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SINGULAR FRACTIONAL BOUNDARY
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Abstract We investigate the existence of at least one or two positive solu-
tions of a system of two Riemann-Liouville fractional differential equations
with J-Laplacian operators and singular nonlinearities, supplemented with
coupled nonlocal boundary conditions which contain Riemann-Stieltjes inte-
grals and several fractional derivatives of different orders. We apply the Guo-
Krasnosel’skii fixed point theorem in the proof of our main existence results.
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1. Introduction

In this paper, we consider the system of two nonlinear ordinary fractional differential
equations with d;-Laplacian and do-Laplacian operators

DY (w5, (DG o)) ) + Aln, ém), (m) = 0, n € (0,1),

(1.1)
D (. (D) ) + X, 0m), () = 0, 7€ (0,1),
supplemented with the coupled nonlocal boundary conditions
n_ol
6(0) =0, k=0,....p =2 DfLo0)=0, Do) =Y [ Ditvin) ;o)
j=1"0
mo .1

Yp®(0) =0, k=0,...,g—2 DF(0)=0, Dw(1)=>_ | Dgieé(n)ds;n),
j=1"0

(1.2)

where Y1, V2 € <O7 1], Cl € (p_ 1ap]7 CQ € (q_ 17q]7 P, g€ Na p,q =3, n,meE Na

aj€Rforallj=0,1,...,n,0< 1 <ap < <o, <Py <C—1,6>1,5€R

forall j=0,1,....m, 0< 1 < Bo < - <Bp<ap<G—1a >1, 0,0 >1,
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ws,(n) = |n|> 2, goé_il = Qo Wi = 5;5—11, i = 1,2, the functions A and T are
nonnegative and they may be singular at n = 0 and/or = 1, the integrals from the
boundary conditions (2) are Riemann-Stieltjes integrals with $;, ¢ = 1,...,n and
£, 7 = 1,...,m functions of bounded variation, and D} , denotes the Riemann-
Liouville derivative of order p (for p = 1, (1, Y2, (2, o for ¢ = 0,1,...,n, §; for
j=0,1,...,m).

We will present various assumptions on the singular functions A and Y such
that our problem (1.1), (1.2) has at least one or two positive solutions. A positive
solution of problem (1.1), (1.2) is a pair of functions (¢,v) € (C([0,1],[0,00))?)
which satisfy the system (1.1) and the boundary conditions (1.2), with ¢(n) > 0
for all n € (0,1], or ¢(n) > 0 for all n € (0,1]. In the main existence results we
apply the Guo-Krasnosel’skii fixed point theorem, (see [11]). The system (1.1) with
two positive parameters A and p, and nonsingular and nonnegative nonlinearities,
subject to the boundary conditions (1.2) was studied in [26], by using the Guo-
Krasnosel’skii fixed point theorem. In [26], the authors give various intervals for
the parameters A and u, and some conditions for the nonlinearities of the system
such that positive solutions exist or not. The existence of positive solutions for the
system (1.1) subject to the uncoupled boundary conditions

#M(0)=0, k=0,...,p—2; D\ $(0) =0, D§Y6(1) = Y, fy Dot dﬁ]( ),
$®)(0)=0, k=0,...,q— 2; DF(0) =0, D% S S D‘* n) ds; (n),

where n,m e N, o e Rforallt=0,...,n,0< 1 <as < - <a, <ap<(—1,
ap > 1,6, Rforalli =0,...,m, 0 < 1 < B < -+ < B < Pog < C—1,
Bo > 1, has been investigated in the paper [8]. The system of fractional differential
equations without é-Laplacian operators

Dy, é(n) + A, ¢(n),v(n)) =0, ne(0,1),
D§ (n) +L(n,6(n),v(n) =0, 1€ (0,1),

with the uncoupled nonlocal boundary conditions

6(0) = ¢/(0) = -~ = "2(0) = 0, D§o(1) =}, fy D dm ),
$(0) =v'(0) = -+ = pl12(0) =0, D% I DﬁJ n) ds; (n),

where v, ( € R,y € (p—1,p, C € (¢—1,q,, p, g €N, p>3,¢>3,n,meN,
a; ERforalli=0,...,n,0< << - <a, <ay<v—1,a9>1, 3; € R for
alli=0,...,m,0< 1 < fBa <+ < B < Po <(—1, Bp > 1, and the functions A
and T are nonnegative and singular at n = 0 and/or n = 1, was studied in [27].
Fractional differential equations and systems of fractional differential equations
with or without J-Laplacian operators, with parameters or without parameters,
supplemented with various Riemann-Stieltjes integral boundary conditions were
recently studied in [1-7], [12-18], [21,25,28-31]. We also mention the books [9, 10,
19,20,22-24], and their references, where their authors present various applications
of the fractional differential equations in many scientific and engineering domains.
In Section 2, we study a nonlocal linear boundary value problem for fractional
differential equations with d-Laplacian operators, and we give some properties of
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the associated Green functions. Section 3 is concerned with the main existence
theorems for the positive solutions of problem (1),(2), and in Section 4, we present
two examples which illustrate our results.

2. Preliminary results

We consider the system of fractional differential equations

1 C1 _
{ DY (0o, (D§00m)) +b(n) =0, n e (0,1), o
DY (0. (D) ) + 8 = 0, € (0,1),
with the coupled boundary conditions (1.2), where b, € € C(0,1) N L'(0,1).
We denote by
_ L'(¢)T(¢2) = I'(¢ ! Comayj—1 ge
a= I'(¢1 — ag)l'(¢2 — Bo) (; (¢ — aj) /O v d$y; (1/)) )

. & lyleﬂjfl (v
X(;F(Cl_ﬁj)/o a8 )).

