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Abstract M-eigenvalues of fourth-order partially symmetric tensors play an
important role in the nonlinear elastic material analysis. In this paper, we
establish sharp upper and lower bounds on the minimum M-eigenvalue via
extreme eigenvalue of the symmetric matrices extracted from elasticity Z-
tensors without irreducible conditions, which improves some existing results.
Based on the lower bound estimations for the minimum M-eigenvalue, we
provide some checkable sufficient or necessary conditions for the strong ellip-
ticity of elasticity Z-tensors. Numerical examples are given to demonstrate
the proposed results.
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1. Introduction

A fourth-order real tensor A is called a partially symmetric tensor, denoted by
A = (aijri) € Eqpn, if

Qijkl = Qjikl = Aijlk, i7ja k7l eN= {1723 T 7n}'

We know from [1-6,14-16, 18,23, 24, 27, 28] that it is the most well-known tensor
among fourth-order tensors and comes from the following bi-quadratic homogeneous
polynomial optimization problem:

min f(z,y) = Ar?y? = Z Z @ik TiZ YRl
Y i,kEN jIEN (1.1)

T

st. x'z=1,y'y=1, z,y € R™
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The optimization problem introduced by Dahl et al. [3] arises from the nonlin-
ear elastic material analysis. For example, a fourth-order partially symmetric ten-
sor with n = 2 or 3, called the elasticity tensor, can be used in the two/three-
dimensional field equations for a homogeneous compressible nonlinearly elastic ma-
terial without body forces [1,16,18]. In elastic material analysis, elastic materials
with the strong ellipticity can keep good properties [1,16,28]. Based on tensor char-
acterizations of elastic material, Han et al. [6] and Qi et al. [15] pointed out that
strong ellipticity condition holds if and only if the optimal value of (1.1) is positive.
To further characterize the strong ellipticity condition, Han et al. [6] introduced
M-eigenvalue of an elasticity tensor as follows. For A € R, z,y € R", if

Azy? =z, Ax’y = \y;

alr=1, yly=1,

where (Azy?); = > ayjmxjyey, (A2%y), = > aijuTizjyk, then the scalar
J.klEN i,j,k€N

A is called an M-eigenvalue of the tensor A, and = and y are called left and right

M-eigenvectors associated with A.

Thus, the strong ellipticity condition holds for an elasticity tensor if and only
if its minimum M -eigenvalue is positive. However, it is not easy to compute the
minimum M-eigenvalues due to the complexity of the M-eigenvalue problem [10,
13]. Thus, some researchers turned to investigating structured tensors, such as
nonnegative tensors and M-tensors [4,24-26]. Particularly, Ding et al. [4] introduced
a structured partially symmetric tensor named elasticity Z-tensors and elasticity
M-tensors as follows.

Definition 1.1. Tensor A = (a;ji) € Ea,,, is called an elasticity Z-tensor if there
exists a nonnegative tensor B € E4 ,, and a real number s such that

A:SIM—B,

where Zy; = (€j5r1) € Ea,p, is called elasticity identity tensor with its entries

l,ifi=jand k=1
€ijkl =
0, otherwise.

If s > pp(B), we call A an elasticity M-tensor. Further, if s > pp;(B), then we call
A a nonsingular elasticity M-tensor.

