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NORMAL FORMS OF NILPOTENT SYSTEM
IN C2 × C2

Shuyuan Xiao1 and Shaoyun Shi2,†

Abstract In this paper, we consider the following nilpotent system:

θ̇ = ω +Θ(θ, u), u̇ = Au+ f(θ, u),

where θ ∈ C2, u ∈ C2, ω = (ω1, ω2) ∈ R2, A =

λ 1

λ

, Θ and f are analytic

functions and 2π−periodic in each component of the vector θ, Θ = O(|u|) and
f = O(|u|2) as u → 0. Two kinds of normal forms are presented based on the
different small-divisor conditions.
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1. Introduction
Normal form theory originated from the works by Poincaré [13] and provides one of
the fundamental tools in the study of nonlinear dynamical systems, in particular in
local stability and bifurcation analysis. For Limit cycle bifurcations near a double
homoclinic loop, the reader may find the normal form theory in the recent works
of Yang et al. [15]. Wang and Ren [14] extend the Siegel’s theorem for analytically
reducing periodic difference system to a linear one based on normal form theory.
There are many researchers who have made contributions to normal form of different
situations. Cushman and Sanders [3, 4] use the representation theory of sl2(R) to
treat the nilpotent case. Elphick et al. [9] introduced an inner product on the
space of homogeneous vector polynomials. Iooss [11] and Chen and Della Dora [2]
extended the work of Elphick et al. [9] to the situation of computing the normal
form of a vector field in the neighborhood of a periodic orbit and the situation of
computing the normal form of a map near a fixed point. Chow et al. [5] presented
a normal form theory with a diagonalizable matrix, Li and Lu [12] and Chen and
Zhang [6] applied this theory to random dynamical systems and planar switching
systems respectively. Recently, Du et al. [7] gave the normal form formulas of
double-Hopf bifurcation; Barreira and Valls [1] studied normal forms for equivariant
differential equations; Diez and Rudolph [8] established a convenient normal form for
a large class of nonlinear differential equations with symmetries; Guo [10] introduced
equivariant normal forms of semilinear functional differential equations in general
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Banach spaces. The main purpose of this paper is to investigate the normal form
of nilpotent system in C2 × C2.

Consider the following nilpotent system{
θ̇ = ω +Θ(θ, u),

u̇ = Au+ f(θ, u),
(1.1)

where θ ∈ C2, u ∈ C2, ω = (ω1, ω2) ∈ R2, A =

λ 1

λ

, Θ and f are analytic

functions and 2π−periodic in each component of the vector θ, Θ = O(|u|) and
f = O(|u|2) as u→ 0.

For the sake of statement, we denote by ⟨ , ⟩ the scalar product in C2,

N2 = {α = (α1, α2)|αj ∈ N+, j = 1, 2}, Z2 = {α = (α1, α2)|αj ∈ Z, j = 1, 2},

and |k| = |k1|+ |k2|, uk = uk1
1 u

k2
2 for k ∈ Z2.

We will obtain the following two results in this paper.
(1) Assume that λ = 0 and the following small-divisor conditions are satisfied

(A1) |i⟨ω, k⟩| ≥ C0

|k|µ , where k ∈ Z2, k ̸= 0, and C0 and µ are positive constants.

Then system (1.1) can be changed to
ϑ̇ = ω +

∑
1≤|α|≤m

aαx
α + o(|x|m),

ẋ = (B + ηB̃)x+
∑

1≤|α|≤m

bαx
α + o(|x|m)

(1.2)

by an analytic transformation, where m ∈ N+, aα and bα are constant vectors, η > 0
is a constant,

B =

λ

λ

 , B̃ =

 0 1

0

 .

(2) Assume that λ ̸= 0 and the following small-divisor conditions hold for a fixed
m ∈ N+,

(A2) |i⟨ω, k⟩ + λ(|α| − ε)| ≥ C0

|k|µ , where k ∈ Z2, k ̸= 0, α ∈ N2, 1 + ε ≤ |α| ≤ m,
ε = 0 or 1, C0 and µ are positive constants.

Then system (1.1) can be changed to{
ϑ̇ = ω + o(|x|m),

ẋ = (B + ηB̃)x+ o(|x|m)
(1.3)

by an analytic transformation, where η > 0 is a constant,

B =

λ

λ

 , B̃ =

 0 1

0

 .

The rest of this paper is organized as follows. In the next section, we recall some
notations. The main results will be stated and proved in section 3.
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2. Preliminaries
In this section we recall some notations (see [5] for details).

For r ∈ (0, 1], set

Dr = {(θ, u) ∈ C2 × C2| |Imθ1| < r, |Imθ2| < r, |u| < r}.

Let F (θ, u) : Dr → C2 be a bounded analytic function which is 2π−periodic in each
component of θ, then

F (θ, u) =
∑
α∈N2

∑
k∈Z2

Fαp1 ,...,α
p|α| ,ke

i⟨θ,k⟩uα = F 0(θ, u) + F k(θ, u), (2.1)

where

F 0(θ, u) =
∑
α∈N2

F 0
αp1 ,...,α

p|α|u
α,

F k(θ, u) =
∑
α∈N2

∑
k∈Z2
k ̸=0

FK
αp1 ,...,α

p|α| ,k
ei⟨θ,k⟩uα,

1 ≤ p1 ≤ · · · ≤ p|α| ≤ 2, ps′ ∈ N+, αps′ = 1 for 1 ≤ s′ ≤ |α| and s′ ∈ N+, αps1
=

αps1 + αps1+1 + · · ·+ αps1+s2 if ps1 = ps1+1 = · · · = ps1+s2 for 1 ≤ s1, s1 + s2 ≤ |α|
and s1, s2 ∈ Z, Fαp1 ,...,α

p|α| are independent of the order of αp1 , . . . , αp|α| .
Define

F̆ (θ, u) =
∑
α∈N2

∑
k∈Z2

Fα,k

Cα,k
ei⟨θ,k⟩uα, (2.2)

where Cα,k are constants satisfying

|Cα,k| ≥
C0

(|k|+ |α|)µ

for some positive constants C0 and µ, then it is clearly that F̆ is an analytic function,
and 2π−periodic in each component of θ in Dr.

3. Main results
3.1. Normal forms
Make the following transformation of variables

u = Cz, (3.1)

where C =

 1

η

 , η > 0 is a constant, then system (1.1) can be rewritten as

{
θ̇ = ω +Θ(θ, Cz),

ż = (B + ηB̃)z + C−1f(θ, Cz),
(3.2)
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where

B =

λ

λ

 , B̃ =

 0 1

0

 , C−1 =

 1

η−1

 ,

Cz = (z1, ηz2) and C−1f = (f1, η−1f2), Θ(θ, Cz) = O(|Cz|) and C−1f = O(|Cz|2)
as Cz → 0.

Theorem 3.1. Assume λ = 0 and (A1) holds, then system (3.2) can be changed to
ϑ̇ = ω +

∑
1≤|α|≤m

aα(Cy)
α + o(|Cy|m),

ẏ = ηB̃y +
∑

1≤|α|≤m

C−1bα(Cy)
α + o(|Cy|m)

(3.3)

by a transformation

θ = ϑ+Φ(ϑ,Cy), z = y + C−1Ψ(ϑ,Cy), (3.4)

where m ∈ N+, aα = (a1α, a
2
α) and bα = (b1α, b

2
α) are constant vectors satisfying

ajα = bjα = 0 if α1 ̸= |α|, and bα = 0 if |α| = 1, Φ(ϑ,Cy) and Ψ(ϑ,Cy) are analytic
functions and 2π−periodic in each component of ϑ in Drm , Φ(ϑ,Cy) = O(|Cy|),
Ψ(ϑ,Cy) = O(|Cy|2), here rm is a positive constant.

Theorem 3.2. Assume λ ̸= 0 and (A2) holds for a fixed m ∈ N+, then system
(3.2) can be changed to {

ϑ̇ = ω + o(|Cy|m),

ẏ = (B + ηB̃)y + o(|Cy|m)
(3.5)

by a transformation

θ = ϑ+Φλ(ϑ,Cy), z = y + C−1Ψλ(ϑ,Cy), (3.6)

where Φλ(ϑ,Cy) and Ψλ(ϑ,Cy) are analytic functions and 2π-periodic in each
component of ϑ in Drm , Φλ(ϑ,Cy) = O(|Cy|), Ψλ(ϑ,Cy) = O(|Cy|2), where rm is
a positive constant.

Corollary 3.1. Suppose that for a fixed m ∈ N+ with m ≥ 2,

(A3) |i⟨ω, k⟩+λ(|α|− ε)| ≥ C0

(|k|+|α|)µ , where k ∈ Z2, α ∈ N2, 1+ ε ≤ |α| ≤ m, ε = 0

or 1, and C0 and µ are positive constants.

Then system (1.1) can be changed to

ϑ̇ = ω + o(|x|m), ẋ = (B + ηB̃)x+ o(|x|m)

by an analytic transformation, where η > 0 is a constant,

B =

λ

λ

 , B̃ =

 0 1

0

 .

Remark 3.1. Chow et al. [5] has been derived for the case that A is a diagonalizable
matrix.
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3.2. Proof of Theorem 3.1
The proof is by induction on m.

