Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 13, Number 1, February 2023, 81-94 DOI:10.11948/20210310

EXISTENCE OF PERIODIC SOLUTIONS FOR
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P-LAPLACIAN DIFFERENTIAL EQUATIONS*
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Abstract In this paper, by using the Mandsevich-Mawhin theorem on con-
tinuity of the topological degree, we prove the existence of periodic solutions
for two classes of second order p-Laplacian polynomial differential equations.
Finally, some examples are given to show applications of the conclusions.
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1. Introduction

In the past few years, the periodic solutions of second order polynomial differential
equations have attracted the attention of many researchers, because this class of
equations can well describe some mathematical models that appear in biology and
physics. Such as the equations

2" (t) 4 cx'(t) = r(t)z(t)* — s(t)z(t)?, (1.1)

where ¢ > 0, 0 < a < f < 1 and r,s are continuous T-periodic functions on
R. Equation (1.1) describes the Liebau phenomenon [18,23], which refers to the
preferential flow direction obtained due to asymmetric periodic oscillations in a
mechanical system without valves. In [5-8,17,27], the authors use different classical
theories, such as Krasnosel’skii-Guo fixed point theorem, upper and lower solution
method and fixed point theorem, to study the existence of positive periodic solutions
to equation (1.1).

In equation (1.1), if ¢ = 0, « = 0 and 8 < 0, then equation (1.1) becomes
Lazer-Solimini equation

2" (t) + = h(t), (1.2)

where @ > 0 and a,h are continuous T-periodic functions on R. Equation (1.2)
can describe the motion of a charged charge and linear motions in a periodically
forced Kepler problem. Many scholars have studied the existence, uniqueness and
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stability of periodic solutions of singular second order differential equations (1.2),
see for instance the papers [4,10,16,19,24-26,29]. In equation (1.1), if & < 0 and
B < 0, some scholars also studied the existence of periodic solutions of this type of
equation in [9,14].

At the same time, some scholars study the existence of periodic solutions of the
following second order cubic differential equation

" +a(t)r — b(t)z? — c(t)z® =0, (1.3)

where a(t), b(t), c(t) are are continuous T-periodic functions on R. Equation (1.3)
can describe a biomathematics model related to circle of willis aneurysm [11], where
x is the velocity of blood flow in the aneurysm, a(t), b(t), c¢(t) are coefficient functions
related to aneurysm. For the study of periodic solutions of equation (1.3), see
[1-3,12,13,15].

Motivated by the above mentioned work, in this paper, our purpose is use the
Mandsevich-Mawhin theorem on continuity of the topological degree to establish the
existence of positive periodic solutions of the second order p-Laplacian polynomial
differential equations

(pp(a’ (1) + fla(®)a’(t) +r(t)2” = s(t)z” =0, (1.4)

and
(pp(' (1)) + fla()a'(t) + a(t)a® = b(t)z"T! — e(t)2*+? =0, (1.5)

where p > 1, ¢,(z) = |z[P72x for z # 0 and ¢,(0) = 0, f : (0,+00) — R is a
continuous function, equation (1.4) satisfies 8,7 € R, s(t),r(t) are continuous T-
periodic functions on R, equation (1.5) satisfies & € R, a(t), b(t), ¢(t) are continuous
T-periodic functions on R. Obviously, equation (1.1) and (1.2) are special forms
of equation (1.4), and equation (1.3) is special forms of equation (1.5). For the
study of the existence of periodic solutions of second order p-Laplacian differential
equations, we can refer to [20,21,28].

The paper is organized as follows: after this Introduction, in Section 2 for the
convenience of the readers we collected some general results in order to prove our
main theorems. In Section 3 we apply the Mandasevich-Mawhin theorem on con-
tinuity of the topological degree to obtain the existence of T-periodic solutions of
the equation (1.4) and (1.5). In section 4, we apply the previous results to some
examples.

2. Preliminaries

In this section, we given some preliminary results which will paly important roles
in the prove of our main results.
Consider the following periodic boundary value problem

(ep(u)) = f(t, u,u'),
u(0) = u(T),u'(0) = u'(T),

(2.1)

where p > 1, f: [0,7] x R x R — R is assumed to be Carathéodory functions.
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Lemma 2.1 ( [22, Mandsevich-Mawhin theorem]). Assume that Q0 is an open
bounded set in C¥ such that the following conditions hold:

(al) For each A € (0,1) the problem

has no solution on 0f).