As we know, an elasticity Z-tensor is a nonsingular elasticity M-tensor if and
only if the minimum M-eigenvalue is positive [4]. Thus, the key to verifying the
nonsingular elasticity M-tensors is whether the minimum M -eigenvalue is positive.
With the help of the theory of multi-linear algebra, researchers turned to investi-
gating eigenvalue inclusion to judge whether an elasticity Z-tensor is a nonsingular
elasticity M-tensor. Based on the minimum diagonal entries, He et al. [8] pro-
posed some bounds for the minimum M-eigenvalue of elasticity M-tensors under
irreducible conditions. Combining the maximum diagonal entries with accurate
eigenvector information, Wang et al. [21] established sharp bound estimations on
the minimum M-eigenvalue of elasticity Z-tensors in the absence of irreducible
conditions, and gave the checkable sufficient conditions for the strong ellipticity
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condition. In virtue of the relationship between M-eigenvalues and the extreme
eigenvalues of the corresponding symmetric matrices, Li et al. [12] established two-
sided bounds of M-eigenvalues. For an elasticity Z-tensor, not only the structural
features of the fourth-order tensor should be considered, but also the structural fea-
tures of the Z-tensor should be explored. Therefore, if we further explore structural
characteristics of the Z-tensor and combine the M-eigenvalue estimation technol-
ogy [12], we may propose tight bounds on the minimum M-eigenvalue of elasticity
Z-tensors, and accurately identify whether the elasticity Z-tensor is the nonsingu-
lar elasticity M-tensor and strong ellipticity of the elasticity Z-tensor holds. These
constitute the main motivation of the paper.

The remainder of this paper is organized as follows. In Section 2, some pre-
liminary results are recalled. In Section 3, we propose an improved upper bound
and two lower bounds for the minimum M-eigenvalue via the minimum eigenvalue
of the symmetric matrices extracted from elasticity Z-tensors without irreducible
conditions. In Section 4, we establish some sufficient conditions to verify whether
an elasticity Z-tensor is strong ellipticity and a nonsingular elasticity M-tensor.
Numerical examples are proposed to verify the efficiency of the obtained results.

2. Preliminaries

We begin our work by collecting some definitions and important properties of elas-
ticity Z-tensors [4,8,15].

Definition 2.1. Let A = (a;,4,...i,,) be an m-th order n dimensional real square
tensor. A is called reducible if there exists a nonempty proper index subset J C
{1,2,...,n} such that a; i, i, =0,V i1 € J,Via,..., i ¢ J. If Ais not reducible,
then we call A to be irreducible.

Lemma 2.1 (Theorem 1 of [15]). M-eigenvalues always exist. If x and y are left
and right M -eigenvectors of A, associated with an M -eigenvalue \, then A = Ax?y?.

Recently, Wang et al. [21] proposed new characterizations of the minimum M-
eigenvalue and corresponding to M-eigenvectors for elasticity Z-tensors based on
Theorem 6 of [4].

Lemma 2.2 (Lemma 2.4 of [21]). Let A= (aijn) € Ea, be an elasticity Z-tensor
and Tpr(A) be the minimum M -eigenvalue. Then, there exist nonnegative left and
right M -eigenvectors (x,y) corresponding to Tas(A) such that

Axy® = my(A)z, Az’y =1 (A)y.

He et al. [8] established the lower bound of the minimum M-ecigenvalue for an
irreducible elasticity M-tensor.

Lemma 2.3 (Theorem 3.1 of [9]). Let A = (a;ji1) € Ea,, be an irreducible elasticity
M-tensor. Then

Tt (A) > mac{min{a; ~ (), min{5 — Cu(A)}},

where a; = 151611]1\[]1 @i, Bi = Hélj]\[/l aiir, Ri(A) = vi +1i(A),Ci(A) = & + a(A),
vi=max{ 3 auly & =max{ > agulhri(A) = 3 agul,a(A) =

X
JEN,j#i €N LeN k£l Gk lEN k£
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> laijl

i.5,k€N,i#j

Wang et al. [21] pointed out that the bound in Theorem 3.2 is tighter than that
of Theorem 3.1 of [8].

