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NORMAL FORMS OF NILPOTENT SYSTEM
IN C2 x C2

Shuyuan Xiao! and Shaoyun Shi*f

Abstract In this paper, we consider the following nilpotent system:

f=w+0(0,u), u=Au+ f(0,u),

Al
where 0 € C?, u € C?, w = (w1,ws2) € R?, A = , © and f are analytic
A
functions and 2w —periodic in each component of the vector 6, © = O(|u|) and
f =0O(u?) as u — 0. Two kinds of normal forms are presented based on the
different small-divisor conditions.
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1. Introduction

Normal form theory originated from the works by Poincaré [13] and provides one of
the fundamental tools in the study of nonlinear dynamical systems, in particular in
local stability and bifurcation analysis. For Limit cycle bifurcations near a double
homoclinic loop, the reader may find the normal form theory in the recent works
of Yang et al. [15]. Wang and Ren [14] extend the Siegel’s theorem for analytically
reducing periodic difference system to a linear one based on normal form theory.
There are many researchers who have made contributions to normal form of different
situations. Cushman and Sanders [3,4] use the representation theory of sl3(R) to
treat the nilpotent case. Elphick et al. [9] introduced an inner product on the
space of homogeneous vector polynomials. Iooss [11] and Chen and Della Dora [2]
extended the work of Elphick et al. [9] to the situation of computing the normal
form of a vector field in the neighborhood of a periodic orbit and the situation of
computing the normal form of a map near a fixed point. Chow et al. [5] presented
a normal form theory with a diagonalizable matrix, Li and Lu [12] and Chen and
Zhang [6] applied this theory to random dynamical systems and planar switching
systems respectively. Recently, Du et al. [7] gave the normal form formulas of
double-Hopf bifurcation; Barreira and Valls [1] studied normal forms for equivariant
differential equations; Diez and Rudolph [8] established a convenient normal form for
a large class of nonlinear differential equations with symmetries; Guo [10] introduced
equivariant normal forms of semilinear functional differential equations in general
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Banach spaces. The main purpose of this paper is to investigate the normal form
of nilpotent system in C? x C2.
Consider the following nilpotent system

{9:w+@(9,u),

= Au—+ f(0,u), (1)

Al
where § € C?, u € C?, w = (w1, ws) € R? A = , © and f are analytic
A

functions and 27w —periodic in each component of the vector 8, © = O(|u|) and
f=0(u|?) as u — 0.
For the sake of statement, we denote by ( ,) the scalar product in C2,

N? = {a = (alaOLQ)‘O‘j € N+7 Jj= 172}7 z? = {a = (al>a2)|aj €Z, j= 1a2}a

and [k| = k| + |ka|, u¥ = ufrub? for k € 72.
We will obtain the following two results in this paper.
(1) Assume that A = 0 and the following small-divisor conditions are satisfied

(A1) |i{w, k)| > ‘g—‘(’w where k € Z?,k # 0, and Cp and p are positive constants.

Then system (1.1) can be changed to
d=w+ Y aar®+o(lz™),
1<]al<m

i=(B+nB)z+ Y  bax”+o(lz[™)
1<|af<m

(1.2)

by an analytic transformation, where m € N, a,, and b, are constant vectors, > 0
is a constant,

B =

(2) Assume that A # 0 and the following small-divisor conditions hold for a fixed
m € NT,

(A2) |i{w, k) + Ao —&)| > %, where k € 72, k # 0,a € N>, 1 +¢ < |a] < m,
e =0or 1, Cy and p are positive constants.
Then system (1.1) can be changed to
9 =w+ o|z|™),
| (I ~\ ) (1.3)
&= (B+nB)z+oz[™)

by an analytic transformation, where 1 > 0 is a constant,

A - fo1
B= B =
A 0

The rest of this paper is organized as follows. In the next section, we recall some
notations. The main results will be stated and proved in section 3.
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2. Preliminaries

In this section we recall some notations (see [5] for details).
For r € (0,1], set

D, = {(0,u) € C* x C?| [Imb;| < r, [Imby| < 7, |u| < 7}.

Let F(0,u) : D, — C? be a bounded analytic function which is 2 —periodic in each
component of 6, then

FO,u)= > > Foo  aoie 400 = FOO,u) + F¥(0,u),  (2.1)
a€EN? k72

where

,,,,,

a€eN?

Fk(G,u) = Z Z FOI;,I’Map‘a,’keiog’muo‘,

a€N? kez?
k#0

1<p < <po <2,ps €ENFLaP =1for1 <5 <|aand s’ € N*, o, =

apsl + ap31+1 + -+ apsl+52 if psl — p81+1 — ... = p81+82 for 1 S 81,81 + So S |a‘
and s1,82 € Z, F,», _,rio are independent of the order of a?, ..., aPlel.
Define
v F k 3
FO,u) = Z ok GOy 2.2
=Y ¥ L 22
a€N? ke72 ’

where C,,  are constants satisfying

‘Ca,k

> G
= (|K[ + a)r

for some positive constants Cy and p, then it is clearly that Fisan analytic function,
and 27 —periodic in each component of § in D,..
3. Main results

3.1. Normal forms

Make the following transformation of variables

u=Cz, (3.1)
where C' = ,m > 0 is a constant, then system (1.1) can be rewritten as

{é =w+0(0,Cz), 52)

= (B+nB)z+C7'f(0,C2),
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where

A _ 01 L 1
B= ,B= ,C7 0 = ,
A 0 nt

Cz = (21,n29) and C~1f = (f1,n71f?), ©(0,Cz) = O(|Cz|) and C~1f = O(|C=|?)

as Cz — 0.

Theorem 3.1. Assume A =0 and (A1) holds, then system (3.2) can be changed to
d=w+ > aa(Cy)®+o(Cyl™),

1<[a|<m

g=nBy+ Y C7'ba(Cy)" +o(|Cyl™) o
1<|al<m
by a transformation
=9+, Cy), z=y+C U, Cy), (3.4)
where m € NV, a, = (al,a2) and b, = (bL,b2) are constant vectors satisfying

al, = bl =0 if a; # |a|, and by, = 0 if |a| =1, ®(9,Cy) and ¥ (9, Cy) are analytic
functions and 2mw—periodic in each component of ¥ in D, _, ®(9,Cy) = O(|Cy|),
U (9, Cy) = O(|Cy|?), here ry, is a positive constant.

Theorem 3.2. Assume X\ # 0 and (A2) holds for a fired m € NT, then system
(3.2) can be changed to

9 =w+o(|Cy™),
{’ orollCym. .
y=(B+nB)y+o(|Cy[™)
by a transformation
0 =9+ ®5\(0,Cy), z=y+C'U\(0,Cy), (3.6)

where @y (¢, Cy) and V(3 Cy) are analytic functions and 2m-periodic in each
component of ¥ in D,. , ®5(9,Cy) = O(|Cyl), YA (9,Cy) = O(|Cy|?), where r,, is
a positive constant.

Corollary 3.1. Suppose that for a fired m € N with m > 2,
(A3) |i{w, k) +A(Ja| — )| > (\MEW’ where k € Z?2,a e N*  1+e < |a|] <m,e=0
or 1, and Cy and p are positive constants.

Then system (1.1) can be changed to

Y=w+o(z|™), = (B+ 773)1: + o(|z]™)

by an analytic transformation, where n > 0 is a constant,

A . fo1
B= B =

A 0

Remark 3.1. Chow et al. [5] has been derived for the case that A is a diagonalizable
matrix.
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3.2. Proof of Theorem 3.1

The proof is by induction on m.
1) Suppose that the conclusion holds for m = 1, i.e., (3.4) transforms (3.2) to

{19 —w+ h(9,Cy), 57
y=nBy+C 'g(0,Cy),
where h = O(|Cy|) and C~1g = O(|Cyl|?), then (®,C~1V) satisfies
h+ Dy®w + Dy®h + D,®nBy + D,®C'g — Qo (J + &,Cy+ V) =0, (3.8)
C~ g+ Dy(C™ W)w + Dy(C~ W)h + D, (C~ )y By
+ D, (CT ) O g —nB(CT'W) — C7 f o (9 + ®,Cy + ) = 0. (3.9)
Since m = 1, by (3.7), we can take C~'W¥ = 0. Then (3.8), (3.9) can be reduced to
h+ Dy®w + Dy®h + D,®nBy + D,®C~1g— O 0 (I + &,Cy) = 0. (3.10)

Write h = h' + h*, where h! is the first order terms in Cy and AT is the higher
order terms in Cy. Using a Taylor expansion for ©, we have

(9 + ,Cy) = O(9, Cy) + DO, Cy)d + R(D).