1) Suppose that the conclusion holds for m = 1, i.e., (3.4) transforms (3.2) to{
ϑ̇ = ω + h(ϑ,Cy),

ẏ = ηB̃y + C−1g(ϑ,Cy),
(3.7)

where h = O(|Cy|) and C−1g = O(|Cy|2), then (Φ, C−1Ψ) satisfies

h+DϑΦω +DϑΦh+DyΦηB̃y +DyΦC
−1g −Θ ◦ (ϑ+Φ, Cy +Ψ) = 0, (3.8)

C−1g +Dϑ(C
−1Ψ)ω +Dϑ(C

−1Ψ)h+Dy(C
−1Ψ)ηB̃y

+Dy(C
−1Ψ)C−1g − ηB̃(C−1Ψ)− C−1f ◦ (ϑ+Φ, Cy +Ψ) = 0. (3.9)

Since m = 1, by (3.7), we can take C−1Ψ = 0. Then (3.8), (3.9) can be reduced to

h+DϑΦω +DϑΦh+DyΦηB̃y +DyΦC
−1g −Θ ◦ (ϑ+Φ, Cy) = 0. (3.10)

Write h = h1 + h+, where h1 is the first order terms in Cy and h+ is the higher
order terms in Cy. Using a Taylor expansion for Θ, we have

Θ(ϑ+Φ, Cy) = Θ(ϑ,Cy) +DϑΘ(ϑ,Cy)Φ +R(Φ).

Assume Φ is first order in Cy. Writing Θ(ϑ,Cy) = Θ1+Θ+ as for h and comparing
the order of y in (3.10), we have

DϑΦω +DyΦηB̃y + h1 −Θ1 = 0, (3.11)
h+ +DϑΦh+DyΦC

−1g −Θ+ −DϑΘΦ−R(Φ) = 0. (3.12)

Note the left hand of (3.11) is a first order homogeneous polynomial in y and that
(3.12) is O(|y|2).

By (2.1) we can write (3.11) and (3.12) as the following equations

DyΦ
0ηB̃y + h0,1 −Θ0,1 = 0, (3.13)

h0,+ +DyΦ
0C−1g0 −Θ0,+ −R0(Φ) = 0 (3.14)

and

DϑΦ
Kω +DyΦ

KηB̃y + hK,1 −ΘK,1 = 0, (3.15)
hK,+ +DϑΦ

Kh+DyΦC
−1g

−DyΦ
0C−1g0 −ΘK,+ −DϑΘ

KΦ−RK(Φ) = 0. (3.16)

Let us first solve (3.13) by finding the Φ0 which makes h0,1 as simple as possible.
Using Fourier expansions for Φ0, h0,1, Θ0,1, we have

Φ0,j(Cy) =
∑
|α|=1

ηp1−1Φ0,j
αp1 y

α,

h0,1,j(Cy) =
∑
|α|=1

ηp1−1h0,1,jαp1 y
α,

Θ0,1,j(Cy) =
∑
|α|=1

ηp1−1Θ0,1,j
αp1 y

α.

(3.17)
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Then by (3.13) and (3.17), we have∑
|α|=1

ηp1Φ0,j
αp1α1y

α1−1
1 yα2+1

2 +
∑
|α|=1

ηp1−1h0,1,jαp1 y
α −

∑
|α|=1

ηp1−1Θ0,1,j
αp1 y

α = 0. (3.18)

The equation (3.18) can be written as

(h0,1,jα1 y1 −Θ0,1,j
α1 y1) + η(Φ0,j

α1 y2 + h0,1,jα1 y2 −Θ0,1,j
α1 y2) = 0,

i.e., ∑
|α|=1

ηp1−1(Φ0,j
αp1−1y

α + h0,1,jαp1 y
α −Θ0,1,j

αp1 y
α) = 0, (3.19)

where Φ0,j

αp1−p′1
= 0 if p1 − p′1 ≤ 0.

By equating the terms in (3.19) of the same order with respect to ηp1−1, we get

Φ0,j
αp1−1y

α + h0,1,jαp1 y
α −Θ0,1,j

αp1 y
α = 0,

i.e.,

(Θ− h)0,1,jαp1 − Φ0,j
αp1−1 = 0, (3.20)

where (Θ− h)0,1,jαp1 = Θ0,1,j
αp1 − h0,1,jαp1 and Φ0,j

αp1−p′1
= 0 if p1 − p′1 ≤ 0. Let h0,1,jαp1 = 0.

By (3.20) we get

Φ0,j
αp1 =

0, α2 = 1,

Θ0,1,j
α2 , α2 ̸= 1.

Hence

h0,1,jαp1 =

Θ0,1,j
α1 , α1 = 1,

0, α1 ̸= 1.

It is clearly that Φ0 is analytic and 2π-periodic in ϑ1, ϑ2 in Dr−δ for δ ∈ (0, r)
and Φ0 = O(|Cy|). Now we determine h0,+. Write (3.14) as follows

h0,+ = −DyΦ
0C−1g0 +Θ0,+ +R0(Φ).

We can choose sufficiently small r1 ∈ (0, r− δ) such that (ϑ, y)+ (Φ0, C−1Ψ0) ∈ Dr

for (ϑ, y) ∈ Dr1 .
Now let us solve (3.15) by finding ΦK such that hK,1 as simple as possible. Using

Fourier expansions for ΦK , hK,1, ΘK,1, we have

ΦK,j(ϑ,Cy) =
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1ΦK,j
αp1 ,ke

i⟨k,ϑ⟩yα,

hK,1,j(ϑ,Cy) =
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1hK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα, (3.21)
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ΘK,1,j(ϑ,Cy) =
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1ΘK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα.

According to (3.15) and (3.21), we have∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1ΦK,j
αp1 ,ke

i⟨k,ϑ⟩i⟨k, ω⟩yα +
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1ΦK,j
αp1 ,ke

i⟨k,ϑ⟩α1y
α1−1
1 yα2+1

2

+
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1hK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα −
∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1ΘK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα = 0. (3.22)

The equation (3.22) can be written as∑
k∈Z2
k ̸=0

(ΦK,j
α1,ki⟨k, ω⟩e

i⟨k,ϑ⟩y1 + hK,1,j
α1,k e

i⟨k,ϑ⟩y1 −ΘK,1,j
α1,k e

i⟨k,ϑ⟩y1)

+
∑
k∈Z2
k ̸=0

η(ΦK,j
α2,ki⟨k, ω⟩e

i⟨k,ϑ⟩y2+ΦK,j
α1,ke

i⟨k,ϑ⟩y2+h
K,1,j
α1,k e

i⟨k,ϑ⟩y2−ΘK,1,j
α1,k e

i⟨k,ϑ⟩y2) = 0,

i.e., ∑
|α|=1

∑
k∈Z2
k ̸=0

ηp1−1(ΦK,j
αp1 ,ki⟨k, ω⟩e

i⟨k,ϑ⟩yα +ΦK,j
αp1−1,k

ei⟨k,ϑ⟩yα

+ hK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα −ΘK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα) = 0, (3.23)

where ΦK,j

αp1−p′1 ,k
= 0 if p1 − p′1 ≤ 0.

By equating the terms in (3.23) of the same order with respect to ηp1−1, we get∑
k∈Z2
k ̸=0

(ΦK,j
αp1 ,ki⟨k, ω⟩e

i⟨k,ϑ⟩yα +ΦK,j
αp1−1,k

ei⟨k,ϑ⟩yα

+ hK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα −ΘK,1,j
αp1 ,ke

i⟨k,ϑ⟩yα) = 0.

Comparing the coefficient of yα, we obtain

i⟨k, ω⟩ΦK,j
αp1 ,k = (Θ− h)K,1,j

αp1 ,k − ΦK,j
αp1−1,k

, (3.24)

where (Θ− h)K,1,j
αp1 ,k = ΘK,1,j

αp1 ,k − hK,1,j
αp1 ,k and ΦK,j

αp1−p′1 ,k
= 0 if p1 − p′1 ≤ 0.

By (3.24), we have

ΦK,j
αp1 ,k =

1

i⟨k, ω⟩
(Θ− h)K,1,j

αp1 ,k − 1

i⟨k, ω⟩
ΦK,j

αp1−1,k

=
1

i⟨k, ω⟩
(Θ− h)K,1,j

αp1 ,k − 1

(i⟨k, ω⟩)2
(Θ− h)K,1,j

αp1−1,k
, (3.25)

where (Θ− h)K,1,j

αp1−p′1 ,k
= 0 if p1 − p′1 ≤ 0.

By (A1), the following choice is the simplest for hK,1,j . Let hK,1,j
αp1 ,k = 0, by (3.25)

ΦK,j
αp1 ,k =

p1−1∑
q=0

(−1)q(i⟨k, ω⟩)−(q+1)ΘK,1,j
αp1−q,k

.
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Hence hK,1,j
αp1 ,k = 0.

Using (A1) we find that ΦK is analytic and 2π-periodic in ϑ1, ϑ2 in Dr−δ for
δ ∈ (0, r) and ΦK = O(|Cy|). Now we determine hK,+. Write (3.16) as follows

(I +DϑΦ
K)hK,+ =−DyΦC

−1g +DyΦ
0C−1g0 −DϑΦ

Kh0,+ −DϑΦ
Kh1

+ΘK,+ +DϑΘ
KΦ+RK(Φ).

Since DϑΦ
K = O(|Cy|), we can choose sufficiently small r1, 0 < r1 < r − δ such

that (I + DϑΦ
K) is invertible and (ϑ, y) + (ΦK , C−1ΨK) ∈ Dr for (ϑ, y) ∈ Dr1 .

Hence

hK,+ = (I +DϑΦ
K)−1(−DyΦC

−1g +DyΦ
0C−1g0 −DϑΦ

Kh0,+ −DϑΦ
Kh1

+ΘK,+ +DϑΘ
KΦ+RK(Φ)).

