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MODELING AND ANALYSIS OF LOW-LEVEL
TRANSMISSION ZIKV DYNAMICS VIA A
POISSON POINT PROCESS ON SEXUAL

TRANSMISSION ROUTE
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Abstract In this project, we modeled the low-level ZIKV transmission that
was reported in Thailand [31]. The secondary sexual transmission route is
modeled by a Poisson point process, which leads to an increasing and saturat-
ing contact rate. This nonlinear contact rate further induces backward and
Hopf bifurcations. Oscillations bifurcating from the Hopf bifurcation demon-
strate the low-level persistent ZIKV transmission with sharp outbreaks, which
further show varying amplitudes and frequency by considering stochastic vari-
ations on the sexual transmission rate. Global stability analysis of the disease-
free equilibrium drives the disease elimination criteria for models considering
vector transmission route only and considering both vector and sexual trans-
mission routes. Bifurcation analyses prove the existence of forward and back-
ward bifurcations, saddle-node bifurcation, and Bogdanov-Takens analytically,
and further suggest the occurrence of cusp, Hopf, and general Hopf bifurcations
numerically. One and two-dimensional bifurcation diagrams demonstrate the
analytical results under the influence of both vector and sexual transmission
rates. Sensitivity analysis suggests that an increase in mosquito death rate has
the largest effect on the basic reproduction number, and an increase in human
recovery rate has the most influence on decreasing human host prevalence.

Keywords Low-level ZIKV transmission dynamics, poisson point process,
global stability, bifurcation analysis.
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1. Introduction
Zika virus (ZIKV) belongs to the virus family Flaviviridae spread by Aedes mos-
quitoes, such as dengue, chikungunya, and yellow fever. The first isolated ZIKV was
from the Ziika Forest in Uganda in 1947 [35]. The history of ZIKV outbreaks started
in Yap Island in the western Pacific in 2007 [12], leading to the 2013-2014 severe
epidemic in French Polynesia [23], before spreading throughout other tropical and
subtropic regions in Asia [8], and followed by an explosive epidemic in Latin America
in 2015-2016 [18]. Although about one out of five ZIKV infectives develop mild
symptoms, including fever, skin rashes, headaches and muscle and/or joint pain [29],
with no disease-induced fatalities [13], the infection will results in severe neurological
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complications, such as Guillain-Barré syndrome [7] and congenital microcephaly
syndrome in the early stages of pregnancy [26]. Unfortunately, no specific medicine
or vaccine exists to treat ZIKV infection.

A sustained low-level ZIKV transmission has been reported for several decades
in tropical and subtropic regions from Africa [4,27] to Asia [31] with no reported epi-
demics. Research evidence shows low-level ZIKV circulations in Thailand for more
than 16 years [31] and also in Fiji Islands for several years after the initial intro-
duction [19], and invisible ZIKV endemic challenges in Africa [1, 27]. Even though
known the mosquito-to-human spillover, little is heard about the ZIKV transmis-
sion patterns because of the misdiagnosis caused by serological cross-reactivity with
closely connected dengue virus, the small fraction of symptom cases, and the epi-
demic burnout due to the high levels of population immunity from the lifelong
immunity against reinfection. Due to the close genetic and transmission relation
between ZIKV and dengue virus, the same epidemiological, economic, and global-
ization factors that facilitate the transmission of endemic dengue virus can also be
potential threats to the re-emergence of ZIKV in the regions with previous outbreak
history. Since approximately 3.6 billion people are infested with Aedes mosquitoes,
which transmit both dengue and ZIKV viruses, it is necessary to develop sustained
prevention and surveillance programs.

Given the potential of ZIKV re-emergence in the endemic dengue region, it is
crucial to investigate the low-level sustained ZIKV transmission dynamics. Many
mathematical models are proposed to characterize the ZIKV transmission pattern.
Most of them are focused on both vector-borne and non-vector-borne transmis-
sion routes. As a member of the mosquito-borne family of flaviviruses, ZIKV is
still mainly spread by infected Aedes mosquitoes’ bites. The unique human-human
(sexual) transmission is reported to have a much longer duration of infectivity,
which might play an important part in introducing ZIKV to non-endemic areas [4].
Saad-Roy et al. [32] proposed a model giving consideration to both vector and sex-
ual transmission routes and distinguishing the sexually inactive and active groups.
They concluded that even though sexual transmission could not drive the epidemic
alone due to the negligible influence on the basic reproduction number, but it could
lead to complex dynamics, such as backward and Hopf bifurcations. Gao et al. [15]
considered both transmission routes as well and concluded that the biting and
mortality rates of mosquitoes in the vector transmission route had the most signifi-
cant control on the basic reproduction number, while the sexual transmission route
mostly contributed to the increase in the severity of the epidemic. In addition to
both transmission routes, Biswas et al. [6] considered mosquito control and public
awareness to develop an effective policy for disease control. Taylor [37] recently
evaluated various prevention measurements by incorporating both mosquito bite
prevention and sexual transmission prevention, and concluded that mosquito bite
control strategy has a more significant effect on disease eradication and mitigation
than sexual transmission prevention.

No documented disease-induced fatality is another feature of ZIKV transmission.
Disease-induced mortality in humans is proposed to be the cause of backward bifur-
cation [17]. The existence of backward bifurcation not only increases the effort for
disease elimination [39], but also leads to complex dynamical behaviors [32]. More
specifically, it results that the conventional criterion for disease elimination, that is
the reproduction number being below the unity, is no longer adequate [24, 28, 40],
and requires more efforts or more effective control strategies. Many mathematical
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models considering vector-borne diseases demonstrate backward bifurcations by as-
suming the existence of disease-induced deaths [2,5]. However, it does not apply to
ZIKV transmission.

As a flavivirus, ZIKV triggers a humoral antibody response, which can cross-
react with several flavivirus antigens and induces lifelong immunity against rein-
fection [4]. ZIKV transmission is purposed to burn out the susceptible population,
and the disease extinction will follow under sufficiently large population immu-
nity [14]. Nevertheless, Ruchusatsawat et al. [31] pointed out the idea of limited
population immunity, which concluded from the similar incidence patterns observed
in Thailand and Puerto Rico [11,25]. They further suggested that the current ZIKV
transmission is sufficiently high to self-sustain without resulting in large-scale im-
munity. As a result, the susceptible population pool still exists, but is limited. Due
to the insufficiency of the susceptible population, the sexual transmission route
experiences a shortage of mating encounters.

Considering the features, we formulate a model to study the low-level persistent
ZIKV transmission dynamics. The overview of the paper is as follows. Here, in
Section 2, we present the mathematical framework. In Section 3, we analyze the
proposed model for the well-posedness, the existence of equilibrium, and their local
and global stability. In Section 4, we further carry out the bifurcation analysis,
derive the corresponding normal forms, and plot bifurcation diagrams. Simulations
for the low-level ZIKV transmission and outbreaks are given in section 5. In Sec-
tion 6, we discuss disease control strategies through sensitivity analysis. Finally, a
conclusion is drawn in Section 7.