Lemma 2.1 ( [26]). If a # 0, then the unique solution (¢,) € C[0,1] x C[0,1] of
problem (2.1),(1.2) is given by

1

1
¢(Tl):/0 61(77’1/)%1(13ih(1/))d1/+/0 B2(1, 1) Puw, (Lo} €(v)) dv, V1 € [0,1],

1 1
77):/0 63(n,u)<pw1(13ib(u))du+/ G4(0, 1w, (I32E(v)) dv, Y € [0,1],

0
(2.3)
where the Green functions ®;, i =1,...,4 are
¢1—1 n 1"
77 Ca—aj—1
& 5 = ,V 2 J a9 .
L(1,0) = g1 (1, (ZF e / fnJ(c))
mo 1
| / 81(6.0) d5,(9) | .
C1 1I‘
n (¢2)
62(”5”)_a1—\<2_620 Z/ 92]§Vd~6] ) (24)
C2— 11“ .
_ o2 (G)
&3(n,v) = al(Gr = ) Z/ 915(c,v) dR;(<),

42 1 m
Ga(n,v) = g2, ) + (Z G Clﬁj)/ <1_5j_1dﬁj(§)>

y (Z / 82, (s, ) d@(g)) ,
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for all (n,v) € [0,1] x [0,1], and

1 77(1_1(]__1/)C1_O‘0_1—(’r]—V)Cl_l, 0§U§77§ 17
91(7771/) - F( )
N1l —p)amel o< <v <,

O pa— n AL = p)emeeT - (p —p) AT 0w < <L,
1i\"/y -
LG =) | yasmt( —p)aeot g <y<w<l,

| {77‘2-1<1—v><2-6°-1 ~-w)T, 0<v<n<,

g2(n,v) =
D(G@) | yee1(1 = p)eepo—1 0<py<v <1,

1 nez (1 — ,/)C2*ﬁo*1 —(n— I/)C2*a]’*1, 0<v<n<l,
92(n,v) = (o — )
(G2 =as) | peemest(1 —p)efot o<y <w<l,
(2.5)
foralli=1,... mandj=1,...,n.
Based on the properties of functions g1, g1s, 92, 925, ¢ =1,...,m, j=1,...,n

from (2.5) (see [13]), we obtain for the Green functions &;, i = 1, ..., 4 the following
properties.

Lemma 2.2 ( [26]). Assume that a > 0, $;, i = 1,...,n, &, j = 1,...,m are
nondecreasing functions. Then the functions &;, i = 1,...,4 given by (2.4) have
the properties:

a) &; : [0, ] [O } [0,00), i=1,...,4 are continuous functions;
b) &1(n,v) <J1(v) for all (n,v) € [0,1] x [0,1], where
1
:‘1( (Z 2 _aj /0 (o—aj—1 dﬁ] ) (Z/ glj S,V dﬁ )) s
with b1 (v) F ( —v)srm@=L(1 — (1 —pv)®), for all v € [0, 1];
¢) 61(77 v) 77 J1(v) for all (n,v) € 0,1] x [0,1];
d) &(n,v) <3z ( ) Jor all (n,v) € [0,1] x [0,1], where

LS
Do) = aF(C“_)ﬁZ/ 9255, ¥) d5,(<), Vo € [0,1);

e) Bz(n,v) = 0" Ja(v )fm’ all (n,v) € 0,1] x [0,1];
f) Bs3(n,v) <3 ( )for all (77, ) [0,1] x [0, 1], where

Js(v) = uI‘ Cl . Z/ 91;(s,v)dR;(s), Vv € [0,1];

g9) B3(n,v) = 77<2 1\53( ) f07‘ all (n,v) € [0,1] x [0,1];
h) &4(n,v) < Ja(v) for all (n,v) € [0,1] x [0, 1], where

T.(v) = v 1 S F(Cl) Gi—pB;—1 v
st (5 ) (5 ).

with ha(v) = F(42)(1 —v)2=Po=1(1 — (1 —v)Po), for all v € [0,1];

i) B4(n,v) > 02" 34(v), for all (n,v) € [0,1] x [0, 1].
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From the definitions of functions J;, i = 1,...,4, we see that J;(v) > 0, for all
velo,1],i=1,...,4, 31 Z 0 and J4 # 0; the function Jo is the null function if all

functions $);, i = 1,...,n are constant, and the function J3 is the null function if
all functions K;, 7 =1,...,m are constant.
Lemma 2.3. Assume that a > 0, $;, i =1,...,n, &, j = 1,...,m are nonde-

creasing functions, and b, € € C(0,1) N L*(0,1) with h(n) > 0, &(n) > 0 for all
n € (0,1). Then the solution (¢,v) of problem (2.1),(1.2) given by (2.3) satisfies
the inequalities ¢(n) > 0, ¥(n) > 0 for all n € [0,1]. In addition, we have the
inequalities (1) > n1 1o () and ¥(n) > n2~1Y(s) for all n, ¢ € [0,1].

Proof. Based on the assumptions of this lemma, by using relations (2.3) and
Lemma 2.2, we deduce that ¢(n) > 0 and 9 (n) > 0 for all € [0, 1]. Besides, for all
7, s € [0, 1], we obtain the following inequalities

o) > 76! ( | wweaaseyas [ sz<u>sow2<faie<u>>du)

> -1 ( /O 61 (5, 1), (IJLH (V) dv + /O @z(c,v)%(fgi?@))d”)
= 77C171¢(§)a

P(n) = nt ( /0 13g(v)<pm (193 b(v)) dv + /0 134@)%(1319@))@)

> 7742_1 (/0 63(9”)9‘%}1 (I(’)Y-l&-h(l/)) dv +/0 64(<’V>90w2 (I(’)Y-Z&-E(V)) du)
=77 1().

3. Existence and multiplicity of positive solutions

We investigate in this section the existence of at least one or two positive solutions
for problem (1.1),(1.2) under various assumptions on the functions A and Y which
may be singular at n = 0 and/or n = 1. We give now the basic assumptions that
we will use in our main results.

(A1) 71,72 € (0,1], G € (p—1Lpl, 2 € (¢—L,q], p, g €N, p,q = 3, n,m €N,
aj€Rforall j=0,1,...,n,0< oy << <oy < Po< -1, Fo>1,
Bi € Rforall j =0,1,....m, 0 < By < fo < - < B < <G —1,
ap>1,9H;:00,1] =R, j=1,...,nand K : [0,1] = R, k =1,...,m are
nondecreasing functions, a > 0 (a is given by (2.2)), &; > 1, ps, (v) = |v|%2v,
<pgi1 = Py Wi = %, 1=1,2.

