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1. Introduction

The present paper concerns KAM theorem and iso-energetic KAM theorem on n-
dimensional Poisson Manifold (M, II), where rank M = 2r everywhere, 2r < n, II
is a given bivector field.

On symplectic manifold, i.e., 2r = n, the celebrated KAM theory duo to Kol-
mogorov ( [19]), Arnold ( [1]) and Moser ( [29]) asserts the persistence of Lagrangian
invariant tori for nearly integrable system, which answers certain stability of the
planetary systems.

It is well known that a symplectic manifold is a smooth manifold with a non-
degenerate closed differential 2-form. When 2r < n, the 2-form on symplectic
manifold is degenerate. A general manifold, i.e., Poisson manifold, need to be
considered. For an n-dimensional Poisson manifold (M,II), in local coordinate,
Hamilton’s equations take the form

dx

Y V@)

where © € M, J(z) = (Ji,; = {i,%;})nxn is called Poisson structure matrix. The
rank of Poisson manifold (M, II) at  equals the rank of the structure matrix J(z),
which is independent of the choice of coordinate. Since the Poisson bracket is skew-
symmetrical, i.e. for F', H € M, {F, H} = —{H, F'}, the rank of a Poisson manifold
at any point is always an even integer, which is the reason why consider a Poisson
manifold with rank 2r. Defined the Hamiltonian vector field by X := {-, H}, where
H € C*(M). Let us retrospect some basic definitions [20, 32].

Definition 1.1. A Hamiltonian sysytem H(z) on n-dimension Poisson manifold
(M, 1I) with rank 2r everywhere is integrable, if there are functions fi, ---, fi—1
satisfied

(1) f1, -+, fi—1, H(x) are independent;
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(2) f1, -, fi—1, H(x) are in involution (pairwise);
3) r+l=n.
Definition 1.2. Let Xy, ---, X}y, be vector fields on Poisson manifold M. An
integral submanifold of {Xy,, ---, Xy} is a manifold N C M whose tangent space
TN|, is spanned by the vectors {X}, |o, ---, Xp|o} for each x € N.
Assume the integral manifold F,, of Xy, , ---, Xy, passing through x, is compact.

Then, in the neighbourhood of F,,, the Poisson structure and integrable Hamiltonian
have simple form, which could be stated as follow [20]:

Lemma 1.1. Let (M,II) an n-dimensional Poisson manifold with rank 1I = 2r
everywhere. Denote F = (f1,---, fi) an integrable system on (M,II). Assume that,
forx e M,

(1) dzfl /\"'/\dmfl 7£ 0;

(2) The integral manifold Fy, of Xy, -+, Xy, passing through x, is compact.

Then, in a neighborhood U of F,,, there is a coordinate transformation ¢ : (61, , 0,
Ii,--- ,I}) = x such that in new coordinate

(1) U is diffeomorphism T" x B!;

.

; , _ o) 9 .

(2) Poisson structure is II = z:l 9.\ 307
1=

(3) Hamiltonians f1, ---, fi only depend on coordinates I, -- -, I;.

Remark 1.1. Here, we call [ = (I1,---,I;) and 8 = (6,,--- ,0,) action coordinate
and angle coordinate, respectively. According to definition 1.1, the number of action
is bigger than the angle.

Remark 1.2. In action-angle coordinate, the motion equation of integrable Hamil-
tonian system on (M, II) could be written as follows:

do Orxr Ir><r Orx(n72r) OH(I)
dt a6
dI = _Ir><r Orxr Orx(n72r) OH(I)
dt o1
O(n—27‘) Xr 0(n—27') xr O(n—27') X (n—2r)
w
Ol><1
where w is the first » components of ag—y). According to Weyl Theorem, if w =
(w1, ,w,) is rationally independent, the phase trajectories are everywhere dense
on tori.
The integral submanifolds of Hamiltonian vector fields Xy, ---, X,, are leaves

of a foliation. Denote F, the leaf through = € M, which is an invariant manifold.
When F, is compact, it is diffeomorphic to an r-dimensional torus, which is called
standard Liouville torus.

The study about the influence of small Hamiltonian perturbations on an inte-
grable Hamiltonian system was called by Poincaré the basic problem of the dynam-
ics ( [2,45]). At present Poincaré’s basic problem of the dynamics continues to
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occupy one of the most important places in the theory of dynamical systems ( [45]).
Then, for Hamiltonian system on Poisson manifold, what is the influence of small
perturbation on the foliation of integrable Hamiltonian?

