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THE GROUND STATE SOLUTIONS FOR
CRITICAL FRACTIONAL PROBLEMS WITH
STEEP POTENTIAL WELL*
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Abstract In this paper we investigate the existence of ground state solu-
tions for a class of critical fractional problems. Under suitable assumptions
of nonlinear terms and parameters, we get the existence of the ground states
solutions.
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1. Introduction

In this paper we investigate the existence of ground state solutions for the following
critical fractional Schrédinger equation

(=AY ’u+ (14 pa(z)u= f(u)+ w2y, 1z €R5, (1.1)

where p > 0, 2} = ﬁ is the fractional critical Sobolev exponent, (—A)® is the

fractional laplacian operator defined by a normalization constant as

(—A)u(z) = —30(3, 5 /R uz+y) +|Z(|:§+25y) —20@) 4 v e RO

-1
where C(3,s) = <fR3 %ﬁfl)) , ¢ = (¢1,¢2,(3). More details on the fractional

laplace operator (—A)® and fractional Sobolev spaces can be referred to [10]. We

consider the more general form of the equation (1.1)
(—AYu+V(z)u = f(r,u), z¢cR3.

When s = 1, V() is steep potential, Clapp and Ding [7] established the ex-
istence and multiplicity of solutions when f(z,u) = Au + u? 1. After Bartsch
and Wang in [5] firstly introduced the steep potential for which V(z) = 1 + Aa(z),
many researchers have done similar researches. For example, T. Bartsch et al. [4]
considered the positive solutions for nonlinear Schrédinger equations. L.F. Yin et
al. in [20] got existence and concentration of ground state solutions by variational
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method for f(z,u) =|ul* u + M 2u. For some other important results, one can
refer to [1,2,6,9,13,15] and the references therein.

When s € (0,1), X.D. Fang et al. [12] considered the ground state solution and
multiple solutions, where V and f(z,u) are periodic, asymptotically linear and sat-
isfying a monotonicity condition. In [21], H. Zhang et al. considered the superlinear
fractional Schrodinger equation where V and f are asymptotically periodic in x. F.
Patricio et al. in [11] got the positive solution where f(x,u) is superlinear and
subcritical growth with respect to u. J. Zhang et al. in [22] studied the critical case
and obtained the existence of ground state solutions by establishing Pohozave type
identity when s € (2,1).

Inspired by the works described above and [3,8,14,18], in this paper, we discuss
the fractional critical problem under the following conditions:

(fr) fe C’(R R), hm f(t) =0;
_f®)
(f2) |t\%oo \tlz* 2 O
(f3) tllglo 2 =00, when s € [2,1) and F(t fo
(a1) a € C(R3R), a(x) > 0 for all z € ]RB, there exists ag > 0 such that

meas{z €R : a(z) < ap} < o0;

(a2) a(z) € CY(R3,R), (Va(x),x) € L®(R) U L%(R), let V(z) =14 pa(x) satisfy
3V (z) — (VV(x),x) > 0,2 € R3;
(a3) let ©Q := inta=!(0) be non-empty.

The following is our main result.
Theorem 1.1. If (f1)-(f3) and (a1)-(as) hold, there is a constant o > 0 such that
> po, equation (1.1) has a nontrivial ground state solution.

Remark 1.1. Without Ambrosetti-Rabinowitz conditions, the boundedness of
Palais-Smale sequence is difficult to get. Moreover, the minimum value of the energy
functional is greater than zero, which can not be easily obtained by variational
method. In order to overcome these difficulties, we establish the Pohozaev type
identity and the Nehari-Pohozaev-Palais-Smale sequence.

2. Preliminaries and the functional setting

We now collect some preliminary results for the fractional Laplacian. For any
s € [2,1), the fractional order Sobolev space:

H*(R®) = {u € L*: [ulg: < oo},

where [u]g=is the so-called Gagliardo seminorm defined as

[u] g+ (R?) = // o) —ww)* ) )%
ulae( Rr3J/R3 |3+23 )

Then the fractional Sobolev space

2
H*(R?) eL2// |dd/2d< )
( {u rsJR3 Ix—yl3+25 T ]R3U(x) v
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H*(R?) equipped with the norm

||u||Hs(R3) = [U]HS(R3) + |u\L2(R3).

Then H*(R3?) is a Hilbert space with the inner product

wi-[ [ (ute) — ulw)) (v(z) —o(v)

PR dady + /RS u(z)v(z)de.