(a2) The equation
1T
F(e):—/ f(t,e,0)dt =0,
T Jo

has no solution on OQ NRY.

(a3) The Brouwer degree deg{F,QQNRYN 0} # 0.

Then the problem (2.1) has at least one solution in Q.
By applications of Lemma 2.1, we obtain the following results.

Lemma 2.2. Assume that there exist positive constants My, Ms, N1 and My < M,
such that the following conditions hold:

(91) For X\ € (0,1], each possible positive periodic solution of equation
(op(@ ()" + Af ()2 (1) + Ar(t)a(t)” — As(t)x(t)” = (2.2)

satisfies My < x(t) < My and |2'|cc < Ny for all t € [0,T], where |2'|o =
maxye[o,7) |2’ (t)].

(92) Each possible positive solution ey to the equation
r(t)e] —s(t)el =0
satisfies My < ex < M.
(93) For allt € [0,T], we have
(r(6)M] = s(OM)(r(H) M — s(t)My) < 0.

Then the equation (1.4) has at least one positive T-periodic solution xz(t) satisfied
My < z(t) < My for all t € [0,T).

Lemma 2.3. Assume that there exist positive constants Mz, My, No and M3 < M,
such that the following conditions hold:

(k1) For X\ € (0,1], each possible positive periodic solution of equation

(p(@' ()" + Mf(2(1)2 () + Aa(®)z(t)* = Ab(H)(t)*F = Ae(t)z(t)*+ (=2 g)

satisfies My < x(t) < My and |2'|oc < Na for all t € [0,T], where |2'|c =
maxyeo,7) |2 (2)].
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(k2) Each possible positive solution e to the equation
a(t)es — b(t)es™ — c(t)es ™ =0

satisfied Mz < eq < My.
(k3) For allt € [0,T], we get
(a(t)Mg = b(t) Mg ™! — c(t)M5?) (a(t) Mi — b(t) M — c(t) MEH?) < 0.
Then the equations (1.5) has at least one positive T-periodic solution z(t) satisfied
Ms < 2(t) < My for allt € [0,T].

Throughout this paper, let Banach spaces X = Ct = {z € CY(R,R) : z(t +
T) = x(t) for all ¢t € R} with the norm ||z, = max{|z|w, [7|o}, Where 2] =

max |z(t)], |2'|c = max |2'(t)]. For a given continuous function w : [0,7] — R,
te[0,T t€[0,T]
we denote

wt =max{w(t): ¢t €[0,T]}, w™ =min{w(t): t € [0,T]}.

3. The main results

In this section, we are ready to state and prove our main results.

Theorem 3.1. Assume B > v, and r(t),s(t) are positive continuous T-periodic
functions. Then equations (1.4) has at least one positive T-periodic solution.

Proof. We will verify that all the conditions of Lemma 2.2 are true.

Since 7(t), s(t) are positive continuous T-periodic functions, hence we have 0 <
rm <) <rt,0<sT <s(t) <st.Let 0< My < (%)ﬁ and My > (g—t)ﬁiw
are constants. By 8 > -, we obtain

0< M < (S)77 < (52)77 < (52)77 < My

uniformly in ¢. Furthermore, we get
r(t) — s@MP 2T —stMPT >0
and
r(t) — s(H)ME™T <rt — s METY <0
uniformly in ¢ € [0,T]. For V¢ € [0,T], when z(t) € (0, M;], we have
r(t) — s(t)z(t)? =7 >0 (3.1)
uniformly in ¢ € [0,7T]. For Vt € [0,T], when z(t) € [Mz, +00), we obtain
r(t) — s(t)z(t)’ =7 < 0 (3.2)

uniformly in ¢ € [0, 7.
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Let t and ¢ respectively stand for the global minimum and maximum points x(¢)
on t € [0,T], that is

a(t) = [max o(t),  @(t) = min o(t).