2. Model formulation
After the pioneering work by Kermack and McKendrik [21], we categorize the host
community into compartments depending on the stage of infection. By assuming no
latency period for the disease in human host, the SEIR model framework is reduced
to SIR compartmental model. The subscripts h and v represent the human host
and mosquito vector populations, respectively. We denote the scaled concentration
of the susceptible, infected, and recovered humans as Sh, Ih, and Rh with a rate
of recruitment H and a natural mortality rate µh, and represent the scaled concen-
tration of infected and susceptible mosquitoes as Iv and Sv with birth and natural
death rates of V and µv, respectively. Disease-related deaths are not considered
due to the rare occurrence. The disease-clearance rate is denoted as γh, i.e., the
mean time that the virus in blood and semen is 1

γh
. The two transmission routes are

through infected mosquitoes to susceptible humans at the rate of βvh, an infected
human to a susceptible mosquito at the rate of βhv, and through direct sexual con-
tact at β. Assuming a homogeneous mixing between human hosts and mosquito
vectors, we adopt mass action incidences for the vector-human transmission route.
Considering the sparse susceptible human population after an epidemic wave, we
consider a heterogeneous mixing among human population to model the shortage
of mating encounters. The ZIKV transmission model is written as

dSh

dt
= H − βhvShIv − β(Ih)IhSh − µhSh,

dIh
dt

= βhvShIv + β(Ih)IhSh − µhIh − γhIh,
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dRh

dt
= γhIh − µhRh,

dSv

dt
= V − βvhIhSv − µvSv,

dIv
dt

= βvhIhSv − µvIv, where

β(Ih) = βh
Ih

Ih +K
. (2.1)

Table 1. Descriptions and values of parameters [16,32,36].

Param. Definition Value
H Recruitment rate of human individuals (humans

day−1)
0.3653×10−4

V Recruitment rate of vectors (mosquitoes day−1) 0.02

µh Natural death rate of human individuals (day−1) 0.3653×10−4

µv Natural death rate of vectors (day−1) 0.02

βhv Transmission rate between Iv and Sh (mosquito −1

day−1)
0.7

βvh Transmission rate between Sv and Ih (human −1

day−1)
0.7

βh Maximum transmission rate between Sh and Ih (hu-
man −1 day−1)

2

γh Recovery rate of infected humans (day−1) 0.01

K half-saturated level for infected humans 0.3

2.1. Sexual transmission rate derived from pure birth pro-
cesses

Considering the human population after an epidemic wave, the spread of ZIKV
establishes a wide-spread immunity in its human host. As a result, the susceptible
human population is sparse. It is assumed that an infected and a susceptible indi-
vidual are scattered on a real line. We denote the transmission rate as β = β̂hCE .
Here β̂h is the maximum sexual transmission rate, and CE is the mating encounter
between infected and susceptible humans. Considering the randomness in human
mating encounters, we model the infected human’s searching distance as a Pois-
son point process, then consider the mating encounter/probability as a pure birth
process. Assuming homogeneous mixing in human hosts, we define the searching
distance of a given infected human as a random variable a, an encounter between
the infected human and a susceptible human as an event, then the total number
of the events is denoted as Y (a), where a is the distance that the infected human
search for a susceptible human. Moreover, the number of mating encounters for
a positive searching distance is assumed to be a stochastic process {Y (a), a ≥ 0}.
The following four conditions are satisfied.

1. Y (0) = 0, meaning no mating encounters occur if the infected individual has
no searching movement.
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2. The number of encounters in the interval (a1, a2], Y (a2) − Y (a1), is inde-
pendent of the number of encounters in the interval (a3, a4], Y (a4) − Y (a3),
for any 0 ≤ a1 < a2 ≤ a3 < a4. This indicates the Markov property of this
process.

3. Y (a2+∆a)−Y (a1+∆a) has the same distribution as that of Y (a2)−Y (a1),
for any 0 ≤ a1 < a2, for all ∆a > 0. It indicates stationary increments of this
process; that is, the additional number of encounters depends entirely on the
searching distance.

4. P(Y (a+∆a) = 1|Y (a) = 0) = h(I)∆a+ o(∆a) and P(Y (a+∆a) ≥ 2|Y (a) =
0) = o(∆a), where P denotes probability. For a new mating encounter per unit
distance, we denote the instantaneous transition rate as h(Ih) = b

Ih

Ih + K̃
,

where b > 0 is the probability of an infected individual per unit of search-
ing length, K̃ is the infected human population density at the disease half-
saturating level.

Conditions (1)-(4) indicate the total mating encounters {Y (a), a ≥ 0} is a Pois-
son point process. h(I) describes the positive cooperation effect from peer infected
humans of interest due to the weaker transmission capability in the secondary trans-
mission route. Since the sexual transmission is secondary to the primary vector-
human transmission pathway from mosquitoes to humans, more than one sexual
contact may be needed for successful transmission [32]. Therefore, we take h(Ih) as
an increasing and saturating function in the form. By conditions (1)-(4), {Y (a)}a≥0

is a simple birth-death process. It follows that

p0(a) = P{Y (a) = i} = P{Y (a) = 0|Y (0) = 0} = e−ah(Ih). (2.2)

Moreover, we only consider the successful sexual transmission encounter and treat
multiple sexual encounter as part of a successful encounter. Therefore, we only con-
sider the probability of no encounter and the probability of at least one encounter,
which are given as

P{Y (a) = 0} = p0(a) = e−ah(Ih), P{Y (a) ≥ 1} = 1− p0(a) = 1− e−ah(Ih). (2.3)

Therefore, the mating encounter CE is the expectation of the encounter event oc-
curring at least one time with respect to a searching length a, which is assumed as
an exponential distribution with parameter α1 > 0. That is

CE = E [1− p0(a)] = 1− E [p0(a)] =
h(Ih)

α1 + h(Ih)
=

b

b+ α1

Ih
Ih +K

, (2.4)

where K = α1K̃
b+α1K̃

and E denotes the expectation. The sexual transmission rate
β is a function of infected human hosts Ih, such that β(Ih) = βh

Ih
Ih+K , where

βh = β̂h
b

b+α1
.

3. Model analysis
3.1. Positiveness and boundedness of the solutions
Theorem 3.1. Given non-negative initial conditions, solutions of model (2.1) re-
main non-negative for all t ≥ 0. Moreover, the biologically feasible region Γ is
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positively invariant and globally attracting, where

Γ =

{
(Sh, Ih, Rh, Sv, Rv) ∈ R5

+|0 < Sh + Ih +Rh =
H

µh
, 0 < Sv + Iv =

V

µv

}
.

(3.1)

Proof. First, we derive the total population densities for human and vector as

Nh(t) = Sh(t) + Ih(t) +Rh(t), Nv(t) = Sv(t) + Iv(t),

which are governed by

dNh(t)

dt
= H − µhNh(t),

dNv(t)

dt
= V − µvNv(t).

We notice that Nh(t) and Nv(t) approach constants asymptotically in forward time
as

lim
t→∞

Nh(t) =
H

µh
, lim

t→∞
Nv(t) =

V

µv
.

Next, we consider initial conditions in the bounded region, Γ, and study the direc-
tion of the vector field of the model (2.1) on the boundary of R5

+. We derive

dSh

dt
|Sh=0 = H ≥ 0,

dIh
dt

|Ih=0 = βhvShIv ≥ 0,
dRh

dt
|Rh=0 = γhIh ≥ 0,

dSv

dt
|Sv=0 = V ≥ 0,

dIv
dt

|Iv=0 = βvhIhSv ≥ 0.

The vector field of model (2.1) on the boundary of R5
+ is either tangential to the

boundary or pointing to its interior. It follows that the bounded region Γ is pos-
itively invariant. Moreover, the inequalities dIh

dt > 0 and dIv
dt > 0 imply that the

existence of infected mosquitoes and/or infected humans in the environment is a
possible cause to trigger a disease outbreak.

3.2. The basic reproduction number
The invading ability of an infectious disease is measured by its basic reproduc-
tion number. We apply the method of next-generation matrix [39] and obtain the
spectral radius ρ(·) of FV −1 as follows,

R0 = ρ(FV −1) = ρ


 0

βhvH

µh
βvhV

µv
0


µh + γh 0

0 µv

−1
 =

√
βhvβvhHV

µhµv
2(µh + γh)

.