Assume @ is first order in Cy. Writing ©(9, Cy) = ©' +0O7 as for h and comparing
the order of y in (3.10), we have
Dy®w + D,®nBy + h! — 6! =0, (3.11)
ht + Dy®h + D,®C g — 0T — DyOD — R(®) = 0. (3.12)
Note the left hand of (3.11) is a first order homogeneous polynomial in y and that

(3.12) is O(|y|?).
By (2.1) we can write (3.11) and (3.12) as the following equations

D,®°nBy + %t — %! =, (3.13)
RO + D,°C 1" — Q% — RY(®) =0 (3.14)
and
Dy®¥w + D, ®%nBy + 1 — K1 =, (3.15)
5 4 Dy®5h + D,®C g
- D,®°C~1¢° - 0%* — DyOKd — RX(®) =0. (3.16)

Let us first solve (3.13) by finding the ®° which makes h%! as simple as possible.
Using Fourier expansions for ®°, 1%, ©%1, we have

e (Cy) = Y T oy,
|a|=1
0,1’J p1—110,1,5 «
h (Cy) = lzlﬁ Y ey, (3.17)
@01] C'y Z ’I’)pl 1@01)1142/04.
la|=1
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Then by (3.13) and (3.17), we have

Z 77p1 a;nlaly?l 1 a2+1 + Z 77;01 lh(;,ll,]y(l’ Z ﬁpl_l@g’plija =0. (318)

|a|=1 la|=1 |a]=1
The equation (3.18) can be written as
(71 — OO0 yn) + (@0 yo + My, — O01y2) = 0,
ie.,

D @y hge Yy — OaniTy™) =0, (3.19)
|a]=1
where %7 =0ifp; —p; <0
aP1—P1 1 ="
By equating the terms in (3.19) of the same order with respect to nP1~1, we get

%)y + hu Yy — 00y =0,
ie.,
(O —h)ow? =@, =0, (3.20)
where (0 — h)%7 = 0%7 — b7 and (I>0’J _py =0ifpr —py <0. Let hO7 = 0.
By (3.20) we get
. s g = ].,
i = 0,1,
@ 2 ’Jv Q2 # ]-
Hence
s [ 601

It is clearly that ®° is analytic and 27-periodic in 91,92 in D,_s for § € (0,r)
and ®° = O(|Cy|). Now we determine h%+. Write (3.14) as follows

ROt = —D,®°C~ g% + 0% + R%(®).

We can choose sufficiently small 71 € (0,7 — d) such that (J,y) + (®°,C~1¥%) € D,
for (9,y) € D,,.

Now let us solve (3.15) by finding ®X such that h*! as simple as possible. Using
Fourier expansions for ®¥, hf61, @K1 we have

ofI (9, Cy) = Z Z nPr~ 1@01;{ ke< 9y

|a|=1 kez?
k#0

ROV, Cy) = Y g R e Ry (3.21)

|a|=1 kez?
k0



532 S. Xiao & S. Shi

@K,l,] 9 C'y Z Z npl 1@(1;11 i;el kﬁ

|a|=1 kez?
k#0

According to (3.15) and (3.21), we have

Z Z npl_lq)ﬁ{ k€ ko) (k,w)y® + Z Z ”pl@fp’f ke Py y?1—1y§2+1

|a|=1 kez2 |a|=1 kez?
k#0 k0
p1—13 K, 1,5 i{k, 19 p1—1 K17 ik, 19 o
+ E E N e e O, e =0. (3.22)
|a|=1 rez? |a|=1 kez?
k#0 k#£0

The equation (3.22) can be written as

Z ((I)fl]k-<k’w>ei<k,19>yl + hfllkjel(k ,9) @K L, ik, 19>y1)

alk €
Py
+Z77 a? k. ;we! i >y2—|—(I>a1 ke< y2+h511kj€lkﬂ):@—@fllkje“k 19>y2) =0,
i.e.,
Z Z Tt <I>f,;{ pik wye F Py L T *€ ety
|| =1 kez?
k#£0
+ bl e ke — @ itk Py — (3.23)
where <I>sz]7p T =0if p; —p) <0.

By equating the terms in (3.23) of the same order with respect to 7”171, we get

> (@K itk w)etEye 4 @I k) e

apP1—1 k
kez2
k#0

+ hfp}v.}]{)el (k, ﬁ)y N @fg}’ie“k 19)y ) —0.

Comparing the coefficient of y"‘ we obtain

K,1,j K,j
<k w> al’l k — (8 h)am ]k; (I)apzfl’ka (324)
where (0 — h) gy, = O % — hyi g and @77 =01if py —pf <0,

By (3.24), we have

K.j 1 K1, 1 K.j
cI)aP{,k = 1<k,w> (@ h)oﬂ’l ?c i(k,w) (bal’zfl,k
1 K1 1 K1
— O—mh - —— _—(@-nk, 3.25
iy © 7 Mot~ o © T Mt 429
where (© — h)K;lL]p e =0if p; —pj <0.

By (A1), the following choice is the simplest for K519, Let b, = 0, by (3.25)

aPik =

p1—1

ORI =3 (—1)(ilk,w)"@VON L,

q=0
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K,1,j _
Hence h, 4 = 0.

Using (A1) we find that ®¥ is analytic and 27-periodic in 91,95 in D,_s for

§ € (0,7) and ®F = O(|Cyl). Now we determine hf+. Write (3.16) as follows
(I + Dy@¥)hF = - D, ®C g+ D,®°C~1g° — DydXn"+ — DydXp!
+ 0%+ 1 DyokKd + RE(d).

Since Dy®% = O(|Cy|), we can choose sufficiently small ry, 0 < r; < r — § such
that (I + Dy®%) is invertible and (9,y) + (®%,C~1WK) € D, for (¥,y) € D,,.
Hence

Rt = (I + Dy®*)"*(-D,®C g+ D,®°C~'¢° — Dy®Xh"+ — DydXn!

+ 05" + Dy,6Ko + RE(1)).
We can get that &/ = ®%7 + K4 = S~ @i’ke“km(()y)a is analytic and
|a|=1 k€eZ2

2m-periodic in Y1,V in Dy_s, 0 < & < r. It is clear that ® = O(|Cy|). Therefore
the transformation 6 = ¢ + ®(J, C'y), z = Cy changes system (3.2) to

d=w+ > aa(Cy)* +6(v,Cy),
la=1 (3.26)
§=nBy+C~'f(9,Cy),

where © = O(|Cy[?), CLf = O(ICyl?), au = (ab,a2),

ar Ya
01 o _
9(;1, ,(11—1,

O, 1 7& 1.

R B
al =aly =

2) Assume that the conclusion holds for m = d > 1. By the induction hypothesis
there exists a transformation § = 9 + ®4(9,Cy),z = y + C~1¥4(9,Cy) which
satisfies the requirements of the conclusion and changes system (3.2) to

J=wt ¥ au(Cy)® +6(,Cy),
1<]e|<d

j=nBy+ > C7'b(Cy)*+C'f(9,Cy),
1<[al<d

(3.27)

where © = O(|Cy|?+!) and C~1 f = O(|Cy|?t!) are analytic in both variables and
2w —periodic in each component of ¢ in D,.,, where r4 > 0 is a positive constant.