Obviously, we have
a'(t) =0, 2'(t)=0.
We claim that
(ep(2'(2)))" < 0. (3-3)

In fact, if (3.3) does not hold, then (¢, (z'(t)))’ > 0, and there exists ¢ > 0 such
that (¢, (2'(t))) > 0 for t € (t —e,t + ¢), hence p,(2/(t)) is strictly increasing for
t € (t—e,t+e). then we get that 2/(¢) is strictly increasing for t € (t — &,¢ + ).
This contradicts the definition of ¢. Therefore, (3.3) is true. Similarly, we get

(op(2(1)))" 2 0. (3-4)

Suppose z(t) is an arbitrary T-periodic positive solution of equation (2.2), we claim
that

M < z(t) < z(t) < z(t) < Mo. (3.5)

In fact, if (3.5) fails, then z(t) > Ms or 0 < z(t) < M; at least one hold. When
z(t) = Ms, by (3.2) and (3.3), we have

(
0 =(pp(' (D)) + M ()2’ (1) + Mr(B)x(D)” — As(D)z”
=(pp(@' (D)) + Ax(®) (r(?) — s(Dz(t)"7)

<0.
When 0 < () < My, by (3.1) and (3.4), we get

(
0 =(pp(a' (1)) + Af(@(t))2' () + A () r(t) — As(t)a(t)”

=(pp(a’ @) + Az (1) (r(t) — s()2"77)
>0.

But these are contradiction with equation (2.2). Hence, we have
My < z(t) < z(t) < z(t) < Ma.

Multiplying both sides of equation (2.2) by z(t) and integrating over the interval
[0,T7], we get

T T
r(t)zY — s(t)2Plz =0.
/0< (1) dt+A/ e <>dt+A/0 [r(B)a" — s(t)2’]a(t)dt = 0
smci S (p(@' (@) x(t)dt = — [ |2/ (t)|Pdt and [; f(x(t))a’ (t)x(t)dt = 0. Then
we obtain

/|x [Pt /\/ f@ dt+/\/ ()2 (t)dt
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T
< / (027 — s(t)z ™+ |dt.
0

We need to classify discuss the relationship of 5,y and —1, respectively. If v > —1,
we have

T T
/ |2’ (¢)|Pdt </ ()2 — s(t)zP L |dt
0 0

<T(rtMy*™ + 5Ty,

if 8 < —1, we get

T T
/ |2’ (¢)[Pdt </ [r(t)zY = s(t)zP T |dt
0 0

STt M7+ sTm]™,

if v < —1 < B, we obtian

/ ot < / (27— ()2t

0 0
<T(rt My + st MET.

Regardless of the above situation, it may easily be shown that there exists a positive
constant K = max{T(rt M7 + st MJTH), Tt My + st MY, Tt My +
sTMPT} such that

T
/ o (H)Pdt < K.
0

Since x(0) = x(T), hence there exists a point ¢ty € [0,7] such that z’(t9) = 0,
then ¢, (z'(to)) = 0. Put G := max{|f(z)|,x € [M1, M>]}. By (2.2) and Hélder’s
inequality, we have

fepta’ )] =] [ (ea'®))at
<>\(/0 \f(x(t))m/(t)|dt+/o (82 — s(£)2P+1|dt)
T T
</o |f(x(t))x/(t)\dt+/0 r(t) 2Tt — s(t)2P | dt

T
<G/ |2’ (t)|dt + K
0

T 1
<GT%(/ & (B)Pdt) 7 + K
0

<GTK?» + K
=H,

where 1% + % = 1. Now, we claim that there exists a positive constant Ny, for all
t € R satisfies
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In fact, if (3.7) fails, then there exists N’ > 0 such that
|| 00 > N.
Then we have
lop(a)|oo = 2[5 > (NT)P7H,

which is a contradiction. Hence (3.7) holds.
Let

O ={zeX| M <z(t) < My, |2'|oc < N1},

which is an open set in X. Obviously, condition (gl) of Lemma 2.2 is satisfied.
For a possible solution e; of the equation

r(t)e] — s(t)ef =0,

satisfied M; < e; < Ma, otherwise, it contradicts (3.1) and (3.2). Therefore,
condition (g2) of Lemma 2.2 hold.