Consider a nearly integrable Hamiltonian system on (M, II), a n-dimensional
Poisson manifold with rank II = 2r everywhere,

H(z) = Hy1(z) +eP(z), (1.1)

where H(x) is integrable, P(x) is non-integrable, € M, ¢ is a small parameter.
According the Lemma 1.1, in the neighborhood of integrable manifold F,, passing
through z, there is a transformation ¢ : (I,60) — x such that (1.1) is changed to

Ho¢=H(I,0) = Hy(I)+eP(I,0), (1.2)

where 0 = (61,---,60,) € T", p = (p1,** ,Pn—r) € G C B" ", G is a bounded
closed region.
To state our main results, we make the following assumptions.

(R) There exists an N > 1 such that

rank{0fw:0<|a| <N, VIeG}=r,

where w is the first » components of 8%}”.

(K) Assume

0%H,

det a2 (I) #£0,VI € G.

(Iso) Assume

321&51 dH,

det [ 20 9T | £0,vIeG.
(%)T 0
o1

Our main results can be stated as follows.

Theorem 1.1. Consider nearly integrable Hamiltonian (1.1) on (M, 11), n-dimensi-
onal Poisson manifold with rank I = 2r everywhere.

1). Assume (R) hold. Then there exist a Ay > 0 and a family of Cantor sets
G:. C G, 0 <e < Ay, such that for any I € G. the unperturbed torus Ty
persists and gives rise to an analytic, Diophantine, invariant r—torus of the
perturbed system with small perturbed frequency we(I). Moreover, the Lebesgue
measure |G\ G| = 0 as e — 0.

2). Assume (R) and (K) hold on G. Then there exist a Ag > 0 and a family
of Cantor sets G C G, 0 < € < Ay, such that for any I € G. the unper-
turbed Diophantine tori will persist and give rise to perturbed tori preserving
corresponding unperturbed toral frequencies.

3). Let X ={I: Hi(I) = c} be a given energy surface. Assume (Iso) and (R) on
3. Then there exist a Ay > 0 and a family of Cantor sets e C %, 0 < e < Ag,
such that for any I € X the unperturbed Diophantine tori will persist and give
rise to perturbed tori keeping the same energy and maintaining the frequency
ratio. Moreover, |S\ X.| — 0 as e — 0.
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Remark 1.3. A torus is called Diophantine torus, if, for some constants ¢ > 0 and
7 > 0, the frequency & on torus satisfy that |(k,)| > 6“1‘7 for all integer vectors
k # 0.

Remark 1.4. According to the proof, present paper only showes the preservation
of frequency ratio on a given high energy surface.

Remark 1.5. The first part of main results implies that there exists foliation for
nearly integrable Hamiltonian on n-dimensional Poisson manifold with rank 2r.

Remark 1.6. For nearly integrable Hamiltonian on n-dimensional Poisson mani-
fold with rank 2r, the second part of main results tell us not only the existence of
foliation, but also the preservation of frequency between two leaves.

Remark 1.7. The third part of main results tell us the existence of foliation on
a given high energy surface and the preservation of frequency ratio between two
leaves.

The paper is organized as follows. In section 2, for an abstract Hamiltonian
system on an n-dimensional Poisson manifold (M, II) with rank II = 2r everywhere,
we give a KAM theorem and a iso-energetical KAM theorem. In section 3, we prove
our main results using the theorem in section 2.

2. Abstract Hamiltonian

Consider a family of real analytic Hamiltonian systems with the following action-
angle form:

H(y’x) = H1<y) + EP(yva)v (21)

where (z,y) € U, U is a complex neighbourhood {(z,y) : [Imz| < r,dist(y,G) < B}
of T" x G, G C R!is a bounded closed region and ¢ is a small parameter.

When r = [, the celebrated KAM theory asserts the persistence of Diophantine
tori under Kolmogorov nondegenerate condition, i.e. detd?H; # 0. For further
study about the persistence of lower dimensional invariant tori, see [8,16-18,26,27,
30,34-36,39,41,50], especially, for resonant invariant tori, see [7,10,23,24,37,44]. For
KAM theorem on multiscale Hamiltonian system, refer to [11,21,38,40,46-48,51].