We can get that Φj = Φ0,j + ΦK,j =
∑

|α|=1

∑
k∈Z2

Φj
α,ke

i⟨k,ϑ⟩(Cy)α is analytic and

2π-periodic in ϑ1, ϑ2 in Dr−δ, 0 < δ < r. It is clear that Φ = O(|Cy|). Therefore
the transformation θ = ϑ+Φ(ϑ,Cy), z = Cy changes system (3.2) to

ϑ̇ = ω +
∑
|α|=1

aα(Cy)
α + Θ̃(ϑ,Cy),

ẏ = ηB̃y + C−1f̃(ϑ,Cy),

(3.26)

where Θ̃ = O(|Cy|2), C−1f̃ = O(|Cy|2), aα = (a1α, a
2
α),

ajα = ajαp1 =

Θ0,1,j
α1 , α1 = 1,

0, α1 ̸= 1.

2) Assume that the conclusion holds for m = d ≥ 1. By the induction hypothesis
there exists a transformation θ = ϑ + Φd(ϑ,Cy), z = y + C−1Ψd(ϑ,Cy) which
satisfies the requirements of the conclusion and changes system (3.2) to

ϑ̇ = ω +
∑

1≤|α|≤d

aα(Cy)
α + Θ̂(ϑ,Cy),

ẏ = ηB̃y +
∑

1≤|α|≤d

C−1bα(Cy)
α + C−1f̂(ϑ,Cy),

(3.27)

where Θ̂ = O(|Cy|d+1) and C−1f̂ = O(|Cy|d+1) are analytic in both variables and
2π−periodic in each component of ϑ in Drd , where rd > 0 is a positive constant.

When m = d + 1, consider the transformation ϑ = ζ + ϕ̂(ζ, Cv), y = v +

C−1ψ̂(ζ, Cv) where ϕ̂ and C−1ψ̂ are (d + 1)th order homogeneous polynomials
in Cv and 2π−periodic in each component of the vector ζ. This transformation
changes system (3.27) to the following system

ζ̇ = ω +
∑

1≤|α|≤d

aα(Cv)
α + ĥ(ζ, Cv),

v̇ = ηB̃v +
∑

1≤|α|≤d

C−1bα(Cv)
α + C−1ĝ(ζ, Cv),

(3.28)
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where ĥ = O(|Cv|d+1) and C−1ĝ = O(|Cv|d+1) are determined later. As before,
equivalently ϑ = ζ + ϕ̂ and y = v + C−1ψ̂ satisfy the following equations∑

1≤|α|≤d

aα(Cv + ψ̂)α + Θ̂(ζ + ϕ̂, Cv + ψ̂)

=
∑

1≤|α|≤d

aα(Cv)
α +Dζ ϕ̂ω +Dvϕ̂ηB̃v + ĥ+Dζ ϕ̂(

∑
1≤|α|≤d

aα(Cv)
α + ĥ)

+Dvϕ̂C
−1(

∑
1≤|α|≤d

bα(Cv)
α + ĝ) (3.29)

and

ηB̃ψ̂ +
∑

1≤|α|≤d

C−1bα(Cv + ψ̂)α + C−1f̂(ζ + ϕ̂, Cv + ψ̂)

=
∑

1≤|α|≤d

C−1bα(Cv)
α +Dζ(C

−1ψ̂)ω +Dζ(C
−1ψ̂)(

∑
1≤|α|≤d

aα(Cv)
α + ĥ)

+Dv(C
−1ψ̂)ηB̃v + C−1ĝ +Dv(C

−1ψ̂)C−1(
∑

1≤|α|≤d

bα(Cv)
α + ĝ). (3.30)

Since the functions we consider are analytic, we can classify system of equations
(3.29) and (3.30) into two systems according to the order of v. One contains only
(d + 1)th order terms with respect to v in equations (3.29) and (3.30), the other
contains higher order terms.

By an elementary calculation, we have∑
1≤|α|≤d

aα(Cv + ψ̂)α =
∑

1≤|α|≤d

aα(Cv)
α + R̂1(ψ̂),

∑
1≤|α|≤d

C−1bα(Cv + ψ̂)α =
∑

1≤|α|≤d

C−1bα(Cv)
α + R̂2(ψ̂),

where R̂1(ψ̂) = O(|Cv|d+2) and R̂2(ψ̂) = O(|Cv|d+2). Using a Taylor expansion for
Θ̂(ζ + ϕ̂, Cv + ψ̂) and C−1f̂(ζ + ϕ̂, Cv + ψ̂), we have

Θ̂(ζ + ϕ̂, Cv + ψ̂) = Θ̂(ζ, Cv) + R̂3(ϕ̂, ψ̂),

f̂(ζ + ϕ̂, Cv + ψ̂) = f̂(ζ, Cv) + R̂4(ϕ̂, ψ̂),

where R̂3(ϕ̂, ψ̂) = O(|Cv|d+2) and R̂4(ϕ̂, ψ̂) = O(|Cv|d+2).
We write

Θ̂(ζ, Cv) = Θ̂d+1 + Θ̂+, C−1f̂(ζ, Cv) = C−1f̂d+1 + C−1f̂+,

ĥ(ζ, Cv) = ĥd+1 + ĥ+, C−1ĝ(ζ, Cv) = C−1ĝd+1 + C−1ĝ+,

where Θ̂d+1, ĥd+1, C−1f̂d+1 and C−1ĝd+1 are (d+1)th order homogeneous polyno-
mials in Cv and Θ̂+ = O(|Cv|d+2), C−1f̂+ = O(|Cv|d+2), ĥ+ = O(|Cv|d+2) and
C−1ĝ+ = O(|Cv|d+2). Hence we can write system of equations (3.29) and (3.30) as
the following two systems

Θ̂d+1 − ĥd+1 = Dζ ϕ̂ω +Dvϕ̂ηB̃v, (3.31)
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C−1f̂d+1 − C−1ĝd+1 = Dζ(C
−1ψ̂)ω +Dv(C

−1ψ̂)(B + ηB̃)v − ηB̃C−1ψ̂ (3.32)

and

ĥ+ +Dζ ϕ̂ĥ
+ +Dvϕ̂C

−1ĝ+

= Θ̂+ −Dζ ϕ̂(
∑

1≤|α|≤d

aα(Cv)
α + ĥd+1)−Dvϕ̂C

−1(
∑

1≤|α|≤d

bα(Cv)
α + ĝd+1)

+ R̂1 + R̂3, (3.33)
C−1ĝ+ +Dζ(C

−1ψ̂)ĥ+ +Dv(C
−1ψ̂)C−1ĝ+

= C−1f̂+ −Dζ(C
−1ψ̂)(

∑
1≤|α|≤d

aα(Cv)
α + ĥd+1)

−Dv(C
−1ψ̂)C−1(

∑
1≤|α|≤d

bα(Cv)
α + ĝd+1) + R̂2 + R̂4. (3.34)

By (2.1) we can write the above systems as the following systems

Θ̂0,d+1 − ĥ0,d+1 = Dvϕ̂
0ηB̃v, (3.35)

C−1f̂0,d+1 − C−1ĝ0,d+1 = Dv(C
−1ψ̂0)ηB̃v − ηB̃C−1ψ̂0, (3.36)

ĥ0,+ +Dvϕ̂
0C−1ĝ0,+ = Θ̂0,+ +R1 +R0

3

−Dvϕ̂
0C−1(

∑
1≤|α|≤d

bα(Cv)
α + ĝ0,d+1), (3.37)

C−1ĝ0,+ +Dv(C
−1ψ̂0)C−1ĝ0,+ = C−1f̂0,+ +R2 +R0

4

−Dv(C
−1ψ̂0)C−1(

∑
1≤|α|≤d

bα(Cv)
α + ĝ0,d+1)

(3.38)

and

Θ̂K,d+1 − ĥK,d+1 = Dζϕ
Kω +Dvϕ

KηB̃v, (3.39)
C−1f̂K,d+1 − C−1ĝK,d+1 = Dζ(C

−1ψ̂K)ω +Dv(C
−1ψ̂K)ηB̃v − ηB̃C−1ψ̂K ,

(3.40)
ĥK,+ +Dζ ϕ̂

K ĥK,+ +Dvϕ̂C
−1ĝK,+

= Θ̂K,+ −Dζ ϕ̂
K ĥ0,+ −Dζ ϕ̂(

∑
1≤|α|≤d

aα(Cv)
α + ĥd+1)−Dvϕ̂

KC−1ĝ0,+ +RK
3

−Dvϕ̂
K(

∑
1≤|α|≤d

C−1bα(Cv)
α + C−1ĝd+1)−Dvϕ̂

0C−1ĝK,d+1, (3.41)

C−1ĝK,+ +Dζ(C
−1ψ̂K)ĥK,+ +Dv(C

−1ψ̂)C−1ĝK,+

= C−1f̂K,+ −Dζ(C
−1ψ̂K)ĥ0,+ −Dζ(C

−1ψ̂K)(
∑

1≤|α|≤d

aα(Cv)
α + ĥd+1)

−Dv(C
−1ψ̂K)C−1ĝ0,+ +RK

4 −Dv(C
−1ψ̂K)(

∑
1≤|α|≤d

C−1bα(Cv)
α + C−1ĝd+1)

−Dv(C
−1ψ̂0)C−1ĝK,d+1. (3.42)
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Let us solve (3.35) and (3.36) by finding the ϕ̂0 and C−1ψ̂0 which makes ĥ0,d+1

and ĝ0,d+1 as simple as possible respectively. Using Fourier expansions for the
function Θ̂0,d+1, C−1f̂0,d+1, ĥ0,d+1, C−1ĝ0,d+1, ϕ̂0 and C−1ψ̂0, we have

Θ̂0,d+1,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−(d+1)Θ̂0,d+1,j
αp1 ,...,αpd+1 v

α,

η−(j−1)f̂0,d+1,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−j−df̂0,d+1,j
αp1 ,...,αpd+1 v

α,

ĥ0,d+1,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−(d+1)ĥ0,d+1,j
αp1 ,...,αpd+1 v

α,

η−(j−1)ĝ0,d+1,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−j−dĝ0,d+1,j
αp1 ,...,αpd+1 v

α, (3.43)

ϕ̂0,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−(d+1)ϕ̂0,j
αp1 ,...,αpd+1 v

α,

η−(j−1)ψ̂0,j(Cv) =
∑

|α|=d+1

ηp1+···+pd+1−j−dψ̂0,j
αp1 ,...,αpd+1 v

α.

