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WAVE PROPAGATION FOR A DISCRETE
DIFFUSIVE VACCINATION EPIDEMIC
MODEL WITH BILINEAR INCIDENCE*

Ran Zhang' and Shenggiang Liu®'

Abstract The aim of the current paper is to study the existence of traveling
wave solutions for a vaccination epidemic model with bilinear incidence. The
existence result is determined by the basic reproduction number Ry. More
specifically, the system admits nontrivial traveling wave solutions when Ry > 1
and ¢ > ¢*, where ¢* is the critical wave speed. We also found that the traveling
wave solution is connecting two different equilibria by constructing Lyapunov
functional. Lastly, we give some biological explanations from the perspective
of epidemiology.
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1. Introduction

Vaccination is critical for the prevention and control of infectious diseases. Vacci-
nators can achieve immunity by having the immune system recognize foreign sub-
stances, antibodies are then screened and generated to produce antibodies against
the pathogen or similar pathogen, and then giving the injected individual a high
level of disease resistance. In [11], Liu et al. proposed the following system with
continuous vaccination strategy:

%}Et) =A—-3S)I(t) — aS(t) — pS(t),

W _ ast) - v (01(0) — 5+ wV (o),

%S:) = BLS()I(t) + BV (DI (t) — vI(x,t) — pl(t),
%Et) =0V (1) +I(t) — pR(t),
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where S(t), V(t), I(t) and R(t) are the densities of susceptible, vaccinated, infective
and removed individuals at time ¢, respectively. The parameters of model (1.1) are
biologically explained as in Table 1.

Table 1. Biological meaning of parameters in model (1.1).

Parameter Interpretation
A Recruitment rate
51 Transmission rate between infectious and susceptible individuals
Bo Transmission rate between infectious and vaccinated individuals
e The vaccinated rate
I Natural death rate
vy Recovery rate
1) Rate at which a vaccinating individual obtains immunity

In [11], the authors shown that the disease-free equilibrium for model (1.1) is
globally asymptotically stable if the basic reproduction number is less than one,
while if the number is greater than one, then a positive endemic equilibrium exists
which is globally asymptotically stable. Since then, the epidemic models with vac-
cination have attracted the attention of many scholars. Kuniya [8] extended the
study in [11] to a multi-group case, and then studied the global stability by using
the graph-theoretic approach and Lyapunov method. Considering the effect of age,
three vaccination epidemic models with age structure are proposed in [3, 14, 15],
and the global stabilities are studied. For more recent studies on the vaccination
epidemic models, we refer to [7,13,16] and the references therein.

With the increasing trend of globalization and mobility of people, the spatial
structure of human density and location has a significant impact on the spread of
diseases. It is necessary to investigate the role of diffusion in the epidemic modeling.
Mathematically, Laplacian operator in the reaction-diffusion systems usually used
to study the diffusive infectious disease model, since it could describe the random
diffusion of each individual in the adjacent space. On the other hand, nonlocal oper-
ator could describe the long range diffusion on the whole habitat [10]. In the study
of local and nonlocal diffusive epidemic models, there is a solution called traveling
wave solution. Viewing from infectious diseases perspective, the existence of trav-
eling wave solutions for epidemic model implies that the disease can be invaded [9].
Up to now, there have been many studies on the traveling wave solutions for local
and nonlocal diffusive epidemic models (see, for example, [4,6,17-21,25,28]). By
considering both vaccination and spatial diffusion, Xu et al. [22] studied a local
diffusive SVIR model, where the global dynamics on bounded domain and traveling
wave solutions on unbounded domain for the model were studied. Meanwhile, the
problem of traveling wave solution for two different SVIR models with nonlocal
diffusion were investigated in [24,30].

