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EIGENVALUE PROBLEM FOR A NABLA
FRACTIONAL DIFFERENCE EQUATION
WITH DUAL NONLOCAL BOUNDARY
CONDITIONS

N. S. Gopal' and Jagan Mohan Jonnalagadda®'

Abstract In this work, we study the existence of positive solutions for the
non-local boundary value problem for a finite nabla fractional difference equa-
tion with a parameter 5 > 0

{—(vm@u)(t) = Bf(t,u(t), teN’s,
u(@) = g1(u), u(b) = ga(u).

With the help of properties of the Green’s functions and appropriate conditions
on the non-linear part of the difference equation, we are able to construct the
eigenvalue intervals of the considered boundary value problem using Guo-—
Krasnoselskii fixed point theorem on a suitable cone. Finally, we provide a
couple of examples to demonstrate the applicability of established results.
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1. Introduction

Over the last few decades, the theory of fractional calculus has been extensively de-
veloped due to its properties, generalizing many results of differential calculus and
its non-local nature of fractional derivatives. The contributions of several math-
ematicians over the span of three centuries have resulted in a robust theory of
fractional differential equations for the functions of a real variable. Its roots can
be traced back to the Leibniz letter dated ”30th September 1695”. Today frac-
tional calculus has been successfully used for mathematical modeling in the fields
of medical sciences, computational biology, economics, physics and several areas of
engineering in the past three decades. For further applications and historical litera-
ture, we refer here to a few classical texts on fractional calculus by Miller—Ross [22],
Samko et al. [25], Podlubny [24] and Kilbas et al. [21].

On the other side of the coin, nabla fractional calculus is a branch of mathe-
matics that deals with arbitrary order differences and sums in the backward sense.
The theory of nabla fractional calculus is relatively young, with the most prominent
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works done in the past decade. The notion of nabla fractional difference and sum
can be traced back to the work of Gray and Zhang [9], and Miller and Ross [23]. In
this line, Atici & Eloe [3] developed nabla fractional Riemann-Liouville difference
operator, initiated the study of nabla fractional initial value problem and estab-
lished exponential law, product rule, and nabla Laplace transform. Following their
works, the contributions of several mathematicians have made the theory of discrete
fractional calculus a fruitful field of research in science and engineering. We refer
here to a recent monograph by Goodrich & Peterson [7] and the references therein,
which is an excellent source for all those who wish to work in this field.

The study of boundary value problems (BVPs) has a long past and can be fol-
lowed back to the work of Euler and Taylor on vibrating strings. On the discrete
fractional side, there is a sudden growth of interest in the development of nabla
fractional BVPs. Many authors have studied nabla fractional BVPs recently. To
name a few, Ahrendt [2], Goar [6], and Tkram [14] worked with self-adjoint Ca-
puto nabla BVPs. Brackins [5] studied a particular class of self-adjoint Riemann—
Liouville nabla BVPs and derived the Green’s function associated with it along
with a few of its properties. Gholami et al. [10] obtained the Green’s function for
a non-homogeneous Riemann—-Liouville nabla BVP with Dirichlet boundary condi-
tions. Jonnalagadda [11,15-19] analyzed some qualitative properties of two-point
non-linear Riemann-Liouville nabla BVPs associated with a variety of boundary
conditions. Goodrich [8] has analyzed FBVP with a non-local condition in the
delta case. Han [12], and Sun [26] have analyzed the existence and non-existence of
positive solutions to a discrete eigenvalue problem with conjugate conditions and
non-local conditions, respectively using Guo—Krasnoselskii fixed point theorem on
cone in the delta case, to the best of our knowledge very recently authors in [11]
have analyzed solution of nabla FBVP with non-local conditions.