Then by (3.35), (3.36), (3.43) and the above equations, we have∑
|α|=d+1

ηp1+···+pd+1−d−1Θ̂0,d+1,j
αp1 ,...,αpd+1 v

α −
∑

|α|=d+1

ηp1+···+pd+1−d−1ĥ0,d+1,j
αp1 ,...,αpd+1 v

α

=
∑

|α|=d+1

ηp1+···+pd+1−dϕ̂0,j
αp1 ,...,αpd+1α1v

α1−1
1 vα2+1

2 , (3.44)

∑
|α|=d+1

ηp1+···+pd+1−d−j f̂0,d+1,j
αp1 ,...,αpd+1 v

α −
∑

|α|=d+1

ηp1+···+pd+1−d−j ĝ0,d+1,j
αp1 ,...,αpd+1 v

α

=
∑

|α|=d+1

ηp1+···+pd+1−d−j+1ψ̂0,j
αp1 ,...,αpd+1α1v

α1−1
1 vα2+1

2

−
∑

|α|=d+1

ηp1+···+pd+1−d−jψ̂0,j+1
αp1 ,...,αpd+1 v

α, (3.45)

where ψ0,3
αp1 ,...,αpd+1 = 0. The equations (3.44) and (3.45) can be written as

(Θ̂0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd+1
1 − ĥ0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd+1
1 )

+ η(Θ̂0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2v
d
1v2 − ĥ0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2v
d
1v2 − (d+ 1)ϕ̂0,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd1v2)

+ · · ·+ ηd+1(Θ̂0,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

vd+1
2 − ĥ0,d+1,j

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

vd+1
2 − ϕ̂0,j

α1,α2
, . . . , α

2︸ ︷︷ ︸
d

vd+1
2 ) = 0,

η1−j(f̂0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd+1
1 − ĝ0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd+1
1 + ψ̂0,j+1

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd+1
1 ) + η2−j(f̂0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2v
d
1v2

− ĝ0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2v
d
1v2 + ψ̂0,j+1

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2v
d
1v2 − (d+ 1)ψ̂0,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

vd1v2) + · · ·

+ ηd−j(f̂0,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

vd+1
2 − ĝ0,d+1,j

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

vd+1
2 + ψ̂0,j+1

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

vd+1
2 − ψ̂0,j

α1,α2
, . . . , α

2︸ ︷︷ ︸
d

vd+1
2 ) = 0,
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i.e.,∑
|α|=2

ηp1+···+pd+1−(d+1)(Θ̂0,d+1,j
αp1 ,...,αpd+1 v

α − ĥ0,d+1,j
αp1 ,...,αpd+1 v

α

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂0,j
αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

vα) = 0, (3.46)∑
|α|=2

ηp1+···+pd+1−d−j(f̂0,d+1,j
αp1 ,...,αpd+1 v

α − ĝ0,d+1,j
αp1 ,...,αpd+1 v

α

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂0,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

vα + ψ̂0,j+1
αp1 ,...,αpd+1 v

α) = 0,

(3.47)

where ϕ0,j
αp1−p′1 ,...,α

pd+1−p′
d+1

= ψ0,j

αp1−p′1 ,...,α
pd+1−p′

d+1
= 0 if there is at least one s′(1 ≤

s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.
By equating all terms in (3.46) and (3.47) of the same order with respect to

ηp1+···+pd+1−(d+1) and ηp1+···+pd+1−d−j respectively, we get

Θ̂0,d+1,j
αp1 ,...,αpd+1 v

α − ĥ0,d+1,j
αp1 ,...,αpd+1 v

α

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂0,j
αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

vα = 0,

f̂0,d+1,j
αp1 ,...,αpd+1 v

α − ĝ0,d+1,j
αp1 ,...,αpd+1 v

α

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂0,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

vα + ψ̂0,j+1
αp1 ,...,αpd+1 v

α = 0.

Comparing the coefficient of vα, we have

0 = (Θ̂− ĥ)0,d+1,j
αp1 ,...,αpd+1 −

d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂0,j
αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

, (3.48)

0 = (f̂ − ĝ)0,d+1,j
αp1 ,...,αpd+1 + ψ̂0,j+1

αp1 ,...,αpd+1

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂0,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1

, (3.49)

where (Θ̂ − ĥ)0,d+1,j
αp1 ,...,αpd+1 = Θ̂0,d+1,j

αp1 ,...,αpd+1 − ĥ0,d+1,j
αp1 ,...,αpd+1 , (f̂ − ĝ)0,d+1,j

αp1 ,...,αpd+1 =

f̂0,d+1,j
αp1 ,...,αpd+1 − ĝ0,d+1,j

αp1 ,...,αpd+1 and ϕ̂0,j
αp1−p′1 ,...,α

pd+1−p′
d+1

= ψ̂0,j

αp1−p′1 ,...,α
pd+1−p′

d+1
= 0

if there is at least one s′(1 ≤ s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.
By (3.48), (3.49), we have

(d+ 1)ϕ̂0,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

= (Θ̂− ĥ)0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 ,

(d+ 1)ψ̂0,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

= (f̂ − ĝ)0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 + ψ̂0,j+1
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 ,

· · · (3.50)
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ϕ̂0,j
α1,α2

, . . . , α
2︸ ︷︷ ︸

d

= (Θ̂− ĥ)0,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,

ψ̂0,j
α1,α2

, . . . , α
2︸ ︷︷ ︸

d

= (f̂ − ĝ)0,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

+ ψ̂0,j+1
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,

where (Θ̂ − ĥ)0,j
αp1−p′1 ,...,α

pd+1−p′
d+1

= (f̂ − ĝ)0,j
αp1−p′1 ,...,α

pd+1−p′
d+1

= 0 if there is at
least one s′(1 ≤ s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.

Our purpose is to find ϕ̂0, C−1ψ̂0 such that ĥ0,d+1 and C−1ĝ0,d+1 have the
simplest form. Let ĥ0,d+1,j

αp1 ,...,αpd+1 = 0 and ĝ0,d+1,j
αp1 ,...,αpd+1 = 0. By considering (3.50),

we get

ϕ̂0,j
αp1 ,...,αpd+1 =

0, α2 = d+ 1,

1
α1

Θ̂0,d+1,j
αp1+1,αp2 ,...,αpd+1 , α2 ̸= d+ 1,

ψ̂0,j
αp1 ,...,αpd+1 =

0, α2 = d+ 1,

ψ̂0,j
0,αp1 ,...,αpd+1 , α2 ̸= d+ 1,

where

ψ̂0,j
0,αp1 ,...,αpd+1 =

1

α1
f̂0,d+1,j
αp1+1,αp2 ,...,αpd+1 +

1

α1(α1 − 1)
f̂0,d+1,j+1
αp1+1,αp2+1,αp3 ,...,αpd+1 ,

f̃0,2,j
αp1+p′1 ,...,α

pd+1+p′
d+1

= 0 if j ≥ 3 and Θ̂0,d+1,j

αp1+p′1 ,...,α
pd+1+p′

d+1
= f̂0,d+1,j

αp1+p′1 ,...,α
pd+1+p′

d+1
=

0 if there is at least one s′(1 ≤ s′ ≤ d+ 1) such that ps′ + p′s′ ≥ 3. Then

ĥ0,d+1,j
αp1 ,...,αpd+1 =


Θ̂0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

, α1 = d+ 1,

0, α1 ̸= d+ 1,

ĝ0,d+1,j
αp1 ,...,αpd+1 =


f̂0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

+ 1
d+1 f̂

0,d+1,j+1
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 , α1 = d+ 1,

0, α1 ̸= d+ 1,

where f̂0,d+1,3
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 = 0.

It is clearly that ϕ̂0 and C−1ψ̂0 are analytic and 2π-periodic in ζ in Drd−δ

for δ ∈ (0, rd+1), ϕ̂0 = O(|Cv|d+1) and C−1ψ̂0 = O(|Cv|d+1). Moreover, ĥ0,d+1,
C−1ĝ0,d+1, ϕ̂0 and C−1ψ̂0 are solutions of system of equations (3.35) and (3.36).

We choose rd+1 sufficiently small such that 0 < rd+1 < rd − δ, Id Dvϕ̂
0

0 Id+Dv(C
−1ψ̂0)


has an inverse and (ζ, v) + (ϕ̂0, C−1ψ̂0) ∈ Drd for (ζ, v) ∈ Drd+1

. Hence we can
solve system of equations (3.37) and (3.38) for ĥ0,+, C−1ĝ0,+.



539

In what follows we solve (3.39) and (3.40) by finding ϕ̂K and C−1ψ̂K which
makes ĥK,d+1 and C−1ĝK,d+1 as simple as possible respectively. Using Fourier ex-
pansions for the function Θ̂K,d+1 , C−1f̂K,d+1, ĥK,d+1, C−1ĝK,d+1, ϕ̂K and C−1ψ̂K ,
we have

Θ̂K,d+1,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

η−(j−1)f̂K,d+1,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−j f̂K,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

ĥK,d+1,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)ĥK,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα, (3.51)

η−(j−1)ĝK,d+1,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−j ĝK,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

ϕ̂K,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)ϕ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

η−(j−1)ψ̂K,j(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−jψ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα.