Unlike local and nonlocal diffusive, there is another diffusion in infectious disease
modeling, which is discrete diffusion. In fact, epidemic model with discrete diffusion
can be regarded as lattice system, such system is better to describe the epidemic
model with patch structure [12]. Recently, Chen et al. [2] proposed a lattice SIR
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epidemic model:

dsgt(t) = [Sni1(t) + Sp_1(t) — 25, (t)] + g — BSn(t)In(t) — pSn(t), -
1.2
dlgt(t) = d[Iy1(t) + L1 (t) — 2L, (8)] + BS, () I, (t) — (v + ) I (1),

where n € Z. S,, and I,, denote densities of susceptible and infectious individuals
at time ¢ and niche n. f is the disease transmission rate. 1 (normalized) and
d denote the random migration parameters for each compartments. Chen et al.
shown that system (1.2) admits traveling wave solutions when $y > 1 and ¢ > c¢*.
More recently, the traveling wave solutions for (1.2) was proved to be converged
to the endemic equilibrium by Zhang et al [26]. Model (1.2) is an SIR model with
constant recruitment (i.e. the constant A), and the existence of traveling wave
solutions for the discrete diffusive epidemic model without constant recruitment
was studied in [5,23,27,29]. However, to our best knowledge, there are only a
few studies focus on the problem of traveling wave solutions for discrete diffusive
epidemic models, especially for the model with constant recruitment.

Based on the above facts, in order to study the role of vaccination and patch
structure in the disease modeling, we consider a discrete diffusive vaccination epi-
demic model as follows

dsgff” = d1[Snt1 = 285, + Sn-a](t) + A = B1Sn () In(t) — (o + 1) Sn(t),
dizlt(t) = ds[Vyi1 — 2Viy + Vie1](£) + @S (t) — BV () In(t) — (6 + ) Via (),
djgt( Yl = 20 4+ Lo J(0) + (BuSa(t) + BaVaO)a(t) — (3 + i)
d]?t(t) = da[Rp i1 = 2Rn + Rpa](t) + 0Vi () + v1n(t) — pRa(t),

(1.3)
where S,, V,,, I, and R, denote susceptible, vaccinated, infectious and removed
individuals. d;, (i =1,2,3,4) are the diffusive rates. The biological significance of
the parameters of (1.3) are the same as those in (1.1).

The current paper devotes to study the existence of traveling wave solutions for
system (1.3) with bilinear incidence. In fact, there are very few studies on traveling
wave solutions for the epidemic model with bilinear incidence and the main difficulty
is the boundedness of traveling wave solutions [12]. On the other hand, introducing
the constant recruitment (i.e. A in model (1.3)) will bring much more complexity in
mathematical analysis than the system without constant recruitment. Moreover, it
is difficult to obtain the behaviour of traveling wave solutions at +oo for such model
(see, for example, [2]). One motivation of this paper is to show the convergence of
traveling wave solutions for lattice epidemic model (1.3). To gain this purpose,
we will construct an appropriate Lyapunov functional for the wave form equations
corresponding to lattice dynamical system (1.3). To do this, we prove the persistence
of traveling wave solutions, which is crucial to guarantee the Lyapunov functional
has a lower bound. We should point out that, for different models, the construction
of Lyapunov functional is also different and requires technique. Biologically, since
the vaccination has an effect of decreasing the basic reproduction number in [11],
we want to study how vaccination affects the speed of traveling wave solution.
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The organization of this paper is as follows. In Section 2, we give some prelimi-
naries results. Section 3 devote to study the existence of traveling wave solutions for
system (1.3) by applying Schauder’s fixed point theorem. In Section 4, we show the
boundedness of traveling wave solutions. Furthermore, we show the convergence of
traveling wave solutions in Section 5. Finally, there is a brief discussion and some
explanations from the perspective of epidemiology will be given in Section 6.

2. Preliminaries

Firstly, the corresponding ordinary differential system for (1.3) is

%ﬂ = A~ BiSMI(t) — mS(1),
%Et) = aS(t) = BV () I(t) — p2V (¢), @1)
%ﬂ = BIS(OI() + B2V (DI (1) — pal (8),

where 1 = o+ p, p2 = § + u, ps = v+ p and R-equation is decoupled from other
equations. Clearly, system (2.1) has a disease-free equilibrium Ey = (Sp, Vo,0) =

(A Aa 0). Define

P17 pape?

R — B1S0 + B2V
, = 20T P20
M3

as the basic reproduction number. The well known results for (2.1) is the following
lemma.