We consider the following boundary value problem with dual non-local condi-
tions with parameter 5 > 0

~(Voww(t) = Bf(tu(t), ¢ €Ny, (1)

u(a) = g1(uv), u(b) = g2(u),
where a,b € R with b—a € N3,1 < < 2, f: N0, x R » R U {0} and the
functionals g1,g92 : R — R. The present article is organized as follows: Section 2
contains a few preliminaries on nabla fractional calculus. In Section 3, we construct
the Green’s function corresponding to (1.1) and state a few of its properties. In
Section 4, we study the existence of at least one positive solution of (1.1) using the
Guo—Krasnoselskii fixed point theorem on cones. In Section 5, we obtain sufficient
conditions on the existence of a unique solution for the proposed class of boundary
value problems using the contraction mapping theorem. Finally, we conclude this
article with a few examples.

2. Preliminaries

Denote the set of all real numbers and positive integers by R and Z*, respectively.
We use the following notations, definitions, and known results of nabla fractional
calculus [7]. Assume empty sums and products are 0 and 1, respectively.
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Definition 2.1. For a € R, the sets N, and N2, where b — a € Z*, are defined by
N, ={a,a+1,a+2,..}, N ={a,a+1,a+2,..0}.
Definition 2.2. We define the backward jump operator, p: Noy1 — Ng, by
pt)=t—1, teNgy1.

Let u : N, = R and N € N;. The first order backward (nabla) difference of
u is defined by (Vu)(t) = u(t) — u(t — 1), for t € Ngy1, and the N*"-order nabla

difference of u is defined recursively by (V™ u)(t) = (V (VN’lu)) (t), fort € Nyyn.

Definition 2.3 (See [7]). Let t € R\{...,—2,—1,0} and r € R such that (t+7r) €

R\ {...,—2,—1,0}, the generalized rising function is defined by
= L(t+r)
IO
Here I'(+) denotes the Euler gamma function. Also, ift € {...,—2,—1,0} and r € R
such that (t+7) € R\ {...,—2,—1,0}, then we use the convention that ¢" = 0.

Definition 2.4 (See [7]). Let t, a € R and y € R\ {...,—2,—1}. The p'"-order
nabla fractional Taylor monomial is given by

 (t—a)”
) = gy

provided the right-hand side exists.
We observe the following properties of the nabla fractional Taylor monomials.
Lemma 2.1 (See [14]). Let u > —1 and s € N,. Then the following hold:

Ift € Ny, then H,(t,p(s)) > 0 and if t € Ny, then H,(t, p(s)) > 0.
Ifte Ny and —1 < pp <0, then H,(t, p(s)) is an increasing function of s.
Ift € Ngyq and —1 < pu <0, then H, (¢, p(s)) is a decreasing function of t.
Ift € N,y and > 0, then H,(t,p(s)) is a decreasing function of s.

Ift € Nyg) and pn > 0, then H,(t, p(s)) is a non-decreasing function of t.
Ift € Ng and > 0, then H,(t, p(s)) is a increasing function of t.

7. If0 <wv < p, then Hy(t,a) < H,(t,a), for each fized t € N,.

S T o~

Lemma 2.2. Let a,b be two real numbers such that 0 < a < b and 1 < a < 2.

Then EZ:‘;))::I is a decreasing function of s for s € N3~ 1.

Proof. It is enough to show that V, (((Z::;;) <0.

Consider

()
(b—s)o 1
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(a=1) (=(b=5)(b=p())* 2(a—p(s)* >+ (a—s)(a—p(s))* 2(b—p(s))" )
(Mwﬁjw—M@Fj
( b—l—s+a—s)

Since b > a, it follows from Lemma 2.1 that V ( ) < 0. The proof is
complete. m

Definition 2.5 (See [7]). Let u : N, ; — R and v > 0. The v**-order nabla sum
of u is given by

t
Z Hu—l(tvp(s))u(s)v te Na—i—l-
s=a+1

Definition 2.6 (See [7]). Let u : Nyy1 — R, v > 0 and choose N € N; such that
N —1 < v < N. The v*-order Riemann-Liouville nabla difference of u is given by

(V¥u)(t) = (VN(V;UV*V)U))@), t€ Ny

Theorem 2.1 (See [7]). Assume v > 0 and N —1 < v < N. Then a general
solution of Vix(t) =0 is given by

at) =ci(t—a)’ T Heat—a)’ 24 ten(t—a)’N, for teN,.