For a long time, one has been trying to establish the KAM type results for
nonsymmetric Hamiltonian systems, i.e. [ £ r. When [ < r and [ + r is even, the
system is co-isotropic one, for which we refer the reader to [6,12,13,31,33,49]. When
l+n is odd, which is a challenge problem ( [25,28,42]), [22] studied the persistence of
invariant tori under the background of Poisson manifold, which could be applied to
the perturbation of three-dimensional incompressible fluid flows ( [3,28,32]). Also
see [4,9]. For KAM theory on atropic tori, refer to [14,15,42,43].

Consider a parameterized Hamiltonian system of the following form:

H = N(yag) —|—€P(.13,y,€), (22)

m

N =e(§) + (&), v) + (, AQy) + > h (),

Jj=3

defined on D(r,s) = {(z,y) : |[Im x| < r, |y| < s}, a (r,s)—complex neighborhood



1092

W. Qian

of T" x {0} C T" x R!, I > r, where P = eP(z,y,£), § € A ={¢: |¢] <61} C RY
and ¢ defined as above. Denote A = {¢ € C?: |€ — A| < 77}
To state the results for (2.2), we need the following assumptions.

(A1) There is an N > 1 such that

rank{0fw :0 < |a| < N} =,

where w is the first » components of 2.

(A2) Assume

det(A+ 02 " h(€)y’) # 0,9 € A.

Jj=3

(A3) Assume

A+ 3 (O 2(0)
p

Qr(€) 0

det £0,V¢ € A

Our results for (2.2) state as follows.

Theorem 2.1. Consider Hamiltonian (2.2) on a (14 r)-dimensional Poisson man-
ifold (M, II) with Poisson structure matrix

1),

2).

3).

Opxr Ir><r Orx(lfr)
J= —Lrxr O Orx(lfr)
O—r)xr O=ryxr O—r)x =)

Assume (A1). Then there exist a Ag > 0 and a family of Cantor sets A, C A,
0 < e < Ay, such that for any & € A. the unperturbed torus Tg persists
and gives rise to an analytic, Diophantine, invariant r—torus of the perturbed

system with small perturbed frequency we(§). Moreover, the Lebesgue measure
[ANAsl = 0 ase — 0.

Assume (A1) and (A2) on A. Then there exist a Ay > 0 and a family of
Cantor sets A, C A, 0 < e < Ay, such that for any & € A, the unperturbed
Diophantine tori will persist and give rise to perturbed tori which preserve

corresponding unperturbed toral frequency. Moreover, the Lebesgue measure
[A\ Al = 0ase—0.

Let ¥ = {&: N = ¢} be a given energy surface. Assume (A1) and (A3) on X.
Then there exist a Ag > 0 and a family of Cantor sets . C X, 0 < e < Ay,
such that for any & € X, the unperturbed Diophantine tori on . will persist
and give rise to perturbed tori keeping the same energy and maintaining the
frequency ratio. Moreover, |£\ .| — 0 as e — 0.

Remark 2.1. Here we consider the case [ > r, since we will use this theorem to
prove the persistence of invariant tori for nearly Hamiltonian system on Poisson
manifold, where [ > r. Combining the proof of [22], we believe those results for the
case | < r also hold.
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Remark 2.2. Different from [22], we not only study the existence of invariant
tori for nearly integrable Hamiltonian system, but also study the persistence of
invariant tori with the same frequency and the persistence of invariant tori with
proportionable frequency on a given energy surface.

Remark 2.3. Denote A the r x r- principal minor of A+02 3 hj(€)y?. According
=3
to the proof of Lemma 2.1, (A2) could be reduced to:

(A2%) det A #0,V¢ € A.

Remark 2.4. According to the proof of Lemma 2.1, (A3) could be reduced to:

A w
(A3%) det #0,V€ € A.
wl 0

2.1. KAM steps

Throughout the paper, unless specified explanation, we shall use the same symbol
| -] to denote an equivalent (finite dimensional) vector norm and its induced matrix
norm, absolute value of functions, and measure of sets, etc., and denote by |- |p the
supremum norm of functions on a domain D. Also, for any two complex column
vectors &, ¢ of the same dimension, (£, () always means £7°¢, i.e. the transpose of &
times (. For the sake of brevity, we shall not specify smoothness orders for functions
having obvious orders of smoothness indicated by their derivatives taking.