(3.2)
The threshold value R0(βhv) = 1 is equivalent to

βhv =
µhµv

2(µh + γh)

βvhHV
≜ β̂hv. (3.3)
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3.3. Equilibrium solutions

Setting dSh

dt = dIh
dt = dRh

dt = dSv

dt = dIv
dt = 0 yields

S∗
h =

H(K + I∗h)

βhI∗2h + (βhvI∗v + µh)(K + I∗h)
,

R∗
h =

γhI
∗
h

µh
,

S∗
v =

V

βvhI∗h + µv
,

I∗v =
βvhV I∗h

µv(βvhI∗h + µv)
,

where I∗h is the root of the cubic equation

Ih(a3Ih
3 + a2Ih

2 + a1Ih + a0) = 0,

a3 = βvhβhµvM1 > 0,

a2 = βvhM1M2 + µ2
vβhM1 −Hβhµvβvh,

a1 = µhµvM1(1−R2
0) +KβvhM1M2 −Hβhµ

2
v,

a0 = Kµhµ
2
vM1(1−R2

0),

where M1 = µh + γh, M2 = V βhv + µhµv.

(3.4)

The preceding equation admits an endemic equilibrium E∗ = (S∗
h, I

∗
h, R

∗
h, S

∗
v , I

∗
v )

and a trivial solution Ih = 0. We, then, derive the following theorem.

Theorem 3.2. Model (2.1) always admits a disease-free equilibrium,

E0 =

(
H

µh
, 0, 0,

V

µv
, 0

)
.

3.4. Local stability of the disease-free equilibrium

To further investigate the dynamical behaviors of the model (2.1) under the influence
of sexual and host-vector transmissions, we investigate the local stability of the
disease-free equilibrium.

Theorem 3.3. If R0 < 1, E0 is locally asymptotically stable in Γ. If R0 > 1, E0

becomes a saddle and is unstable.



Modeling and analysis of low-level ZIKV transmission 1051

Proof. The Jacobian matrix is derived for the model (2.1) at E0 as follows,

J |E0
=



−µh 0 0 0 −βhvH

µh

0 −µh − g 0 0
βhvH

µh

0 γh −µh 0 0

0 −βvhV

µv
0 −µv 0

0
βvhV

µv
0 0 −µv



, (3.5)

which admits three negative eigenvalue as λ1,2,3 = −µh,−µh,−µv < 0. The other
two eigenvalues λ4 and λ5 are determined by the following quadratic equation,

λ2 + (µ2
hµv + µ2

vµh + µhµvγh)λ+ µh
2µv

2 + µhµ
2
vγh −HV βhvβvh = 0.

Notice that

λ4 + λ5 = −(µ2
hµv + µ2

vµh + µhµvγh) < 0,

λ4λ5 = µh
2µv

2 + µhµ
2
vγh −HV βhvβvh =

1

µhµ2
v(µh + γh)

(1−R2
0).

We have λ4λ5 > 0 if R0 < 1, and thus both λ4 and λ5 are either negative real
numbers or complex conjugates having negative real parts. In this case, E0 shows
asymptotic stability. If R0 > 1, we have λ4λ5 < 0, and then λ4 and λ5 have opposite
signs. Hence, E0 is unstable.

3.5. The global stability of E0 without human-human sexual
transmission route

Noticing that R0 in (3.2) depends only on βhv, which represents the vector-human
transmission rate, but is independent of βh, which represents the human-human
transmission route, we, therefore, first consider only the host-vector transmission
route and obtain the following results.

Theorem 3.4. In the absence of the human-human sexual transmission route, that
is βh = 0, the disease-free equilibrium, E0 is globally asymptotically stable if R0 < 1,
and is uniformly persistent if R0 > 1.

Proof. Consider the model (2.1) with no sexual transmission (βh = 0), we group
the disease and non-disease compartments as

X = (Ih, Iv)
T ∈ R2 and Y = (Sh, Rh, Sv)

T ∈ R3.

Based on the Theorems 2.1 and 2.2 in [34], we derive a Lyapunov function for the
model (2.1) as Q = vV −1X, where

v =

[√
(µh + γh)µhβvhV

βhvHµ2
v

, 1

]
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and V −1 in equation (3.2). Calculation yields

Q =
Ih

µh + γh

√
(µh + γh)µhβvhV

βhvHµ2
v

+
Iv
µv

.

It follows

dQ

dt
=

√
µhβvhV

βhvHµ2
v(µh + γh)

(βhvShIv − µhIh − γhIh) +
βvhIhSv − µvIv

µv

≤

√
(µh + γh)µhβvhV

βhvHµ2
v

(
−Ih +

βhvHIv
µh(µh + γh)

)
+

βvhV Ih
µ2
v

− Iv

=

(√
(µh + γh)µhβvhV

βhvHµ2
v

Ih + Iv

)(√
βvhV βhvH

µhµ2
v(µh + γh)

− 1

)

=

(√
(µh + γh)µhβvhV

βhvHµ2
v

Ih + Iv

)
(R0 − 1) ≤ 0.

Since the disease-free equilibrium shows local stability, the only invariant set is E0 in
R5

+, where X = 0 ∈ R2. Moreover, dQ
dt ≡ 0 when X = 0. Then, LaSalle’s invariance

principle provides that E0 is globally asymptotically stable if R0 < 1. Following
the Theorem 2.2 in [34], if R0 > 1 the disease-free equilibrium E0 becomes unstable
and the system (2.1) with βh = 0 is uniformly persistent. The system exhibits at
least one endemic equilibrium given the infection is initially present.

3.6. Global stability of E0 under host-vector and host-host
transmission routes

Considering both transmission routes, we derive a new disease elimination threshold
R1 in the following theorem.

Theorem 3.5. Disease elimination can be achieved, that is, the infection-free
equilibrium E0 is globally asymptotically stable if R0 < R1 < 1 where R2

1 =

R2
0 +

βhH
2

µ2
hK(γh + µh)

.

Proof. Applying the fluctuation lemma [38], we first consider the positive and
bounded function x : (0, ∞) → R and denote x∞ = lim sup

t→∞
x(t) and x∞ =

lim inf
t→∞

x(t). According to the fluctuation lemma, sequences {sn} and {τn} exist such
that as sn → ∞ and τn → ∞, solutions of model (2.1) satisfy limn→∞ xi(sn) = xi∞,
limn→∞ ẋi(sn) = 0, limn→∞ xi(τn) = x∞

i , and limn→∞ ẋi(τn) = 0, for all xi(t),
i = 1..5. Corresponding the first and fourth equations in (2.1), we have

ẋ1(τn) + βhvx1(τn)x5(sn) + βh
(x2(sn))

2

K + x2(sn)
x1(τn) + µhx1(τn) = H,

ẋ4(τn) + βvhx2(sn)x4(τn) + µvx4(τn) = V.

As n → ∞, with the non-negative properties of the solutions xi(t), for i = 1 . . . 5,
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we have
µhx

∞
1 ≤ βhvx

∞
1 x∞

5 + βh
(x2∞)2

K + x2∞
x∞
1 + µhx

∞
1 ≤ H,

µvx
∞
4 ≤ βvhx2∞x∞

4 + µvx
∞
4 ≤ V.

It follows x∞
1 ≤ H

µh
and x∞

4 ≤ V

µv
. Applying the fluctuation lemma on the second

and fifth equations in model (2.1) again, we have

(γh + µh)x
∞
2 ≤ βhvx

∞
1 x∞

5 + βh
x2

K + x2
x∞
2 x∞

1 ≤ βhvH

µh
x∞
5 +

βhH

µh

x2

K + x2
x∞
2 ,

µvx
∞
5 ≤ βvhx

∞
2 x∞

4 ≤ βvhV

µv
x∞
2 .