3. Green’s Function

In this section, we construct the Green’s function for the boundary value problem
(1.1) and derive a few properties of the same, which will be used in the rest of the
article.

Theorem 3.1 (See [5]). The nabla fractional boundary value problem
~ (Voa)(t) = he), t €N, (3.1)
u(a) = u(b) =0,

where a,b € R withb—a € Ng, 1 < a <2 andh: NZ+2 — R, has the unique solution

Eb: G(t,s)h(s), teN, (3.2)

s=a+2

where the Green’s function G(t,s) is given by

I j?lgﬂynlwmw» e,
t,S — a—1 ag
%wgzigggmummw—muwmm,tew.

(3.3)
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Lemma 3.1. The equivalent form of the homogeneous nabla fractional boundary
value problem with non-local conditions

{—(fo(a)w)(t) =0, for teN, ,, (3.4)
w(a) = g1(w),  w(b) = ga(w),
s given by
b—t\(t—a+1)2 (t—a)t
W) =) (=) e oy tew T e 89

Proof. From Theorem 2.1, the general solution of the equation f(V;‘(a)w)(t) =0,
is given by

wt) =ci(t—a+1)""T 4ot —a+1)*"2, te N, (3.6)

where ¢; and c¢p are arbitrary constants. Using w(a) = g1(w) and w(b) = g2(w),
respectively in (3.6), we have

91(w)
MNa-1)

go(w)=ci(b—a+1)*"T+e(b—a+1)*2

=ci(a—1)+ o,

Now, solving the above system of equations for ¢; and ¢y, we have

_giw)(b—at+ 12 1)

R TP Y T R T
o) o a@)b-at )T ga(w)
“ T Ta-1 ( l)l r(a—1)(b—a)a1+(b_a)a1]'

Substituting ¢; and ¢ in (3.6), we have

w(t) = (t—a+1)""T

gw) g b—at+1)"?

(b—a)* 1 T(a—1)(b—a)*T
g1(w) g(w)(b—a+1)"2  go(w) .
i I'(a—1) ~(a=1) [_ F(a—l)(b—a)ﬁ—i_(b_a)ﬁ 1 (t—a+1)
_g@b—at )P s T
T Ta-Db-a@1 [(a D(t—a+1)*? —(t—a+1) 1]

L) [(t—a+1)"T—(a=1)(t—a+1)""7] L) gy gy

(b—a)o—1 Tl —T)
) = (bt )T -0 (t— T
_m [(t—a—kl) - F(a—l)(b—a)m +92(w)m
_ b—t (t—a—|—1)<¥f2 (t—a)ﬁ
_gl(w)<bfa) T(a—-1) +g2(w)m.

The proof is complete. O
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Lemma 3.2. w satisfies the following property:

maxw(t) < g1 (w) + ga(w), (3.7)

where w is given by (3.5).

Proof. Consider

b—t\(t—a+1)*2
E e
w(t) b—a MNa-1) v (b—a)oT
Clearly, (;}’_;Z) is a decreasing function with respect to ¢t for t € Nb. Tt follows

(t—a)®~ T

=
from Lemma 2.1 that {=250° " jg 5 decreasing function of ¢ and

Ta=1) (b—a)oT is an
increasing function of ¢ for ¢t € N%. Thus, we have
b—t
max ( ) =1,
teNe \b —a
_ a—2 _ a—=2
max(t a+1) :(a a+1) 1,
teNg  D(a—1) N(a—1)
_ Na=T
max % = 1,
teNt (b — q)o—1
implying that
w(t) < g1(w) + go(w), forte NP,
The proof is complete. O