Let us begin with system (2.2) by regarding it as a Hamiltonian of 0—step, and
rewriting it as follows:

HO = NO(yaé-) + EP()(I, y7£)a (23)
No = eo(§) + (Q0(8), y) + holy, &),
ho = (y, Ao(&)y) + ho,

ho = hi(€)y’,
J=3

defined on D(ro,so) = {(z,y) : [Im z| < 19, |y| < So}, a (10, So)—complex neigh-
borhood of T™ x {0} C T™ x R!, where Py = eP(z,v,£), £ € Ag C R?. Moreover, let
1

BTC = ey 2 1 3(1=b)—4(bto)
Yo = eR2TFN) | 59 = £3m, g = €1, 79 = € 1IN , where b and o are constants

to be determined next. Then by Cauchy estimate we have
% S5 Mo

‘8gPO|D(T0,So)><]\0 < Tv |q‘ <N.
0

Next, we will show the KAM iteration from v—step to (v + 1)—step. For sim-
plicity, we shall omit the index for all quantities of the v—th KAM step and use
'+’ to index all quantities in the (v 4+ 1)—th KAM step. Suppose, at v—th step, we
have obtained the following smooth family of real analytic Hamiltonians

’H(x,y,ﬁ) = N(y,ﬁ) + E'P(CE,y,f), (24)
Ny, &) = e(§) + (&), y) + h(y, &), (2.5)
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h(y, €) = (v, A(E)y) + h(y, &),
Wy, &) =Y hi(©)y,
=3
where (z,y) € D(r,s) = {(z,y) : [Im z| <r, |y| < s}, a (r,s)—complex neighbor-
hood of T" x {0} C T" x R!, ¢ € A C R?. Moreover,

N+7 .m
ANFTgmy,
|8gP|D('r,s)><f\ < ’f]N ) |Q| <N. (26)

We need to construct a canonical transformation ®,, which, on a small phase
domain D(ry,s;) and a smaller parameter domain A, transforms (2.4) into a
family of Hamiltonians with the following form

H+:HO©+:N++E,P+

enjoying the similar properties to (2.4) but with a much smaller unintegrable per-
turbation Py.

All constants below, for simplicity, denoted by ¢, are positive and independent
of the iteration process. Define

2

5
ry =0r—d(l— E)T()’ s, = sitbto o7

) 7+*Z+§7

1 . ~ 5
Ky = ([log g} +1)%, Dy =D(sy,ry), D=D(so,r¢ + g(r —74)),

1—1 ) _ _ 7o

) (T_T+))’Z:17"'787 77+:77_2V+15
where b, o, d are chosen so that 1 < b o <« 1,0<d<1,2—m(b+0)—0 > %,
5(1+b+0)>1and § =1—d. Hereafter, we let 7 > max{0,r(r+1)—1,I(I+1) —
1,(N +1)N — 1} be fixed.

Di = D(is+,r+ +

2.1.1. Truncation

According to the Taylor-Fourier series, we get

Play)= Y.  Puy'e/ 1Fo,
|[klezm, ieZy
Let
R = Z Pkiyie‘/juk“). (2.7)

|[k|<Ky, |i|l<m

Using Lemma 2.1 in [22], we have

+1

C,YN+7M(5(m+1)(1+b+a)+ 5+S )

02(P — R)|pys <

N ’
under assumptions
S
o A(r—rl)
/K AN = =15 g < s(mHD(tbte) (2.9)
.
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2.1.2. Elimination of Harmonic terms

The next aim is averaging out all harmonic terms of R, i.e., all terms Py;y‘e¥ ~1+:®)

0< |kl <Ky, il <m.
Let F be a Hamiltonian on Poisson manifold. Then on local action-angle coor-
dinate, (z,y), we have

" 9 OF 9- OF
{F}= ;(&Ei 67/1 - 9y; axi)' (2.10)

Denote ¢k be the time—1 map of Hamiltonian F. According to [32], ¢} preserves
the Poisson structure. Write

1
[R] = R(z,y)dx. (2.11)
(27()77/ Tn
Assume that there is a F' such that
{N,F}+e(R—[R]) =0, (2.12)
then
Hy =Hoop=(N+eR)odp +e(P—R)odp =N, + Py,
where
- 1
Pi= [ (R FYodhdt+e(P-R)o ok,
0
NJr = N + E[R],
Ri=(1—-t){N,F}+eR. (2.13)
Therefore,
_ _ ~ 1 ~ X _
Hy =ér +(Qp,y) + 5(1/7A+1/> +hy(y) + Py,
where

ér =e+ Py, Qp=Q+ Py,
Ay = A+ Py, hily) =hyi(y) + [R(y),

[R)(4) = [R] ~ Poo — (Pon,3) = 59 Poaw).