(A2) The functions A, T € C((0,1) x [0,00) x [0,00),[0,00)) and there exist the
functions 0; € C((0,1),]0,00)) and u; € C([0,1] x [0,00) x [0,00), [0, 0)),
i=1,2, with Ly, Ly € (0,00) such that

A(nv 2, w) < 91 (77)”1(777 2, w)7 T(nv 2, w) < 92(77)M2(777 2, w)7 (3‘1)

for all e (0,1) and z,w € [0, 00), where L; = fol(l—u)gl_o‘o_lapwl (I9101(v)) dv,
and Ly = fol(l —v)2Poly,, (152 02(v)) dv.
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By using Lemma 2.1 (the relations (2.3)), the pair (¢,) is a solution of problem
(1.1),(1.2) if and only if (¢,%) is a solution of the nonlinear system of integral
equations

o(n) = / &1 (1, 1) 0 (IJL AW, 6(v), (1)) dv
+ / (1, V) (I T (0, 6(1), (1)) do, 11 € [0, 1],
W) = / 831, 1) s (LJLA (W, D), (1)) dv

1
+ / a1, ) s L2 X (v, 6(0), () o, 1 € [0,1].

We introduce the Banach space ¥ = C]0, 1] with the supremum norm ||¢|| =
Sup,c(o,1] [#(n)], and the Banach space Y = X x X with the norm [[(¢,9)[ly =
6]l + [|¥]]. We define the cone P C 9 by

PB={(0v) €, ¢(n) 20, ¢(n) =20, Vnel0,1]}.
We also define the operators T;, T2 : 9 — X and T: 9 — Q) by

1
Ty (6,9) (1) = / &1 (1, ) s (LJLA W, (1), (v)) dv
+ / G (1, 1) puss (12 T (0, 6(0), () vy 7 € [0,1],
To(6, )(n) = / B30, 1) (I A, 6(0), (1)) dv

+ / (1, V) (I T (0, 6(v), (1)) do, 1 € [0,1],

and (¢, v) = (T1(9, ¥), T2(0,v)), (¢,9) €Y. We see that (¢,¢) is a solution of
problem (1.1),(1.2) if and only if (¢,) is a fixed point of operator T.

Lemma 3.1. Assume that (A1) and (A2) hold. Then ¥ : P — B is a completely
continuous operator.

Proof. We denote by

1 1
Uy = / J1 (V><pw1 (I(’Jy-ls-el(y)) dv, Uy = / 32(”)900-)2 (IgiHQ(VD dv,
0 0
1 1
W, = / 330 pr (302 (1)) v, Wy = / 340 (12 05 (v)) dv
0 0

By using (A2) and Lemma 2.2, we deduce that ¥y > 0, Uy > 0, U5 > 0, ¥y > 0,
and

n

o= e (S f o)

=1

m 1
x (Z | aten dﬁi(c)>

=1

o (13101 (v)) dv
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X (i:; /01 p(gll,ﬂi)gﬁ—ﬂfl(l —V)Cl—ao_ld&(g)>] Puor (17201 (1)) dv

” (i/ e mgglmldﬁ“’(c)ﬂ -

%:/01 al'( szﬂo (Z/ g2i(5, ) s )%AI” 2(v)) dv
g/olar(g(f?go (Z/ @_O%)éz oi=1(1_p)eFoT gy, (¢ ))sow([%gg( Vv
:LQﬁ%Bo (Z/ (¢

%:/01 al'( cl—ao <Z/ gui(s,v) dRals )wwluawl(v))du
</olaF(F<(1ao<Z/ (¢ = B1) AT (1) 1dﬁ()><pw1( 710 (v))dv
T @ o dﬁi(g)) -

/0 92i(s, ) dei(C))] Pu, (19302(v)) dv

S R £ N (S N AP
lr@“ : H(Z,Zr(glﬂi) I dﬁxc))

1

3 1 : . —ho—1 V2
g <Z/ I'(C2 — ai)gczial ML —p)ef dﬁi(§)>] P, (193.02(v)) dv

B 1 m o |
_L2[ (e (ZF@ ) / dﬁ*”)

" (;/o I'(¢2 —ai)gcz_ai_l dﬁi(@)] < 00

By Lemma 2.3, we also find that T maps B into B.

We show now that T maps bounded sets into relatively compact sets. We assume
D C P is an arbitrary bounded set. Then there exists Z; > 0 such that ||(¢, )|y <

:Ll

§<2_ai_1 d«")i(@) < 00,
)
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=, for all (¢,v) € ®©. By using the continuity of p; and ps, we deduce that there
exists Zo > 0 such that

E'2 = max sup /”'l(nazaw)a sup M?(nasz) < 0.
n€[0,1], z,we[0,E1] n€[0,1], z,we(0,E1]

By Lemma 2.2, for any (¢, %) € © and n € [0, 1], we obtain

T (6,9) (1)
< / 31 (9) s T A, (), () s + / 320 ps L2 X (0, 6(0), ()
0 0

/1 U ( T'(m /0 (v =M oh( )m(c,cb(g),w(c))dg) dv
/ Sl %( /0 (v =) 0s(s )uz<<,¢(<),w(<>)dg) dv
1

< E§T 1/ Jl( )Pwr (F( )/Oy(l/ §) 101 (s )d<> dv
e 32 Dun (i [ =)= 105(6) ds ) v
F(%) 0 |

-z / ) (B 010) 277" [ a0 (1330200
= U B 4 U,E
Ta(h,¥)(n)
</ 350 (I3 A 6(0), ) s + JE BT (. 6(0), ()

S/ol “’“’1( / (v =) 01 (s, 6(<), ())dC) dv
/OI‘M( s <r(72 /0 (v =) (s )M2(<,¢(<),¢(§))dc) dv

<z [ 30 (o [ 06 ds ) dv
0 (1) Jo

1 1 v
+E;2_1/ Ja(V) P, (F(%)/o (v —¢)2710,() d§> dv
1
=2t [ Bwen ) 357 [ 3100 133000))

= UyE g, Ee L

Then ||%1(¢,%)|| < U125 + WoE52 71 [ %2(0, )| < W3ES 4+ Uy=527" for all
(¢,9) € D, and so 51(9) To(D) and T(ZD) are bounded.