When m = d + 1, consider the transformation 9 = ¢ + ¢(¢,Cv),y = v +
C‘H/S(C,C’v) where ¢ and C~1¢ are (d + 1)th order homogeneous polynomials
in Cv and 2w—periodic in each component of the vector ¢. This transformation
changes system (3.27) to the following system

é:w+ Z aa(Cv)“+7L(C,CU),
1<al<d

b=nBv+ Y C ba(Cv)* +C'§(¢,Cv),
1<|al<d

(3.28)
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where b = O(|Cv|%t1) and C~'j = O(|Cv|**!) are determined later. As before,
equivalently ¥ = ¢ + ¢ and y = v + C' 14 satisfy the following equations

> aa(Co+ ) +O(¢ + ¢, Cv + 1))

1<al<d

= Y a(Cv)* + Dedw+ DygnBu+h+ Ded( > aa(Cv)* +h)
1<|a|<d 1<]al<d
+DydCH (D ba(Cv)* + ) (3.29)

1<|a|<d

and

nBy+ > Cba(Cu+9)* + CTH(CH+ §,Cv+ )

1<]al<d
> CT'0a(Co)* + D(CT w4+ D(CTH)( D aa(Co)* +h)
1<|a|<d 1<]al<d
+ Dy (C™ ))nBu + C~ 1+ Dy( YD ba(Co)*+§). (3.30)

1<|a|<d

Since the functions we consider are analytic, we can classify system of equations
(3.29) and (3.30) into two systems according to the order of v. One contains only
(d 4+ 1)th order terms with respect to v in equations (3.29) and (3.30), the other
contains higher order terms.

By an elementary calculation, we have

Z e (Cv + 1)) = Z e (CV)® + Ry (1)),

1<]a|<d 1<]a|<d
> CTa(Co+ ) = Y CTba(Cu)* + Ra(D),
1<|a|<d 1<]a|<d

where R1 (1) = O(|Cv|4t2) and Ry (1)) = O(|Cv|42). Using a Taylor expansion for
O(¢C + ¢,Cv+ 1) and CLf (¢ + ¢, Cv + 1), we have
O(C + ¢, Cv+1p) = O(¢, Cv) + Rs(,1)),
F(C+¢,Cv+1) = (¢, Cv) + Ra(d,9)),
where Ry(,1) = O(|Cv|*+?) and Ra($, ) = O(|Cv|**?).
We write
O(¢,Cv) = @M1 4 6+, C-1f(¢,Cv) = C71 faH 4 O fH,
h(¢,Cv) = hi+1 + ht, C71g(¢,Cv) = C~ 1§t + C1gt
where ©@@+1 pd+1 =1 fd+1l and C~1§9+1 are (d+ 1)th order homogeneous polyno-
mials in Cv and O = O(|Cv[?+2), C~1f = O(|Cv|?t?), hT = O(|Cv|?+?) and

C~gt = O(|Cv|?*2). Hence we can write system of equations (3.29) and (3.30) as
the following two systems

Ot — p+t = Dc(ﬁw + DyénBv, (3.31)
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CTLHfIH — g = D(CTW))w + D, (CT1) (B +nB)v — nBC™Y)  (3.32)
and

b 4+ Degh™ 4+ DOt gt

= Ot =D D aalCo) + ) = DGO D] ba(Co) + )

1<|a|<d 1<|a|<d

+ R1 + Rg, (3.33)
C™ " + D (C ')At + Dy(CT PO gt

=C T =D(CT)( > aa(Co)* + h)

1<]e|<d
— Dy (CTH)CTH D ba(Cv)™ + g4 + Ry + Ry (3.34)
1<|al<d

By (2.1) we can write the above systems as the following systems

GO+l _ j0d+l — p 40, By, (3.35)
CLfod+l _ o=150.441 — b (010 By — nBC™ 1), (3.36)
hO* + D,¢"C 1%t = 6% + Ry + RS
—Dy¢"CTH D ba(C)® + g, (3.37)
1<\a|<d
CT™F 4 D(CTHNCTI T = O O 4 Ry + RS
— D,(C™ W C Z bo(Cv)* 4 g%4+1)
1<|e|<d
(3.38)
and
QK.d+1 _ K.+l _ D¢¢™w + D,¢KnBv, (3.39)
C*lfK,d+1 o C*ng,d+1 _ DC(Cil’l[}K)w + DU(Cil’l[)K)’I]BU o nBCil’lZ)K,
(3.40)

Wt 4+ DMt + Do gt
=O0%F — DR —Ded( Y aa(Cv)™ +h?h) — D¢ C g0 + RE
1<]al<d
—Dyd®( Y CTlba(Cv)* + CTI g = DO CT g (3.41)
1<]al<d
Cfng,Jr +D§(0711[)K);LK7+ + DU(Cflq/AJ)Cfng;k
= C fRT = D(CTI)OT = D(CTF) (D aa(Co)™ + )
1<|a|<d
= Dy (CTHF)CT T + RE — Dy (CTH™) (Y Cba(Co)* + C g
I<]al<d
— D, (C™H%)C g, (3.42)
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Let us solve (3.35) and (3.36) by finding the #° and C~19)° which makes h0:@+1
and ¢%%*t1 as simple as possible respectively. Using Fourier expansions for the
function ©04+1 =1 f0.d+1 p0.dtl o—=10.d+1 40 and C—14)0 we have

_ 1
Q4L (Cv) E 77p1+ Fhan (d+1)@2¢j1+ 7 Pd+1v
|a|=d+1
—(j—1) $0,d+1,j +tpay1—j—d 0d+1,J
(G- )f I(C) § nPt Pd+1—J— fam pdﬂv
|a|=d+1
— 0,d+1
J,0:d+1.7 CU § npﬁ- “+Pd+1 (d+1)ha1’1+ J pd+1v
|a|=d+1

nf(j—l)gO ,d+1,5 CU Z np1+---+10d+1*j*dg0’d+1’j v® (3.43)

aPl,...aPd+1Y >
|a|=d+1

20,5 ot —(d+1 a
%9 (Cv) = § : 7Pt Pa+1—( )¢am aras 0
|a]=d+1

1),70,5 —+--+ —j—d «@
U0 (O = YT e gl
|a|=d+1

Then by (3.35), (3.36), (3.43) and the above equations, we have

§ ,7171-1- +pit1—d—140, d+1»J pd+1U § : npﬁ- +par1—d—1}0, d+1’J

aP1, ar1, l"d+1v
la|=d+1 |a|=d+1

4ot —d; ai—1 astl
§ nt Pat ¢am Pd+1a1v11 vy, (3.44)
|a|=d+1

§ p1+-+pit1—d—j 0d+17j el p1+-+par1—d—j 20,d+1,j e
n * fapl Pd+1v - n * gaply___’apdi»lv

|a|=d+1 la|=d+1

p1+-+par1—d—j+1 a1—1, az+1
E n + 7/}ap1 aPd+1 X1V Uy

|a|=d+1

Fotpags—d—j, 70,541 a
Z P! AR (3.45)
|a|=d+1

where 1/1ap1 orar1 = 0. The equations (3.44) and (3.45) can be written as

0,d+1,j  d+ 0d+1, d+1
(@ ! a1 h ! 1+ )

d+1 d+1

0,d+1,j d 70,d+1,5 d ,j d
(@ ala2Viv2 —h T Loy — (d+1)¢ A avive)