Lemma 2.4 (Theorem 3.2 of [21]). Let A = (aijri) € Earn be an irreducible elas-
ticity M -tensor. Then,
> i — G i _
mar(A) = max{min (s — Gi(A)} min{r — Mi(A)}}
S i . _
> max{min{o; — Ri(A), min 8 — Ci(A)}},
where Gi(A):wi(A)*%Ti(-A),Mz':Illé%({aml},wi(A):Il%%({M*amz* > aiults

JEN,j#i

1
ri(A) = | Z aijrt, Mi(A) =my(A) — icl(A)v"{l = Iiré%}gfi{amz},
Gk JEN kAl
my(A) = Iiré%i{fiz —awn— Y, aimbal(A)= > aiju

kEN, k#l i,5,kEN i#]

In order to characterize the M-eigenvalue of elasticity Z-tensors by the minimum
eigenvalue of the symmetric matrices extracted from elasticity Z-tensors, we end
this section with some important results of the symmetric matrices [7].

Lemma 2.5. Let P = (p;;) € R*M be a real symmetric matriz and Ayin(P) (or
Amax(P)) denote the minimal (or mazimal) eigenvalue of P. Then,

Ain(P)= min (2" Pz)<z'Pxr< max (z' Pz)= Anas(P).
zTx=1,z€R" zTx=1,z€R"
3. Bounds for the minimum M -eigenvalue of elas-
ticity Z-tensors
In this section, inspired by Z-eigenvalue and M-eigenvalue intervals [8-12,17,19-

22], we propose sharp lower and upper bounds on the minimum M-eigenvalue of
elasticity Z-tensors based on the minimum eigenvalues of symmetric matrices.

Theorem 3.1. Let A = (a;ju1) € Ean be an elasticity tensor and Tar(A) be the
minimum M -eigenvalue. Then,

. . w
Tm(A) < mln{lgell]{]l sy ﬁ}’

where (;; 1s the minimum eigenvalue of the symmetric matriz A(i,i,:,:), w is the

minimum eigenvalue of the symmetric matriz Yy, A(4,j,:,:) and A(i,j,:,:) is the
i,jEN

symmetric matriz by fizing ¢ and j indices of A.

Proof. Let 75/(A) be the minimum M-eigenvalue of A. It follows from Lemma

2.1 that

v (A) = min{fa(z,y) = Az*y* 2Tz =land y 'y = 1}. (3.1)
Ty
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On the one hand, for a feasible solution & = (0,...,%; = 1,...,0) and y'y = 1,
from Lemma 2.4, we can get

Tar(A) = min Az?y? < min A7%y® = min Y @iy
x,y Yy

kleN
= min yTA(Zv iy )y = Mig- (32)
y
Further, 7/ (A) < r_nij{{l pi; holds.
1€
On the other hand, setting a feasible solution z = (ﬁ, ce iﬂ) and y'y =1,

one has

min Y, > aijkYkyl
Y i JENKIEN

7a(A) = min Az?y? < min Az?y? =

z,Yy Yy n
miny " 2 AGG
1,]€
= = —. 3.3
- - (3.3)

Equation (3.3), in conjunction with (3.2), provides upper bounds on the minimum
M-eigenvalue. O

In the following, we show the results of Theorem 3.1 improve the results of
Theorem 3.1 of [21].

Lemma 3.1 (Theorem 3.1 of [21]). Let A = (a;ji1) € Ea,n, e an elasticity Z-tensor
and 71 (A) be the minimum M -eigenvalue. Then,

2 Si(A)

. . N
v (A) < mm{f?el?/ il lETL

where S;(A) = > aijn.
jkIEN
Corollary 3.1. Let A= (a;jxi) € E4,, be an elasticity Z-tensor. Then

w 594
i . O < mind min @ €Ny
min{min pii, —} < mm{ﬁlel?v @i, —— 5}

Proof. It follows from (3.2) that

. T .o .
pii = miny  A(i,4,:, )y < minagy,
Y IEN

and
min p;; < min aggy.
iEN i,lEN
Meanwhile,
T S
miny " >0 AL, j, 51y

w Y i,jEN . _ _9
— = = min Az%y* < AZ%y*
n y

n
Si(A
= Qijkl == == = — 5
TN Vny/ny/n/n n
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where (Z,7) = (Ln’ 7ﬁ’%’,,, 7%)
Consequently,
w Z Si(A)
in{min 17, —} < min{ min az;y, <~——1. 0
mm{?g]{} Fiis n} S mm{iglé% @it =3 }

In what follows, we establish sharp lower bounds for the minimum M-eigenvalue
of elasticity Z-tensors.