We will show next that T(D) is equicontinuous. By using Lemma 2.1, for (¢, ) €
® and 7 € [0, 1], we obtain

(e, ¥)(n)

7 1 77C1*1 F(CQ) 1 a1
7/0 [gl(n,u) T (Z ['(¢2 — ) /0 3 dﬁi(g))

=1
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(Z / a1ils, ) dfi(s )]%ml A, 6(v). (v))) dv

77(1 11‘* <2 .
+/0 T (Co — fo) (Z/ g2i(s,v) d$i(s )gpw2(l Y (v, ¢(v), () dv

“f e

— )0 (g = ) gy, (I AW, 6(v), () dv

v)ormo o (IR A (v, (v), (1)) dv

<Zn:r<2—az/ el dg, (s )/ (Z/gugud& )

xsowlmlA( 6(0),B(v))) dv
¢1—1
+:F(Cir_g / (Z / gax s, v) d55a( )wfw (v, 6(0), 0(v))) d.

Then for any n € (0,1) we have

L

(Ta(e,¥)) ()

= /77 (1@) (G =921 =)0t — (G = 1)(n—v)9 2]
><<Pw1(1“ A, 6(v), ¢ (v))) dv
+/ | m(ey (@ D =)t e, (AW 6(), 0(v))) dv

(G002 (§~ D) (Mo
+1a<;F(<22ai)/o ¢ d$i(s )/(Z/ 01i(s, V) dRi(s )

X P, (I3 A, ¢(v), ¥ (v))) dv

n

(G =D °I(¢) [ b | .
TG — ) /0(;/o922<<’”>dﬁz<<>>%<foﬂ<,¢>< ) Y w))) dv.

~

Hence for any n € (0,1) we find

[(Z1(e, ) ()]

1 T rGi=2(] _ )G—ao—l y (p -2
<o L e e

X Pun (193 (01 () pa (v, 6(v), 9 (v)))) dv

1 ' -2 1—ap—1 m
R, : N1 - ) Pur (L1 (01(V) 1 (v, 6(v), ¥ (v)))) dv

(=01 (§ T [
+ a <;F(C2ai)/0 ¢ d$(s )/ (Z/ g1:(s, V) dRi(s )
X @, (191 (01 (V)1 (v, p(v), 9 (v)))) dv

(G- TG [ [ .
e (;/og”(“”)dﬁi(§)>*”“2“°+“’2(”)“2<%¢<v>a¢<v>>>>du.
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Therefore for any n € (0,1) we deduce

|(T1 (e, ) (n)]

—wi—1 1 ! ¢1—2(1 _ ,\¢1—ao—1 _ . \¢—2
<= ey [ e - e

1 1
X, (19301 (v ))dVer/ N (1= )T gy, (10161 (v)) dv

— -2 (2
L G 1a)n (Zp o / Comai—1 d@(g))

x / (Z / g1:(s,v) d&-(c)) Por <Iai91<v>>dv]
_ ¢1—2
_|_:t§)2 1 (Cl al—‘l()cz — IB: CQ /O (Z/ 921 S,V df’:) ) Puwn (183_92(1/)) dv

—: o ().

(3.2)
We denote by

0 = 55, 20 =70 1= 0 1)
: -2 1—ao—1 1
+ m /n 21 —v)° P (1720, (1)) dv.

For the integral of function og, by exchanging the order of integration, we conclude
that

! 1 ! —ap— [e7s) Y1
f eotman= s / (=) (1 (1= ) )%(Iofl(u»du
2 — v C1—ap—1 71 v = 2Ly 00
<y [ e e 0 v = <

The integral of function o is

/Olrf(n)dn

—5“2“_1/01 o(n)dn + 5"~ 1@;1 </0 412d77> <i:r(gc_2)a)
></0 2=l g9y, (s )/ (Z/ g1:(s,v) dfy(s ><pm(1“ 1(v)) dv
X /O1 (i /01 g2i(s,v) dﬁz‘@)) Pus (193 02(v)) dv

i=1

2L15§;1—1 L1~w1 1 n & 1 CQ*O(i*ld .
< () + o (;F<C2_ai)/o S ()
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- ! 1 ¢1—Bi—1 .
§ <Z/0 MG -6 dﬁ2(§)>

M Cz a;—1
+ al’(¢2 — fo) (Z/ (G- B) d9i(s )> (8:3)

Then we obtain that o € L'(0,1). So for any 71, 72 € [0,1] with 77 < 7» and
(¢,) € D, by relations (3.2) and (3.3) we find

1%1(0,9)(11) — T1(9,¥) ()| =

/:2 (T1(,9)) (n) dn‘ < /:2 o(n)dn. (3.4)

1 1

By (3.3), (3.4) and the property of absolute continuity of the integral function,
we obtain that 1 (D) is equicontinuous. By using similar arguments, we deduce that
To(D) is also equicontinuous, and then T(D) is equicontinuous. We apply now the
Arzela-Ascoli theorem, and we find that T;(®) and T2(®D) are relatively compact
sets, and so (D) is a relatively compact set. Then ¥ is a compact operator. In
addition, we can prove that 1, 5 and T are continuous on ‘P (see Lemma 1.4.1
from [12]). Therefore ¥ is a completely continuous operator on ‘P. O

Now we define the cone

€[0,1] n€l0,1]

qsoz{(aw)em, wmin o(n) > n% 6l min wn) > n 1||¢||}

Under the assumptions (A1) and (A2), by using Lemma 2.3, we find T(Bo) C Po,
and Ty, : Po — Po (denoted again by T) is also a completely continuous operator.
For £ > 0, we denote by B, the open ball centered at zero of radius £, by B¢ its
closure, and by 0B its boundary.

Theorem 3.1. We suppose that (Al) and (A2) hold. If the functions pi, pe, A
and Y also satisfy the conditions

(A3) There exist p1 > 1 and pa > 1 such that

o= lim sup Lz,wz):o’ and po=lim sup Lz,wz) =0;
susgneion o (4 w)) Srusg el e (2 +w)re)
(A4) There exists [o1,02] C [0,1], 0 < 01 < 03 < 1 such that
) A T
A?)o: lim inf M =00, or Tl = lim inf M_OO,
Fusg nelonoal @, (2 + w) et nelon,on) 95, (2 + W)

then problem (1.1),(1.2) has at least one positive solution (¢(n),¥(n)), n € [0,1].