(3.6)
Also, noticing that

x2

K + x2
≤ x∞

2

K
for x∞

2 ≥ 0 (3.7)

in the bounded region Γ shown in (3.1), we have

x2 ≤ x∞
1 + x∞

2 + x∞
3 ≤ H

µh
, (3.8)

thus
x2

K + x2
≤ x∞

2

K
≤ H

µhK
. (3.9)

By combining the preceding inequalities with (3.6), we get

(γh + µh)x
∞
2 ≤ βhvβvhHV

µhµ2
v

x∞
2 +

βhH
2

µ2
hK

x∞
2 , (3.10)

which is equivalent to

x∞
2 (γh + µh) [1− R̃2

1(x
∞
2 )] ≤ 0 (3.11)

with
R2

1 = R̃2
1(x

∞
2 ) = R2

0 +
βhH

2

µ2
hK(γh + µh)

. (3.12)

When R0 < R1 < 1, we have x∞
2 = 0 followed by x∞

2 ≥ 0. It yields x∞
3 = 0

and x∞
5 = 0. Due to the non-negativity of the solutions in Theorem 3.1, we have

0 ≤ x2∞ ≤ x∞
2 = 0, which yields limt→+∞ x2(t) = 0. It follows limt→+∞ x3(t) = 0

and limt→+∞ x5(t) = 0. Then the limiting equation for x1 and x4 are ẋ1 = H−µhx1

and ẋ4 = V − µvx4. Thus we have limt→+∞ x1(t) =
H
µh

and limt→+∞ x4(t) =
V
µv

.

3.7. The threshold for the disease elimination with one im-
ported infected human

The preceding subsection derives the sufficient condition for disease elimination,
that is R0 < R1 < 1. This condition can be relaxed at the initiation of the epi-
demics, when the imported infected human population is tiny. To get a more intu-
itive understanding of the epidemic dynamics at the initiation stage, we derive the
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threshold for disease elimination from the first principle. Let us start with one im-
ported infected human and assume all humans are susceptible. Then the expected
number of infected mosquitoes and infected human from this primary imported
infected human are:

infected mosquitoes = βvh
V

µv

1

µh + γh
and

infected humans via sexual tranmission = βh
1

1 +K

H

µh

1

µh + γh
.

(3.13)

Then, we derive the number of humans infected by this newly infected mosquito as
follows:

infected humans via vector tranmission = βhv
H

µh

1

µv
. (3.14)

Thus, the number of secondary infections in human hosts from the primary imported
infected human host is

secondary infected humans = βvh
V

µv

1

µh + γh
βhv

H

µh

1

µV
+ βh

1

1 +K

H

µh

1

µh + γh

= R2
0 +

βh H

µh (1 +K) (µh + γh)
= R̃2

1(x2 = 1).

(3.15)
Denoting R̃2

1(x2 = 1) = R11, we conclude that disease elimination can be achieved
with one imported infected human if we can bring the basic reproduction number
under R11, that is R0 < R11 < 1.

4. Bifurcation analysis
In order to achieve a better understanding of the ZIKA transmission under both
vector-human and human-human transmission routes, we carry out bifurcation anal-
ysis. First, we rewrite the model in a general form as

dx

dt
= f(x, ϕ), (4.1)

where
x = (x1, x2, x3, x4, x5)

T = (Sh, Ih, Rh, Sv, Iv)
T and

f = (f1, f2, f3, f4, f5)
T =

(
dSh

dt
,
dIh
dt

,
dRh

dt
,
dSv

dt
,
dIv
dt

)T

.

We denote all positive parameters in model (2.1) as ϕ = (ϕf , ϕb) , where ϕf are fixed
parameters and ϕb bifurcation parameters. In this project, we choose βh and βhv

as potential bifurcation parameters, and fix the other parameters as their baseline
values in Table 1.

4.1. Forward and backward bifurcations
Forward and backward bifurcation occur by varying both the vector-host and host-
host transmission rates. For the case R0 = 1 or βhv = β̂hv in (3.3), we study the
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disease-free equilibrium E0 on its center manifold. In this case, ϕb denotes βhv,
while ϕf represents the rest of the parameters. We denote the Jacobian matrix
evaluated at E0 and R0 = 1 as Dxf(E0, β̂hv) = J |E0(βhv = β̂hv), which admits four
negative eigenvalues and one zero eigenvalue as follows:

−µv, −(µh + µv + γh), −µh, −µh, and 0.

According to [39], we choose the right and left eigenvectors of Dxf(E0, β̂hv) resulted
by the single zero eigenvalue as follows:

w =

(
−µ2

v(γh + µh)

βvhV µh
,

µ2
v

βvhV
,

µ2
vγh

βvhV µh
,−1, 1

)T

,

v =

(
0,

V βvh

µv(µv + γh + µh)
, 0, 0,

(γh + µh)

(µv + γh + µh)

)
,

(4.2)

which satisfy < v,w >= 1. Carrying out the shifting transformation as c(t) =

x(t) − E0 and µ = βhv − β̂hv, the center manifold of the infection-free equilibrium
at R0 = 1 (or βhv = β̂hv) is denoted by c(t) with its governing differential equation

dc

dt
=

1

2
ãc2 + b̃µc. (4.3)

The coefficient ã and b̃ are

ã =

5∑
i,j,k=1

viwjwk
∂2fi

∂xj∂xk
(E0, β̂hv), b̃ =

5∑
i,k=1

vkwi
∂2fk
∂xi∂µ

(E0, β̂hv),

where w = (w1, w2, w3, w4, w5)
T and v = (v1, v2, v3, v4, v5) are chosen as in (4.2).

The nonzero coefficients are

∂2f1
∂x1∂x5

|(0,0) =
∂2f1

∂x2∂x1
|(0,0) =

−∂2f2
∂x1∂x5

|(0,0) =
−∂2f2
∂x5∂x1

|(0,0) =
−µhµv

2 (µh + γh)

HV βvh
,

∂2f2
∂x2

2
|(0,0) = − ∂2f1

∂x2
2
|(0,0) =

2βhH

Kµh
,

∂2f5
∂x2∂x4

|(0,0) =
∂2f5

∂x4∂x2
|(0,0) = − ∂2f4

∂x2∂x4
|(0,0) = − ∂2f4

∂x4∂x2
|(0,0) = βvh,

∂2f2
∂x5∂µ

|(0,0) = − ∂2f1
∂x5∂µ

|(0,0) =
H

µh
.

It follows

ã =
2µ2

v(−Kµvµ
3
h −K(Hβvh + 2γhµv)µ

2
h −Kγh(Hβvh + γhµv)µh +H2βhµv)

µh (µv + µh + γh)KV βvh
,

b̃ =
HV βvh

(µv + µh + γh)µv µh
> 0.

(4.4)
Since the coefficient b is positive for all parameter values which are considered to
be positive. We derive the following result.
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Theorem 4.1. The infection-free equilibrium E0 of the ZIKV model (2.1) undergoes
a transcritical bifurcation at R0 = 1 (or βhv = β̂hv), which presents a forward
(backward) bifurcation if ã < 0 (> 0). Moreover, ã < 0 is equivalent to

βh < β̂h =
µh K (γh + µh) (Hβvh + (γh + µh)µv )

µv H2
.

Examples for forward and backward bifurcations. We choose βhv as the
bifurcation parameter, take two parameter values for βh, and set the other pa-
rameter values constant as given in Table 1. When βh = 0.2, the coefficients for
the center manifold in (4.3) near E0 at βhv = 0.00028676 are ã = −0.092920 and
b̃ = 23.305, which implies a forward bifurcation. When βh = 3, these coefficients
are ã = 0.26220 and b̃ = 23.305, which implies a backward bifurcation. The corre-
sponding bifurcation diagrams are shown in Figure 2.