Finally, we verify that condition (g3) of Lemma 2.2 is true. By (3.1) and (3.2)
we get

r(t)M] — s(t)M?P <0
and
r(t)My — s(t)MJ >0

uniformly in ¢ € [0,7]. So condition (g3) of Lemma 2.2 is also satisfied.

In view of all the discussion above, from Lemma 2.2, we can conclude equation
(1.4) has at least one positive T-periodic solution x(t) satisfying My < x(t) < My
for all ¢t € [0,T]. The proof is complete. O

Below we introduce the result of the existence of the positive T-periodic solution
of equation (1.5) and its proof.

Theorem 3.2. Let a(t),b(t) and c(t) are positive continuous T -periodic functions

with b+* —b=% < 2a=c¢~. Then equation (1.5) has at least one positive T-periodic
solution.

Proof. We will verify that all the conditions of Lemma 2.3 are true.
Let

0< M3 <

0 (38)

Vb2 +2a—c — bt Vot + datet — b N
2¢—

oot and My >

are constants. From b+> — b=> < 2a~¢~ we know that Vb2 +2a—¢c— — b > 0,
that is, M3 and My are well defined.
By simple calculation we can get

V=% +2a—¢ — bt _ V()2 +2at)c(t) — b(t)

0 <M. <
<M < 2¢t 2¢(t)
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My

b(t)? + da(t)e(t) — b(t) _ Vbt 4 datet — b _
2¢(t) = 2¢~

uniformly in ¢. By (3.8), we have

a(t) — b(t) My — c(t)M? = — c(t) (My + b(t)? + A;igt;dt) + b(t))

t
b(t)2 + 4a(t)c(t) — b
< (M — (t)* + 208 (t) (t))
<0.
a(t) — b(t)Msz — c(t) M3 >@ b(t)Ms — c(t) M3
oo+ LT £ )
b(t)2 + 2a(t)c(t) — b
< (M — (t) +2208 (t) (t))
>0.
That is
a(t) —b(t)My — c(t)MF < 0
and

a(t) — b(t)Mz — c(t)M3 > 0
uniformly in ¢ € [0,7]. Furthermore, for Vt € [0, 7], when z(t) € (0, M3], we obtain
a(t) — b(t)x(t) — c(t)z(t)* > 0 (3.9)
uniformly in ¢ € [0, T]. For Vt € [0,T], when z(t) € [My, +00), we have
a(t) — b(t)x(t) — c(t)z(t)> < 0 (3.10)
uniformly in ¢ € [0, T].
Let ¢t and ¢ respectively represents the global minimum and maximum points
x(t) on t € [0,T], then

f) = t t) = min 2(t).
x(t) trerﬁ;]x( ), x(t) t?ﬂé%x()

Similar to the derivation of (3.3) and (3.4), we get

(op(2(1)))" = 0 and (pp(2'(1)))" < 0.

Suppose x(t) is an arbitrary T-periodic positive solution of equation (2.3). Similar
to the proof of Theorem 3.1, we get

Mz < x(t) < z(t) < z(t) < My.
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Multiplying both sides of equation (2.3) by z(¢) and integrating over the interval
[0,T], we get

T T
/ (ep(@' (1)) x(t)dt + A/ f()a(t)z(t)dt
0 0

A / a2 — b — () (t)dt = 0.
0

Note that [ (p,(2/ () x(t)dt = — [i |&/(t)[Pdt and [, f(x(t))a! (H)a(t)dt = 0.
Put Gy := max{|f(z)],z € [Ms, My]}. Then we get

T T
/ |2 ()P dt :)\/ [a(t)z® — b()z+ — e(t)z 2z (t)dt
0 0
T
+A/O fx(t)z’ (#)=(t)dt
a(®)z®t — b 2t2 — o(#)2 3
< [ a0t bt eta s
if > —1, we get
T T
/ |1"(t)|pdt g/ |a(t)xa+1 _ b(t)za+2 _ C(t)l‘a+3|dt
0 0