2.1.3. Homological Equations

We are going to solve homological equations (2.12). Consider the Taylor-Fourier
series of F(xz,y)

Fay) = Y fuye/ ke, (2.14)

0<[kI<K+, |i|<m
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Denote w(¢) and dgh(y, &) are the first  components of Q(¢) and 9,h(y, &), respec-
tively. Combing formulas (2.5), (2.10) and (2.14), we have

(N.F} = — ZaNaF

8yi 8331
o Y v 2O O) vk
0<|k|<Ky,j=1 Yj
li][<m
== Y VIR GE) + 0hly, ) frayeV TR (215)
0<|k|<Ky,
[i|<m

Putting (2.7), (2.11) and (2.15) into (2.12) and comparing coefficients of (2.12)
on both sides, formally, we have

V=1(k,w (&) + 05h(y, €)) fri = €Pri- (2.16)
Denote

|k|
Ly = (k,w (&) + 95h(y, €))-

Then, on A4,

| Lie| = [k, w(&) + 05h(y, €))|

> [|(k, w(€))] — |(k, Ogh(y, €))|
> i

Tk
supposed

s - KT =o(y), (2.17)

which means that (2.16) is solvable on Ay. Moreover, all solutions fi;, 0 < |k| <
K, |i| < m, are real analytic on A x Ds.

Inductively,
7(7l+lal)
450 [ -1 lil+1al—1 K]
10695 Ly | < el Tl
|k|f(\j\+|q|)+\j|+|q|—1
~A1iT+d]
Then

; c|ke| Ul FliHlal =1 4 N+T7 gm— H,u B
£0y il < kI
|a€ayfkl| ylil+ldl 7
< o[ lil+lab+sl+lal-1 87 TR "u oIkl .18)

™
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Therefore,
0¢0]0;F| < Z |k|z\8§(agfkiyi)|e|k\(r++%<r—r+)>
151<2, 0<|k|<K4
Smﬁ_N”uF(?“ —74), (2.19)
where T'(r —ry) = D || T3l +H g =1 2] =

l71<2, 0<|k|<K 4

2.1.4. Preservation of Frequency or Frequency ratio.

Consider the transformation

G:x =T, Y=Y+ Ys-
Then

Hi=Hiod
1 .
=ey +(Qp,y) + §<y,A+y> +hy(y) + Py,

where

~ ~ 1 ~ .
ey = €4 +(Qp,yx) + §(y*,A+y*> + h(y«) + [R](ys),
Q= Q+ + A+y* + 5yil(y*)v

Ay = Ay + 05h(y.) + 0} [R](y.),
by = h(y + ) = h(y.) = @h(y2),y) = 5 (05 h(y.)y) + Ry + v.)
~ [RI) — O,1R1(5.), ) — 50, LRI,

P, =PLod+ (0y[R](y+), y)-

Lemma 2.1. Denote 1210 =A+ 8§ﬁ

[N

(1). Assume that Ay is nonsingular. Then there is a y, such that Qp = Q.

Moreover, |0¢y.| < %, lg] < N.
Ay QT
(2). Assume that is nonsingular. Then, on a given energy surface,
Q0
{y,h(y) = eé;}, there is a y. such that Qy = tQ. Moreover, \6gy*| <
C,YN+7snL—1M, ‘q| S N'

ﬁN

Proof. Consider the first part of this Lemma, first. Assume that there is a y.
such that

AL (€)ye + 0yh(y.) = —Por, (2.20)

which means the preservation of frequency during KAM step.
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Denote M, = Ag + 82h) 7Y + 1, M* = OLAI h . W
enote gIéE}\);K o+ 0;h) 7+ 1, \l|§d,r|rgl‘|agxm+5,| 95 ho(y, €| e
ly|<s0,6€A0

could make sy small such that
. 1
M. (M* 4+ 1)sg < 3

Denote

1 ~
~ 9%h(6y,
B9 = A+ [ gy
0

Then (2.20) is changed to
B(ys, )y« = —Por. (2.21)

Since |A, —Ag|a < [1,0% (according to the definition of A, ) and |‘3%§|D(S) < (M*+1)s,
we have
Ao = B(y:)| < |Ag — Ao| + | Ao — Ay | + |B(y.) — A+

1

< s34 pg + (M*+1)so
1

< .