It is well known that the fractional soblev space H®(R?) is continuously embed-
ding into L7 where g € [2,2}], and H*(R?) is compactly embedding into L ., where
q € [1,2%). Then we define the best fractional Sobolev constants

s 2
. Jps | (=A)3u|"da
ueH*(R?)\{0} T
(Jro |0 P2t

Moreover, for any p > 0, we define the following space

E z{u € H*(R®): /}R3 pa(z)u? < oo},

with the inner product as follows

() = / (-AYhu(-A)bpdr + / (1 + pa(e) updz,

R3

the corresponding norm

1
2

Jull= [ [ (8507 + (1 + pata)ua]

Then the energy functional I : F — R is

I(u) = %/W((—A)%u)Q + (1 + pa(z))ulds — /R F(u)dz — 2i 3 o2 de.

It is easy to know that I(u) is well defined and the derivative is given by

[N

(') = [ (A=A bt (1 pala)upda— | fluhodo— [ ¥ upda,

Thus, u is a solution of (1.1) if and only if u is a critical point of I.

Lemma 2.1 ([13]). Let (E, ||-||g) be a real Banach space and I € C*(E,R) satisfies
I(0) =0 and
(i) there exists constants p,k > 0 such that I|6B > Ky
P
(ii) There is an e € X\B, such that I(e) < 0;

Then for any constant ¢ = inf max I(y(t)) > k, there is a sequence ux € E such
yeT 0<t<1

that I(uy) — ¢ and I'(u) — 0, where T' = {ry € C1([0,1], E),v(0) = 0,~(1) = e}.
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Lemma 2.2 (Mountain Pass Geometry). E is a fractional Sobolev space, I €
C'(E,R), If (f1), (f2) and (a1) hold, then

(i) there exists a positive constant p such that I(u) > 0 for any |ul| = p;

(ii) There exists e € H*(R3) such that ||e| > p, and I(e) < 0.

Proof. (i) By (f1), (f2), there are constants € (0,1), C,, > 0 such that

[ f(u)[< (2.1)
From a(z) > 0, for any p > 0, we have
/ w’idr <||u|? . (2.2)
R3
By (2.2) and Hélder inequality, for any 7 € (2,2%), we have
27 (2-7)
/ wTde < S?CID ||lul|”. (2.3)
R3

Together with (2.1), (2.2) and (2.3), we get

I(u) = %/R ((-A)%u)2+(1 + pa(z))utdz _/ F(u)dz — Qi u® dz

R3 s JR3

1 e\ 2, N 2 7@/ 27
2/11@(( A) u) +(1 + pa(z))ude 2/Rsud:c 5 Rsu dx

1-C1 2 C + 2* o*

v

Then there is a constant p € (0, 1) such that I(u) > 0 for all || u ||=p
(i) We choose a fixed u € E \ {0}, for t — 400, then

2 s \2 25 .
I(tu) = — <(—A)5u) +(1 + pa(z))u’dr —/ F(tu)dz — / u?s dx

2 R3 R3 2%s R3
t2 . 2 tQ: *

> — ((—A)iu) +(1 + pa(z))udr — / u“sdx
2 R3 2: R3

— —00.

We choose e = tu for ¢ large enough such that || e ||> p, I(e) < 0. O

Lemma 2.3. If u >0, (f1) — (f3) and (a1), (ag) hold, then there is a u. € E\ {0},
such that 0 < ¢ < Ig&g{](tug) < %S%.

Proof. From [17], we know that the best Soblev constant can be attained by

the function @ = ﬁ with k € R\ {0}, ¢ > 0 and the fixed z¢ €
2|z —x0
R3. Let 4 = %, () = ;) and U(z) = 5’3_225u*(£). Thus, we
Tafl, 25 (R?) 575 B
izs &= = S2:. 1p(z) is a truncated function defined as

1 ifz e B,
P(x) =
0 ifxe B;.
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Let u.(z) = o(z)Us(z), it is easy to get | uc(z) |<| Uo(z) |< Ce™=, and

/ | (—A)3u, [2de < S5 + o(32), (2.4)
]RS

forr
R3

By a direct calculation, there exists a ry such that

/ |u€|2dm§/ | Un(2) 2 da
R3 B, (0)

= 57(3725) / Ko
( 2 x )3—28
B2T(O) gsi

2 dy = 8% + o(e%).