Then by (3.39), (3.40) and (3.51), we have∑
|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

−
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)ĥK,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−(d+1)ϕ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩i⟨k, ω⟩vα

+
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−dϕ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩α1v
α1−1
1 vα2+1

2 , (3.52)

∑
|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−j f̂K,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

−
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−j ĝK,d+1,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα
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=
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−jψ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩i⟨k, ω⟩vα

+
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−j+1ψ̂K,j
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩α1v
α1−1
1 vα2+1

2

−
∑

|α|=d+1

∑
k∈Z2
k ̸=0

ηp1+···+pd+1−d−jψ̂K,j+1
αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα, (3.53)

where ψ̂K,3
αp1 ,...,αpd+1 ,k

= 0. The equations (3.52) and (3.53) can be written as∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩(Θ̂K,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd+1
1 − ĥK,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd+1
1 − ϕ̂K,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
i⟨k, ω⟩vd+1

1 )

+
∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩η(Θ̂K,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
vd1v2 − ĥK,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
vd1v2 − (d+ 1)ϕ̂K,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd1v2

− ϕ̂K,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
i⟨k, ω⟩vd1v2) + · · ·+

∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩ηd+1(Θ̂K,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
vd+1
2

− ĥK,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
vd+1
2 − ϕ̂K,j

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
i⟨k, ω⟩vd+1

2 − ϕ̂K,j
α1,α2

, . . . , α
2︸ ︷︷ ︸

d

,k
vd+1
2 ) = 0,

∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩η1−j(f̂K,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd+1
1 − ĝK,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd+1
1 − ψ̂K,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
i⟨k, ω⟩vd+1

1

+ ψ̂K,j+1
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd+1
1 ) +

∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩η2−j(f̂K,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
vd1v2 − ĝK,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
vd1v2

− ψ̂K,j
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
i⟨k, ω⟩vd1v2 + ψ̂K,j+1

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2,k
vd1v2 − (d+ 1)ψ̂K,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

,k
vd1v2) + . . .

+
∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩ηd−j(f̂K,d+1,j
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
vd+1
2 − ĝK,d+1,j

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
vd+1
2 − ψ̂K,j

α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
i⟨k, ω⟩vd+1

2

+ ψ̂K,j+1
α
2
, . . . , α

2︸ ︷︷ ︸
d+1

,k
vd+1
2 − ψ̂K,j

α1,α2
, . . . , α

2︸ ︷︷ ︸
d

,k
vd+1
2 ) = 0,

i.e., ∑
|α|=2

∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩ηp1+···+pd+1−(d+1)(Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

vα − ĥK,d+1,j
αp1 ,...,αpd+1 ,k

vα

− ϕ̂K,j
αp1 ,...,αpd+1 ,k

i⟨k, ω⟩vα

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0, (3.54)∑
|α|=2

∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩ηp1+···+pd+1−d−j(f̂K,d+1,j
αp1 ,...,αpd+1 ,k

vα − ĝK,d+1,j
αp1 ,...,αpd+1 ,k

vα

+ ψ̂K,j+1
αp1 ,...,αpd+1 ,k

vα − ψ̂K,j
αp1 ,...,αpd+1 ,k

i⟨k, ω⟩vα
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−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0. (3.55)

By equating all terms in (3.54) and (3.55) of the same order with respect to
ηp1+···+pd+1−(d+1) and ηp1+···+pd+1−d−j respectively, we get∑

k∈Z2
k ̸=0

ei⟨k,ζ⟩(Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

vα − ĥK,d+1,j
αp1 ,...,αpd+1 ,k

vα − ϕ̂K,j
αp1 ,...,αpd+1 ,k

i⟨k, ω⟩vα

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0,∑
k∈Z2
k ̸=0

ei⟨k,ζ⟩(f̂K,d+1,j
αp1 ,...,αpd+1 ,k

vα − ĝK,d+1,j
αp1 ,...,αpd+1 ,k

vα − ψ̂K,j
αp1 ,...,αpd+1 ,k

i⟨k, ω⟩vα

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα + ψ̂K,j+1
αp1 ,...,αpd+1 ,k

vα) = 0.

Comparing the coefficient of vα, we have

i⟨k, ω⟩ϕ̂K,j
αp1 ,...,αpd+1 ,k

= (Θ̂− ĥ)K,d+1,j
αp1 ,...,αpd+1 ,k

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

,

(3.56)
i⟨k, ω⟩ψ̂K,j

αp1 ,...,αpd+1 ,k
= (f̂ − ĝ)K,d+1,j

αp1 ,...,αpd+1 ,k
+ ψ̂K,j+1

αp1 ,...,αpd+1 ,k

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂K,j

αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

,

(3.57)

where (Θ̂− ĥ)K,d+1,j
αp1 ,...,αpd+1 ,k

= Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

− ĥK,d+1,j
αp1 ,...,αpd+1 ,k

, (f̂ − ĝ)K,d+1,j
αp1 ,...,αpd+1 ,k

=

f̂K,d+1,j
αp1 ,...,αpd+1 ,k

−ĝK,d+1,j
αp1 ,...,αpd+1 ,k

and ϕ̂K,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= ψ̂K,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
=

0 if there is at least one s′(1 ≤ s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.
By (3.56), (3.57), we have

ϕ̂K,j
αp1 ,...,αpd+1 ,k

=
1

i⟨k, ω⟩
(Θ̂− ĥ)K,d+1,j

αp1 ,...,αpd+1 ,k

− 1

i⟨k, ω⟩

d+1∑
s′1=1

αps′1
−1 + 1

αps′1

ϕ̂K,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

=
1

i⟨k, ω⟩
(Θ̂− ĥ)K,d+1,j

αp1 ,...,αpd+1 ,k
− 1

(i⟨k, ω⟩)2
d+1∑
s′1=1

αps′1
−1 + 1

αps′1

(Θ̂− ĥ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

+
1

(i⟨k, ω⟩)2
d+1∑
s′1=1

d+1∑
s′2=1

αps′1
−1 + 1

αps′1
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αps′2
−1 + 1

αps′2

ϕ̂K,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′2−1 ,α

p
s′2

−1
,α

p
s′2+1 ,...,αpd+1 ,k

= . . .

=
1

i⟨k, ω⟩
(Θ̂− ĥ)K,d+1,j

αp1 ,...,αpd+1 ,k
− 1

(i⟨k, ω⟩)2
d+1∑
s′1=1

αps′1
−1 + 1

αps′1

(Θ̂− ĥ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

+ · · ·+ (−1)p1+···+pd+1−(d+1)

1

(i⟨k, ω⟩)p1+···+pd+1−d

d+1∑
s′1=1

. . .

d+1∑
s′d+1=1

αps′1
−1 + 1

αps′1

. . .
αps′

d+1
−1 + 1

αps′
d+1

(Θ̂− ĥ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′
d+1

−1
,α

p
s′
d+1

−1

,α
p
s′
d+1

+1
,...,αpd+1 ,k

, (3.58)

ψ̂K,j
αp1 ,...,αpd+1 ,k

=
1

i⟨k, ω⟩
((f̂ − ĝ)K,d+1,j

αp1 ,...,αpd+1 ,k
+ ψ̂K,j+1

αp1 ,...,αpd+1 ,k
)

− 1

i⟨k, ω⟩

d+1∑
s′1=1

αps′1
−1 + 1

αps′1

ψ̂K,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

=
1

i⟨k, ω⟩
((f̂ − ĝ)K,d+1,j

αp1 ,...,αpd+1 ,k
+ ψ̂K,j+1

αp1 ,...,αpd+1 ,k
)− 1

(i⟨k, ω⟩)2
d+1∑
s′1=1

αps′1
−1 + 1

αps′1

((f̂−ĝ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

+ ψ̂K,j+1

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

)

+
1

(i⟨k, ω⟩)2
d+1∑
s′1=1

d+1∑
s′2=1

αps′1
−1 + 1

αps′1

αps′2
−1 + 1

αps′2

ψ̂K,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′2−1 ,α

p
s′2

−1
,α

p
s′2+1 ,...,αpd+1 ,k

= . . .

=
1

i⟨k, ω⟩
((f̂ − ĝ)K,d+1,j

αp1 ,...,αpd+1 ,k
+ ψ̂K,j+1

αp1 ,...,αpd+1 ,k
)− 1

(i⟨k, ω⟩)2
d+1∑
s′1=1

αps′1
−1 + 1

αps′1

((f̂−ĝ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

+ψ̂K,j+1

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,αpd+1 ,k

)

+ · · ·+ (−1)p1+···+pd+1−(d+1) 1

(i⟨k, ω⟩)p1+···+pd+1−d

d+1∑
s′1=1

. . .

d+1∑
s′d+1=1

αps′1
−1 + 1

αps′1

. . .

αps′
d+1

−1+1

αps′
d+1

((f̂−ĝ)K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′
d+1

−1
,α

p
s′
d+1

−1

,α
p
s′
d+1

+1
,...,αpd+1 ,k

+ ψ̂K,j+1

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′
d+1

−1
,α

p
s′
d+1

−1

,α
p
s′
d+1

+1
,...,αpd+1 ,k

), (3.59)

where (Θ̂− ĥ)K,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= (f̂ − ĝ)K,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if there is at

least one s′(1 ≤ s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.