= 2M,

Therefore, B(y.) is nonsingular and

1—1
Bl < ——— L <o
T Ao - B )lI4; ]

Hence,
[ye| < 2M.|Por| < 2MANHTs™ 1y,

Moreover, with Cauchy estimate, we have

N+7Sm—1

Y 0

c
|0¢y.| < - :
gI* N
for |¢] < N.
Next, we consider the second part. Assume that there is a (y.,t.) such that

Qi) + 2y, Avy) + h(y) + [R)(y) =0,

) i (2.22)
AL (&)y + 0yh(y) +tQ(E) + Por =0,

which means the preservation of frequency ratio during KAM step on a given energy

surface if (9, [R](y«), y) is small enough that could be put into the new perturbation.
Denote a = fol A0y, + 0,h(0y.) + 9,[R](0y.)do. Rewrite (2.22) as follows:

B(y.,£) Q . —P,
(l/ f) + Y _ 01 ’ (2.23)

Qi +d 0 t. 0
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which implies that formally
-1

Yx B(y*>£) Q-l— 7P01

= . (2.24)
t Qi 4+a 0 0
Az
Since det = adet A — yTadjAz, where A is an n x n-matrix, z, y € R®,
y" a
we have
~ -1 adj | _
B(y.,€) Oy Ay +a 0
Q‘*‘Jr& 0 B(y,§) Q+
det | _
Qi +a 0
adj ~

Qr+a)” 0

(Qy +@)Tadj By, )0y
adj |

Qs +a)t 0
(24 Por + )T adj B(y., £)(Q + Po1)
adj [

Qr+a)’ o

= 7 ,

where b = QT adjB(y., ) + QT adjB(y., £)Po1 + (Po1 + @)adjB(ys, £)Q + (Pop +
a)adjB(y.«, &) Po1. Hence,

N X B(y..6) 0\ [P
| < (o7 + Oluo))ladj | |
. QTadjB(y..£)0 ’ Q. +d 0 0

S ,_YN+7$m71'u'

Moreover, for |¢| < N,

N+7sm—1

cy 1%

2.1.5. Estimate for New Hamiltonian
By the estimate of |8gy*| together with definitions of e, , Q4 and A, we have
AN 5

C
|0¢ (e —e)| < P
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1100
N+T7
cy Sp
|08 (2 — Q)| < o
N+7
ey
|0§(Ay — A)| < o

Denote ¢4, , ¢, as the components of ¢% in x, y planes, respectively, and let
X be the vector field defined by

des Or><7‘ ITXT Orx(n72r) OF(z,y)

dt _ ox

dy - *Irxr OT‘X’I" O7‘><(n—27') OF(z,y) . (225)
dt Oy

0(n—27") xr 0(11—27’) xr 0(n—2r)><(n—2r)

Then ¢t = id + fot Xp o ¢pd\. For any (y,z) € D3, we let t, = sup{t € [0,1] :
¢4 (y,x) € Ds}. Since s < %, we get Dy C Dy, where Dy = D(4sy,rq + 3(r —
r4)), D = D(%,74 + S(r —r})). Further, we have

t
6k, (y,2)] = o] + | / Lysers O zny) Fy © b
0

eul(r—ry)

3
< r—r)+ T < S ),

[ 2\

t _Ir><7‘
6%, ()] = Jo] + | / Fy o 6hd)

O(n72r) Xr

m
]_" _
Ssﬁwgsﬁ

supposed
cul’(r —r 1
(77N+) <glr=ry), (2.26)
es?ul(r —ry)