,,,,,,,,,,,,,,,,

d+1/A0,d+1,5 d+1 70,d+1,5 d+1 20,7 d+1y __
o TTHO BT sy = h T T =g L ) =0,

d+1 d+1 d

0d+1, d+1 _ ~0,d+1,j _ d+1 j+1 d+1 2—j( #0,d+1,5 d
( ! 1U1+ — 9 ! 1”1+ +1/’ 7 )+ J(fal Ja

n'

d d d+1
Amg (oL ydl _ 0T del L G0+ del 0 1
T (FET gt = g0 gt PN gt =4 ) =0,

—,_/ ———— —,_/ —,_/
d+1 d+1 d+1 d
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i.e.,
E p1t-+pat1—(d+1 0,d+1,5 70 d+1,g
n 1 )<@ap1 qPd+1 U ha;lq Pd+1v
la]=
d+1
— O‘ps"ﬁléw v®) =0 (3.46)
aPl,...aPs' =1 qPs' 71 oFs'+1 | oPd+1 - ’
— jeens ; ; yeens
p1+-+pagp1—d—j ¢ £0,d+1,5 _ A0 d-‘rl,j «
§ n 1 (fap17_ Pd+1v aPl ... Pd+lv
la|=2
d+1
. apg—1+1w0a v® 4 p0d T v¥) =0
am7.”’051’5'—17ar’5/—1’a?’s/+1,m’apd+1 aP1,...,aPd+1 -
(3.47)
0,j 0,5 . .
where ¢~ N = _, = 0if there is at least one s'(1 <
aP1 111 Pd+1 Pd+1 aP1— p1 e Pd+1 Pat1

s <d+1) such that ps — Pl < 0.
By equating all terms in (3.46) and (3.47) of the same order with respect to
pPrttPati—(d+1) gnd pprtotpasi—d=i regpectively, we get

0,d+1,j 70 d+1,j @
ea;q ' Pd+1 hapl aPd+1 v
d+1
_ § aps’71+1q/goj ,Ua_o
aPl,... s’ =1 qPs' 71 oPs'+1 | oPd+1 Y
g/f
£0,d+1,j ~0,d+1,5 @
fam,_ Pd+1v - gaP1 “apar1V
d+1

_Zaps,q—i-lz/;og _’_w,g+1 v =0
Ozpl,.. Dgr §2 ,—17a175/+1,“.7apd+1 a”l Pd+1 .

Lats'—1 aPs
S/_

Comparing the coefficient of v*, we have

d+1

A 7 0d+17] 2 : O‘Pu*l +1 20,5
= (@ h)apl aPd+1 ¢ap17“_7ap5/,1 ,Ocps/717ap5l+1,.4.70¢pd+17 (348)
s/f
_(f 0d+171 0,5+1
0=(f- g)oﬂ’l aPd+1 T 11[}ap1 aPd+1
d+1
N apg171 + 11/}()] (3 49)
Z aPl,...,als' =1 aPs’ 71 oPs'+1 | qPd+1? ’
= yeee ) » sy
0,d+1,5 0 d+17] 7,0 d+17J ¢ ~\0,d+1,j _
where (@ - h)am aPd+1 eapl aPd+1 ha:rq aPd+1) (f - g)am)‘_,’al’@rl -
A0yd+1,.7 A0 d"rld _ 70,3 _
fapl aPd+1 gapl aPd+t and ¢ PI=PY | GPAH1TPapn T opimRl o PAA1TPapn 0

if there is at least one s'(1 < s’ < d +1) ‘such that ps — Pl < 0.
By (3.48), (3.49), we have

o al, .. al,a??
? ’ , 9
d+1 d
20,5 P an0,d+1,j G+1
(d+ 1)7/’01{___&1 =(f- g)aly—_i__,?al 2t 77/1 ﬁ_—_ ala?
d+1 a i

(3.50)
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,,,,, o
d d+1
70:3 _(f _ \0,d+1,j 0,j+1
Vaige 2= (F=8) 7 T2ty 2,
7_,_/ [— N—_———
d d+1 d+1
where (6 — h)%? =(f-g" _, = 0 if there is at
aP1™ Pl QPd+1— Pd+1 aP1— p1 LaldtiTPat

least one s'(1 < &' < d¥ 1) such that py — p’, < 0.
Our purpose is to find (bo 11/)0 such that A%4t! and C—1§ Y41 have the

. Od 1,5 ~0,d+1,j
simplest form. Let h L pays = 0 and gapl+  vass = 0. By conblderlng (3.50),
we get
wi o _fo 02 =d+1,
aPl,...,aPd+1 ~ .
7 1 50,d+1,5
aj CaPitl qp2 . qPd+1 Q2 7& d+ 1,
o _Jo 0z =d+ 1
aPl ... aPd+1 T A0
2 J
0,aP1,...,qPd+1 (€5)] 7& d+ 1;
where
70,5 _ Lf07d+17j . 1 fodtLit1
Ovap17___7apd+1 - aP1tl qP2 . qPd+1 a1<a1 _ 1) apl+1,a1’2+1,a1’3,‘..,apd-%—l’
70,2,5 0,d+1, £20,d+1,j
J =0ifj > 3and @»4*1J = +L.J =
P1+:D1 T’d+1+‘"d+ o 1+IJ1 L Pd+1+pd+1 p1+p1 L Pd+1+Pd+1

0 if there is at least one s "1<s <d+1) such that ps + Pl > 3. Then

A0,d+1,5
© 1+ ]uhOél:d-l-].,

hO d+1,j _ -
aPl,... oPd+l d+1
Oa (651 7£ d + 17
£0,d+1,5 £0,d+1,5+1 _
fal ..... 1+d+1f 1a2,a1_d+17
~0,d+1,j o IR _’,’_,
gapl aPd+1 — d+1 d
07 aq 7é d+ ]-7

It is clearly that (50 and C’_liﬁo are analytic and 27-periodic in ¢ in D, ,_s
for § € (0,rq41), ¢° = O(|Cv|**1) and C~14° = O(|Cv|**+1). Moreover, h%4+!,
C1g%d+1 40 and C~14° are solutions of system of equations (3.35) and (3.36).

We choose 7441 sufficiently small such that 0 < rg41 < rg — 9,

Id D,¢°
0 Id+ D,(C~°)

has an inverse and (¢,v) + (¢°,C~%°) € D,, for (¢,v) € D,,. . Hence we can
solve system of equations (3.37) and (3.38) for h0+, C—1g0+.
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In what follows we solve (3.39) and (3.40) by finding ¢ and C~¢¥ which
makes A%4+1 and C~1§K:4+1 as simple as possible respectively. Using Fourier ex-
pansions for the functlon QK.dtl -1 fKdtl pKdtl c-1gK.dtl 4K and 01K

we have

OFAHI((, Cv)

p1+-+pasr1—(d+1 Kd+17J k),

§ E P a+1—( )@am Jvan 1€ Gk ,
=d+1 kez?
|| =d+ s

—(j=1) pK,d+1,j
n (4 1)f 7+17J(C7Cv)
_ K,d+1,j i (C,
Z Z 77p1+ Fpat1—d= ]faler de+1’kel<(: k)’l)a7

|| =d+1 kez2
k#0
}}de“’j(C,C’v)
Z Z nPrt +Pd+1—(d+1)th+LJ d+1,kei<;k>vaa (3.51)

aPl,....aP
|a|=d+1 krez?
k#0

0TI, C)