Our purpose is to find ϕ̂K , C−1ψ̂K such that ĥK,d+1 and C−1ĝK,d+1 have the
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simplest form. By (3.8), the following choice is the simplest for ĥK,d+1,j and
ĝK,d+1,j . Let ĥK,d+1,j

αp1 ,...,αpd+1 ,k
= 0 and g̃K,d+1,j

αp1 ,...,αpd+1 ,k
= 0. By considering (3.58),

(3.59), we get

ϕ̂K,j
αp1 ,...,αpd+1 ,k

=

p1+···+pd+1−(d+1)∑
q=0

d+1∑
s′1=1

· · ·
d+1∑
s′q=1

(−1)q(i⟨k, ω⟩)−(q+1)
αps′1

−1 + 1

αps′1

. . .
αps′q

−1 + 1

αps′q

Θ̂K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′q−1

,α
p
s′q

−1

,α
p
s′q+1

,...,αpd+1 ,k
,

ψ̂K,j
αp1 ,...,αpd+1 ,k

=

2∑
j̃=j

((

p1+···+pd+1−(d+1)∑
qj=0

d+1∑
js′1=1

· · ·
d+1∑

js′qj
=1

) . . . (

p1+···+pd+1−(d+1)−qĵ,j̃−1+j̃−j∑
qj̃=0

d+1∑
j̃s

′
1=1

· · ·
d+1∑

j̃s
′
q
j̃
=1

)(−1)qĵ,j̃ (i⟨k, ω⟩)−qĵ,j̃−(j̃−j+1)(
αp

js
′
1−1+1

αp
js

′
1

. . .
αp

js
′
qj

−1+1

αp
js

′
qj

)

. . . (
αp

j̃
s′1−1+1

αp
j̃
s′1

. . .

αp
j̃
s′
q
j̃
−1

+1

αp
j̃
s′q

j̃

)

f̂K,d+1,j̃

αp1 ,...,α
p−js′1−1 ,α

p−js′1
−1

,α
p−js′1+1 ,...,α

p−j̃s′q
j̃
−1

,α

p−j̃s′q
j̃

−1

,α

p−j̃s′q
j̃
+1

,...,αpd ,αpd+1 ,k

),

where

Θ̂K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′0−1 ,α

p
s′0

−1
,α

p
s′0+1 ,...,αpd+1 ,k

= Θ̂K,d+1,j
αp1 ,...,αpd+1 ,k

,

f̂K,d+1,j

αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′0−1 ,α

p
s′0

−1
,α

p
s′0+1 ,...,αpd+1 ,k

= f̂K,d+1,j
αp1 ,...,αpd+1 ,k

,

d+1∑
s′1=1

· · ·
d+1∑
s′0=1

=
d+1∑

js′1=1

· · ·
d+1∑

js′0=1

=
d+1∑

j̃s
′
1=1

· · ·
d+1∑

j̃s
′
0=1

= 1,
αp

s′1
−1+1

αp
s′1

. . .
αp

s′0
−1+1

αp
s′0

=
αp

js
′
1
−1+1

αp
js

′
1

. . .
αp

js
′
0
−1+1

αp
js

′
0

=
αp

j̃
s′1

−1+1

αp
j̃
s′1

. . .
αp

j̃
s′0

−1+1

αp
j̃
s′0

= 1, f̃K,2,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if j ≥ 3

and Θ̂K,d+1,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= f̂K,d+1,j

αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if there is at least one

s′(1 ≤ s′ ≤ d + 1) such that ps′ − p′s′ ≤ 0, qĵ,j̃ =
j̃∑̂

j=j

qĵ . Then ĥK,d+1,j
αp1 ,...,αpd+1 ,k

= 0

and ĝK,d+1,j
αp1 ,...,αpd+1 ,k

= 0.

Using (A1) we obtain that ϕ̂K and C−1ψ̂K are analytic and 2π-periodic in ζ in
Drd−δ, where 0 < δ < rd+1. Moreover, ĥK,d+1, C−1ĝK,d+1, ϕ̂K and C−1ψ̂K are
solutions of system of equations (3.39) and (3.40). It is clear that ϕ̂K = O(|Cv|d+1)

and C−1ψ̂K = O(|Cv|d+1).
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We choose rd+1 sufficiently small such that 0 < rd+1 < rd − δ, Id+Dζ ϕ̂
K Dvϕ̂

Dζ(C
−1ψ̂K) Id+Dv(C

−1ψ̂)


has an inverse and (ζ, v) + (ϕ̂K , C−1ψ̂K) ∈ Drd for (ζ, v) ∈ Drd+1

. Hence we can
solve system of equations (3.41) and (3.42) for ĥK,+, C−1ĝK,+.

We can get that ϕ̂j = ϕ̂0,j+ϕ̂K,j =
∑

|α|=d+1

∑
k∈Z2

ϕ̂jα,ke
i⟨k,ζ⟩(Cv)α and η−(j−1)ψ̂j =

η−(j−1)ψ̂0,j + ψ̂−(j−1)ψK,j =
∑

|α|=d+1

∑
k∈Z2

η−(j−1)ψ̂j
α,ke

i⟨k,ζ⟩(Cv)α are analytic and

2π-periodic in ζ1, ζ2 inDr−δ, 0 < δ < r. It is clear that ϕ = O(|Cx|d+1) and C−1ψ =

O(|Cx|d+1). Therefor the transformation ϑ = ζ + ϕ̂(ζ, Cv), y = v + C−1ψ̂(ζ, Cv)
changes system (3.27) to

ζ̇ = ω +
∑

1≤|α|≤d

aα(Cv)
α +

∑
|α|=d+1

aα(Cv)
α + ĥ+(ζ, Cv),

v̇ = (B + ηB̃)v +
∑

1≤|α|≤d

C−1bα(Cv)
α +

∑
|α|=d+1

C−1bα(Cv)
α + C−1ĝ+(ζ, Cv),

where for |α| ≤ d, aα and bα are the same as those in system (3.27), which is given
by the induction hypotheses; and for α = d+1, aα = (a1α, a

2
α) and bα = (b1α, b

2
α) are

constant vectors given by

ajα = aj
αp1 ,...,αpd+1 =


Θ̂0,d+1,j

α
1
, . . . , α

1︸ ︷︷ ︸
d+1

, α1 = d+ 1,

0, α1 ̸= d+ 1,

bjα = bj
αp1 ,...,αpd+1 =


f̂0,d+1,j
α
1
, . . . , α

1︸ ︷︷ ︸
d+1

+ 1
d+1 f̂

0,|α|,j+1

α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 , α1 = d+ 1,

0, α1 ̸= d+ 1,

f̂0,d+1,3
α
1
, . . . , α

1︸ ︷︷ ︸
d

,α2 = 0. ĥ+ = O(|Cv|d+2) and C−1ĝ+ = O(|Cv|d+2).

Take

θ = ζ + ϕ̂+Φd(ζ + ϕ̂, Cv + ψ̂),

v = v + C−1ψ̂ + C−1Ψd(ζ + ϕ̂, Cv + ψ̂).
(3.60)

Then the transformation (3.60) changes system (3.2) to system (3.3) in which we
recognize (ϑ,Cy) as (ζ, Cv). Hence the conclusion holds for m = d + 1. This
completes the proof of Theorem 3.1.

3.3. Proof of Theorem 3.2
We will prove the Theorem 3.2 by using the induction on m.
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1) For m = 1, suppose the transformation (3.6) transforms system (3.2) to{
ϑ̇ = ω + hλ(ϑ,Cy),

ẏ = (B + ηB̃)y + C−1gλ(ϑ,Cy),
(3.61)

where hλ = O(|Cy|) and C−1gλ = O(|Cy|2).
Similar to the proof of Theorem 3.1, we can obtain directly

DϑΦλω +DyΦλ(B + ηB̃)y + h1λ −Θ1 = 0, (3.62)
h+λ +DϑΦλhλ +DyΦλC

−1gλ −Θ+ −DϑΘΦλ −R(Φλ) = 0. (3.63)

Noting that the left hand of (3.62) is a first order homogeneous polynomial in y
and that (3.63) is O(|y|2).

Let us solve (3.62) by finding the Φλ which makes h1λ as simple as possible.
Using Fourier expansions for Φλ, h1λ, Θ1, we have

Φj
λ(ϑ,Cy) =

∑
|α|=1

∑
k∈Z2

ηp1−1Φj
λ,αp1 ,ke

i⟨k,ϑ⟩yα,

h1,jλ (ϑ,Cy) =
∑
|α|=1

∑
k∈Z2

ηp1−1h1,jλ,αp1 ,ke
i⟨k,ϑ⟩yα, (3.64)

Θ1,j(ϑ,Cy) =
∑
|α|=1

∑
k∈Z2

ηp1−1Θ1,j
αp1 ,ke

i⟨k,ϑ⟩yα.

Then by (3.62), (3.64), we have∑
|α|=1

∑
k∈Z2

(ηp1−1Φj
λ,αp1 ,ke

i⟨k,ϑ⟩i⟨k, ω⟩yα + ηp1−1Φj
λ,αp1 ,ke

i⟨k,ϑ⟩λ|α|yα

+ ηp1Φj
λ,αp1 ,ke

i⟨k,ϑ⟩α1y
α1−1
1 yα2+1

2 + ηp1−1h1,jλ,αp1 ,ke
i⟨k,ϑ⟩yα

− ηp1−1Θ1,j
αp1 ,ke

i⟨k,ϑ⟩yα) = 0. (3.65)

The equation (3.65) can be written as∑
|α|=1

∑
k∈Z2

ηp1−1(Φj
λ,αp1 ,k(i⟨k, ω⟩+ λ|α|)ei⟨k,ϑ⟩yα +Φj

λ,αp1−1,k
ei⟨k,ϑ⟩yα

+ h1,jλ,αp1 ,ke
i⟨k,ϑ⟩yα −Θ1,j

αp1 ,ke
i⟨k,ϑ⟩yα) = 0, (3.66)

where Φj

λ,αp1−p′1 ,k
= 0 if p1 − p′1 ≤ 0.