Theorem 3.2. Let A= (a;ji) € Ey,, be an elasticity Z-tensor and Tar(A) be the
minimum M -eigenvalue. Then,

Tar (A) 2 max{min i (A), mip s (A)},

where 11;(A) is the minimum eigenvalue of the symmetric matriz > A(i,j,:,:) and
JEN
ki(A) is the minimum eigenvalue of the symmetric matriz Y, A(:,: k,1).
keEN
Proof. Let 73;(.A) be the minimum M-eigenvalue of A. It follows from Lemma
2.2 that there exist nonnegative left and right M-eigenvectors (z,y) corresponding
to Tar(A). Setting z, = ma}\)fc{xi}, by 2"z = 1, one has 0 < z,, < 1. Since A is an
1€

elasticity Z-tensor, then a;;,; < 0 for all ¢,7,k,l € N except for ¢ = j and k& = [.
Recalling the p-th equation of 737 (A)x = Azy?, from Lemma 2.5, we deduce

v (A)zp = Z ApjkITjYRYl = Z ApjkiTpYkY

jklEN jkJEN
TN AWy > Jmin, v Y A di)
JEN JEN
= pip(A)p,
that is,
T™m(A) = pp(A). (3.4)

On the other hand, setting y; = max{yl} from the ¢-th equation of 7 (A)y = Ax?y

and Lemma 2.5, one has

TM<A)yt: Z aijktxixjykz Z ikt TiTjYt

i,J,k€N i,5,k€N
ZA 5 7 yt > I’Illl'l ZA 5 7
keN keN
= Ht(A)ytv
which implies
v (A) > ki(A). (3.5)
By (3.4) and (3.5), we obtain the desired results. O

Now, we are at a position to prove that the lower bound in Theorem 3.2 is
sharper than that of Theorem 3.2 of [21].
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Corollary 3.2. Let A= (aijri) € Ea,, be an elasticity Z-tensor. Then
max{min y;(A), min ki (A)} > maximin{u; — Gi(A)}, min{r — M;(A)}},

where p;, k1, Gi(A) and M;(A) are defined in Lemma 2.4.

Proof. Since Ais an elasticity Z-tensor, we can obtain a;j,; < 0foralli, j, k,l € N
except for ¢ = j and k = [ and

1
pi — Gi(A) = pi — wi(A) + 57“1'(-/4)
1
= pi — max{p; — azy — > agut+ 3 > ik
JEN,j#i 4,k IEN, k#L
. 1
= ?éll{]l{z aijll} + 5 , Z A5kl
JEN .k lEN, k£l

By Gersghorin theorem [7], for a matrix @ = (qx;) € R™*™, there exists k € N such
that

) > _ > mi _ — mi _
Amin(Q) 2 qrre — (@) = min gy, — (Q) = min gy — rx(Q);
where 7,(Q) = > |qui|- Thus, for the symmetric matrix > A(4,7,:,:), there

1EN,I#£k JEN
exists k£ € N such that

pi(A) = Amin(>_ Al g,3,1)) > Ilglj{,l{z auy— Y, 1D agu |

JEN JjEN leN,l#k jeN
= 521]51{ E al-j”} + E Qijkl- (36)
JEN J,leN,l#k

Since A is partially symmetric, it holds that
1
i(aijkl + aijik) = aijr, VI € N, L #k

and

Qijkl 2> L Gkl - (3.7)
2

FLEN,I#k ik, lEN,I£k
Summing (3.6) and (3.7), one has
pi(A) > pi — Gi(A), Vi € N. (3.8)
Following the similar arguments to the proof of (3.8), we deduce
ki(A) >k — M (A),Vl € N. (3.9)