Theorem 3.2 (See [15]). Let 1 < a <2 and f: N2 x R — R. The equivalent form
of (1.1) is given by

b
u(t) =w(t) + 5 ) G(t.s)f(s,uls), teN,
s=a-+2

where the Green’s function G(t, s) and w(t) are given by (3.3) and (3.5), respectively.
Theorem 3.3 (See [5,15]). The Green’s function G(t,s) defined in (3.3) satisfies
the following properties:
G(a,s) =G(b,s) =0, for all s € N .
. G(t,a+1) =0, for all t € NC.
. G(t,s) >0, for all (t,s) € No7] x NV _,.
max G(t,s) =G(s—1,s) forall s e N’ ,.

a+1

S G(t,s) <A, for all (t,s) € NL x Nb |, where

s=a-+1
(et Ty

SN S

&t
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4. Eigenvalue Problem

In this section, we show the existence of positive solutions of (1.1) using the Guo—
Krasnoselskii fixed point theorem on a suitable cone.

Definition 4.1. Let B be a Banach space over R. A closed nonempty subset K of
B is said to be a cone provided,

(i) au+bw € K, for all u,v € K and all a,b > 0, and

(ii) v € K and —u € K implies u = 0.

Definition 4.2. An operator is called completely continuous if it is continuous and
maps bounded sets into pre-compact sets.

Lemma 4.1 (See [1]). [Guo-Krasnoselskii fized point theorem] Let B be a Banach
space and K C B be a_cone. Assume that Q1 and Qs are open sets contained in B
such that 0 € Qq and Q1 C Qo. Assume further that T : KN (Q2\ Q1) — K is a
completely continuous operator. If either

1Tyl < [lyll fory € KN 0K and || Tyl = |lyl| for y € K NIQs; or

2. |Tyll > |ly|| fory € KN and | Ty| < |yl fory e K NoQs;
holds, then T has at least one fized point in K N (Qa\ Q1).

We make use of the following lemmas, which will be used later in the proof of
our main result. This results have recently appeared in [11] and the same has be
proved here for the completeness of article.

Lemma 4.2. There exists a number X € (0,1), such that

min G(t,s) > Amax G(t,s) = AG(s — 1, s), (4.1)

teNd teN?

where, ¢, d € Ngfl, such that ¢ = a + [b*?fﬂ—‘ and d=a+ 3{%J .

Proof. By using the properties of Green’s function and Taylor monomials from
Definition 2.4, Lemma 2.1 and Theorem 3.3, respectively.
Consider, for s € Nb_,,

_ ya—T
%ﬁ, fOr s > t7
G(t,s) ) (s—a—1)"
G(s—1,s) _ Yo T _ a1 _ ya=T
(t—a) B (t—s+1) (b—a) for s < £,

(s —a—1)-1 (b—erl)ﬁ(sfafl)ﬁ’

Now, for s > ¢t and ¢ < t < d, G1(t, s) is an increasing function with respect to ¢.
Then, we have

min s) = c, S :(Cia)ﬁ(bierl)ﬁ
) = Giles) Ta)(b—a)1

For t > s and ¢ <t < d, Gy(t,s) is an decreasing function with respect to ¢. Then,
we have
(d—a)* T b—s+1)*"1 (d—s+1)°T

