1,2<z<4,
T_4(7) = r_5(v) =
—10x4+4,03<2x<04, —z+5,4<zxz<5,
(3.3)
Pr—3, 01<z<04,
x_g(x) =

~10z +5, 0.4 < z < 0.5.

From (3.2) and (3.3), we can obtain

[wo], = B+ 0,6 —2a],[x_1], =[4+ 20,7 — o, [x_3], =[0.3+0.20,0.7 — 0.20/]
[x_3], =2+ a,6—3a],[x_4], =[0.240.10,0.4 — 0.1}, [x_5], = [2+ 2.5 — 0]
[_g], = [0.1+0.3a,0.5 — 0.1al.

According to equation (3.1), an ordinary difference equations with parameter « is
established as

L o Al,aLnfl,a
l,aa — )
e B'HOC + OT'vaR?L—Q,(IR?L—4,O¢R?L—6,O¢ (3 4)
R o Ar,aRn—l,a '
n+l,a —

Blta + ClyaLE) LA L°

n—2,a”’n—4,a“n—6,a

From Theorem 2.4, we have that every positive solution x, of the fuzzy difference
equation (3.1) is bounded. In addition, from Theorem 2.5, the zero equilibrium
point = = 0 of equation (3.1) is globally asymptotically stable with respect to D.
(See Figure 1-Figure 4). From the difference equations (2.1), it can be known
that when A; o > By, the fuzzy difference equation (1.7) has a unique positive
equilibrium point

_ F B . JAra—Bi o -/ At,a—Br.a
[x]a _ [La,Ra] — [p+q+1 Tal’ pﬂﬁi/ﬁ’
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Figure 1. The dynamics of system (3.4).
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Figure 2. The solution of system (3.4) at o = 0.

and a zero equilibrium point z = 0. According to Theorem 2.1 and Theorem 2.2, the
two equilibrium points are all unstable. An example is given below to demonstrate
the instability of the positive equilibrium point [Z], and zero equilibrium point
x = 0 of the fuzzy difference equation (1.7).

Example 3.2. Consider the fuzzy difference equation (1.7) inp=1,g=1,r =1,
that is the following fuzzy difference equation

Axnfl

n = ; - 07 ]_ crt ., 3.5
ot B+ Cl‘n—2xn—4xn—6 " ( )

where A, B, C are positive fuzzy numbers, according to Theorem 2.2, the parameters
A, B, C satisfying A; o, > B, o can be defined as

[A]a = [2.1+0.10,2.3 — 0.1a], [Bls = [1.8 + 0.1a,2 — 0.10),
[Cla = [14 4 0.1a,14.2 — 0.1a].
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Figure 3. The solution of system (3.4) at a = 0.5.
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Figure 4. The solution of system (3.4) at o = 1.

Take the initial values as follows

zo], = [2.3+0.1¢,2.5 — 0.1¢], [x_1],, = [1.34+ 0.1, 1.5 — 0.1},

[

[v_s], = [3.2+0.10,3.4 — 0.1a], [z_3],, = [1.4+0.1a, 1.7 — 0.1,
[*_4], =[254+0.10,2.7 - 0.1a],[z_5], = [0.4 4+ 0.10,0.6 — 0.1c],
[t_q], = [1.3+0.1a, 1.5 — 0.1al].

According to equation (3.5), an ordinary difference equations with parameter « is
established as

L o Al,aLnfl,a
nHhe ™ Br,a + Cr,aRn—2Rn—4Rn—6, (3 6)
R _ Ar,aRn—l,a '
n+l,a —

Bl,a + Cl,oan72Ln74Ln76 ’

It is easy to see that the equation (3.6) has a positive equilibrium point

- 7 Aia—Bra 3/Ara-Bia 0.140.2a 0.5-0.2a
_ _ [ s/AL o 3/Arna—Bia]| _
[Z]a = [La’Ra] = [\/ Cra ’\/ Cla J o (i/ \ ’

14.2—0.1? 14+40.1cx
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and a zero equilibrium point. According to Theorem 2.1 and Theorem 2.2, the two
equilibrium points are all unstable with respect to D. (See Figure 5-Figure 7).
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Figure 5. The solution of system (3.5) at o = 0.
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Figure 6. The solution of system (3.5) at a = 0.5.

4. Conclusion

This paper mainly discusses the dynamic properties of a class of seventh-order
fuzzy difference equations by utilizing the fuzzy sets theory, linearization method,
mathematical induction and inequality technique. The main results are as follows:

(i) When A, o < Bj,q, the positive solution of the fuzzy difference equation (1.7)
is bounded, and the unique zero equilibrium point of equation (1.7) is globally
asymptotically stable with respect to D.

(ii) When A; o > By.q, the fuzzy difference equation (1.7) have two equilibrium
points which are unstable with respect to D.
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Figure 7. The solution of system (3.5) at a = 1.
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