It follows from (3.8) and (3.9) that the desired results hold. O

Next, we shall obtain sharp lower bound on the minimum M-eigenvalue by
choosing x, as a component with the largest modulus and z, as an arbitrary com-
ponent of left M-eigenvector x.
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Theorem 3.3. Let A= (a;ji) € Eu, be an elasticity Z-tensor and Tar(A) be the
minimum M -eigenvalue. Then

>
ror(A) 2 ety s S (A e 20 (A

where

6.0(A) = 3l + A1 (A) — (Asu(A)F]
Ai,v(-A) = (Mvv - Mf(A))z + 4/~Livﬂg(A)a lh( = )\mzn Z ~A Z s ;5 ,

JEN,j#v
1 1
pru(A) = 5[5uu + ki (A) — (el,u(A»E]v
01u(A) = (Kuw — K7 (A)? + dkurit(A), 5 (A) = Amin( D> A5k
EEN, k#u

liv denotes the minimum eigenvalue of the symmetric matriz A(i,v,:,:) with v # 1
and Kk, denotes the minimum eigenvalue of the symmetric matriz A(:,:,u,l) with

u # 1.

Proof. Let 73;(.A) be the minimum M-eigenvalue with nonnegative left and right

M-eigenvectors (z,y). Set z, = m%({xi} > 0. Since A is an elasticity Z-tensor,
1€

then a;j,; < 0 for all 4,4, k,l € N except for i = j and k = [. By the p-th equation
of 7y (A)x = Azy? and from Lemma 2.4, for any q € N, q # p, one has

v (A)z, = Z Api kT YRYl = Z Api kT YRYL + Z ApgklTqYkYl
JlEN JkIEN j#q kIEN
> ) kTt Y GpgkiTaUkye
JkIEN j#q kIEN
Z A(p7j7 5 :)y)zp + Z ApqklTq¥YLYl
JEN,j#q k,EN
Z )\mzn( Z A(paja:v:))xp+/\Min(A(paq :7:))1'(1
JEN,j#q

= pp(A)Tp + tpgTq,
equivalently,
(H3(A) = a1 (A))y < gy (3.10)

Since x4 > 0, we now break up the argument into two cases.
Case 1. 24 > 0. Recalling the g-th equation of 7ps(A)x = Azy?, we deduce

T (A)xg = E AgiklTjYrYl = E AgiklTjYRYr + E QqqklTqYrYi
J,k,leN J,k,lEN,j#q k,leN
> E GqiklTpYrYl + E QqqklTqYkYi
J,k1EN,j#q k,leN

Z Alg, j, 5 0)y)xp + Z AqqkiZqYkYl

JEN,j#q k,leN
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2 Amzn( Z A(Qa ja 5 :))JZP + /\min(A(q, q: :)):Eq
JEN,j#q

= pg(A)zp + figqTq,
that is,
(tgq — T (A))zg < —pd(A)xy. (3.11)
Multiplying (3.10) with (3.11) yields
(1 (A) = 70 (A)) (gq — Tar(A)) < ppgrg(A), (3.12)
equivalently,
7o (A)? = [ (A) + pgq]Tar (A) + Hggrd(A) — pipgpid(A) < 0. (3.13)

Solving (3.13) for 7as(.A), one has

Nl

T (A) = Sligq + 15 (A) = (Bpe(A))2],

|~

where
Apg(A) = (pgq — N;q;(-A))Q + 4Npqﬂg(~’4)~

From the arbitrariness of ¢, we obtain

M

1
™ (A) > qe%?;;;p i[ﬂqq + NZ(A) = (Apq(A)

]

Further,

[N

e (A) > min max = [ + 2 (A) — (As0(A))

. 3.14
i€EN vEN,v#£i 2 ] ( )