e I S A £
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for s € Ng o,

Thus,
GQ(da 5)7
miN% G(t,s) ={ min{Gs(d, s),G1(c,s)}, for s e Ni |,
te
‘ Gi(c, s), for s € NY,
) Ga(d,s), forseNj,,,
B Gi(c,s), forseNb,
where ¢ < r < d. Consider
_ a—1 _ a—1(p _ \a—1
(d-a) — — (d S+i (b-a) , for seNj 5,
mingews G(ts) | (s—a—1p1  (b—s+ o1 (s—a— 1o
G(s—1,5) _ Na—=T
(c=a) —, for s € Nb.
(s—a—1)>"1
Thus,
in G(t,s) > A G(t 4.2
min (t.s) = (S)gég}g (t.s), (4.2)
where
_ a—1 _ a—1 _ a—1(p _ a—1
A(s) = min (c—a) —, (d—a) — — (d S+i (b—a) —
(s—a—1)2"1 (s—a—-1)>"1 (b—s+ 1) l(s—a—1)>"1
Let for s € N2, denote by
a—1
c—a
M(s) = (c—a)*
(s—a—1)a"1
(C— a)afl

“(b—a—1)" T

Similarly, for s € Nf, 5, we take
1

Ao(s) = —————

2(5) (s—a—1)2"1

(d—s+1)>~1

By Lemma 2.2, we see that (st
[ o (d—a—1)""T(h—a)* !

(d—s+1)°"1(b—a)* T

7aa717 _
(d~a) (b—s+1)o1

.

is a decreasing function for s € N, ,,. Then

(b—a— 1)1

— (d—a-—

1 — 1)0‘71(1)7&)0‘71
d—a)* ! — — .
)a—l [( ) (b_a_ l)a—l ]

(4.3)

Thus,
min G(t, s) > AmaxG(t, s),
teNd teNd
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where L L L
Nemin | _CZ@ a0 (4.4)
b—a—Da1" (b—a—1)a1(d—a)p1

Since Gi(c,s) > 0 and Ga(d,s) > 0, we have A(s) > 0 for all s € NZ+2, imply-

(c—a)*~ !

ing A > 0. It would be suffice to prove that one of the terms W’l —
(d—a—1)*"1(b—a)*~T

a1 T(d_a)oT is less then 1. It follows from Lemma 2.1 that

(c—a)>t

—— < L
(b—a—1)>"1

Therefore, we conclude that A € (0,1). The proof is complete. O

Lemma 4.3. There exists a number Ao € (0,1) such that

inw(t) > A t 45
gggéw()_ ogrelg;;w( ) (4.5)

where w is given by (3.5).
Proof. Clearly, (%) is a decreasing function with respect to t for t € N2, Tt

(t—a+1)>—2

follows from Lemma 2.1 that Ta=h is a decreasing function of ¢ and (t=a)* "

(b—a)x—1
is an increasing function of ¢ for ¢ € NZ. Then, there exists My, My > 0 such that

b=t (t—a+1)2"2
mm( a) Ta_1 Mo

a—1

% = M, < 1.
tenNd (b —a)o—!

Take Ao = min(M;, My). Clearly Ao € (0,1). Thus, for all ¢t € N¢, we have

a—1

— —a a=2 —a
w(t) > min l(b t) U +1) ] g1(w) + min [Elt)—a;a—l] 92(w)

TteNd [\b—a MNa-1) teNd

=M, g1(w) + Mags(w)
>Xog1(w) + Aoga(w)

B b—t\(t—a+1)2"2
= [g%@;(b—a> MNa-1) ]gl(w)+>\0

ma’! ( —1 (w)
X — 1]2
teNa (b - a)

>>\ t .

The proof is complete. O

Lemma 4.4. If f is non-negative, then there exists a constant X € (0,1) such that

min[ Xb: G(t, s) f(t,u(s))} + min w(t)

teNd s—at2 teNd
— b J—
>
> ma [ G(t, s)f(t, u(s))} + Xmax (). (4.6)

s=a-+2
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Proof. It follows from Lemma 4.2 and Lemma 4.3 that

min [ i G(t,s)f(s,u(s))} + min w(t)

teNd s—at2 teNd

b
> Z min[G(t, 5)]f (s, u(s)) + Ao max w(t)