Lemma 2.1 ( [11, Theorem 2.1]). For system (2.1), if Rg < 1, Ey is globally
asymptotically stable; if o > 1, system (2.1) has a globally asymptotically stable
positive equilibrium E* = (S*,V* I*) satisfies

A— B S* T — 11 S* =0,
aS* — /BQV*I* — ,LLQV* = O,
B1S*I* + BoVII* — psl™ = 0.

Now, we state our purpose of the current paper. Letting ¢ = n + ct in system
(1.3), where c¢ is wave speed, we arrive at

¢S'(¢) = diT[SI(s) + A — 111S(s) — L1S(S)I(s),
cV'(¢) = da J[V](s) + aS(s) — B2V ()I(s) — u2V(s), (2.2)
cI'(¢) = dsJI](s) + B1S()I(s) + B2V ()1 (<) — p3I(s),

for all ¢ € R, where J[(1)](s) := (‘)(s+1) =2(:)(s) + (-)(s — 1). We want to find
traveling wave solutions satisfying:

im (5(<), V(6), 1(<)) = (So, V%, 0), (2.3)
and
lim (S(5),V(s),1(s)) = (S*, V*,I"). (2.4)

S—+o00
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2.1. Eigenvalue problem
Linearizing the third equation of (2.2) at the Ey yields

cI'(¢) = dsTI)(s) — usI (<) + (B1So + B2Vo)I (<)
Let I(c) = e, we have

dsle + e — 2] — A+ (B1So + B2Vo) — g = 0.

Denote
AN ) = d3[e)‘ +e = 2] — eA+ (B1So + B2Vo) — us.

By some calculations, for A > 0 and ¢ > 0, we have

A0,¢) = (BrSo + BoVo) = (p+7),  lim A(A¢) = —o0,

0A(Nc) A 0A(Nc)
T dsle® —e ] — ¢, e = A <0,
9?A(\ ) A OA(M, ¢)
— 2 =d — =— .
532 slet +e 7] >0, AN o c<0

Therefore, we arrive at the following lemma on the distribution for the roots of
A\ ).

Lemma 2.2. Let Ry > 1. There exist ¢* > 0 and \* > 0 such that
OA() )

N |, 0 and A(N",c")=0.
Furthermore,

(i) AN\ ¢) >0 forall X if 0 <c<c*.

(ii) A(A,¢) =0 has only one positive real Toot X\* if ¢ = c*.

(iii) A(X,¢) =0 has two positive real Toots A1, Ag with Ay < X\* < A2 if ¢ > c*.

Before giving the results on the existence of traveling wave solutions, we directly
proposed the following theorem of nonexistence of traveling wave solutions. Since
the proof are almost the same with those in [2,26] by using Laplace transform, we
omit the details here.

Theorem 2.1. If Ry > 1 and 0 < ¢ < c*, then there is no nontrivial traveling wave
solution of system (1.8) satisfying the asymptotic boundary conditions (2.3)-(2.4).
2.2. Sub- and super-solutions

Fix ¢ > ¢* and Ry > 1, we will show the following lemma.

Lemma 2.3. For sufficiently smalle; > 0 and sufficiently large M; > 0 (i = 1,2,3),
we define the following six functions:

S7(¢) = max{Sp(l — M1e°'*),0},
V() = Vo, V7 (¢) = max{Vp(1 — M2e®2¢),0},
I7(s) = max{e(1 — M3ze®*),0}.
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Then they satisfy

cSH() = i T[S+ A — St - BiSHI,
V() > doJ[VH] + aSt — BV~ — oV, (2.5)
eIt () > ds J[IH] + LSTIT + BV HIT — palt,

and

/

ST () T[ST|HA— ST =B STIT, cHFer'InMt =%, (2.6a)

V(<A TV )+aS™ =BV It —pV™, <#ey InM; ' =%, (2.6h)

I (Q)<ds T 4B I +BoV I —psl, ¢ #e5 InM; ' :=%5. (2.6¢)
Proof. The proof of (2.5) are trivial, so we omit the details. Now, we focus on the
proof of inequalities (2.6). If ¢ > Xy, then equation (2.6a) holds since S~ (s) = 0.
If ¢ < X4, then S™(¢) = So(1 — Mye®**) and

di1T[S7)(<) + A= p1S™(s) = A1 ()IH(<) = eS™'(<)
Z €€1<SO [—Ml(dlesl + dleiel — 2d1 — M1 — (361) — ﬁleAlgeislg] .