4.2. Saddle-node bifurcation

Saddle-node bifurcation occurs on endemic equilibrium E∗ = (x∗
1, x

∗
2, x

∗
3, x

∗
4, x

∗
5)

when its corresponding Jacobian matrix is

JE∗ =



−β∗x∗
2 − βhvx

∗
5 − µh −β∗(2− β∗

βh
)x∗

1 0 0 −βhvx
∗
1

β∗x∗
2 + βhvx

∗
5 β∗(2− β∗

βh
)x∗

1 − γh − µh 0 0 βhvx
∗
1

0 γh −µh 0 0

0 −βvhx
∗
4 0 −βvhx

∗
2 − µv 0

0 βvhx
∗
4 0 βvhx

∗
2 −µv


(4.5)

where β∗ = βh
x∗
2

x∗
2 +K

and JE∗ admits a single zero eigenvalue at

βhv = βSN
hv := −[βh(γh + µh)x

∗3
2 + (µ2

h + (Kβh − βhx
∗
1 + γh)µh +Kγhβh)x

∗2
2

+2µhK(−βhx
∗
1 + γh + µh)x

∗
2 +K2µh(γh + µh)]

× βvhx
∗
2 + µv

(x∗
2 +K)2[x∗

5βvh(γh + µh)x∗
2 + (−βvhx∗

1x
∗
4 + µvx∗

5)µh + γhx∗
5µv]

.

(4.6)
We take an eigenvector associated with the zero eigenvalue and its adjoint eigen-
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vector as follows:

q =



q1

1

γh
µh

− βvhx
∗
4

βvhx∗
2 + µv

βvhx
∗
4

βvhx∗
2 + µv


, p =



1

n1

βhx
∗2
2 + (βhvx

∗
5 + µh)x

∗
2 +K(βhvx

∗
5 + µh)

n1(Kβhvx∗
5 + βhvx∗

2x
∗
5 + βhx∗2

2 )

0

βvhx
∗
2βhvx

∗
1µh(x

∗
2 +K)

n1 muv(βvhx∗
2 + µv)(Kβhvx∗

5 + βhvx∗
2x

∗
5 + βhx∗2

2 )

βhvx
∗
1µh(x

∗
2 +K)

n1µv(βhx∗2
2 + βhvx∗

5(x
∗
2 +K))

),


(4.7)

where

q1 =
−x∗

1

(βvhx∗
2 + µv)(x∗

2 +K)(βhx∗2
2 + (βhvx∗

5 + µh)x∗
2 +K(βhvx∗

5 + µh))

× [βvhβhx
∗3
2 + (2Kβvhβh + βhvβvhx

∗
4 + βhµv)x

∗2
2 + 2K(βhvβvhx

∗
4 + βhµv)x

∗
2

+K2βhvβvhx
∗
4]

n1 =q1 −
β2
vhx

∗
2βhvx

∗
1µhx

∗
4(x

∗
2 +K)

(Kβhvx∗
5 + βhvx∗

2x
∗
5 + βhx∗2

2 )µv(βvhx∗
2 + µv)2

+
βhvx

∗
1µhβvhx

∗
4(x

∗
2 +K)

µv(βhx∗2
2 + βhvx∗

5(x
∗
2 +K))(βvhx∗

2 + µv)

+
βhx

∗2
2 + (βhvx

∗
5 + µh)x

∗
2 +K(βhvx

∗
5 + µh)

Kβhvx∗
5 + βhvx∗

2x
∗
5 + βhx∗2

2

.

Carrying out the shifting transformation as u(t) = x(t)−E∗
SN and µ = βhv − βSN

hv ,
the center manifold near u = 0 and µ = 0 takes the form

du

dt
= b u2 +O(u3),

where b =
1

2

5∑
i,j,k=1

piqjqk
∂2fi(E

∗
SN , βSN

hv )

∂xj∂xk

=
1

(x∗
2 +K)3

{[(p2 − 1)(βhvq5 + βh)q1 − βvhq4(p4 − p5)]x
∗3
2

+ 3[(p2 − 1)(βhvq5 + βh)q1 − βvhq4(p4 − p5)]Kx∗2
2

+ 3[(βhvq5 + 2/3βh)(p2 − 1)q1 − βvhq4(p4 − p5)]K
2x∗

2

+ [(βhvq5(p2 − 1)q1 − βvhq4(p4 − p5))K + βhx
∗
1(p2 − 1)]K2}.

(4.8)

Moreover, the transversality condition
5∑

i, j=1

pj
∂fi(E

∗
SN , βSN

hv )

∂βhv
= x∗

5x
∗
1(p2 − 1) ̸= 0

is satisfied. Here, qi and pi are components in the vectors q and p in (4.6). We
arrive at the following conclusion.
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Theorem 4.2. The endemic equilibrium E∗ of the ZIKV model (2.1) admits a
single zero eigenvalue at βhv = βSN

hv , and is locally topologically equivalent near the
origin to

u̇ = µ+ b u2,

where µ is the small perturbation and the expression of b is shown in (4.8).

Example for saddle-node bifurcation. We choose βhv as the bifurcation pa-
rameter, take two parameter values for βh, and set the other parameter values ac-
cording to Table 1. Consider that βh = 0.2, there exists no saddle-node bifurcation
in the biologically feasible region. When βh = 3, the endemic equilibrium under-
goes a saddle-node bifurcation at the equilibrium point E∗

SN = (0.52982, 0.0017113
, 0.46847, 0.94349, 0.056511) and βSN

hv = 0.000058361. The four corresponding non-
zero eigenvalues are −0.021883, −0.02, −0.00003653, and 0.0085594. We take an
eigenvector corresponding to the zero eigenvalue q = (1.0099, 0.0036891, −1.0136,
−0.11494, 0.11494)T and its associated adjoint eigenvector p = (0.9824, 2.0894, 0,
0.0000967, 0.0017). The coefficient b in the normal form (4.8) is b = −0.00043119.
The transversality condition

∑5
i, j=1 pj

∂fi(E
∗
SN ,βSN

hv )
∂βhv

= −0.063329 ̸= 0 is satisfied.
The corresponding bifurcation diagrams are shown in Figure 2.

4.3. Bogdanov-Takens bifurcation (BT)
The endemic equilibrium E∗ undergoes a BT bifurcation when the corresponding
Jacobian matrix J in (4.5) has double-zero eigenvalues at (βhv, βh) = (βbt

hv, β
bt
h ) as

follows:

βbt
hv =

1

(x∗
2 +K)2(βvhx∗

2x
∗
5 + x∗

5µh − x∗
4x

∗
1βvh + x∗

5(γh + µv))
{−βvhβhx

∗4
2

+ [−Kβhβvh + (−2βvh − βh)µh + (βvhx
∗
1 − γh − µv)βh − γhβvh]x

∗3
2

+ (((−4βvh − βh)µh + (2βvhx
∗
1 − γh − µv)βh − 2γhβvh)K − µ2

h

+ (βhx
∗
1 − γh − 2µv)µh − µv(−βhx

∗
1 + γh))x

∗2
2 − (βvh(γh + 2µh)K

+ 2µ2
h + (−2βhx

∗
1 + 2γh + 4µv)µh + 2µv(−βhx

∗
1 + γh))Kx∗

2

− (µ2
h + (γh + 2µv)µh + γhµv)K

2},

βh =
1

2x∗
1x

∗
2βhn

(x∗
2 +K)2[x∗

2(−x∗
5(γh + µh)

2x∗
2 + µ2

hx
∗
1x

∗
4)β

2
vh

+ (−2x∗
5µv(γh + µh)

2x∗
2 + x∗

1x
∗
4µ

2
h(γh + µh + µv))βvh − x∗

5µ
2
v(γh + µh)

2],

and

βbt
hn =

1

2
x∗2
2 [(x∗

4 − x∗
5)x

∗
2 +K(x∗

4 − 2x∗
5)]γhβ

2
vh + βvh

{[(
−1

2
x∗
4µh

+
1

2
µv(x

∗
4 − 2x∗

5)