- - (2.5)

From Lemma 2.2, there exists t. > 0 such that I(t.u.) = max I(tug), for I' (teu.) =

O—t/| 2 4t /udm—/ftuguadx—tz -t
<t/| 2 4t /u?dm—tssil.
Q

Then we get that
1272 < / | (=A)Zu. |2 da +/ uldz,
Q Q

combine with (2.4) and (2.5), one get that t. < C, where C is a constant independent
of . For some constant C'; > 0, one gets t. > C7 > 0 for € > 0 small. Otherwise,
there is a sequence €, — 0 as n — oo such that {,, — 0 as n — oo, along a
subsequence, we get t., u., — 0in E as n — oo, therefore

0 and (as), we have

w\m

Nz\m

0<e< max I(tue, (z)) = I(te, ue, (z)) — 0,

it is a contradiction. From (f5) and [17], for any M > 0, there is Th; > 0 such that
t € [Tar,+00], one gets

CMe* |Ine |, s=3,
/ F(ue) >
|lz—zo|<e CMe3=3s, s€(3,1).
Hence, for ¢ small enough, we have
Ma3, 5= %,

F(Z'()) = _2s 3
Mazxy=, se(g,1).
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Together with (2.5), one has

Ctee Flue)dz
lim Ji—apice Fle = foo. (2.6)
0t fo |us(z) 2 do
Moreover we get that
/ F(us)dz > C |ue 2> C/ |ue |2 d, (2.7)
lz—xo|<e |z—x0|<e Q

by (a2), (2.5), (2.6), (2.7) and t. < C, we consider

t2 : t2
I(teue) = i/ [(=A)2u [P de+ = | (1+ pa(e))ude
2 Jes 2 Js
12 5
— | F(teue)dz — |ue |* dx
RS 25 Js
t2 2 t2 2 2 27
== [ |[(-A)2u|*de+ = | uidx— | F(teue)dz — |ue |%s dx
2 Ja 2 Ja " 25 Ja
t2 . 9 t2 9
< 1?2513((5 ; | (=A)2ue |* de + / uadx>
2 .
— | F(tou)de + - |ue |*s dx
Q 23 Q
1.3 1 2
< =52 4+ 0(e2) — F(teuc)de +C | | ue |° dz
3 ke—aol<e Q
<lgz
-3

O

Lemma 2.4. Assume (f1) — (f3), (a1) and (a3) hold, let {ur} C H*(R) be a
sequence such that I(ug) — ¢ (¢ < %S%), I'(ug) — 0, then uy is bounded.

Proof. If we assume that || ug ||— oo, let vy =
v — v a.e. in R.

If v(z) =0 ae. in E for z € R, by (f1), (f2), there is a constant w € (0, 5 — o)
satisfied 6 € (4,2%) and a constant C,, > 0 such that

“’;H , then v, — v weakly in H*(R),

flw

1 .
flur)ue — Fug) |< w Jug | +Cy [ug %,

'3

then
1 1

1
A > (2 _ = 2 2
(I(Uk) i (Uk)uk>)_ (2 9>||Uk|\ C“/Ra | ug|” da,
thus, we derive that

o (100 g7 )2 (5= 5)=Ca [ e P e

We have known that I(ug) — ¢, I'(ug) = 0 and || ug || = oo, then through a simple
calculation, we get 0 > (3 — #), it is a contradiction.
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If v(z) # 0, let Q@ = {x € R3 : v(z) # 0}, by vi(z) = T — v(x) for any
x € Q, we have lim ug(x) — oo, from (f3), there is a constant K, C' > 0, such that
n— oo
F(u) > Ku? + C and by Fatou’s lemma
c+o(1) . T(ug)

0 = lim =
n—oo lugll oo |lug |

1 1 1 .
n—oo |2 [lug]? Jra 2 luk|? Jre

1 F
< lim { 7/ (gk)vidz]
n—oo | 2 R3 U

k
1 2
<--K vedx,
2 R3
when K is big enough, it is a contradiction. Thus, u; is bounded. O

Lemma 2.5. If (a1), (as3), (f1) — (f3) hold, there is a constant ug > 0, for any
> pg, there holds uw # 0 and I'(u) = 0.

Proof. By Lemma 2.1, Lemma 2.2 and Lemma 2.4, we get that there is a bounded
sequence {uy} C E, along a subsequence still written as {uy}. There existsau € E
such that uy — u, I'(u) > ¢ < %S% and I'(u) — 0. For any ¢ € C*°(R), we have
<I/(uk)a SD> = Oa and

[ 0 -8t 1 pae)ueds > [ (-8)iu(-2)f e+ (14 pa(o) ) upds,
R3 RS

f(uk)godx—/ ui:72uapd$—> f(u)apdm—/ u? 2upd.
R3 RS R3 R3

So we derive that I'(u) = 0.
Suppose that v = 0, then u; — 0, B,(y) be a bounded ball, we have

lim sup/ | w|? de > 0.
B (y)

n— oo yG]RS

Next, we will discuss two cases to show that this hypothesis does not hold.
If lim sup [p | |2 dz = 0, by Lions Lemma( [19], Lemma 1.21), we can

n—oo y€R3

derive that fl |ug [P dx — 0, where p € (2,2%). From (f1) and (f2), there is a

e > 0 satisfying C. > 0 such that | F'(uy) [<e(ui + ui) + C.lui|?, g € (2,2%). By
Lebesgue dominated convergence theorem, there is

z|<r

lim F(ug)dz =0, lim fug)updz = 0.

n—00 Jp3 n—00 [p3
Thus

R .