Choosing 0 < g1 < A1 such that e;M; = 1. With the help of L’Hopital’s rule, we
can obtain that

2—eft —e "t
lim Mi(2—et —e )= lim ——— = lim e1(e ' —¢€°t) =0.
g1—0+ e1—0t €1 e1—0t

Since ¢ < X1 and 0 < g1 < A1, we have

A1—eq

eM—e)X < o 0T 50 as e — 0.

Hence, we can claim that (2.6a) holds for €1 is small enough. Similarly, (2.6b) is
true for ¢ # g5 " In My ' = Xs.

Now, we focus on (2.6¢), let M3 satisfy é In M3 > max{i In M, i In Mg}. If

¢ > X3, then (2.6¢) holds since I~ (s) = 0. If ¢ < X3, then I~ (5) = eMs(1 — M3ze®),
and (2.6¢) is equivalent to

ds T[I7)(s) + B1ST() (<) + BV~ ()™ (s) — pal () — eI~ (s)

> d3 [6)\1(<+1) (1 _ M3€€3(§+1)) + 6)\1(€71) (1 _ M36€3(<71)) _ 26)\1< (1 _ M3653<)}
+ B1Soe™S (1 — Myere) (1 — M3e*%) + BaVoe s (1 — Mype®2) (1 — M3ze®)
— pi3eMe (1 — M3e) — chje™s + c(Ay + e)eMrFea)s

> e)‘“A(Al, C) _ 6()\1+53)§M3A(/\1 + &3, C) _ 6150M16(/\1+61)§ _ 52V0M26()\1+52)€.

Using the definition of A(A,¢) and noticing that A(A; + e3,¢) < 0, then it suffices
to show that

—~M3A(M +€3,¢) > B1SoM1eE1 755 4 BoV Myels2753)s

which holds for M3 is large enough. O
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3. Existence of traveling wave solutions
Let X > X > 0, where X := max{—%X1, — X2, —X3}. Define
57(5) < 6(s) < 57(s), V() <o) VT (o),

- + or a —
Tx = 4 (6, 0,1) € C(|—X, X], B?) I7(5) <9(s) <IT(s) for all s€[-X,X],

For any (¢, p, 1) € C([-X, X],R3), define

o(X), for ¢ > X, o(X), for¢> X,
¢(§)a for CE [7X7 XL ¢(§) = @(g)v for CE [7X7 XL
S7(s), for ¢ < =X, V7 (s), for ¢ < =X,

o(c) =

and
X), for ¢ > X,

¥(
1[1(<) =4 ¥(s), forse[—X,X],
I (), for ¢ < —X.

For (¢, p,¥) € T'x, let
did(s+1) +did(s — 1) + A+ p19() — Br1o()v(s) := Hy (), o, ),
dop(s + 1) + dap(s — 1) + ag(s) + pap — Bap(S)Y(s) == Ha (Y, p,7),

dsp(s + 1) + dath(s — 1) + Bro() ¥ (<) + L) (<) = H3 (v, 0, 9).

Consider the following truncated initial problem:

eS'(s) + (2d1 + pa + p1)S(s) = Hi(v, 0, 9),
V'(S) + (2da + p2 + p2)V (s) = Ha (3, p,7),
eI’ (¢) 4 (2d3 + p3)I(s) = Hz (¥, ¢, 9),

(S, V. I)(=X) = (57, V7, I7)(-X),

where p; is large enough such that p;¢ — 81 ¢ is nondecreasing on ¢ and p- is large
enough such that pae — Bap1) is nondecreasing on . Clearly, system (3.1) has a
unique solution (Sx(s), Vx(s), Ix(s)) € C([-X, X],R?). Define

A= (A, Ay, A3) : Tx = C ([-X, X],R?)
by

SX (C) = A1(¢a ©, 1/’)(§)a VX (§> = A2(¢7 @, 7@(() and IX (C) = 'A3(¢7 ©, ¢)(§)
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Lemma 3.1. The operator A maps I'x into itself and it is completely continuous.