)
γh − 1

2
x∗
4µ

2
h

]
x∗2
2 −

[
1

2
(x∗

4µh + µv(x
∗
4 − 4x∗

5))Kγh
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− 1

2
x∗
4(K − x∗

1)µ
2
h

]
x∗
2 −Kx∗

1x
∗
4µ

2
h

}
−
(
K +

1

2
x∗
2

)
x∗
5µ

2
vγh. (4.9)

For the zero eigenvalue of J , there exists an eigenvector q, as shown in (4.7),
and a corresponding generalized eigenvector qg. For the transpose matrix of J ,
denoted as JT , there exists an eigenvector p, as shown in (4.7), and a corresponding
generalized eigenvector pg, associated with the zero eigenvalue. We choose the
generalized eigenvectors qg and p̃g as follows:

qg =



qg1

1

γh(µh − 1)

µ2
h

−βvhx
∗
4(βvhx

∗
2 + µv − 1)

(βvhx∗
2 + µv)2

βvhx
∗
4(βvhx

∗
2 + µv − 1)

(βvhx∗
2 + µv)2


, p̃g =



1

p̃g2

0

p̃g4

p̃g5


(4.10)

where

qg1 =
1

[βhx∗2
2 + (βhvx∗

5 + µh)x∗
2 +K(βhvx∗

5 + µh)](βvhx∗
2 + µv)2(x∗

2 +K)

× {−β2
vh(βhx

∗
1 + qg1)x

∗4
2 − 2βvh(((βhx

∗
1 + qg1)K + 1/2x∗

1x
∗
4βhv)βvh

+µv(βhx
∗
1+qg1))x

∗3
2 +((−2Kβhvx

∗
1x

∗
4−K2qg1)β

2
vh+(−4µv(βhx

∗
1 + qg1)K

− x∗
1x

∗
4βhv(µv − 1))βvh − µ2

v(βhx
∗
1 + qg1))x

∗2
2 −K(Kβ2

vhx
∗
1x

∗
4βhv

+ (2Kµvqg1 + 2x∗
1x

∗
4βhv(µv − 1))βvh + 2µ2

v(βhx
∗
1 + qg1))x

∗
2

− (x∗
1x

∗
4βhv(µv − 1)βvh + µ2

vqg1)K
2},

p̃g2 =
βhx

∗2
2 + (βhvx

∗
5 + µh + 1)x∗

2 +K(βhvx
∗
5 + µh + 1)

Kβhvx∗
5 + βhvx∗

2x
∗
5 + βhx∗2

2

,

p̃g4 =
βhv{[(µh + 1)µv − µh]βvhx

∗
2 + [(µh + 1)µv − 2µh]µv}x∗

2x
∗
1(x

∗
2 +K)βvh

(Kβhvx∗
5 + βhvx∗

2x
∗
5 + βhx∗2

2 )µ2
v(βvhx∗

2 + µv)2
,

p̃g5 =
βhv((µh + 1)µv − µh)x

∗
1(x

∗
2 +K)

[βhx∗2
2 + βhvx∗

5(x
∗
2 +K)]µ2

v

. (4.11)

We take n2 =< p, qg >, where <,> denotes the standard dot product, and have a
normalized generalized eigenvector pg =

p̃g

n2
. Moreover, the obtained eigenvectors

and generalized eigenvectors satisfy that Jq = 0, Jqg = q, JT p = 0, JT pg = p,
< pg, q >=< p, qg >= 1, and < pg, qg >=< p, q >= 0. Following the computation
method in [22], we derive the normal form at the BT bifurcation as

u̇0 = u1, u̇1 = abtu
2
0 + bbtu0u1 +O(∥ u ∥3), (4.12)
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where

abt =
1

2

5∑
i,j,k=1

piqjqk
∂2fi(E

∗, βhv, βh)

∂xj∂xk

=
abt1(x

∗
2 + 3K) + 3abt2K

2x∗
2 + abt3K

2

n2
2(x

∗
2 +K)3

,

bbt =

5∑
i,j,k=1

pgiqjqk
∂2fi(E

∗, βhv, βh)

∂xj∂xk
+

5∑
i,j,k=1

piqjqgk
∂2fi(E

∗, βhv, βh)

∂xj∂xk

=
1

n2
2(x

∗
2 +K)3

{(3K + x∗
2)(bbt1 + 2bbt2 + bbt3 + bbt4)x

∗2
2

+3K2x∗
2(bbt1 +

4

3
bbt2 + bbt3 +

2

3
bbt4)

+[(bbt1 + bbt3)K + 2x∗
1βh(pg2 + p2 − 2)]K2},

(4.13)

and
abt1 =[(p2 − 1)(βhvq5 + βh)q1 − βvhq4(p4 − p5)]x

∗2
2 ,

abt2 =(βhvq5 +
2

3
βh)(p2 − 1)q1 − βvhq4(p4 − p5),

abt3 =(βhvq5(p2 − 1)q1 − βvhq4(p4 − p5))K + βhx
∗
1(p2 − 1),

bbt1 =[(2pg2 − 2)q5 + qg5(p2 − 1)]βhvq1 + q5qg1(p2 − 1)βhv,

bbt2 =(pg2 +
1

2
p2 −

3

2
)βhq1,

bbt3 =[(−2pg4 + 2pg5 − p4 + p5)q4 − qg4(p4 − p5)]βvh,

bbt4 =qg1βh(p2 − 1).

(4.14)

Theorem 4.3. The endemic equilibrium E∗ of the ZIKV model (2.1) admits a
double zero eigenvalue at (βhv, βh) = (βbt

hv, β
bt
h ) in (4.9), and is locally topologically

equivalent near the origin to

u̇0 = u1, u̇1 = µ1 + µ2u0 + abtu
2
0 + bbtu0u1 +O(∥ u ∥3)

where µ1 and µ2 are the small perturbations.

Example for Bogdanov-Takens bifurcation. We choose βhv and βh as bifur-
cation parameters and set the other baseline parameter values as in Table 1. The
model (2.1) undergoes a BT bifurcation on E∗ = (0.99456, 0.19809×10−4, 0.54228×
10−2, 0.99931, 0.69285×10−3) at (βhv, βh) = (0.28675×10−3, 0.94169). The three
corresponding non-zero eigenvalues are −0.029963, −0.3653×10−4, and −0.02. We
choose an eigenvector and its generalized eigenvector for the zero eigenvalue for the
corresponding Jacobian matrix as q = (−0.36686×10−4, 0.13353×10−6, 0.36552×
10−4, −0.46669×10−5, 0.46669×10−5) and qg = (1.0006, 0.13353×10−6, −1.0006,
0.22852 × 10−3, −0.22852 × 10−3) and the corresponding adjoint eigenvector and
its generalized eigenvector as p = (1, 183.74, 0, 0.18054 × 10−2, 2.6057) and pg =
(15.591, 0.50053×107, 0, 49.269, 71242), then obtain the critical normal form (4.12)
with coefficients abt = −0.49317× 10−13 and bbt = 0.24565× 10−6. This BT bifur-
cation point shows in the 2-dimensional bifurcation diagram, Figure 1.
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Figure 1. Two-dimensional bifurcation diagrams.
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Figure 2. One-dimensional bifurcation diagrams.