R < 3sy, (2.27)

which implies that ¢%(y,z) € Dy for all 0 < ¢ < t,. Then ¢% : D3 — Dy for all

0 <t < 1. Therefore, ¢} : Dy — D(s,r). It follows that |¢t — id|5 < %
With Gronwall Inequality and

t
D¢t = Did+/ (I-D?*F)o ¢ - DppdA,
0

Orxr Iy Orx(n727‘)

where I = —Lwr Opxr 0 x (n—2r) , we have

O(n—QT) Xr 0(n—2r) Xr 0(7L—2T) X (n—2r)

t
|D¢t — Did] < / eJi |FIDPFodldr) _ 1. D2F o 48 |ds
0

< M (2.28)

= N
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Lemma 2.2. Assume

N+7 .m

5
Ay < MT]T”‘ (2.29)
+
where
S77L+1
N ANHT2m=12 42 2mP2(p ) A NAT ) (g(mAD(I4b+0) )
+ = T_]N ’
Then there is a constant ¢ such that
N+7 gm
7. H+
08P,y < et HE
77+
Proof. According to the definition of []%] and Lemma 2.1, we deduce
N+7 2m—1,,2
cyV s I
08 (0, 1(3.). )| £ TS
Directly, combining (2.10), (2.13), (2.19) and Lemma 2.1,
1 2 2m2
cu s (r —r
|ag/ {Ry, F} o ¢hdto¢| < _N( +).
0 n
Besides
+7 sm+1
4P —R) 0 ¢ o ¢l < - N T (s ),
finally,
N+7 gm
|0¢Py| <Ay < u
77+
O

2.2. Iteration Lemma

Next, we will give an Iteration Lemma which insures process of infinite KAM steps.
Let 70, S0, Y0, Ho, Ao, Ho, No, €0, Qo, Po, Do = D(ro, o), Do = D(ro,s0) and

¢ = id be given as above. For v =1,2,--- | let
g o - 1
Sy = i+li+ , My = CoS,_1Hv—1, Vv = 70(1 - Z W)v KIJ = ([IOg s ] + 1)3a
i=1 v—l
m— 4 S i

By = TSI ST = ) (s ) 4 2 s
Yv-1 _ _ Mo

A, = {f eN,_1: |<k,w,,_1(§)>| > |]€‘T ,0< |k?| < Ku}7 Ny ="MNy—1— U1’

DV:D(TV7SV)7 DV:D(TV"F*(Tufl_TV)vSO)a

8

where ¢g is the maximum among ¢ mentioned above.
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Lemma 2.3. Assume pg = po(e) is sufficiently small. The following hold for all
v=0,1,---:

(1)

le, —eolnys 19— Qola,, lww —wolay, |he — hola, <270+ pa,

7N+7,u
*
|eu+1 - eu‘AOC7 |Qu+1 - QV|A007 |UJ1,+1 _wV|A007 |hu+1 - hu‘AOo S 021/+1 )
N4+7 .2
YTt
|8§PV|D,,X/’\,, < VTVV§
v

(2) Dpyq l:),,+1 X Apy1 — D, is canonical and real analytic with respect to
(y,x) € Dyy1, & € App1. Moreover, Hyy1 = HypoPpiq, and, on Dyy1 X Apiq,

(@41 — id|, |DB, 1, — Didl, |D'®, 41| <

SIS 2<i<m

(3) Avyr ={6 €Ay [(k,w,(6))] > %,KV < |kl < Kyq1}-

Proof. The lemma will be proved by verifying conditions (2.8), (2.9), (2.17),
(2.26), (2.27) and (2.29) for all v =0,1,---.
Directly,

a((1+bta)¥ —1)
v bfo
Hy = Co oSy

(1+b+o)”
0 )

)

S, =8

Then s,11 = sl,s(()1+b+o)u(b+g) < sl,sg+" < 1%, which implies that (2.8) holds. Let
E _ T"v—Tu41 __ 5V+2’YO(1_6)
L =

e = % and using 6(1 +b+ o) > 1, we get
E, 1 6"yl —9) —(14bto)” Y00%(1 = )
710g§:37210g80( ) Z—T10g8021
Therefore

1 E, 1
log(n + N + 1)! 4 3(n + N) log([log 8—] +1)— 7([log 5—] +1)3
1
<—(m+1)(1+b+0)log =

v

Thus

oo
4N 2By +N _ Ky By +1
/K AT 2 dA < (n+ N+ 1K) e 2 <sph,
v+1

i.e. (2.9) holds. Obviously,

o)¥ 1
SVKTJrl < Sél+b+ ) (1

v41 (+bto)
50

+ 2)3(7’""1).