} : 2 : 4ot —d—j K d+1,J k),
77p1 Pat1 jgapl aPd+1 ke << >U )
|a|=d+1 kez?
k#0
¢ (¢, Ov)
§ § +--+ —(d+1 i(C,k) o
77171 P+t ( )¢aP1 Pd+1’ke <C >v )

|a|=d+1 kez2
k20
—(j—l)J)K,j(g Cv)
—d— i {(C,k
Z Z nPH- “+Pd+1 Jwam pdﬂ,kel(Q Yo,

|a|=d+1 kez?
k20
Then by (3.39), (3.40) and (3.51), we have

+et —(d+1 Kd+17] i(k,
Z an pat1—(d+1)§ d+17kel< Ope

aPl,
|a|=d+1 kez?
k#0

+otpar1—(d+1) j Kod+1,5 i(k,Q) o
E E :npl Pa+1—( )hapl L € k) g

|a|=d+1 kez2
k#£0

Z Z npﬁ FPdt1— (d+1)¢, o apan kei<k’<>i<k w)v®
[ s ’

|a|=d+1 kez?
k#0

+ Z an1+ +pd“_d¢ap1 pdﬂ,kei<k’<>a1vf‘171v§‘2+l, (3.52)

|a|=d+1 kez?
E#0

todpayr —d—j FE,d+1,5 i(k,¢),
E: § nP Pd+1 ]fapl pd“,ke( Ow

|a|=d+1 kez?
k#0

p1t-+piat1—d— JAKdJrl,J k),

E E 7P d+1 gam part € PR
=d+1 kez?
|a|=d+1 kez
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Z Z pPr P —d= Jwam apiin 1€ PUGAOK i(k, w)v®

|a|=d+1 kez?
k#0

+e4pap1—d—j+1 i(k,C ar—1, oz+1
- Z anl o wal’l ,apd+17ke< Joanvt g
|a|=d+1 kez?
k0

|o|=d+1 kez?
k#0

where wapl _aras1 , = 0- The equations (3.52) and (3.53) can be written as

i(k, ( K d+1,J pdtl _ pE ,d+1,5 P+l 2K, . d+1
Ze ,,,,, LV TR T ik w)oi™)
2 N —
k20 d+1 d+1 d+1
ik K,d+1,j d S K,d+1,5 . d
+ Y OO, e =R et — (d4+ 108 L e,
kez2 %’—’ %/—/ %,_,
k#0 d d+1
1K,j s Z i(k d+1gK.d+ly  d+l
— d)al YYYYY a17a27k1<k,w>1}11}2 -4 O (@ _____ Z,k 2
d w0 d+1
7 K,d+1,j d+1 T K,j . d+1 T K,j d+1y __
—hET e 0w ik W) =g e e eT) =0,
—_— — —_—
d+1 d+1 d
i(k, PR.ATLG bl _ pKdtli dl K. . d+1
> et TETT ot =g T T = iR w)f
kez2 _— —_—
k20 d+1 d+1 d+1
K,j+1 d+1 (k, 2—j/ pK,d+1,5 d ~K,d+1,j5
+¢ Uatk? Ze “n T ola2 g01V2 7Y 0 1a2 U1Y2
— g — —
d+1 k0 d d
K,j K,j+1 K,j
—PaT ol,a? k! ik, w)vivs + w UG taz V12 T (d+1)¢ 1 RVIv2) +
— — —
d d+1
i(k,C),,d—j FK,d+1,5 pdt1 ~K,d+1,j pdt+1 T K,j s d+1
+ Z & (f2" 7 K2 TG e vy — Y a27k1<k7w>v2
kez2 —/—’ —,—/ —_—
k£0 d+1 d+1 d+1
TK,j+1 d+1 T K,j d+1y _
T e = e 05T) =0,
s, at, ot
d+1 d
ie.,
i(k,¢) P1+ +Pd+1_(d+1)(@K d+1d hK d+1,j e
aPl, oPd+1 k aP1, oPd+1 k
|a|=2 kez2
k0
: «
_ ¢a?1 7apd+17k1<k,w>v
d+1
Q 1 —+ 1.
ps’ K,j [© 2 p—
_ Z ¢al”l,,.‘,aps/*l,apslil,ocpsurl7,,,,apd+1’]gv ) = 0, (354)
P1+ “+pa+1—d— J(fK’d+1’j v — ~K d+1,J e
aP1,...,aPd+1 |k gapl aPd+1 k
|a|=2 kez2
k0

SR, o K, . @
+ ’(/)al”'zl,...,apd*l,kv B walgl,...,apd+1,k1<k’ w>v
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d+1
- ap'*le/}Kf V) =0 (3.55)
aPl,...als' =1 aPs' 71 oPs' 1 oPd+l o ’

s'=1

By equating all terms in (3.54) and (3.55) of the same order with respect to
pPitrtpan—=(dH1) and gpittpati—d=J regpectively, we get

§ PULRY) K d+1aJ Kd+1’ﬂ o K. : ey
(eapl aPd+1 k hap1 aPd+1 k'U - ¢ap1,m’apd+1’kl<kaw>v
kez2?
k#0
d+1
ap<’71+1AKJ « _0
- Z ¢apl,.4.,ap5’*1,ap-g'fl,(xpsurl,...,(xp‘“rl,k:v ) -
Slf
ik, C) Kd"rlﬂ a _ ~K d"rl;J e T K.j s a
E € am ardtr U T gam aPd+1 ;U T wapl)...’apd+1’kl<k>w>v
kez?
k#0
d+1
_Z%leFlz;KJ Vo It ) =0
aPl,...,als' =1 aPs' T oPs' 1 oPdtl | aPt,...,aPd+l k -
Slf

Comparing the coefficient of v*, we have

¥ _ (@ PN\ d+1,5
<k w>¢am ,aPd+l kT (@ - h)apl7,..,apd+17k
d+1
W1+ 1 gk
o o aP1,...,aPs'—1 oPs' =t qPs'+1 . qPd+1 K’
s'=1 Pst
(3.56)
: K. Kd-‘rld K,j+1
1<kaw>wam,m,aw+1,k (f g)am aPdt1 T wap17,,,,apd+1)k
d+1
_ Z %4—1 +11Z)K]
ar1,...,als' -1 o b/—l aPs’'+1 .. aPd+1 k’
(3.57)
K,d+1,j K d+1,] KdJrl,_] Kd+17]
where (C"‘) h)apl aPd+1 | @apl pd+1 & _hapl aPd+1 k> (f g)apl aPd+1 k
AK,dJrl,] AK d+1,] TK,j
fam aPd+1 gapl aPd+1 andqﬁ Pl—Pl QPAF1TPaL k =¥ Pl—P1 e ”dﬂ’pfﬂl,k N

0 if there is at least one §'(1 < ¢ <d+ 1) such that s — Pl < 0.
By (3.56), (3.57), we have

QASKJ
Pl aPd+l |

1 (@ h)K d+17]

. oP
ik, w) aPl,..,afdtl k
d+1 o 1
Y s iy
Pyr_ py =1 py
l<k7w> si=1 Psy aPl,..., Latl a1t aPdtl g
dtl +1

1 A SOKd+1 1 O[ps, -1

_ (@ _ h) ,d+1,5 1

d+1 d+1 ¢ 1

(6 iyt Sy et
) -1

,...704}) ,_1, Psg : ey X ki UJ 2

sl_ls =1 ps/

1
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ap, -1+ 1¢§Kj
-1 -1
s2
d+1 o 1
-1 e-nx A 1 Pyt
T . P1, oPd+1 k: . 2
iy O e (ka)? 2 oy,
A K,d+1,5 p1+-+par1—(d+1)
(6 ) Pyt 1 Pgr =1 Py , +(_1)
aPl,...a 177 a 1 a 51T aPd+l k
d+1 dtl o 1 « —1+1
1 ps/171 + ps/d+1
k w p1t-- +pd+1_d o o
( < >) si=1 sfj+1=1 Ps) Psiin
S K dtT,
(6 h) T -1 P/ P -1 py ) (358)
Pgt_1 Pyl Pgl 41 s -1 s s +1
aPl o 17 a1 o 1t fdb1T o fd4l o fd1T | qPd4l g
W K.j
,(/)ap17”.,apd+17k
1 ; K.d
— - +1,J K,j+1
- i(k w> ((f g)apl aPd+1 k +1/Jap1 Pd+1’k)
9
d+1 o 1+ 1
_ 1 Pt T K
P pyr —1
i(k,w) — apsi a1 ol ST QP T P a1 g
d+1 o 1
(= D s+ 0T ) — ritt
- aPl Pd+1 aPl,... aPd+1 | 2
ik, w) (i(k,w))? < T %y
£ K d+l,j J+1
((f g)am, a 5’1—1’&}73’ 717aps’1+1 apd+1 k woﬂ)l’. ,,ap 4 l’aps’ 71’aps'1+1 Pd+1 f
d+1 d+1 ap /—1+1ap/—1+1
k A .
s —ls =1 pa"l p5l2
&K’j .
1 _
arl, a1 T Al GTeh et 0P T GPeatl | gpa g
d+1 o _ +]_
— e (= S T ) - i
s aP1l d+1 k aPl d+1 L .
ik (el 2= apy
=
((f_g)Kd-i-l,J Jj+1
aP1 ,ap5/1*1,ocps/l71,01’)5/1*1,..4,(1”*171@ ap17...7a173/1,1,a105/1*17aPS/1+1 saPdtl g
d+1 d+1 +1
—1
4+t (71)p1+"'+pd+1*(d+1) 1 E E B T
( <k w>)P1+ “FPpay1—d
sh=1 sd_*_1
o _1—|-1
i (f—g)fett
—1 Py P, -1 p,
ap,, P10 T G o T T o o e T apat g
Sd41
SRl
+ 5 ) o 3.59
ar1,.a’® *1,(1?5'1 1,apsi+1 a sz+1_17apsld+1 7apsii+1+17“_7apd+l,k)’ ( )
where (6 — h)’ =(f-9" o = 0 if there is at
amfpl QPd+1— Pd+1 k Pl*Pl oPd+17Pat+1 i