Proof. We consider the cone Py defined above. By assumption (A3), if Uy >
0 and ¥3 > 0, we deduce that for e¢; = min{

1 1 —
@ Gy and @ =

min { (4%;52,1, (4@4;52,1 }, there exists Ry € (0, 1) such that

pi(n, z,w) < ei(z 4+ w)? N Ve 0,1], zw>0, z4+w< Ry, i=1,2. (3.5)
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Then by (3.5) and Lemma 2.2, for any (¢,v) € dBr, NP and n € [0, 1], we find
T2 (6, ) (1)
1
< / 31(0) s (I (62 ()12 (v, D), ()
1
+ / 32(0) s (132 (B2 (1) 12, (), (1))
1
</ 3o (183 (9090 (609 + )0 7))
+ /0 Jziy)% (Igi (92(y)62(¢(y) +¢(V))p2<52_1>)) dv
<ot / 310w, (1310 6] + ) @) o
0 1
ey / 32, (1320061 + )2 o
0 1
= (6,0 / 31 (1), (I]L0 () dv
1
e (0,02 / 32(9) s (I32.00())
— (6 )IIE + Waes (0, )42
< (Uref ™ + Waes> (B, ) ly < (4 1) 16, 9) ly = 211(6, 0],

and
S2(¢»1/1)(7')
1
< / 33(0) P L1 (01 () (v, 6w, () v
+ / 34(0) P (32 (O () 12, (1), (1)) v
</ ()6 (B (11061 (60) + 6 D)) av
+ [ 3w (12 (Bw)ea(o) + v)) ) ) ao
1
<at ()0 (TN + 1))
el MO (X R P R
= e 1|6, )2 / () I35 010)
e (6,012 / 31 (9) P (132 02(v)) v
= W (6, ) + Wae (6, )11
< (Waef ™+ Uaes> Do, 0)llp < (5 + 1) 1, 9)ly = 311(8,9) ]9

So we conclude that [|T1(¢,¢)| < 1[(6,¥)]ly, T2 ¥)|| < 51(4, )|y for all
(¢,9) € OBRr, NPo, and then

12(e, V)l < (8, 9)llw, V(¢,9) € OBr, N Po. (3.6)
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If 5 = 0 and Y3 # 0, then we choose ¢; = min{(wl%&l,l, (4\1,551,1} and

€9 = W; if U5 # 0 and W3 = 0, then we choose ¢, = W and €5 =

min{(4%§52,1, (4%352,1}; if 5 = W3 = 0, then we choose ¢; = W and
€2 = W In all these cases we obtain as above the inequality (3.6).

Next, in assumption (A4), we suppose that Y = oo (in a similar manner we
treat the case A’ = o0). Then for e3 = 2(€0()! 7%, where

0-%1—1 o2 . o
QE:W/ Fo) (v — 1)@~ qy

and og = min{o$" ', 03>}, there exists M; > 0 such that
Y(n,z,w) > e3(z +w)°2 "1 — My, V1€ [o1,02], 2, w>0. (3.7)

Then by (3.7), for any (¢,v) € Po and 7 € [o1, 02, we find

T2 (6,4) (1)
z/@wme¢ﬂmmmwmmV
0

Eilfqu”o(rémylﬁv<W2”ng¢@»¢@»mgwr4du

ghrt "y Vil
=7 Llw(wawml
(
1

X (/Tj(v =) (e3(p(s) +9(s))2 7! — My) d§>w2_1 dv

Gi—1 ‘72~ I Y )21
> oi ! [ e (0 1
(e (o ol + o pol) ™ = a) o) a

¢1—1 o2 So—1 wa—1
= i [ (e (o el o) - an)

1
x (v — o)D)

oSt~ wo—1 [O2
> T (ol (g5 - / Do) — o1) D gy
T 1 1T (0t )" .

1 wo—1
= (emT ol o wlIg ! — €= )
271
= 2@ -n)" My =€y,

dv

Then we deduce

wa—1
1T 6,00 > (206 05 = M2) ™, V(9,) € Po.
We choose Ry > max {1, Mg’rl} and we obtain

1T(&, )l = [F1(@, D) = [1(6,9)[l9, V(¢,¢) € OBR, N Po. (3.8)
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Now by Lemma 3.1, the relations (3.6), (3.8), and the Guo-Krasnosel’skii fixed
point theorem, we conclude that operator T has a fixed point (¢,v) € (Br, \ Bg,)N
Po, that is By < (6,6 |y < Ra, and () > 1 6] and (n) > 7] for al
n € [0,1]. Then ||¢]| > 0 or ||| > 0, and so ¢(n) > 0 for all n € (0,1] or (n) >0
for all n € (0,1]. Hence, (¢(n),%¥(n)), n € [0,1] is a positive solution of problem
(1.1),(1.2). O

Theorem 3.2. We suppose that (Al) and (A2) hold. If the functions pi, po, A
and Y also satisfy the conditions

(A5) p1oo= lim  sup 7'[“(77’2’“)) =0, and o= lim sup 7'@(77’2’“}) =0;

Fuss melon) P (2 +w) uzEnelo] 9o (2 + w)
ere exist |o01,09] C |0,1], 0 < 01 <09 <1, p1 € (0,1] and 02 € (0,1] suc
AG) Th ] 0,1, 0 1 0,1] and 0,1] such
that A
A= lim o AW
e nelonoa] 98, (- w)2)
: B Y
Yi= lim inf _Tmzmw)
oz nelono s, (2 +w)ez)

= 00, or

then problem (1.1),(1.2) has at least one positive solution (¢p(n),1(n)), n € [0,1].
Proof. We consider again the cone By. By assumption (A5), we find that for ¢4 €

. 1 1 . 1 1
(0’ mm { s, (2V142¥3) 7 206, (V1+V3) }) and €5 € (0’ mim { 0oy (2V2A2W4) 7 206, (UotVly) })’
there exist M3 > 0 and M4 > 0 such that

H1 (7% 2, ’LU) § E4(24’10)5171+J\4'37 N2(773 2, U)) § 65(Z+w)6271+M4a VTI € [Oa ]-]7 Z,w ZO
(3.9)
By using (A2) and (3.9), for any (¢, 1) € Bo, we have

< / 31(0) g (I3 (01 ()1 (v, (), (1))
0

+ / 32(0) gy (12 (B2 (W) pia (v, B, (1)) v
1
= / 31(0) s (T (02 () (ex(6(w) + ()"~ + My))) dv

+ [ 30 IGO0 e 010) + () + 22)
1~ 1 . wi—1 v I wi—1
< [ 90 s (oo om) " ([o-grto@d) o
+/032(V)W(65H(¢, ;y)||g;;'*1+M4)“’2_1 (/Ou(u—q)wleg(c) dc) v
<uy (@0l +25) " +ws (@l +24)7 . vnelo.)