s—at2 teNd teNd

> AS:;Q max[G(t, )} (5, u(s)) + do maxw({)
b

>\ G(t A t
> $§§S§2 (t,8)f(s,u(s)) + threlggw( ),

where A\ = min()\, Ag) € (0,1). The proof is complete. O
We know from Theorem 3.2 that the equivalent form of (1.1) is given by

b
ut) = w(t) + 8 Y Glt.s)f(s,uls), teN,

s=a+2

where the Green’s function G(¢, s) and w(t) are given by (3.3) and (3.5), respectively.
Note that any solution u : N% — R of (1.1) can be viewed as a real (b—a-+1)-tuple
vector. Consequently, u € R®“4+1. Define the operator T : R0 =+l — Rb—a+1 by

b
(Tpu)(t) =w(t) + B Y Glt,s)f(s,u(s)), teN,. (4.7)
s=a-+2

Clearly, u is a fixed point of Ty if and only if u is a solution of (1.1). We use the
fact that B = RP~2*! is a Banach space equipped with the maximum norm

= t
Jull = mase ).
for any u € B. We define the cone K by
K= {u €B: u(t)>0and mli\lri u(t) > )\||u(t)} . (4.8)
teNd

It follows from Lemma 4.4 that

>\ Tull-

Clearly (Tju)(t) > 0 whenever u € K for all t € N5, Thus, 75 : K — K. Since Tj
is a summation operator defined on a discrete finite set, it is trivially completely
continuous. We state here the following hypotheses, which will be used later.
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(F1) f(t,u) = h(t)g(u) where h is a positive function defined on N2 and ¢ is a
non-negative function defined on R.
(F2) lim 2% =0, lim 2% = jo.

u—0+ Y
(F3) lim 2% = 400, lim 2% —q.

gl) There exists a number 71 >0 such that gi(u), g2(u) <%, whenever 0<u <r;.

)
(g1)
(g2) There exists a number 735 > 0 such that g (u), g2 (u) > %’ whenever ro <u <rj.
(€3)
(

I3 whenever 0 <u<rjs.
g4) There exists a number r2 >0 such that g1 (u), g2(u) < '3, whenever ro <u< 2.

There exists a number r3 >0 such that g;(u), go(u)

Denote by

G = max G(t, s),
(t,s)ENt XNZ+2

H = maxh(t) and h = min h(t).
teNd tenNd

Theorem 4.1. Assume that the conditions (F'1)-(F2) and (g1)-(g2) hold good. If
there exists a sufficiently small positive constant § and a sufficiently large constant
M such that H(b —a —1)0 < h(b—a — 1)M holds for each

Be[(Ghb—a—1)M)"" (GH(b—a—1)8)""], (4.9)
then (1.1) has at least one positive solution.

Proof. By condition (F2), there exists r; > 0 and a sufficiently small constant

% > 0 such that

(57’1

< 2
g(u) < ==,

Set O = {u € B : |lu|]| < ri}. Thus, by (4.9), (4.10), (¢1), and Lemma 3.2, for

u € K with |lu|]| = r1, we have

whenever 0 < u <7y. (4.10)

b
ITsull < maex )5 Y Glt.s)f(s,uls))| +max|w(t)]

b
s—at2 teN?

<8 Y max[G(t, )] h(s)g(u) + g1(u) + g2(w)

teNg

Therefore, || Tpu|l < ||u|| for uw € KNOQ;. Similarly, by condition (F2), we can find
0 < 71 < rq and a sufficient large constant M such that

for u > ro. (4.11)

1?let r3 =2 >ryand Qy = {u € B: [Ju <r3}. Then, for u € K with [[uf =13, we
ave

min u(t) > Mul| = M3
minu(t) > X = 373,
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implying that u(t) > ry for t € N, Therefore, by (4.9), (4.11), (¢92) and Lemma 4.3,
we have

Tsull > min [Tau(t
IToull > i Tsu(?)

b
> min |8 S Glt,5)f(s,u(s))