least one s'(1 < ¢’ <d+ 1) such that psr — pl < 0.
Our purpose is to find ¢¥, C

1K such that A¥4+! and €159+ have the
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simplest form. By (3.8), the following choice is the simplest for REA+13 and
Gt Let ftfpfl"rl’]pd+1 , = 0 and ~£§,f+1’jpd+1 . = 0. By considering (3.58),

(3.59), we get

qZ)K’j
aPl,... aPd+1 |k
p1+-+pa+r1—(d+1) d+1 d+1

(0% (0%
s =1 S’—l p5/1 ps{_l
éK,d+1,j
1 -1
aPl, ol i T QT ,apsflfl,apsfl ,ap5q+1, ..,aderl,k’
@KJ'
aPl,...,aPd+1 |k
2 pitootpari—(d+1) d+1 d+1 1t tpat1—(d+1)—q; 5 1 +i—7 441
5:] q_jZO _7’5/1:1 js&jzl q;:O 35/1:1
dgl: 3 (i Gogrny OPpepmatt PPyt
J(=1)%33 (i, w)) ~ 45—V (—= :
’ O‘p /! O[p s/
58¢-=1 31 7%
QAp ., +1 apjs’ﬁ 1+
(- T
p;s’l P;s;_
fK,dJrl,J )
P_5¢ 1 P_Gg —1 P_5u 4y ’
arl,..a 9% o s R RS isg o isg; o 3% aPd QP )
where
éK7d+17J _ AK,d+1,j5
-1 —1 - Pd
aPl,. _,am/lﬂ’aps/l val’s’1+17m7ap56717a175/0 ,ap56+1,...,apd+1,k aP1,...,aPd+1 k)
fK;d+1,j _ fK,dJrl,j
am’”')al’sll—l7aps/171’a1’5/1+1 ,~..,ap56_1,apsgil’apsfﬁ'l},,,7apd+1’k aPl,... aPd+l
dil dil dil di:l dir:l dil . aps,l,1+1 o, 41 apj53_1+1
= T =5 a e [o% = a,
si=1 sp=1 jsi=1 jso=1 ;5'1:1 580=1 sl st st
« —1+1 qp —1+1 Qp_ —1+1
Ps _ 551 550 — fKQ,j , =0 lf] > 3
Ce 1, _ =
s Pyt “Pish aPlTPL P TP
A 1 rK,d+1 . .
et dtly o frodl . = 0 if there is at least one
aP17P1 . oPdt1 Pt aP17P1 . oPd+17 Pt

s'(1 < s < d+1) such that py — pl,

> o
Mb.l ES

K,d+1,5
<0,g55 = X g5 Then b0, =0

<
I

j
and gii]f+1,]pd+l p = =0.

Using (A1) we obtain that ¢¥ and C~14¥X are analytic and 27-periodic in ¢ in
D,, 5, where 0 < § < rqy1. Moreover, hfSd+l C—1gKd+1 K and O~ 19X are
solutions of system of equations (3.39) and (3.40). It is clear that ¢* = O(|Cv|?T1)
and C~1E = O(|Cv|?t1).
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We choose rq4y1 sufficiently small such that 0 < rgy <7g— 9,
Id+ D¢d¥ D¢
D(C715) Id+ Dy(C714))

has an inverse and (¢,v) + (¢X,C~ 1K) € D, for (¢,v) € D,,,,. Hence we can
solve system of equations (3.41) and (3.42) for K+, C—1g5+,
We can get that ¢/ = ¢%I+¢K7 = 5° %2 qu R0 (Cv)® and 5= U= De)i =

la|=d+1 kez?
nmU=DP0d 4 =GNk = S S == UW i(k:C) (Cv)* are analytic and
|a|=d+1 kez?

27-periodic in (1, (s in D,_5,0 < § < r. It is clear that ¢ = O(|Cz|™!) and C~1e) =
O(|Cxz|?t1). Therefor the transformation ¥ = ¢ + ¢(¢,Cv), y = v + C~ (¢, Cv)
changes system (3.27) to

(=w+ Z aq(Cv)* + Z aa(Cv)* 4+ ht (¢, Cv),
1<]a|<d |a|=d+1
b=(B+nBv+ Y Cba(Co)*+ > C'ba(Cv)* +C g7 (¢, Cv),

1<|a|<d |a|=d+1

where for |a| < d, a, and b, are the same as those in system (3.27), which is given
by the induction hypotheses; and for a = d+1, a, = (ak,a2) and b, = (bL,b2) are
constant vectors given by

£0,d+1,5 1 £0,]alj+1
ot aalal e e =d
1] —_ —_
B = Vv ;
0, aq 7é d+ 1,

Forh3 =0, bt = O(|Cv|?t2) and C~1gT = O(|Cv|4T2).

0=C+o+ U+ ¢, Cu+ ),

A ] R 3.60
v=v+C )+ O + ¢, Cv+ 7). (3.60)

Then the transformation (3.60) changes system (3.2) to system (3.3) in which we
recognize (U,Cy) as (¢,Cv). Hence the conclusion holds for m = d + 1. This
completes the proof of Theorem 3.1.

3.3. Proof of Theorem 3.2

We will prove the Theorem 3.2 by using the induction on m.
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1) For m = 1, suppose the transformation (3.6) transforms system (3.2) to

0 = w+ hy(9,Cy),
y=(B+nB)y+C 'g\(v,Cy),

where hy = O(|Cy|) and C~1g\ = O(|Cy|?).
Similar to the proof of Theorem 3.1, we can obtain directly
Dy®yw + D, ®5(B +nB)y + h} — 0! =0,
hi_ + Dy®yrhy + qu)kcilg)\ -6t — DyOD, — R(‘I)A) =0.

(3.61)

(3.62)
(3.63)

Noting that the left hand of (3.62) is a first order homogeneous polynomial in y

and that (3.63) is O(|y|?).

Let us solve (3.62) by finding the ®, which makes h}\ as simple as possible.

Using Fourier expansions for @), hi, O, we have

<I>]19C'y Zanléz\aplk(z(km

la|=1 keZ?
1
(0. C) = D D I
la|=1 keZ?
M W,Cy) =Y Y eyl et
la|=1 kez?

Then by (3.62), (3.64), we have

Z Z (77;0171(1)] \,aP1, k6< i ik, w)y” JFnplil(pg\’am7kei<k’19>>“a|ya
lal=1 kez?
P 0 oy gy g T g g, Ry

. npl_1®i¢7gl,kel<k,ﬂ>ya) —0.

The equation (3.65) can be written as

Do D TR o g (w) + A BTy 1 @ ety

lal=1 kez2
+ h)\ art, k€1<k7ﬂ>ya - @(1);121 k€1(k,19>ya) =0,
where &’ =0ifp; —p}) <0.