Case 2. x, = 0. Recalling (3.10), we have 7p/(A) > pf(A), which implies that
Ta(A) > pd(A) is a solution of (3.12).
On the other hand, with y; = Illé%({yl} and the t-th equation of 7y (A)y = Az?y,

it is clear that

v (A)y, = E @ikt Ti Yk + E it TiT Yz
i EN kst ijeEN

Following the similar arguments to the proof of (3.14), we deduce

) 1 ., :
7 (A) > min R 5 lFuu + w7 (A) = (0.u(A))2]. (3.15)

As a consequence, the desired results hold from (3.14) and (3.15). O
Next, we use Example 4.1 of [21] to show the superiority of our results.
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Example 3.1. Consider an elasticity Z-tensor A = (a;jx) € E4 3 defined by the
entries

(1111 = G2222 = 3333 = O, 1122 = A1133 = 2233 = 6,

(2211 = (3311 = A3322 = 7,02123 = 1223 = A2132 = G1232 = —0.2,
ai112 = ai121 = —1,a2212 = a2221 = —0.5,a1200 = an122 = —2,
a3313 = az331 = —0.5,a1333 = az133 = —2,a1311 = az111 = —1,
a2223 = Q2232 = —0.5, a2322 = a3222 = —1,a2333 = asa33 = —2,
a1213 = 1231 = A2113 = G2131 = —0.2,

a3132 = a3123 = A1332 = a1323 = —0.2, a5, = 0, otherwise.

By computations, we obtain that the minimum M-eigenvalue and corresponding
with left and right M-eigenvectors are

(tm(A), z,y) = (2.5000, (0.7071,0,0.7071, 0), (0.7071,0.7071,0)) .
The bounds given in the different literatures are shown in Table 1.

Table 1. Comparisons of the existing results with our methods

References Bounds

Lemma 2.4 and Theorem 3.1 of [§] —0.8000 < 7,,(.A) < 5.0000
Lemma 2.4 and Theorem 3.2 of [8] —0.6667 < 13/(A) < 5.0000
Theorems 3.1 and 3.2 of [21] 0.3000 < 77 (A) < 3.4000
Theorems 3.1 and 3.3 of [21] 0.3900 < 7ar(A) < 3.4000
Theorems 3.1 and 3.2 1.9241 < 1 (A) < 2.7643
Theorems 3.1 and 3.3 2.0779 < Tpr(A) < 2.7643

4. Identifying strong ellipticity and elasticity M-
tensors

In this section, we establish some sufficient or necessary conditions for identifying
an elasticity M-tensor and strong ellipticity based on the conclusions in Theorems
3.1-3.3.

Theorem 4.1. Let A = (aijri) € Ea, be an elasticity Z-tensor. If
in p;(A), mi 0, 4.1
max{min 1;(A), min r; (A)} > (4.1)
then strong ellipticity of A is satisfied, and A is a nonsingular elasticity M -tensor.
Proof. It follows from Theorem 3.2 and (4.1) that

T (A) > maX{?éij{]l ui(A),?elilbl ki(A)} >0,

which implies that strong ellipticity is satisfied, and A is a nonsingular elasticity
M-tensor. O
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Theorem 4.2. Let A = (aijni) € Ea be an elasticity Z-tensor. If

maX{greujrvlv Dax, §i.0(A), min Dax pru(A)} >0,

then strong ellipticity of A is satisfied, and A is a nonsingular elasticity M -tensor.

Proof. Following the similar arguments to the proof of Theorem 4.1, we obtain
the desired results. O

With the help of Theorem 3.1, we are now ready to propose a necessary condition
of nonsingular elasticity M-tensors or strong ellipticity.

Theorem 4.3. Let A = (aijr1) € Earn be a nonsingular elasticity M-tensor or be
strong ellipticity. Then

w
i i >0 d*>0, 4.2
min p and — (4.2)

where p;; and w are defined in Theorem 3.1.