Ta(,4) (1)
< / 33(0) P I (02 ()12 (v, (), () v
0



On a system of coupled nonlocal. . . 71

+ / 3400 g, (12 (B2 (V) pia (v, (), (1)) v
< / 339 pur U1 (00 () (ex(6(0) + () + M) do
/ 34(2) P (T2 (Ba0) (5 (B(v) + () + Ma))) dv

/33 (C(y))=—t (€4H(¢ Dy~ 1+M3)w11</01(/1/—§)71191(§) dg)wl_l dv

wzfl

+ [ )W(%nw ol o) ([o-grrie@d) T a
<y (el )G +005) " (el g+ 00) 7T vaeo.1]

Then we deduce

wi—1 w2
1T, )l < @ (all@u)ly ™ +Ms) " + 02 (a0 0)IF " +0)
UJ2—1

%20, ) < Ws (eall6, )1~ + M5) "+ (el o )G+ 2)

and so

16 9)lly < (U1 4+ Ws) (eall (0 0) |5~ + M)
Hs 4w (el + M) (o,w) € o

We choose

(U) + Ua) Mt 4 (Uy + Ty) Mt
— (W) + Ug)e ™ 4 (U + Wy)es2 1]’
(\I]l + \113)2w1*2Mw1 1 (\IIQ + @4)20.1272MZJ2—1
— [(Wy + Wg)201 =261 4 (W  Wy) 20226827 1]
(\Ifl + W) M T o (Wg + Uy)292 2052
[(\Ifl +\I/3) w1 — 1 (\112 + \:[14)2“’2_26‘;2_1]’
(T + U3)290 2 M~ 4 (Uy + Uy ) M2t
L= (W + W22 2600+ (W + Wa)eg” ] |

R3 >max{1

(3.10)

and then we conclude that

12(2,9)llp < 1[(&,9)llps ¥ (:¢) € OBry N Po. (3.11)

In the definition of R3, we relied on the well-known inequalities (c+d)? < 20=1(c? +
d?) for § > 1 and ¢,d > 0, and (c +d)? < ¢? +d° for € (0,1] and ¢,d > 0. Here
0 = w; — 1 or wy — 1. We prove inequality (3.11) in one case, namely w; € (1, 2]
and wg > 2. In this case, by using (3.10) and the inequalities (\111 +W3)et T < 1
(Tg 4 Wy)2w2 2821 3 (from the definition of €, and €5) we have the inequalities

(W) + U3) (g R~ 4 M3)¥t ™1 4 (Wy + W) (e5 R2 ™1 + M)~
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<(Wy+ W) (e Ry + M) o (Wa + Wa)2% 72 (e T Ry + M)
= [(Wy + Wa)ef ™1 4 (U + Uy)22 26227 Ry
+ (T + W) M 4 (Ty + Uy)22 72 M2 < Ry,

In a similar manner we consider the cases wy € (1,2] and wy € (1,2]; w1 > 2 and
we € (1,2]; wy > 2 and wy > 2.

Next, in assumption (A6), we consider Aj = oo (in a similar manner we can
study the case T} = o). For €5 = 051(1761)(’31_51, where 0y = min {Ufl_l, 0%_1}

~ ¢1—1 o2
and ¢ = W/ (v — 01)71(“’1_1)31(1/) dv, there exists Ry € (0,1] such
o1

that
A, z,w) > eg(z +w) =Y Wy e oy, 09, 2,w >0, 24w < Ry. (3.12)
Then by using (3.12), for any (¢,v) € dBgr, NPo and 7 € [o1, 02] we obtain

> / 11, 1), (I A(w, 6(v), (1)) dv
0

>/U1 610 (o7, / (v =" AL, ¢<>w<<>>dg)mdy

> o / g ”<u—<>’ﬂ-1ea<¢<<>+w<<>>91<51—”d<)w1_1du

1
b i
>0.C1 1 ~ ( )
enER 1
v 01(61—1) wi—
S (/ o= Tes (o5l + o6 ) w)
1 1 oo

C1 1 wl 1,01 -~
Z H(¢ 1p)” ( (,Y1+1))w171 o

=@ V)ly = 16 )y

(v— 01)71(“’1_1)31@) dv

Therefore ||T1(p, )| > ||(¢,¥)|ly for all (¢,v) € IBr, N*Po, and then

1T(&, )l = [T1(@, D) = [1(6,9) [, V(¢,¢) € OBR, N Po. (3.13)

So, by using Lemma 3.1, the relations (3.11), (3.13), and the Guo-Krasnosel’skii
fixed point theorem, we deduce that operator ¥ has at least one fixed point (¢, ) €
(Br, \ Br,) NPy, that is Ry < [|(¢,¥)|ly < Ra, which is a positive solution of
problem (1.1),(1.2). O

Theorem 3.3. We suppose that (A1), (A2), (A4) and (A6) hold. If the functions
w1 and po also satisfy the assumption

(A7) D'y < L Dy, < L Dy < L Doy < L

where Dy = max{max, . ,e[0,1] #1(7, 2, W), Max,, . wefo1] L2(1, 2, w)}, then problem

(1.1),(1.2) has at least two positive solutions (¢1(n),¥1(n)), (P2(n),v2(n)), n €
[0,1].
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Proof. If assumptions (Al), (A2) and (A4) are satisfied, then by the proof of
Theorem 3.1, we find that there exists Ry > 1 such that

||T(¢’ ¢)||9_) > ||<¢”L/))||‘~Dv V(¢,’(/J) € 8BR2 mf‘pO' (314)