When 8 > 0, £ > 1 and ¢ > 1 are constant, xﬁ(log% + ¢)¢ — 0. Therefore, (2.17)
holds.
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Let lp = b, n = 8+ n + 4[7] + 4, where [7] is the integral part of 7. Combining

, . _Elr=ry) 7!

_ T(l71+1gl+1)+15]+]ql+]z]| A

L= > I e <4

l71<2, 0<|k|<Kyt1
and
lo v a

By 16 +1 v 1y ore ((I4b+0)"—1) o/ S0C0

Engl = (70(1 — 5)5”+2 )17 CoHg So < C*NOO((VH'l )Vv

when go small enough, we get

l
COI’(‘VFZI MO
< con!'—%=+ <1,
Eqy ~ T

e. (2.26) holds. (2.27) holds obviously, since % <3.

+17)
Moreover, by making ¢ small, we have cou@ T3 < 2U for given ag > 0. Next for
each v >1

01| < (T8 g + sy T o)
_|_,yi\7+7u( (m+1)(1+b+0) + V+1 ))/ —N
(’YIJ/V+7 I%m ! 2 + /’Lu I%ml_‘Q(rV - TVJr])

AN T s (1 + - ))/ 0B

+7
N+7’Yu 2m—1—m(1+b+o)—20 2
(’YV+1 N+7Su+1s 1u’1/+1
v+1
2m—20—m(1l+b+o
N+47,2 m Sv (o )FQ(TV—TVH)
+7u+1 /’(‘I/-'rlsl/-'rl N+7
71/-‘,—1

+7
’Y
+’VIJ/V++17 Z]IV+7MV+ISV+15 LHoto 0(1 + ))/ny
v+1

YW o1 (1+b+0)—2
14 m— m(l+b+o o
< ’yu+1 Su+1/J‘V+1( N+7 Sy Hy+1

v+1

Sl?/m72ofm(1+b+0')l—\2 (7"
+ul/+1 N+7
’71/—&-1

'Yu
+4% i“’(1+ ))/nu
v+1

v TV+1)

N+T7 . m
Yo+1 Sv1Hv+1
S —

771/+1

e. (2.29) holds. O

For brevity we omit the measure estimate of |Ag \ A.| and for details we refer
the reader to [5,22,38,39].
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3. Proof of Main Theorem

The study about the influence of the small non-integrable Hamiltonian on the folia-
tion of the integrable Hamiltonian on Poisson manifold (M, II) is closely related to
the persistence of invariant tori for Hamiltonian (1.2) on Poisson manifold (M, IT).

Without loss of generality, we assume that there is a closed region A C R?
and a C' diffeomorphism y : A — M (= y(A)). Let & € A and consider the
transformation: y — y + y(£). Then (1.2) turns into a parameterized Hamiltonian
system of the following form:

H=N(y,§) +eP(x,y,8), (3.1)

m

N = el€) +(20), 1) + 5, Q) + Y i + X s

l71=3 l71>m

where ¢ € A = {\ : |\ < 81} C R% z, y and ¢ defined as above. Consider the
following symplectic transformation:

1 N
=z, y—eitn-Dy H e Am-DH,

then the Hamiltonian (3.1) is changed to

H=N(y,& ) + 1 P(z,y,8), (3.2)
N =2 06.0)+ T A + 3 T ()
g 151=3

m—1

P_E4(nL1)P:I;y§ 264('m1)h )

[FI>m

Moreover,

,YN+7 m

|(‘3é13| <ec , |I] <N,

) m 1 m ~ BU—b)—4(bte)m )
if y =eBOFNm-1) g =¢g8m-D y =¢lom-1 jj =g 56Nm-D . Hence, with

Theorem 2.1 we can get Theorem 1.1.

Remark 3.1. Normal forms (3.2) ar}nd (2.2) seem a little different. In normal

form (3.2), the perturbation is O(¢¥=-1), which is small enough comparing the
m (y, A(&)y) + i €%hj(f)yj is bad for the

preservation of the frequency and frequency ratic!f‘;iilce the coefficient is related to

integrable part. This term =

£, In fact, in our case, this difficulty could be overcome since the coefficient
of the perturbation is ¢3»=1 . We could achieve the proof of Theorem 1.1 step by
step using the proof of Theorem 2.1.
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