4.4. Bifurcation diagrams
To demonstrate the influence of the vector and sexual routes on the dynamics of
ZIKV transmission, we choose the vector-human and human-human transmission
rates βhv and βh as bifurcation parameters and plot 2- and 1-dimensional bifur-
cation diagrams. Numerical bifurcation analysis demonstrates that saddle-node
and Hopf bifurcation curves intersect at the Bogdanov-Takens (BT) bifurcation
point. The BT bifurcation separates the saddle-node bifurcation curve into a part
with positive x2 (or Ih) value and another part with negative x2 value, shown
as green and blue saddle-node curves in Figure 1 (a). Considering the biological
feasible region, we omit the dynamics in the x2 negative section. That is, the
blue saddle-node bifurcation curve in Figure 1 (a) and (b). The BT bifurcation
delimits the Hopf curve into a neutral saddle section and a supercritical Hopf bi-
furcation section. The later section becomes a subcritical bifurcation section when
it passes through a general Hopf bifurcation, GH2, then eventually turns back
to a supercritical Hopf bifurcation section when it passes through another gen-
eral Hopf bifurcation, GH1. Here, GH1 happens at E∗ = (0.039535, 0.34958 ×
10−2, 0.024399, 0.89098, 0.10901) and (βhv, βh) = (0.65703 × 10−2, 4.2517) and
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GH2 happens at E∗ = (0.97551, 0.89131×10−4, 0.024399, 0.99689, 0.31098×10−2)
and (βhv, βh) = (0.29233 × 10−3, 0.29887). A cusp bifurcation happens out of bi-
ological feasible region at E∗ = (1.00006, −0.241515 × 10−6, −0.661131 × 10−4,
1.000008, 0.845297 × 10−5) and (βhv, βh) = (0.29233 × 10−3, 0.29887). Choosing
βh = 0.2 and βh = 3, one-dimensional bifurcation diagrams in Figure 2 demon-
strate forward and backward bifurcations. Moreover, three subcritical Hopf bifur-
cation occur at E∗

H1 = (0.553880, 0.16237× 10−2, 0.44449, 0.94622, 0.053775) with
βhv = 0.51463 × 10−3 and l0 = 2.6804 × 103 and E∗

H2 = (0.94519, 0.19947 ×
10−3, 0.054604, 0.99307, 0.69331 × 10−2 with βhv = 0.301679 × 10−3 and l0 =
8.1534 × 104 for βh = 0.2, and E∗

H3 = (0.050538, 0.345576 × 10−2, 0.946006,
0.892099, 0.107901) with βhv = 0.52663 × 10−2 with l0 = 1.4681 × 104 for βh = 3.
Here, l0 denotes the first Lyapunov coefficient.

5. Simulated low-level ZIKV transmission and out-
breaks.

The occurrence of Hopf bifurcation provides an oscillation source, which potentially
induces flareups after a long period of silence for periodic solutions [41, 43]. For
the two cases βh = 0.2 and βh = 3 in Figure 2, model (2.1) admits subcritical
Hopf bifurcations. Low-level ZIKV transmission and uniform outbreaks with long
periods are simulated due to the spread of oscillations from the Hopf bifurcations
in Figure 3.
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Figure 3. Simulated low-level ZIKV transmission with uniform outbreaks

Environmental conditions affect the vector-human transmission in a random
manner. To study this influence, we consider stochastic influence on the vector-
human transmission route, and formulate an Itô stochastic differential equation of
βhv(t) by a mean reverting stochastic process [3, 42] as

dβhv(t) = r(βhv0 − βhv(t))dt+ σβhv(t)dW (t). (5.1)

Note that, here, r > 0 denotes the return rate of βhv to its mean rate βhv0 ,
σ is the deviation from the mean during the return process and σ > 0, and
W is the standard Wiener process. We require an adequately large the return
rate r, such as 2r > σ2, to guarantee that limx→∞ E(βhv(t)|βhv(0)) = βhv0

and
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limx→∞ V ar(βhv(t)|βhv(0)) =
σ2β2

hv0

2r − σ2
are finite. Here, βhv proceed towards a

steady state level which has a constant variance. Taking βhv0
= 0.003, r = 1,

σ = 0.8, an example sample paths of infected host prevalence Ih is plotted in Fig-
ure 4. The simulation shows outbreaks with varying amplitudes and periods.
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Figure 4. Low-level ZIKV transmission with varied outbreak periods and amplitude.

6. Disease control measures
To minimize the human infection rate due to ZIKV, it is crucial to determine the
factors that influence the transmission of ZIKV. Here, by conducting a sensitivity
analysis, we investigate the parameters that highly impact R0 and Ih at endemic
equilibrium E∗ and discuss the disease control strategies. Sensitivity indices can be
recognized as a measure of relative change in a variable while a parameter varies.
The relative variation of a variable to the relative change of a parameter is called
the normalized forward sensitivity index, which is calculated for a variable with
respect to a model parameter.

6.1. Sensitivity indices of R0

We conduct a sensitivity analysis on the basic reproduction number to find out
the parameters that significantly impact the basic reproduction number R0. The
normalized forward sensitivity index of R0 [10] is given below by the equation γR0

p =
∂R0

∂p × p
R0

where p is a model parameter. The higher values in its magnitude show
more sensitivity to the R0. The positive or negative signs indicate whether the
R0 has an increase or decrease when the parameter p increases. Also, the indices
computations are for all parameters which could be influenced by public health
attempts.

We calculated sensitivity indices of R0 with respect to the parameters, which
can be influenced by public health efforts. Since the γR0

V = γR0

βhv
= γR0

βvh
= 0.5,

increasing (decreasing) the vectors’ recruitment rate V , the contact rate between
infected vectors and susceptible human βhv, and the contact rate between infected
human and susceptible vectors βvh by 10% will increase (decrease) the R0 by 5%.
Moreover, since γR0

µv
= −1, increasing (decreasing) the death rate of vectors µv

by 10% will decrease (increase) R0 by 10%. Additionally, since γR0
γh

= −0.1667 in-
creasing (decreasing) of the recovery rate of infected human γh by 10% will decrease
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(increase) R0 by 16.67%. We note that sexual transmission rate βh does not affect
the basic reproduction number. However, varying sexual transmission rates result
in complex disease dynamics such as Hopf and backward bifurcations, as shown in
Figure 1.

6.2. Sensitivity indices of E∗

According to the study [10], we can calculate the sensitivity indices of the en-
demic equilibrium E∗ numerically using the parameter values given in Table 1
and there exists the unique positive endemic equilibrium at E∗ = (x∗

i )i=1...5 =
(S∗

h, I
∗
h, R

∗
h, S

∗
v , I

∗
v ) = (4.6131 × 10−4, 3.6380 × 10−3, 9.9590 × 10−1, 8.8705 × 10−1,

1.1295 × 10−1). Note that, we cannot derive an analytical expression for sensitiv-
ity indices of state variables at E∗ since we do not have an explicit formula for
endemic equilibrium. The sensitivity index of the state variable at the endemic
equilibrium xi, to the parameter pj , is given by γxi

pj
= ∂xi

∂pj
× pj

xi
, where the five

state variables at the endemic equilibrium point (S∗
h, ..., I

∗
v ) are given as (x1, ..., x5)

and the nine parameters (H,V, ...,K) are given as (p1, p2, ..., p9) for i = 1, ..., 5 and
j = 1, ..., 9. It measures the relative change in solution xi to the variations in the
parameter pj . The five equilibrium equations in the model (2.1) can be written as
fi(x1, ..., x5; p1, ..., p9) = 0 for i = 1, ..., 5. Then we can calculate ∂xi/∂pj by solving
the equation Jz(j) = b(j) for j = 1, ..., 9 where J is the (5×5) Jacobian of the ZIKV
model (2.1) with Jki = ∂fk/∂xi and 1 ≤ k ≤ 5; z(j) is the unknown (5× 1) vector
where the ∂xi/∂pj is the ith term of the vector z(j). Also the (5× 1) vector b(j) has
the kth term given as −∂fk/∂pj . The matrix J and vector b(j) are known because
we can assess the Jacobian at the calculated endemic equilibrium and for the given
parameter values in Table 1. In similar manner, we can evaluate the vector b(j) by
calculating the derivative −∂fk/∂pj .