If assumptions (A1), (A2) and (A6) are satisfied, then by the proof of Theorem 3.2,
we deduce that there exists Ry < 1 (we can choose Ry < 1) such that

1£(0: ¥)llo = 1(¢,9)llw, V(#,¢) € OBr, N Po. (3.15)

We consider now the set By = {(¢,v) € 9, [[(6,¥)|ly < 1}. By (A7), for any
(¢,9) € dB1 NPy and 7 € [0, 1], we obtain

1 (6,0)(n) -
/‘“( )<r / v =<0 (s >u1(<,¢<c>,¢<<)>d<)l i

| st ( = / (v — oY 6(s >u2<<,¢<<>,¢<<>>d<)m_ldu
SDB“ 1 3 ( 1 V
)

+/Dbl)2 1

wl—l
(v—¢)" 710, (s )dg) dv

(v
w2 —1
( (v —¢)"27105(¢) dg) dv
1
-y / 30 (5 01< >>du+1>a’2—1 | 5200031020
0 0
=Dy + D Wy <4+ L= L

R0 0)0) = / ) (5 / <v—<>“101<<)u1<<,qs(c),w(g))dg)wl1dy
Jr/l < / $)70a(s )uz(<,¢(<)’¢(<))d<>W1du
1

2
<D“11 Js <
(v)

wlfl
— )My (s )dg) dv

+Dw2 1

Py o—1
< V—g)”*lﬁg( )dg) dv
— ! / 3) i (I 91< >>du+D“’2 1 / 34 (0) P, (I32.02(0)) v

:Dglil\l/:; +D8}271\IJ4 < Z + Z - 5

Then we conclude [|[T1(¢, )| < 3 and [|T2(¢, v)|| < & for all (¢,9) € 9B1 N Po.
Therefore we find

12(2,9)llp = [1%1(6, ) + T2, V)| < 1= [[(8,¥)llp, V(e ¢) € OBy ﬂ‘go-w)
Hence, by (3.14), (3.16) and the Guo-Krasnosel’skii fixed point theorem, we
deduce that problem (1.1),(1.2) has one positive solution (¢1,%1) € Po with 1 <
|(é1,%1)]lpy < Ra. By (3.15), (3.16) and the Guo-Krasnosel’skii fixed point theorem,
we conclude that problem (1.1),(1.2) has another positive solution (¢g2,12) € PBo
with Ry < ||(¢2,%2)||y < 1. So problem (1.1),(1.2) has at least two positive solutions

(P1(m),91(m), (d2(n),v2(n)), n € [0,1]. [
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Remark 3.1. Theorem 3.1 remains valid if the functions u1, pe and Y satisfy the
inequalities (3.5) and (3.7), instead of (A3) and (A4). Theorem 3.2 remains valid
if the functions pq, po and A satisfy the inequalities (3.9) and (3.12), instead of
(A5) and (A6). Theorem 3.3 remains valid if the functions A and Y satisfy the
inequalities (3.12) and (3.7), instead of (A6) and (A4).

4. Examples

Let 1 = 1/4, %2 = 1/5, G =7/2 (p = 4), ¢ = 8/3 (¢ =3), 61 =3, &2 = 4,
w1 = 3/2, Wy = 4/37 n = 1, m = 2, g = 9/4, 50 = 3/2, a1 = ]./6, Bl == 3/4,
B2 =6/5, H1(n) ={1, n€[0,1/3); 3/2, n € [1/3,1]}, Ki(n) = n/4 for all n € [0,1],
and Ra(n) = {1/2, n €[0,1/2); 7/2, n € [1/2,1]}.

We consider the system of fractional differential equations

Dy (s (DE26m)) ) + Alm, 6, () =0, n € (0,1),

(4.1)
Déf( ( Dy ))) +X(n,0(n),¥(n) =0, ne(0,1),
with the coupled nonlocal boundary conditions
#(0) = ¢'(0) = ¢"(0) =0, D7/2¢( 0) =0, D9/4¢( 1) = 1/61/) ( >
$(0)=4(0) = 0, Dy} (0)=0, Dy “( / D3/4¢> (n) dn + 3D < >
(4.2)

We obtain here a ~ 5.54794669 > 0, so assumption (Al) is satisfied. In addition,
we find

1 PRA—v)Y = (n—v)*? 0<v <n<1,
91(7771/):1—\7
(T2 |2 — vyt 0<n<v<i,

A=)t —(c—v) 0<v<e<,
911(9
11/4 A1 -4 0<c<v <,
BB — )4 — (¢ —p)B3/10 0 <y <¢ <1,
912(9 )—

(23/10) GBI — )4 0< < <,

( ) 1 775/3(171/)1/67(7777/)5/37 OSVSWSL
g2(1,v) =
I'(8/3) P31 -6, 0<n<v <,

o BRL-)V0—(c—v)32 0<v<¢<I,
921(§7V)_W <3/2(1_V)1/67 0<¢<v<l,
ha(v) = r(sl/:a) (A= o— @] vefon,
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I'(8 3/2 1! 1
&1(n,v) =g(nv (2 5/2 ) {4/0 g11(S, v) ds + 3g12 (2,1/)] ;
-t (1)
G3(n,v) = Z/;I;/ZQ [i /01 011(s, V) ds + 3g12 (; )} ,
13/10
&4(n,v) = g2(n, v [HF 71/12/4 3(2(37//120)) <;) / ] g21 <:1)),l/> )
for all (n,v) € [0,1] x [0, 1].
Besides we deduce
b1 (v) + & (3o (3)*) { sy (1= )4 = (1= ) 11/1]
B B R R R IR VS
02) + & (3% (3)°) { ertozm [0 004 = (L= 0]
+ o) B a-nal, f<w<n,
o) = | R [0 00 =] 0 <<
W(%) (1-V/s L<v<i,
fr(é% {11r(i1/4) (1- V)1/4 - m(l - V)11/4 + %
Balv) = F(j/z[)(%)lg/m (-n = (-]}, 0sv <,
ey |t (=M~ s (="
» <%)13/10 (1- 1/)1/4} L l<y<n,
h2(v) + 55 {111;((71/12/)4) + 3(1;%7//120) (3) 13/10] NG
=] <@ Ao ST
ba(v) + i {1111“((71/12/)4) + 13(1;37//120)) % 13/10] (% 3/2 V)l/G»
i<v<lL
Example 4.1. We consider the functions
(2 w)* (z +w)3
A(n, z,w) = T T(n,z,w) = VT n€0,1), z,w=>0, (4.3)

wherea > 1,b > 1. Here A(n, z, w) = 01(n)u1(n, 2, w),

(7772 w) - 92( )MQ(nasz)a

01(n) = ﬁa 02(n) = ﬁ for all n € (0,1), p
pa(n, z,w) = (z +w)3 for all n € [0,1], z,w > 0.
We have