> min + min w(t)
teNd s—at2

teNd

>8 ) mirdl[G(tys)]f(Syu(S))+X(91(u)+92(u))

Thus, we conclude that [|Tpul| > |ul|, for u € 9Q2 N K. By part (1) of Lemma 4.1,
we conclude that T has a fixed point ug in KN (Q2\ Q1), satisfying r1 < |Jugl| < r3.
The proof is complete. O

Theorem 4.2. Assume that the conditions (F'1)-(F3) and (g93)-(g4) hold good. If
there exists a sufficiently large constant L such that H(b—a —1) < h(b—a —1)L
holds for each

Be[(Ghb—a—1)L) ", (GH(b—a—1))""], (4.12)

then (1.1) has at least one positive solution.

Proof. By condition (F'3), there exists 73 > 0 and a sufficiently large constant
L > 0 such that g(u) > % for 0 < u <rs. Set Q1 = {u € B:|u|| <rs}. Then,
for u € Q4, we have

b

T > min |Tgu(t)| > mi G(t
[Tsull > min | Tsu(®)] > min lﬁ; (t.9)f (5. u(s))

+ min w(t)
teNd

b

>8 ) tfg&%[G(tvs)]f(svu(S))+>\(g1(u)+92(U))

=Y ma>b<[G(LS)] h(s)g(u) + A(g1(w) + g2(u))

S:a+2t€N“
> NGhEE (b= a— 1)+ (’”3 +r3)
- 3N 3% 3
T3 27“3
=3 3
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implying that ||Tzul > [Ju||, for v € 021 N K. Now, we consider two cases for the
construction of Q.

Case 1: Suppose g is bounded. Then, there exists Ry > 74 such that g(u) < %, for
ry <u < 2. From (4.12), we know that 8 < (GH(b—a — 1))~ Thus, we have

b
| Tsul| = ?el%? B SZ%;Z G(t,s)f(s,u)| + ?Elfliljgw(t)

o e
<o a1y 4242
= 3 33

R1 Rl Rl
<BGH(h—a—1)+ 2450
SHGHZ (b—a—1)+ 2+
< Ry = [ull-

Case 2: Suppose g is unbounded. Then, there exists some constant Ry and a
sufficiently small d5 such that g(u) < 627“ for u > Ro, and for 0 < u < Ry, g(u) <
g(R2). Let R = max{R;, R2}. Now, we assume that Qs = {u € § : ||u|]| < R}. So,
g(u) < 28 Thus, by (4.12), we know that 8 < (GH(b—a —1))7' < (GHé2(b —
a—1))~t. Then, we have

b

T < G t, , t
[ BUH_?el%{’;( 5522 (t,s)f(s,u) —i—gg{z{w()

<8 Y max[G(t, )] h(s)g(u) + g1(u) + g2(w)

S:a+2tENg
52R T2 T2
<BGH=ZE(b—a—-1)+—=+ =
< BG 3 (b—a—1)+ 3 + 3
SBGH(&—R(bfafl)+§+§

Thus, we have || Tgul| < |lul| in both the cases for u € dQ N K. By part (2) of
Lemma 4.1, we conclude that T has a fixed point v € K N (22 \ ©1). The proof is
complete. O

5. Uniqueness of Solutions

In this section, we present the uniqueness result for the boundary value problem
(1.1) using the contraction mapping theorem. We also construct a few examples to
illustrate the applicability of established results.

Theorem 5.1 (Contraction Mapping Theorem, see [1]). Let S be a closed subset
of R™. Assume T : S — S is a contraction mapping, i.e. there exists a number
w, 0 < pu <1, such that ||Tu —Tv|| < pllu—2|, for all u,v € S. Then, T has a
unique fized point ug € S.
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Theorem 5.2. Assume that f(t,u), g1(u) and go(u) are Lipschitz with respect
to u, i.e there exist a’, b, ¢ > 0, such that |f(t,u1) — f(t,u2)| < @' |lur — uzl|,
lg1(u1) = g1(u2)| < O'fJur —uz|| and [g2(u1) — g2(uz)| < ¢ |lur — ual|, whenever
uy, ug : R — R. Then, the boundary value problem (1.1) has a unique solution
provided

adpA+Y + <1 (5.1)
holds.