The sensitivity indices are numerically calculated for the state variable of inter-
est, Ih, at endemic equilibrium E∗ as γx2

γh
= −0.9967 and γx2

µv
, γx2

V , γx2

βhv
, γx2

βvh
, and

γx2

βh
are in the order of O(−4).

Therefore, the most sensitive parameter for Ih is γh.
That is, increasing γh by 10% would reduce the infected host prevalence by

9.967%. Sensitivity analysis here suggests that prevention programs should mainly
focus their attention on bringing down the mosquito life span and boost human
immunity to reduce the ZIKV infected prevalence.

6.3. Target reproduction number TS

It is well known that the basic reproduction number R0 is a crucial threshold quan-
tity when determining whether an infectious disease will decline or die out. However,
this quantity is applied to the entire susceptible population. Target reproduction
numbers are helpful when we establish disease control strategies by aiming at differ-
ent transmission types in a disease model. According to [30] and [33], we can calcu-
late the target reproduction number related to ZIKV transmission routes. Since the
target reproduction number is based on entries in the next-generation matrix, we
note that no entries are related to the sexual transmission rate βh. Hence, we can
only compute the target reproduction number related to the mosquito transmission
route.
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Consider the next-generation matrix for the model (2.1),

FV −1 = K =

K11 K12

K21 K22

 =

 0
Hβhv

µhµv
V βvh

(γh + µh)µv


and according to [33], we choose the target set as S = {(1, 2)} which is associated
with control of vector to human transmission. We take S1 = {1} and S2 = {2} and
write the target reproduction number

TS = ρ

(
ES1PS1KPS2ES1

I −K + PS1
KPS2

)
, (6.1)

where, ES1
= PS1

=

1 0

0 0

 and PS2
=

0 0

0 1

. Hence, we have,

TS = K12K21 = R2
0.

Thus, if a fraction of more than 1 − 1
TS

=
R2

0−1

R2
0

of vector to human transmit-
ted infections can be prevented, then ZIKV can be eradicated. This is potentially
achieved by reducing mosquito lifespan, reducing mosquito bites (using insect re-
pellents, wearing clothes that cover arms and legs, mosquito netting [9]) and other
control methods such as releasing Wolbachia infected mosquitoes [20].

7. Conclusion
A large outbreak of ZIKV took place in 2016 in the Americas, with serious intima-
tion for public health in the region. The World Health Organization then asserted
that the emergence of ZIKV as a public health emergency due to the neurological
disorders and severe birth complications associated with the infection, such as micro-
cephaly. Although the transmission of ZIKV has reduced since then, ZIKV remains
endemic in many regions of the world. However, understanding future disease inci-
dences is limited due to the lack of detection and reporting of ZIKV infection cases,
especially in areas with the low-level transmission. A recent study in Lancet [31]
provides evidence of the long-term circulation of ZIKV for at least sixteen years and
its threat to public health in Thailand. They highlight that poor understanding of
the low and long-term transmission of ZIKV has led the virus to maintain itself
and circulate silently. The poor understanding of long-term transmission is not
surprising due to the misdiagnosis of symptoms of ZIKV as symptoms of dengue
or chikungunya. According to the studies, more than 280 microcephaly cases were
reported during the period 2016-2018, and mothers of these newborns were not pre-
viously identified as ZIKV infected. Since ZIKV infected pregnant women can pass
the virus to her fetus, the study [31] warns that there will be severe complications.
The findings of the study suggest that ZIKV transmission in the long term can be
transited into an endemic transmission, and outbreaks of the disease might happen
in future years. Therefore, the study alarms the necessity for developing effective
prevention and surveillance programs to understand the spread of the disease and
the occurrence of ZIKV related health outcomes. Hence, the mechanism behind low
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persistent and re-emerging ZIKV with short epidemic duration and long lead time
should be thoroughly analyzed.

Alarmed by the long-term circulation of ZIKV in Thailand [31], we formulate
a ZIKV transmission model to predict future outbreaks and disease control. Our
model successfully simulates the low-level persistent ZIKV transmission with short
periods of outbreaks. Due to the additional human-human sexual transmission
route, modeled by a Poisson point process, backward bifurcation occurs in our
model even though the disease related deaths are assumed to be zero. It further
induces the occurrence of Hopf bifurcation, which is the source of the oscillations,
with long periods of quiet episodes and sharp outbreaks. Furthermore, we find
that the varying amplitudes and periods of outbreaks can be caused by stochastic
influences on the sexual transmission rate.

Our study investigated the stability of the disease-free equilibrium and presented
several control strategies. If the basic reproduction number R0 < 1, ZIKV dies out;
otherwise, ZIKV persists. It is noteworthy that sexual transmission alone cannot
drive the ZIKV epidemic, as the basic reproduction number does not depend on
the sexual transmission rate. By considering that the impact of sexual transmission
on disease dynamics is negligible, by setting βh = 0, we observed that R0 < 1 is
the sufficient and necessary condition for complete disease eradication. However,
when the sexual transmission route is present, the disease eradication becomes more
complicated, and the basic reproduction number is less than unity is no more suf-
ficient. Not only that, but it also leads to multi-annual disease outbreaks, so the
public health policymakers should pay attention to the control of the potential fu-
ture emergence of ZIKV. The reason behind the complex consequences of sexual
transmission is the slow timescale associated with virus clearance on semen. Even
though the virus gets cleared from the blood within weeks, the virus in semen stays
for several months after infection. Then the virus can circulate at low levels until
favorable environmental conditions cause an outbreak.

The sensitivity analysis for the R0 concludes that the increase in natural death
rate of mosquitoes will decrease the basic reproduction number, and it has the
largest impact on R0. It suggests that prevention programs should mainly focus
on reducing the mosquito life span to reduce the infection of ZIKV. Spraying adul-
ticides and larvicides will reduce the mosquitoes’ life span, and mosquito control
programs may use aerial and truck spraying to control the mosquitoes in a large area.
Moreover, releasing sterile mosquitoes is a smart way to control the virus carrying
mosquito population. An increase in human recovery rate has the largest effect on
decreasing human host prevalence at the endemic equilibrium. Even though ZIKV
has no specific antiviral treatment, resting, increasing fluid intake, and taking med-
ication would help treat the symptoms. However, local governments and mosquito
prevention programs should plan to conduct researches on specific antiviral treat-
ments for ZIKV. Furthermore, sensitivity analysis of R0 and sensitivity analysis
of Ih at E∗ showed that reducing the recruitment rate of vectors and mosquito
biting rates βhv and βvh will reduce the R0 and disease host prevalence. So, the
ZIKV prevention programs may pay their attention to decreasing mosquito recruit-
ment by stopping laying eggs in or near water, removing standing water, covering
fountains, septic tanks, pools with covers etc. Additionally, using insect repellents,
wearing clothes covering arms and legs, and mosquito netting may reduce the hu-
mans getting infected by a mosquito biting [9]. More importantly, in this paper,
we focused not only on mosquito transmission but sexual transmission also. For
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the basic reproduction number, the effect of sexual transmission is zero. However,
a decrease in sexual transmission rate decreases the infected host population. Con-
ducting awareness programs on protection during sex will help decrease the sexual
transmission rate. Even though, note that the influence of sexual transmission rate
on the growth of disease is very low when it is compared to the other parameters,
both sexual and vector transmission must be controlled for the better control of
ZIKV epidemic.

While our model was constructed based on the results shown in [31], we must
note that the data set used in that study was not readily available at the time of
the writing and submission of this paper. As such, we cannot directly verify how
well the behavior exhibited by this model matches real-world observations for the
region and time studied in that manuscript. Thus, to more thoroughly assess the
practical implications of the dynamics studied in this paper, one key area of future
work is to fit the data, should it become available, to the model.
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