1 1/2
I :/ (=) (B0 w) " dv
0

1(n,z,w) = (2 + w)?®
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v 1 1/2
(v—q)™3/4 > dv

_ 1 Lo /4
‘XHU@VNA<1 ) =™
1/2

(
FZMW /01(1 — )i/ (/01(1, — vz) " ()1 — ym)_l/5ydx) dv
(

S—

1 1/2
(F(1/14))1/2/0 (1—v)/* (1— ) 3/4g= /41 — )~ Y/5 d:c) dv

1 1/2
1
:(r(3/4))1/2/ (1—v)t/* <2F1 [5, Z, 1, I/:|> dv =~ 0.93696479,
0
1

1 /3
L, :/ (=)0 (170:0)) " dv
0

_ 1 ! v T s 1 b
(HU&V“A(l ) [ﬂ” 2 aaﬁ—c*) v
1/3

(
<‘:'“(F(1/15))1/3 /01(1 ) (/Ol(y — vy ()31 — yx)l/zlldx) dv
(

) 1/3

! 1
_(F(1/5))1/3/0 (1- 1/)1/6 V72/15/0 (1- x)74/5x71/3(1 _ Vx)fl/Q d:c> dv

s [ 176 [ —2/15 1213 e
—(I'(2/3)) L=)V/ (v R |5 2 | ) v 107711433,
0

INOIN
hypergeometric function. So L; € (0,00), ¢ = 1,2, and then assumptions (A1) and
(A2) are satisfied.

In addition, in (A3), for p; = p2 = 1, we obtain pi0 = 0, pgo = 0, and in (A4)
for [o1,02] C [0,1], 0 < 01 < 02 < 1, we have A’ = co (and T’ = oo). Then by
Theorem 3.1, we deduce that problem (4.1),(4.2) with the nonlinearities (4.3) has
at least one positive solution (¢(n),%(n)), n € [0,1].

1 T ~ 7 ~
where 9 F [a,b, ¢, 2] = ﬁ / P71 —v)* P71 (1 —v2) "% dv is the regularized
=) Jo

Example 4.2. We consider the functions

ao(n +2)
An,z,w) = ————=—[z4+w)" + (z+w)*]|, nel0,1), z,w>0,
T2y w) = BTSN oy any e (0,1], 5w >0,

(m+1)°ym
where ag > 0, by > 0, a1 > 2, as € (0,2), ag > 0, ag > 0.
Here we have 61(n) = ﬁ, n €10,1), 62(n) = %\/ﬁ’ n € (0,1}, and

ao(n+2 o o
i, z0) = D a0+ (4],
bo(3
p2(n, 2, w) = W (2% +w*), ne€0,1], z,w > 0.

Further, we obtain

1 1/2
L = / (=) (B0 w) " dv
0
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— (F(1/14))1/2 /01(1 — )t/ </OV(1/—<)3/4 3 11_ d§)1/2 dv
e W /01(1 R (/OV(V ) A1 - uz)l/%dx> "

1 1 1/2
= ; — )V — )71 —wz) T 3da v
= (F(1/4))1/QA (]_ )1 4( 1 4A (1 ) 3 4(1 ) 1 3d ) d

1 1 5 1/2
= / (1—v)t/4 (1/1/4 o Fy [3, Lo VD dv =~ 0.82086172,
0

1 1/3
L2 = / (1 — U)1/6 (I&f@g(u)) dv
0

1 ! v 1 1/3
:(F(1/5))1/3/0 (L=w)!/e </O (v =9 4/5\%d<> dv
1/3

sy W /01(1 L (/Ol(y - Vx)_4/5(1/x)_1/41/dx> d

1/3

_ W /01(1 _ Vs <1/1/20 /01(1 - :v)4/5m1/4dx) v

1 1 ~ 3 1\)"?
= 7@(1/5))1/3 /0 (1- 1/)1/6 < 1/20p (4 5)> dv
~ 0.9247852,

where B(p,q) = fol P11 — )T 1 dy, p,g > 0 is the first Euler function (the beta
function). Hence assumptions (A1) and (A2) are satisfied.

For [01,02] C (0,1) we obtain A’ = oo, and if we consider 0 < p; < 1, 201 > ag,
we find A} = oco. Then assumptions (A4) and (A6) are also satisfied. In addition,
after some computations, we deduce

1 1/2
U, = / 3w (Blow) " av
0
1 1 5 1/2
:/ ) <u1/42F1 {3’1’4’VD dv ~ 0.18645088,
0

\112/0132( )(11/592( ))1/3dz/

1 ' —1/20 31 13
B ((1/5))1/3/ J2(v) (V b (4, 5)) dv ~ 0.01643815,
1/2
\IJS / j3 1/491( )) dv
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Besides, we find Dy = max {3{%(2“1 +292),8by }. If

.10 (111 1
min
0= 3u 1 2m) 1692 6493 1692° 6493 [’

bl 11 11
— min
078 1602 6403 1602’ 6403 [

and

then the inequalities Dé/Qllll < %, Dé/glllg < i, Dé/z\ljg < %, D(l)/S\I/4 < % are
satisfied (that is, assumption (A7) is satisfied). For example, if a; = 3, as = 1, and
ag < 0.094 and by < 0.035, then the above inequalities are satisfied. By Theorem
3.3 we conclude that problem (4.1),(4.2) with the nonlinearities (4.4) has at least

two positive solutions (¢1(n),¥1(n)), (d2(n),v2(n)), n € [0,1].
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