By equating all terms in (3.66) of the same order with respect to ηp1−1, we get∑
k∈Z2

(Φj
λ,αp1 ,k(i⟨k, ω⟩+ λ|α|)ei⟨k,ϑ⟩yα +Φj

λ,αp1−1,k
ei⟨k,ϑ⟩yα

+ h1,jλ,αp1 ,ke
i⟨k,ϑ⟩yα −Θ1,j

αp1 ,ke
i⟨k,ϑ⟩yα) = 0.

Comparing the coefficient of yα, we obtain

(i⟨k, ω⟩+ λ|α|)Φj
λ,αp1 ,k = (Θ− h)1,jλ,αp1 ,k − Φj

λ,αp1−1,k
, (3.67)

where (Θ− h)1,jλ,αp1 ,k = Θ1,j
αp1 ,k − h1,jλ,αp1 ,k and Φj

λ,αp1−p′1 ,k
= 0 if p1 − p′1 ≤ 0.
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By (A2), the following choice is the simplest for h1,jλ . Let h1,jλ,αp1 ,k = 0. By
considering (3.67), we get

Φj
λ,αp1 ,k =

p1−1∑
q=0

(−1)q(i⟨k, ω⟩+ λ|α|)−(q+1)Θ1,j
αp1−q,k

.

Hence h1,jλ,αp1 ,k = 0.
Using (A2) we find that Φλ is analytic and 2π-periodic in ϑ1, ϑ2 in Dr−δ, 0 <

δ < r. It is clear that Φλ = O(|Cy|). Now we determine h+λ . Write (3.63) as follows

(I +DϑΦλ)h
+
λ = −DyΦλC

−1gλ −DϑΦλh
1
λ +Θ+ +DϑΘΦλ +R(Φλ).

Since DϑΦλ = O(|Cy|), we can choose sufficiently small r1, 0 < r1 < r−δ such that
(I +DϑΦλ) is invertible and (ϑ, y) + (Φλ, C

−1Ψλ) ∈ Dr for (ϑ, y) ∈ Dr1 . Hence

h+ = (I +DϑΦλ)
−1(−DyΦλC

−1gλ −DϑΦλh
1
λ +Θ+ +DϑΘΦλ +R(Φλ)).

Therefor the transformation θ = ϑ+Φλ(ϑ,Cy), z = Cy changes system (3.2) to{
ϑ̇ = ω + Θ̃λ(ϑ,Cy),

ẏ = (B + ηB̃)y + C−1f̃λ(ϑ,Cy),
(3.68)

where Θ̃λ = O(|Cy|2), C−1f̃λ = O(|Cy|2).
2) Assume that the conclusion holds for m = d ≥ 1, then there exists a transfor-

mation θ = ϑ+ Φd
λ(ϑ,Cy), z = y + C−1Ψd

λ(ϑ,Cy) which satisfies the requirements
of the conclusion and changes system (3.2) to{

ϑ̇ = ω + Θ̂λ(ϑ,Cy),

ẏ = (B + ηB̃)y + C−1f̂λ(ϑ,Cy),
(3.69)

where Θ̂λ = O(|Cy|d+1) and C−1f̂λ = O(|Cy|d+1) are analytic in both variables
and 2π−periodic in each component of ϑ in Drd , where rd > 0 is a positive constant.

When m = d + 1, consider the transformation ϑ = ζ + ϕ̂λ(ζ, Cv), y = v +

C−1ψ̂λ(ζ, Cv) where ϕ̂λ and C−1ψ̂λ are (d+ 1)th order homogeneous polynomials
in Cv and 2π−periodic in each component of the vector ζ. This transformation
changes system (3.69) to the following system{

ζ̇ = ω + ĥλ(ζ, Cv),

v̇ = (B + ηB̃)v + C−1ĝλ(ζ, Cv),
(3.70)

where ĥλ = O(|Cv|d+1) and C−1ĝλ = O(|Cv|d+1) are determined later. As before,
equivalently ϑ = ζ + ϕ̂λ and y = v + C−1ψ̂λ satisfy the following equations

Θ̂λ(ζ + ϕ̂λ, Cv + ψ̂λ)

= Dζ ϕ̂λω +Dvϕ̂λ(B + ηB̃)v + ĥλ +Dζ ϕ̂λĥ+Dvϕ̂λC
−1ĝλ (3.71)

and

(B + ηB̃)ψ̂λ + C−1f̂λ(ζ + ϕ̂λ, Cv + ψ̂λ)
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= Dζ(C
−1ψ̂λ)ω +Dv(C

−1ψ̂λ)(B + ηB̃)v + C−1ĝλ +Dζ(C
−1ψ̂λ)ĥλ

+Dv(C
−1ψ̂λ)C

−1ĝλ. (3.72)

Since the functions we consider are analytic, we can classify system of equations
(3.71) and (3.72) into two systems according to the order of v. One contains only
(d + 1)th order terms with respect to v in equations (3.71) and (3.72), the other
contains higher order terms. Using a Taylor expansion for Θ̂λ(ζ+ ϕ̂λ, Cv+ ψ̂λ) and
C−1f̂λ(ζ + ϕ̂λ, Cv + ψ̂λ), we have

Θ̂λ(ζ + ϕ̂λ, Cv + ψ̂λ) = Θ̂λ(ζ, Cv) + R̂λ,1(ϕ̂λ, ψ̂λ),

f̂λ(ζ + ϕ̂λ, Cv + ψ̂λ) = f̂λ(ζ, Cv) + R̂λ,2(ϕ̂λ, ψ̂λ),

where R̂λ,1(ϕ̂λ, ψ̂λ) = O(|Cv|d+2) and R̂λ,2(ϕ̂λ, ψ̂λ) = O(|Cv|d+2).
We write

Θ̂λ(ζ, Cv) = Θ̂d+1
λ + Θ̂+

λ , C
−1f̂λ(ζ, Cv) = C−1f̂d+1

λ + C−1f̂+λ ,

ĥλ(ζ, Cv) = ĥd+1
λ + ĥ+λ , C−1ĝλ(ζ, Cv) = C−1ĝd+1

λ + C−1ĝ+λ ,

where Θ̂d+1
λ , ĥd+1

λ , C−1f̂d+1
λ and C−1ĝd+1

λ are (d+1)th order homogeneous polyno-
mials in Cv and Θ̂+

λ = O(|Cv|d+2), C−1f̂+λ = O(|Cv|d+2), ĥ+ = O(|Cv|d+2) and
C−1ĝ+λ = O(|Cv|d+2). Hence we can write system of equations (3.71) and (3.72) as
the following two systems

Θ̂d+1
λ − ĥd+1

λ = Dζ ϕ̂λω +Dvϕ̂λ(B + ηB̃)v, (3.73)
C−1f̂d+1

λ − C−1ĝd+1
λ = Dζ(C

−1ψ̂λ)ω +Dv(C
−1ψ̂λ)(B + ηB̃)v − (B + ηB̃)C−1ψ̂λ

(3.74)

and

ĥ+λ +Dζ ϕ̂λĥ
+
λ +Dvϕ̂λC

−1ĝ+λ

= Θ̂+
λ + R̂λ,1 −Dζ ϕ̂λĥ

d+1
λ −Dvϕ̂λC

−1ĝd+1
λ , (3.75)

C−1ĝ+λ +Dζ(C
−1ψ̂λ)ĥ

+
λ +Dv(C

−1ψ̂λ)C
−1ĝ+λ

= C−1f̂+λ + R̂λ,2 −Dζ(C
−1ψ̂λ)ĥ

d+1
λ −Dv(C

−1ψ̂λ)C
−1ĝd+1

λ . (3.76)

Let us solve (3.73) and (3.74) by finding ϕ̂λ and C−1ψ̂λ which makes ĥd+1
λ

and C−1ĝd+1
λ as simple as possible respectively. Using Fourier expansions for the

function Θ̂d+1
λ , C−1f̂d+1

λ , ĥd+1
λ , C−1ĝd+1

λ , ϕ̂λ and C−1ψ̂λ, we have

Θ̂d+1,j
λ (ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)Θ̂d+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

η−(j−1)f̂d+1,j
λ (ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−j f̂d+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

ĥd+1,j
λ (ζ, Cv)
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=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα, (3.77)

η−(j−1)ĝd+1,j
λ (ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−j ĝd+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

ϕ̂jλ(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)ϕ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα,

η−(j−1)ψ̂j
λ(ζ, Cv)

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−jψ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨ζ,k⟩vα.