)\Plpk.

(3.64)

(3.65)

(3.66)

By equating all terms in (3.66) of the same order with respect to 71!, we get

Z ((I)g\,am,k( (k,w) + )‘|O‘|) k0 y + P am—17k€i<kﬂ9>ya

keZ?
1, ik, 19 Lj (k9 _
+ h,\ P k€ i -0 ke ) y®) =0.

Comparing the coefficient of y“, we obtain
(i(k, w) + Alal)q)i,am,k = (O = h)\ o k= P

1,5 _ nlg 1,5
where (© — h)\"p1 1, = OO0 — hy? Nart g and <I>>\ —

=0if p1 —p} <0.

(3.67)



546 S. Xiao & S. Shi

By (A2), the following choice is the simplest for h}\’j. Let h}\Japlk = 0. By
considering (3.67), we get

p1—1

O g = O (D) ilk,w) + M) "0,
q=0

Hence h}\’i’m’k =0.
Using (A2) we find that &, is analytic and 27-periodic in 91,92 in D,_5, 0 <
§ < r. It is clear that @5 = O(|Cyl). Now we determine hy. Write (3.63) as follows

(I + Dy®\)h{ = —D,®\C g\ — Dy®rh} + OT + DyO®, + R(D)).

Since Dy @, = O(|Cyl), we can choose sufficiently small 1, 0 < 71 < r—0 such that
(I + Dy®,) is invertible and (9,y) + (®,C~1¥,) € D, for (J,y) € D,,. Hence

Rt = (I + Dy®y) (=D, ®,C gy — Dy®@yh} + OF + DyOD, + R(D))).

Therefor the transformation § = ¢ + ®, (9, Cy), z = C'y changes system (3.2) to

{19 =w+6,(9,Cy), (3.68)

j=(B+nB)y+C ' Hi(¥,Cy),
where ©y = O(|Cy|?), C~1fx = O(|Cy|?).
2) Assume that the conclusion holds for m = d > 1, then there exists a transfor-

mation § = 9 + ®¢ (9, Cy), 2 = y + C~1U{ (Y, Cy) which satisfies the requirements
of the conclusion and changes system (3.2) to

{ﬁ:w—l—@)\(ﬁacy)a (3.69)

§ = (B+nB)y+C /A9, Cy),
where 6, = O(|Cy|?*!) and C~'fy = O(|Cy|**!) are analytic in both variables
and 27 —periodic in each component of ¢ in D,.,, where r4 > 0 is a positive constant.

When m = d + 1, consider the transformation ¢ = ¢ + ¢»(¢,Cv),y = v +
C~ 19 (¢,Cv) where ¢y and C~ 14y are (d + 1)th order homogeneous polynomials

in Cv and 27 —periodic in each component of the vector (. This transformation
changes system (3.69) to the following system

{C =w+ BA(gaCU)a

¢ (3.70)
b= (B+nB)v+ C~'j:(¢, Cv),

where hy = O(|Cv|?t1) and C~1gy = O(|Cv|?t1) are determined later. As before,
equivalently ¥ = ¢ 4+ ¢y and y = v + C~ 19y satisfy the following equations

O (¢ + P, Co + )
= Dedaw + Dyda(B +nB)v + hy + Dedrh + DydrC ™1 (3.71)

and

(B +nB)s + C7 (¢ + r, Cv +1by)
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= De(C™ Vs w + Dy (C™ 103 ) (B + nB)v + C~ gy 4+ De(C by )by
+ Dy (C™ 1\ )C 1. (3.72)

Since the functions we consider are analytic, we can classify system of equations
(3.71) and (3.72) into two systems according to the order of v. One contains only
(d 4+ 1)th order terms with respect to v in equations (3.71) and (3.72), the other
contains higher order terms. Using a Taylor expansion for © ¢+ b, Cv+1p ») and

C’_lf,\(cj + ¢E>\,CU + 1&,\), we have
OA(C + Dx, Cv 4 Pr) = O1(C, Cv) + Ra 1 (P, 1),
AC+ dr, Co+1by) = Fr(C, Cv) + Ry 2(dr, 1),
where Ry 1(dx, ) = O(|Cv|?2) and Ry 2(dr,1n) = O(|Cv[+2).
We write
OA((, Cv) = 65T +OF, C1A (¢, Cv) = C7L i + o1 f,
ha(C,Cv) = h§TH + by, C1ga(C,Cv) = C71g¢t + C g,
éfl\ﬂ ilgl\ﬂ 1fd+1

where and C~ 1§ d“ are (d+ 1)th order homogeneous polyno-

mials in Cv and ©F = O(|Cv|?+2), C~1ff = O(|Cv|*?), bt = O(|Cv|?+?) and
Clgh = O(|Cv|d+2). Hence we can write system of equations (3.71) and (3.72) as
the following two systems

OTH! — Wt = Dedaw + Dyda(B +nB)v, (3.73)
CTHfIFL _ 0713 = D(C™ W\ )w + Dy (C™ 10 (B + nB)v — (B +1nB)C ™4y

(3.74)
and

R+ Deoahy + DoorC g1

= Of + Ra1 — Dehrh§t — DydaC g, (3.75)
O35 + De(C™H)IS + Do(CT a0 g
= O 4 Ry — De(C M)A — Dy (C 1y )0 g (3.76)

Let us solve (3.73) and (3.74) by finding ¢» and C~'¢)y which makes fAL;i\H

and C~1g d+1 as simple as possible respectively Using Fourier expansions for the

function GdH , 1fd+1 hd+1 Ctgit, b and C~1)y, we have

Ad+1,5
@ + 7](4‘ Cv )
2: 2: 4+ (d4+1)Qd+1,7 (k)
ﬂpl Pt 6 A,aPl,..., Oél‘7cl+1’]ce <C >”U )
loe|=d+1 kez2
RS i (oY)
4t —d— d+1,g i(¢,k), «
§ : § :npl Pd+1— ]f)\ ol arann (GR) g
|o|=d+1 kez?
7d+1,j5
h)\ (C,CU)
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—(d+1)7,d+1,5 i(¢,k
= > D e @ORTEL  aran 1€, (3.77)
la|=d+1 kez?
—(j=1) ad+1,5
n (J )gA J(C,CU)

— 1+ +pat1—d—j zd+1.7 i(¢,k) o
=2 > G arars 0%,
| =d-+1 keZ?

#(¢, Cv)

— prttpat—(d+l) 1d {Ck) a
- Z Z n @ A,aPl,A..,an+1,ke< o,
|a|=d+1 keZ?

n~ DY (¢, Cv)
= Z Z np1+m+pd+1_d_j,l[}§\,a”1,...,apd+1,kei<C7k>va'

la|=d+1 kez?
Then by (3.73), (3.74), (3.77), we have

S S e el ke

la|=d+1 kez?

B Z Z np1+m+pd+1_(d+1)ﬁij;11;f,...,apd+1,kei%,(wa
la|=d+1 keZ?

= Z Z 77p1+”'+pd“7(d+1)$§\,apl,‘”’amﬂ’kei<k’c>i<k,w)va

la|=d+1 kez?

O3 STyl RO
la|=d+1 kez?

+ D DTG o aran 1€ e T (3.78)
la|=d+1 kezZ?
za: Z npl+m+pd+1_d_jf:\i;}af,m’apwrl7k€i<k’<>’ua

|a|=d+1 keZ?

LT T e, 0
|a|=d+1 kez?

- Z Z np1+~~+pd+1—d—j¢§\7amw’apdﬂ)kei(kﬂ)i(k’w>va

la|=d+1 kez?

I D I N WP
|a|=d+1 keZ?

S S G VLRI o
la|=d+1 kez?

o Z Z np1+...+pd+17d7jA1Z;§’apl7...,0¢pd+17k‘ei<k’c>va
la|=d+1 kez?