<T(at MO 4 b+ MOF? 4t MO,

if « = —1, we have

T T
/ & ()|Pdt < / la()z*+ — b(#)a 2 — (£)zo 3| dt
0 0
<T(a®™ + b My + ctM3),

if —2 < a < —1, we obtain

T T
/ |x/(t)|f’dt S/ |a(t>xa+1 _ b(t)$a+2 _ C(t)xa+3|dt
0 0
<T(a* Mg+ 6" MEH2 4 P M),
if @« = —2, we get
T T
/ |2/ (t)|Pdt </ la(t)zoTt — b(t)z®+2 — ¢(t)2*T3|dt
0 0
1
<T(a+ﬁ3 + bt + ¢t My),
if =3 < a < —2, we have

T T
/ & ()|Pdt < / la()z+ — b(#)a 2 — (£)zo+3|dt
0 0

<T(at™ MG+ 0T MSF2 4 T M3,
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if @« = —3, we get

T T
/ |2’ (t)|Pdt </ la(t)z* Tt — b(t)z* T2 — c(t)2*T3|dt
0 0

1 1
<T(at— +b"— +c"),
SN VRN VAR

if @ < —3, we obtain

T T
/ |2’ (¢)|Pdt g/ la(t)x* Tt — b(t)z*T? — c(t)x*T3|dt
0 0
<T(at M+ b+ MO 4 ot MEH?),

Regardless of the above situation, it may easily be shown that there exists a positive
constant K’ such that

T
/ & ()Pdt < K.
0

Note that 2(0) = x(T'), hence there exists a point to € [0,7T] such that 2'(tg) = 0,
then ¢, (z'(to)) = 0. Put Gy := max{|f(z)|,z € [M3, M4]} By (2.3) and Holder’s
inequality, we get

[eula' ()] =] /t:(cpp(x/(t)))’dﬂ
<)\(~/OT |F(z(®)a’(Dldt + /0 ' la(t)z® = b(£)z* 2 — )z 3dt)
S /oT |F(x(8)a"(B)ldt + /0 ' la()z®+! — b(t)zo "2 — c(t)z*3|dt
<Gy /OT |2’ (t)|dt + K’

<G1T<1z(/OT ' (H)Pdt)? + K’
<G T (K')r + K’
=H'. (3.11)
Now, we claim that there exists a positive constant N, for all ¢ € R such that
|2"|00 < Na. (3.12)
In fact, if (3.12) fails, then there exists N’ > 0 such that
|2|00 > N'.
Then we have
p(@)oe = le[251 > (V)

which is a contradiction. Hence (3.12) holds.
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Let
QQ = {.'L' c X | M3 < ,I(t) < M4, |I’/|oo < N2}7

which is an open set in X. Obviously, condition (k1) of Lemma 2.3 is satisfied.
For a possible solution ey of the equation

—a(t)es +b(t)esT™ +c(t)esT =0,

satisfied M5 < ea < My, Otherwise, it contradicts (3.9) and (3.10). Therefore,
condition (k2) of Lemma 2.3 is satisfied.

Finally, we verify that condition (k3) of Lemma 2.3 is also satisfied. By (3.9)
and (3.10) we obtain that

—a(t)M§ + b(t)MGT + c(t)M$T <0
and
—a(t) MY + b(t)MIT! + c(t) M2 >0

uniformly in ¢ € [0,T]. So condition (k3) of Lemma 2.3 is also satisfied.

In view of all the discussion above, applying Lemma 2.3, equation (1.5) has at
least one T-periodic solution x satisfied M3 < z(t) < My for all ¢ € [0,T]. Theorem
3.2 is proved. O

4. Examples

In this section, we will give some specific examples and apply the theorems obtained
in the previous section to prove the existence of positive periodic solutions for these
examples, to illustrating the applicability of the conclusions obtained in this paper.

Example 4.1. Consider the following Liebau type differential equation
2’ (t) + 92 + (cost + 2)z7 — (sint + 3)z2 = 0. (4.1)

Obviously, equation (4.1) is the case of equations (1.4) when p = 2, f(z) =9, r(t) =
cost+2, s(t) =sint+3, g = %, N = i. Equation (4.1) also is the case of equations
(1.1). We have B>, r(t) >0, s(t) >0andr~ =1, rt =3, s =2, s* =4.
From Theorem 3.1 we get that the equations (4.1) has at least one positive 27-
periodic solution xz(t) satisfied M; < z(t) < My for all t € [0, 27], where 0 < M7 <

ﬁ, My > % are constants.