Then by (3.73), (3.74), (3.77), we have∑
|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)Θ̂d+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

−
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)ϕ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩i⟨k, ω⟩vα

+
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−(d+1)λ|α|ϕ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

+
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−dϕ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩α1v
α1−1
1 vα2+1

2 , (3.78)

∑
|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−j f̂d+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

−
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−j ĝd+1,j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

=
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−jψ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩i⟨k, ω⟩vα

+
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−jλ|α|ψ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

+
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−j+1ψ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩α1v
α1−1
1 vα2+1

2

−
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−jλψ̂j
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα

−
∑

|α|=d+1

∑
k∈Z2

ηp1+···+pd+1−d−jψ̂j+1
λ,αp1 ,...,αpd+1 ,k

ei⟨k,ζ⟩vα, (3.79)

where ψ̂3
λ,αp1 ,...,αpd+1 ,k = 0. The equations (3.78) and (3.79) can be written as∑

|α|=d+1

∑
k∈Z2

ei⟨k,ζ⟩ηp1+···+pd+1−(d+1)(Θ̂d+1,j
λ,αp1 ,...,αpd+1 ,k

vα − ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

vα
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− ϕ̂j
λ,αp1 ,...,αpd+1 ,k

(i⟨k, ω⟩+ λ|α|)vα

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂j
λ,αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0, (3.80)∑
|α|=d+1

∑
k∈Z2

ei⟨k,ζ⟩ηp1+···+pd+1−d−j(f̂d+1,j
λ,αp1 ,...,αpd+1 ,k

vα − ĝd+1,j
λ,αp1 ,...,αpd+1 ,k

vα

+ ψ̂j+1
λ,αp1 ,...,αpd+1 ,k

vα − ψ̂j
λ,αp1 ,...,αpd+1 ,k

(i⟨k, ω⟩+ λ(|α| − 1))vα

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂j

λ,αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0, (3.81)

where ϕj
λ,αp1−p′1 ,...,α

pd+1−p′
d+1 ,k

= ψj

λ,αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if there is at least one

s′(1 ≤ s′ ≤ d+ 1) such that ps′ − p′s′ ≤ 0.
By equating all terms in (3.80) and (3.81) of the same order with respect to

ηp1+···+pd+1−(d+1) and ηp1+···+pd+1−d−j respectively, we get∑
k∈Z2

ei⟨k,ζ⟩(Θ̂d+1,j
λ,αp1 ,...,αpd+1 ,k

vα − ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

vα − ϕ̂j
λ,αp1 ,...,αpd+1 ,k

(i⟨k, ω⟩

+ λ|α|)vα −
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂j
λ,αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα) = 0,∑
k∈Z2

ei⟨k,ζ⟩(f̂d+1,j
λ,αp1 ,...,αpd+1 ,k

vα − ĝd+1,j
λ,αp1 ,...,αpd+1 ,k

vα

− ψ̂j
λ,αp1 ,...,αpd+1 ,k

(i⟨k, ω⟩+ λ(|α| − 1))vα

−
d+1∑
s′=1

αps′−1+1

αps′

ψ̂j

λ,αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

vα+ψ̂j+1
λ,αp1 ,...,αpd+1 ,k

vα)=0.

Comparing the coefficient of vα, we have
(i⟨k, ω⟩+ λ|α|)ϕ̂j

λ,αp1 ,...,αpd+1 ,k

= (Θ̂− ĥ)d+1,j
λ,αp1 ,...,αpd+1 ,k

−
d+1∑
s′=1

αps′−1 + 1

αps′

ϕ̂j
λ,αp1 ,...,α

p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

,

(3.82)
(i⟨k, ω⟩+ λ(|α| − 1))ψ̂j

λ,αp1 ,...,αpd+1 ,k

= (f̂ − ĝ)d+1,j
λ,αp1 ,...,αpd+1 ,k

+ ψ̂j+1
λ,αp1 ,...,αpd+1 ,k

−
d+1∑
s′=1

αps′−1 + 1

αps′

ψ̂j

λ,αp1 ,...,α
p
s′−1 ,αp

s′−1,α
p
s′+1 ,...,αpd+1 ,k

, (3.83)

where (Θ̂−ĥ)d+1,j

λ,αp1 ,...,α
pd+1 ,k

=Θ̂d+1,j

λ,αp1 ,...,α
pd+1 ,k

−ĥd+1,j

λ,αp1 ,...,α
pd+1 ,k

, (f̂− ĝ)d+1,j

λ,αp1 ,...,α
pd+1 ,k

=

f̂d+1,j

λ,αp1 ,...,α
pd+1 ,k

− ĝd+1,j

λ,αp1 ,...,α
pd+1 ,k

.
Our purpose is to find ϕ̂λ, C−1ψ̂λ such that ĥd+1

λ and C−1ĝd+1
λ have the simplest

form. By (A2), the following choice is the simplest for ĥd+1,j
λ and ĝd+1,j

λ . Let
ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

= 0 and g̃d+1,j
λ,αp1 ,...,αpd+1 ,k

= 0. By considering (3.82), (3.83), we get

ϕ̂j
λ,αp1 ,...,αpd+1 ,k



550 S. Xiao & S. Shi

=

p1+···+pd+1−(d+1)∑
q=0

d+1∑
s′1=1

· · ·
d+1∑
s′q=1

(−1)q(i⟨k, ω⟩+ λ|α|)−(q+1)
αps′1

−1 + 1

αps′1

. . .
αps′q

−1 + 1

αps′q

Θ̂d+1,j

λ,αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′q−1

,α
p
s′q

−1

,α
p
s′q+1

,...,αpd+1 ,k
,

ψ̂j
λ,αp1 ,...,αpd+1 ,k

=

2∑
j̃=j

((

p1+···+pd+1−(d+1)∑
qj=0

d+1∑
js′1=1

· · ·
d+1∑

js′qj
=1

) . . . (

p1+···+pd+1−(d+1)−qĵ,j̃−1+j̃−j∑
qj̃=0

d+1∑
j̃s

′
1=1

· · ·
d+1∑

j̃s
′
q
j̃
=1

)(−1)qĵ,j̃ (i⟨k, ω⟩+ λ(|α| − 1))−qĵ,j̃−(j̃−j+1)

(
αp

js
′
1−1+1

αp
js

′
1

. . .
αp

js
′
qj

−1+1

αp
js

′
qj

) . . . (
αp

j̃
s′1−1+1

αp
j̃
s′1

. . .

αp
j̃
s′
q
j̃
−1

+1

αp
j̃
s′q

j̃

)

f̂d+1,j̃

λ,αp1 ,...,α
p−js′1−1 ,α

p−js′1
−1

,α
p−js′1+1 ,...,α

p−j̃s′q
j̃
−1

,α

p−j̃s′q
j̃

−1

,α

p−j̃s′q
j̃
+1

,...,αpd ,αpd+1 ,k

),

where

Θ̂d+1,j

λ,αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′0−1 ,α

p
s′0

−1
,α

p
s′0+1 ,...,αpd+1 ,k

= Θ̂d+1,j
λ,αp1 ,...,αpd+1 ,k

,

f̂d+1,j

λ,αp1 ,...,α
p
s′1−1 ,α

p
s′1

−1
,α

p
s′1+1 ,...,α

p
s′0−1 ,α

p
s′0

−1
,α

p
s′0+1 ,...,αpd+1 ,k

= f̂d+1,j
λ,αp1 ,...,αpd+1 ,k

,

d+1∑
s′1=1

· · ·
d+1∑
s′0=1

=
d+1∑

js′1=1

· · ·
d+1∑

js′0=1

=
d+1∑

j̃s
′
1=1

· · ·
d+1∑

j̃s
′
0=1

= 1,
αp

s′1
−1+1

αp
s′1

. . .
αp

s′0
−1+1

αp
s′0

=
αp

js
′
1
−1+1

αp
js

′
1

. . .
αp

js
′
0
−1+1

αp
js

′
0

=
αp

j̃
s′1

−1+1

αp
j̃
s′1

. . .
αp

j̃
s′0

−1+1

αp
j̃
s′0

= 1, f̂d+1,j

λ,αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if j ≥ 3,

Θ̂d+1,j

λ,αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= f̂d+1,j

λ,αp1−p′1 ,...,α
pd+1−p′

d+1 ,k
= 0 if there is at least one

s′(1 ≤ s′ ≤ d+1) such that ps′−p′s′ ≤ 0 and qĵ,j̃ =
j̃∑̂

j=j

qĵ . Then ĥd+1,j
λ,αp1 ,...,αpd+1 ,k

= 0

and ĝd+1,j
λ,αp1 ,...,αpd+1 ,k

= 0.

Using (A2) we obtain that ϕ̂λ and C−1ψ̂λ are analytic and 2π-periodic in ζ in
Drd−δ, where 0 < δ < rd+1. Moreover, ĥd+1

λ , C−1ĝd+1
λ , ϕ̂λ and C−1ψ̂λ are solutions

of system of equations (3.73) and (3.74). It is clear that ϕ̂λ = O(|Cv|d+1) and
C−1ψ̂λ = O(|Cv|d+1).

We choose rd+1 sufficiently small such that 0 < rd+1 < rd − δ, Id+Dζ ϕ̂λ Dvϕ̂λ

Dζ(C
−1ψ̂λ) Id+Dv(C

−1ψ̂λ)


has an inverse and (ζ, v)+(ϕ̂λ, C

−1ψ̂λ) ∈ Drd for (ζ, v) ∈ Drd+1
. Hence we can solve

system of equations (3.75) and (3.76) for ĥ+λ , C−1ĝ+λ . Therefor the transformation
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ϑ = ζ + ϕ̂λ(ζ, Cv), y = v + C−1ψ̂λ(ζ, Cv) changes system (3.69) to{
ζ̇ = ω + ĥ+λ (ζ, Cv),

v̇ = (B + ηB̃)v + C−1ĝ+λ (ζ, Cv),

where h̃+λ = O(|Cv|d+2) and C−1g̃+λ = O(|Cv|d+2).
Take

θ = ζ + ϕ̂λ +Φd
λ(ζ + ϕ̂λ, Cv + ψ̂λ),

v = v + C−1ψ̂λ + C−1Ψd
λ(ζ + ϕ̂λ, Cv + ψ̂λ).

(3.84)

Then the transformation (3.84) changes system (3.2) to system (3.5) in which we
recognize (ϑ,Cy) as (ζ, Cv). Hence the conclusion holds for m = d + 1. This
completes the proof of Theorem 3.2.
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Villars, Paris, 1892.

[14] T. Wang and Z. Ren, A Siegel theorem for periodic difference systems, J. Differ.
Equ. Appl., 2021, 27(5), 698–711.

[15] J. Yang, P. Yu and M. Han, Limit cycle bifurcations near a double homoclinic
loop with a nilpotent saddle of order m, J. Diff. Eqs., 2019, 266(1), 455–492.


	Introduction
	Preliminaries
	Main results
	Normal forms
	Proof of Theorem 3.1
	Proof of Theorem 3.2