Proof. Consider

I Tpur — Touz|| = max |(Toua)(t) — (Touz)(t)]

b

B Z G(ta S)[f(sa ul) - f(57u2)]

<max

+?é%)g< {( :Z)Hoz—Q(tvp(a)):| lg1(u1) — g1 (u2)|

+ max [m] |92(u1) — g2(u2)]

b
<B > gégg[G(t,S)]lf(s,m)—f(87U2)|+b’ l[ur — ua]
s=a+2 @

+ ¢ [Juy — ug|
<BAa luy = ug|| + b [Jur — ual| + ¢ [lur — uz|
<(BAd +V + ) ||ug — uz| -

Thus, using (5.1) T}, is a contraction on Rb=e+1 Hence, by Theorem 5.1, the result

follows. The proof is complete. O

Example 5.1. Suppose o = 1.1, a = 0, b = 10, f(t,u) = ﬁigﬁf) with 8 = 1,
b b

g1(u) = w and ga(u) = % Then, (1.1) becomes

~(h = 2 ey,
b

P , 154+t
S us) S us) (5.2)
u(0) = =, u(10) = =4

Clearly, f(t,u), g1(u) and go(u) are Lipschitz with respect to u with Lipschitz
constants a; = %5, B = % and B = %, respectively. Then,

A= ((b_CL)((Z_ 1)+1)M(M) _ 8.05,

and
(1A + B1 + B2) = 0.6866 < 1.

Thus, by Theorem 5.2, the boundary value problem (5.2) has a unique solution.
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Example 5.2. Let « = 1.5, a =1 and b = 11. Then consider the following BVP

{ (Vp(l)u> (t)=pB(t+2)e ", teNi!

w(1) = u(11) = 0. (53)

We have h(t) = t+2 and g(u) = e~ * for u € RT. Take L = 100. Also, we have G =
1.718, H =13, h =3, her#: lim %:ooand7 lim 2% = lim <" =

w—0+ u—+oo Y u—+oo U
0. Then, Hb—a—1)=13x9=117and h(b—a— 1)L = 3 x 9 x 100 = 2700. We
see that H(b—a — 1) < h(b—a — 1)L. Therefore, all the conditions of Theorem
4.2 are satisfied. Thus, the boundary value problem (5.3) has at least one positive
solution for each 8 € [0.00021,0.00497].

Example 5.3. Suppose a« = 1.5, a =0, b =6, f(t,u) = 55 (1 + ,\(1+u2(t )
1
U

where A is given by (4.4), gi(u) = fu(l) — 55u(4) and gg(u = su(5) — $5u(2).
Then, (1.1) becomes

(Vi) = 24D (1+ S 12 ) t € NG,

%0 1+ ’lf(t)) (54)
u(0) = Fu(l) - zu(d), u(6) = Ju(3) ~ Fu().

Here h(t)

=1 and g(t) = & ()(1+mi;ué(m). Take L = 100. We see that
conditions (F1) - (F
) >

3) are satlsﬁed and there exists a number r3 > 0 such that

g1(u), ga(u whenever 0 < u < r3. Also, there exists a number 72 > 0 such
that gl( ), g2(u =2, whenever ro < u < 2. By calculations, we obtain that
H=1 h=1 G = 1298 and A\ = 0.1191. We observe that H(b —a — 1) <
h(b—a—1)L. Thus, by Theorem 4.2 the boundary value problem (5.4) has at least
one positive solution for 8 € [0.0015, 0.1540].

%
) <

T2

>||
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