Example 4.2. Consider the following second order p-Laplacian differential equa-
tion
, , , 2mt 1 .27t
(ep(a’(t))) + 22" + (cos (T) +7)z~" — (sin (T) +2)z =0. (4.2)

It is clear that equation (4.2) is the case of equations (1.4) when f(z) =2, r(t) =
cos(%) +7, s(t) = sin(%) +2, =1, v=—1. We have 8 > ~, Bii'y = % and
r-=6,r"=8, s =1, sT=3.

Then Theorem 3.1 guarantees that the equations (4.2) has at least one positive
T-periodic solution z(t) satisfied M| < x(t) < My for all ¢ € [0,T], where 0 < M{ <
V2, M > 24/2 are constants.
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As can be seen from the above two examples, equation (1.4) is a direct general-
ization of equation (1.1) and (1.2).

Example 4.3. Consider the following second order cubic differential equation

) —|—6)J: — (5111(2

t)+5).73—(bln(2 T

2" (t) + (cos (2 T

T ) +5)2* =0.  (4.3)

In equations (1.5), when p = 2, f(z) = 0, a(t) = cos(2E) + 5,b(t) = sin(2) + 6
and c(t) = sin(2E) + 5, o = 1, equations (1.5) reduce to equations (4.3). Clearly,
equation (4.3) is also a spemal case of equation (1.3). We have a(t) > 0, b(t) >
0, ¢(t) >0and a~ =4,a” =6,b- =5,b" =7,¢ =4,c" = 6. Direct calculation
we can get b2 — b2 =49 — 25 =24 < 32 = 2a"c".

Then for each T' > 0, we from Theorem 3.2 conclude that the equations (4.3)
has at least one positive T- periodic solution z(t) satisfied M3 < z(t) < M, for all

t € [0,T], where 0 < M3 < L — 5. My > Y9 — 1 are constants.

Example 4.4. Consider the following second order p-Laplacian differential equa-
tion

3

(op(2' (1)) + 2222’ + (cost +3)z~ 2 — (sint +2)z~ 7 — (cost +4)x? = 0. (4.4)

In equations (1.5), when f(x) = 222, a(t) = cost + 3,b(t) = sint + 2 and c(t) =
cost +4, o = —3, equations (1.5) reduce to equations (4.4). Clearly, we have
a(t) > 0, b(t) >0, c¢(t) >0and a= = 2,a" =4,b- = 1,b7 =3,¢7 =3,¢" =5.
Direct calculation we can get brP b’ =9-1=8<12=2a"c".

Then Theorem 3.2 guarantees that the equations (4.4) has at least one positive
2m-periodic solution z(t) satisfied M4 < z(t) < M} for all ¢t € [0, 2], where 0 <

M} < *ﬁ 3. M, > % are constants.

From examples 4.3 and 4.4, it can be seen that equations (1.5) is not only
a generalization of equations (1.3) but also equations (1.5) can deal with some
singular polynomial differential equations.

Acknowledgements

The authors sincerely thank the editors and referees for their valuable comments
and suggestions which have improved the presentation of this paper.

References

[1] B. Adriana and G. Armengol, Many periodic solutions for a second order cubic
periodic differential equation, Monatsh. Math., 2020, 193(3), 555-572.

[2] A. L. A. Araujo, Periodic solutions for a nonautonomous ordinary differential
equation, Nonlinear Anal., 2012, 75(5), 2897-2903.

[3] A. L. A. Araujo and K. M. Pedroso, Multiple periodic solutions and positive
homoclinic solution for a differential equation, Bull. Belg. Math. Soc. Simon
Stevin., 2013, 20(3), 535-546.

[4] V. Barutello, R. Ortega and G. Verzini, Regularized variational principles for
the perturbed Kepler problem, Adv. Math., 2021, 383, 1-64.



Second order p-Laplacian differential equations 93

[5]
(6]

J. A. Cid, G. Infante, M. Tvrdf, et al., New results for the Liebau phenomenon
via fized point index, Nonlinear Anal. Real World Appl., 2017, 35, 457—-4609.

J. A. Cid, G. Infante, M. Tvrdf, et al., A topological approach to periodic
oscillations related to the Liebau phenomenon, J. Math. Anal. Appl., 2015,
423(2), 1546-1556.