Iug) = = Jux || — F(ug)dr — o w,dx
2 ]RB 23 ]R3
el = [ o+ o)

=clu - U ax + o

g TR Tox g Tk S
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and

or(1) = I'(ug) = || ug |)? —/RS S ug)upde — /R3 ui:dx
ST _/RS 2 de, (2.8)

We take a subsequence, which is still recorded as {ug}. Then there exists [ > 0
such that

lim |Jug = lim |ug|= 1. (2.9)
k—o0 k—o00 s
Suppose I = 0, then || ug || = 0 in E, I(ux) — 0. But we have already known that
I(u) — ¢ > 0, there is a contradiction. Therefore, { > 0 holds. By I(ug) — ¢ > 0,
(2.8) and (2.9), we get

3c> 141, (2.10)

by the definition of S, we derive that
2
2 ) 2

g |2 /]R ((—A)%uk>2dx > S</R | g

which could get [ > §3+ as k — 0o, combining with (2.10), we derive that ¢ >
a contradiction.
If we assume that lim sup fB (y)\ u|?dx > 0, there is a positive constant o > 0
n— oo R3 ""

3
%525’

such that

lim sup/ |u|?dx = a > 0.
k=00 yers B, (y)

For convenience, let D,.={z € R*\ B, : a(x) > ap}, A,={z € R3\ B, : a(r)<aop},
moreover, meas(A,) — 0 as 7 — oo by (a1), one has

limsup/ ui < limsup / (1 + pag)uide
D, RS

k—oc0 k—oo 1+ pag

< limsup ||ug 2
1+ pao koo e

c
< )
1+ pag

(2.11)

where || uy [|[2< C is independent of k and p, then take p > é—go such that [, uf <
C_ o C ca '
1+pao — pag — 4

uniformly in k. Moreover, we verify that

/ uide < (/ uidm)q (/ 1dx) ’
A, A, Ay

2 a=2

< [Jug || (meas(Ay))

< C(meas(Ar))%z — 0, (2.12)
where ¢ € (2,2}] and uniformly in k. From u, — 0 in L} (R3) with ¢ € (2,2}],
(2.11) and (2.12), as r — oo, we have

a = lim sup/ uidw < limsup/ u?dx
B, R3

k—o0 y€ER3 k— 00
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zlimsup(/ |ug |2 dm—l—/ |y | dx)
k—o00 B, B¢
= limsup (/ uidx +/ uidm)

k—o0 D A

r r

e
< —.
4
This is a contradiction. Hence, there exists u # 0 such that uy — w in F and
I'(u) = 0, the proof is finished. O
Proof of Theorem 1.1. By Lemma 2.2 - Lemma 2.5, there is a bounded sequence
{ur} C E such that I(ug) — ¢ < %S%, I'(ur) — 0. We take a subsequence still
denoted by {uy}, then up — v in E, I(ux) = ¢ < %S%, I'(ug) =0, I(u) > c<
183 and I'(u) — 0. Let

N = {u e E\{0}: I'(u) = o}, m = inf I(u).
By the argument above, we know that A is not empty. Now we claim that m > 0.
We establish the Pohozaev type identity of equation (1.1) as follows

3—2s

Pu): = 5 / (—A)2u|? do + ;/Rs(l + pa(z))u’de

R3
3
—3/ F(u)dm——/ lu
R3 25 Jrs

% dr = 0. (2.13)

Moreover we have

1) = I(u) ~ - '(u)
= (% - 2%) N8R (1 + pa(a)uda
—|-2i* fw)udx — F(u)dx. (2.14)
s JR3 R3

Combined with (2.13) (2.14) and (az), for s € [2,1), u # 0, we have

_43—3
6

I(u) R3|(—A)%u|2 +% /RS(1 + pa(z))udx

1 1 .
6 /Rg(V(l + pa(x)), v)uide + — [ (f(u)u+ u?)dx

2% Jgrs
4s — 3 s
> 22 o)t
6 Jus

> 0.

2 +271?§ /Rg(f(u)u—i—u%)dx

Thus, we get m > 0. Assume v, — u weakly in F, similar to the proof of Lemma
2.5, we derive I(u) = m and I'(u) = 0 with u # 0 from I(uy) = m < %S% and
I'(ug) = 0, so m is attained by u. The proof is completed. O
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