_ Z Z np1+..4+pd+rd7jq/}izlpl7“.,apd+17kei<k£>va’ (3.79)
la|=d+1 kezZ?

where ﬁiﬂpl’m)apﬁhk = 0. The equations (3.78) and (3.79) can be written as

Z Z i(k, RS —(d+1) (Hd+1,j a _ pd+lj a
elt Qni’l P )(6 ,aPa+1 kY —h ,ara+1 kY

AaPl, .. A, aPl,...
|a|=d+1 keZ?
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2 . o
)\’apl,,__,apd+1,k(l<k’w> + >\|OL|)U
d+1
Oy ,—1 + 1.
- Z e Do -1 Py ’Ua) =0 (380)
)\ ,aPl, o als' =1 oPs’ 7 oPs’+1 | aPd+1 | ’
Sli
P1+"'+Pd+1_d_j( pd+1,5 % — ~d+1,5 v
AaPl,...aPd+l | Ixar1,... aPd+1 |
la|=d+1 kez?
7541 « i . «
+ ¥y a1, aPdr1 JUT T wA’am,,u,an+1’k(1<k7w> + Alle] = 1))v
d+1
o, ,—1+ 1.
— § Pl v g vY) =0 (3.81)
o A,aPl,..,als' =1 oPs' 7t QPs'+1 | aPd+1 k ’
ps
where qu =)’ , . = 0 if there is at least one
P1—p1 oPd+1— pd+1 ke )\7ap1—p17"')apd+1 pd+17k

sS(1<s < d—|—1) ‘such that ps — Pl < 0.
By equating all terms in (3.80) and (3.81) of the same order with respect to
77P1+-~+Pd+1—(d+1) and np1+~-+pd+1—d—j respectively, we get

i(k C d+1,] d+1,] a 2 .
§ : e @)\ ar, Pd+1,k —hy a1, aPdrr JUT T A,apl,...,apd+1,k(l<k’w>
kez?
d+1
ap,—1+1-,
a Ds’ 7 o\
+ )\|O(|)’U Z o ¢A aPl. ... .aPs'—1 qPs/—1 oPs/+1 . apd+1,kv ) - Oa
= » ,aPl,.., ) ) e
i(k,C) ( pd+1,5 _ Ad+17]
Z € ( ,\,ap1,_“7a?’d+17k g,\ aP1, Pd+17;€’U
kez?
. a
¢)\ ar1, pd+1’k(l<k7w> + )\(|O¢| - 1))“
d+1
N /—1+11[) Vit v =0
NaPl,.,abs' =1 aPs/ =1 aPs'+1 | oPd+l | AaPl,.,aPdtl g T

Comparing the coefficient of v, we have

(l<k?w> + )\|Ck|) j)\’apl,m’apd-%—l’k
d+1

—(6- jl)d-HJ _ Z qu‘
APl aldtl k ap, AQPL,..,aPs =1 aPs! 71 aPs 41 qPdtL )
s'=1 s
(3.82)
( <k > + )‘ |Oé| - 1)) \,aP1,... aPd+l k
_ (f _ x\a+Lly ]+1
= (f - g))\’ap17.,_,a1’d+1 k + ¢A’ap17.,_,apd+1 k
d+1
— E apgffl +1. (3 83)
— )\,apl,...,oepﬁ'*l,aPS’fl,adel,...,aderl,k’ ’
Py
d+1,5 _Had+1,3 _pd+l,j n d+1,j —
where (6— h)A aPl,.. aPd+1 k—e)\,am,m,al’dﬁ—l,k Ry iart,....aPas g (f= ),\ aPl,..,aPdt+l K —
pd+1,j Ad+1,J
f)\,apl,“.,aderl,k g>\ aPl, Pd+11k'

ur purpose is to find ¢, C~ AA such that h an g ave the simplest
0] find ¢, C! h that h$ ! and C~'g4*! have th 1

form. By (A2), the following choice is the simplest for Biﬂ’] and gd+1’J Let
R apann gy =0and g3007 L., = 0. By considering (3.82), (3.83), we get

A,aPl . APl .

239
AaPl . aPd+l K
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—(d+1
p1+-+par1—(d+1) d+1 d+1 i) ap, -1 +1 ap, 141
= §j §j S (1) (iR w) + Alal) " i L
ap, ap
sh=1 sp=1 s s
Gi+li
—1 —1
A,apl,.n,apsll’l,apsll 7apsf1+17_”7aps{1717a1’5; 7apsfz+17___,apd+17k7
"
A,aP1 .. aPd+l K
2 prtotpari—(d+l) d+1 d+1 p1+---+pd+1—(d+1)—q5,;,1+j—j
j=j ;=0 9’ =1 ¢;=0
d+1 d+1 )
5.5 (3 —q; ;—(—J+1
o D 1)l w) + AJa] — 1) 530+
38’1:1 ]Sfr*l
Qp , L +1 Qp o _1+1 Qp , . +1 Qp_ +1
( Pjslf1 i%a; ) ( 351—1 7 q;—l )
« o « «
Pjs’l Pjsfzj Pis/l pisgj
fd+1,5 )
P_ .t p_.—1 p_.. —jst_—1 P_jsr 1 —js!_+1 ’
D WELE BT A S e A LTS G e TN i ,...,aPd aPd+l k
where
éd+1,j _ éd+1,j
>\7ap17---,@p5/171,ap*/1_1,o¢pbl1+17 a0t s _1,ap36+1, aPd+1 k Ao, ,afdtt k)
pd+1,5 _ pd+1l,5
, 1 ; —1 - P
>\7C¥”17-~,apsll_1,apsll ,ap5/1+1,...,aps6_1,ocpsf) ,apsé‘*'l aPdtl AaPL,..,aldtl
dil dil dil dil clir:l dil ap, —1+1 ap, —1+1 ap -1+l
= e =1, 1 L. —0 = —i1
« « «
si=1  sp=1 ;si=1  ;s{= sei=1  ssh= Py Psf Pis)
_ 1 [e7 —1+1 « _1+1
()épjsé 1+ _ p;‘“’ll p356 _ pd+1,5 o if >
L = —L c =1, f - e =0itj > 3,
Pjsh P31 P350 D T R
/\d 1 . "d 1 ¥ . .
Qi+l , = fotlJ . = 0 if there is at least one
/ A
XaPi™PL L aPdtl T Pat | XaPl™PL L oPdt1 T Pat |

s'(1 < ¢’ < d+1) such that py —p;, < Oand g; ; = XJ: . Then hi‘;ll;f a1 =0
J=j

and gffllpf ity =0

Using (A2) we obtain that ¢, and C’_liﬁ,\ are analytic and 27-periodic in ¢ in
D,,_5, where 0 < § < rgqq1. Moreover, h 1 o1 d“, (;ASA and 0711&)\ are solutions
of system of equations (3.73) and (3.74). It is clear that ¢ = O(|Cv|?*!) and

“1y = O(|Cv| ™).
We choose rq441 sufficiently small such that 0 < rgp1 <7rg — 9,

Id + D¢y Dy
De(C7Y9y) Id + Dy (C~14hy)

has an inverse and (¢, v)+(¢x, C~4)y) € D,., for (C,v) € D, ,. Hence we can solve
system of equations (3.75) and (3.76) for hi, C~'g;". Therefor the transformation
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9=+ &)A(C, Cv),y=v+ C’*lz[u((, Cv) changes system (3.69) to

{=w+h{((Cv),
b= (B+nB)v+Cg5 (¢, Cv),

where iNLB\|r = O(|Cv|?*2) and C~1g = O(|Cv|?+2).
Take

0 =C+ dx+ PLC+ P, Cu+hy),

) ‘ ) 3.84
v=0v+C Y\ +CTITL(C + dr, Cv+1y). 350

Then the transformation (3.84) changes system (3.2) to system (3.5) in which we
recognize (U,Cy) as (¢,Cv). Hence the conclusion holds for m = d + 1. This
completes the proof of Theorem 3.2.
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