Proof. Since A is a nonsingular elasticity M-tensor or is strong ellipticity, we
obtain that the minimum M-eigenvalue of 77 (A) > 0. This, together with Theorem
3.1 yields

w
0 < 7ar(A) < min{min j;;, —}.
7 (A) < min{min p;;, —}

Thus, the results hold. O

The following example shows that the results given in Theorems 4.1 and 4.2 can
check whether an elasticity Z-tensor is a nonsingular elasticity M-tensor, and verify
the strong ellipticity of an elasticity Z-tensor.

Example 4.1. Consider an elasticity Z-tensor A = (a;jr) € E4,3 defined by the
entries

a1111 = 42222 = (3333 = 9,A1122 = G1133 = 2233 = 0,

@2211 = 3311 = 3322 = 7, 02123 = (1223 = G2132 = G1232 = —1,
aiiie = a1121 = —1,a2212 = azz21 = —0.2,a1222 = a2122 = —2,
az313 = azzz1 = —0.2,a1333 = a3133 = —2,a1311 = az111 = —1,
2223 = 2232 = —0.2,a2320 = a3222 = —1,a2333 = agezz = —2,
(1213 = 1231 = A2113 = G2131 = —1,

az132 = A3123 = @1332 = Q1323 = —1, 56 = 0, otherwise.

By computations, the bounds given in the different literatures are shown in the
following table.
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Table 2. The bounds of the minimum M-eigenvalue in different literatures

References Bounds

Lemma 2.4 and Theorem 3.1 of [8] —5.0000 < 73,(A) < 5.0000
Lemma 2.4 and Theorem 3.2 of [8] —4.6214 < 73,(A) < 5.0000
Theorems 3.1 and 3.2 of [21] —0.4000 < 7ps(A) < 2.5333
Theorems 3.1 and 3.3 of [21] —0.3037 < 1 (A) < 2.5333
Theorems 3.1 and 3.2 0.8000 < 7as(A) < 1.8336
Theorems 3.1 and 3.3 0.9232 < 7)s(A) < 1.8336

From Table 2, the existing results, such as Theorems 3.1-3.2 of [8] and Theorems
3.2-3.3 of [21], cannot verify the strong ellipticity condition of A. Fortunately, we
can deduce that A is a nonsingular elasticity M-tensor and strong ellipticity holds
by Theorems 4.1-4.2.

We give the following example to show that Theorem 4.2 is more accurate than
Theorem 4.1 in judging the strong ellipticity of elasticity Z-tensors.

Example 4.2. Consider an elasticity Z-tensor A = (a;jx) € E42 defined by the
entries

ar111 = 1.9,a1122 = a2222 = 2.1, a2211 = 2,
a1112 = @1121 = G1212 = G1221 = A2112 = (2121 = 02212 = G2221 = —1,

a;jk = 0, otherwise.

By computations, the bounds given in the different literatures are shown in
Table 3.

Table 3. Verifying the strong ellipticity of elasticity Z-tensors by different literatures

References Bounds

Lemma 2.4 and Theorem 3.1 of [8] —1.1000 < 73,(A) < 1.9000
Lemma 2.4 and Theorem 3.2 of [8] —1.0518 < 7,(A) < 1.9000
Theorems 3.1 and 3.2 of [21] —0.1000 < 7p7(A) < 0.0250
Theorems 3.1 and 3.3 of [21] —0.0362 < 7 (A) < 0.0250
Theorems 3.1 and 3.2 —0.0025 < 7 (A) < 0.0236
Theorems 3.1 and 3.3 0.0215 < 7p7(A) < 0.0236

By Table 3, only Theorem 4.2 can judge that strong ellipticity of A holds, and
A is a nonsingular elasticity M-tensor.
5. Conclusions

In this paper, we established sharp lower and upper bounds on the minimum M-
eigenvalue of elasticity Z-tensors based on structural characteristics of fourth-order
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tensors and Z-tensors, which improved the existing results [8,21]. Meanwhile, some
checkable sufficient (or necessary) conditions for the strong ellipticity were estab-
lished via the bound estimations of minimum M-eigenvalue for elasticity Z-tensors.
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