J. A. Cid, J. Mawhin and M. Zima, An abstract averaging method with appli-
cations to differential equations, J. Differential Equations, 2021, 274, 231-250.

J. A. Cid and L. Sanchez, Nonnegative oscillations for a class of differential
equations without uniqueness: a variational approach, Discrete Contin. Dyn.
Syst. Ser. B., 2020, 25(2), 545-554.

J. Chu, P. J. Torres and F. Wang, Twist periodic solutions for differential
equations with a combined attractive-repulsive singularity, J. Math. Appl. Anal.,
2016, 437(2), 1070-1083.

G. Feltrin and F. Zanolin, Multiplicity of positive periodic solutions in the
superlinear indefinite case via coincidence degree, J. Differential Equations,
2017, 262(8), 4255-4291.

M. R. Grossinho and L. Sanchez, A note on periodic solutions of some nonau-
tonomous differential equations, Bull. Austral. Math. Soc., 1986, 34(2), 253—
265.

M. R. Grossinho, L. Sanchez and S. A. Tersian, Periodic solutions for a class
of second order differential equations, Heron Press, Sofia, 1999.

M. R. Grossinho, L. Sanchez and S. Tersian, Positive homoclinic solutions for a
class of second order differential equations, J. Math. Appl. Anal., 1999, 240(1),
163-173.

R. Hakl and P. J. Torres, On periodic solutions of second-order differential
equations with attractive-repulsive singularities, J. Differential Equations, 2010,
248(1), 111-126.

X. Han and H. Yang, Existence and multiplicity of periodic solutions for a class
of second-order ordinary differential equations, Monatsh. Math., 2020, 193(4),
829-843.

A. C. Lazer and S. Solimini, On periodic solutions of nonlinear differential
equations with singularities, Proc. Amer. Math. Soc., 1987, 99(1), 109-114.

F. Liao, Periodic solutions of Liebau-type differential equations, Appl. Math.
Lett., 2017, 69, 8-14.

G. Liebau, Uber ein wentilloses Pumpprinzip, Naturwissenschaften, 1954,
41(14), 327-327.

A. Lomtatidze and J. Sremr, On periodic solutions to second-order Duffing type
equations, Nonlinear Anal. Real World Appl., 2018, 40, 215-242.

S. Lu, Z. Tao and L. Chen, Periodic solutions for p-Laplacian Rayleigh equa-
tions with singularities, Bound. Value Probl., 2016, 16, 1-12.

S. Lu, Z. Tao and Y. Gao, Periodic solutions of p-Laplacian equations with
singularities, Adv. Difference Equ., 2016, 146, 1-12.

R. Mandsevich and J. Mawhin, Periodic solutions for nonlinear systems with
p-Laplacian-like operators, J. Differential Equations, 1998, 145(2), 367-393.



94

X. Han & H. Yang

[23]

[24]

[25]

[26]

[27]

G. Propst, Pumping effects in models of periodically forced flow configurations,
Phys. D, 2006, 217(2), 193—201.

C. Rebelo and A. Simdées, Periodic linear motions with multiple collisions in
a forced Kepler type problem, Discrete Contin. Dyn. Syst., 2018, 38(8), 3955—
3975.

J. Ren, Z. Cheng and S. Siegmund, Positive periodic solution for Brillouin
electron beam focusing system, Discrete Contin. Dyn. Syst. B, 2011, 16(1),
385-392.

F. Wang, J. A. Cid, S. Li, et al., Lyapunov stability of periodic solutions of
Brillowin type equations, Appl. Math. Lett., 2020, 101, 106057.

F. Wang, J. A. Cid and M. Zima, Lyapunov stability for regular equations
and applications to the Liebau phenomenon, Discrete Contin. Dyn. Syst., 2020,
38(9), 4657-4674.

Y. Xin and H. Liu, Singularities of attractive and repulsive type for p-Laplacian
generalized LisSnard equation, Adv. Difference Equ., 2018, 471, 1-21.

L. Zhao, Some collision solutions of the rectilinear periodically forced Kepler
problem, Adv. Nonlinear Stud., 2016, 16(1), 45-49.



	Introduction
	 Preliminaries
	The main results
	Examples