Proof. Firstly, we show that A maps I'x into I'x. If ¢ € (X1, X), then S—(¢) =0
and it is a sun-solution of the first equation of (3.1). If ¢ € (=X, X;), then S~ () =
So(1 — Mje®r¢). Using the definition of constant p; and Lemma 2.3, we have

¢S + (2dy + p1 +p1)ST — di (s + 1) + d(s — 1)) — A — p16 + i
<eS™' i T[S7)(s) = A+ S+ BSTIT
<0

b

which implies that S~ (s) = Sp(1 — M1e¢) is a sub-solution to the first equation
of (3.1). Thus S~ (s) < Sx(s) for any ¢ € [-X, X]. On the other hand,

St (2dy + p1 4+ p1) ST — di(B(s + 1) + d(c — 1)) — A — 1 — Prow)
>p1501™
>0

)

thus ST(¢) = Sy is a super-solution to the first equation of (3.1), which gives us
Sx(s) < Sy for any ¢ € [-X, X]. With some similar arguments as above, we can
obtain that

V() < Vx(s) VT (¢)and I () < Ix(s) < It(s) for all € [-X, X],

this means that .4 maps [y into itself.
Next, we focus on the second part of Lemma 3.1. For i = 1,2, suppose that

(9i(<), i(s), ¥i(s)) € Tx with
Sx.i(s) = A1(ils), 0i(s),%i(s), Vx.i(s) = Az(¢i(s), 0i(s), 1i(s)),

and
Ixi(s) = As(9i(s), @i(s), ¥i(s))-

Direct calculation yields

SX (g) _ S_(—X)e 2d1+u1+p1 (s+X) + i / 62d1+;:1+01 (T_g)Hl((b’ (p,’(/J)(T)dT,
X

Vi(s) = V(- X)e RN 2 / | RO (g6 ) (r)dr
-X

and
dsg4p ) 1 < d3+p .
Ix(s) = [~ (—X)e -0 3<<+X)+E/ ¢ Hy (¢, 0, 0) (7)dT
—-X

For ¢ = 1,2 and any (¢;, p;,¥i) € I'x, we have

|p1(s)e1(s) — p2(s)h2(s)]
< |p1()Y1(S) = @1(S)2(s)| + [#1(5)Y2(S) — h2(S)a(S)]

< S, mgm{xx]lwl(c) Pa(<)| + e X mgt(XX]|¢1() $2(<)l.
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Hence,

c(S% 1 () = S% 2(s)) + (2d1 4 1) (Sx.1(s) — Sx.2(5))

< BiSo_max [1() —va()| + (241 +Fre ) max [61() = da(<).
Using the explicit solutions (Sx (<), Vx (<), Ix (<)), similar arguments to Vx and I'x ,
we know that the operator A is continuous. Moreover, S%, V and Iy are bounded
by (3.1). Thus, the operator A is completely continuous. O
By using Schauder’s fixed point theorem, there exists (Sx, Vx,Ix) € I'x such
that
(Sx(<), Vx(s), Ix () = A(Sx, Vx, Ix)(<)

for ¢ € [- X, X]. Next, we give some prior estimates for (Sx, Vx, Ix). Define

C*Y([-X, X]) = {v e CY[~X, X]) | v,v'are Lipschitz continuous}

with
v (z) =
[vllcra—x,x)) = max_|v|+ max_[|[v'|+  sup [v'(2) W)l
z€[~X,X] ze[-X,X] ewel-x,x] 1T =Yl
TFy

Lemma 3.2. There exists constant C(X) > 0 such that

[Sxlcra—a,ap S C(X), [[Vxlleri—aap <C(X) and [[Ix|cra-x,x)) < C(X)
for any X < X.
Proof. Since (Sx,Vx,Ix) is the fixed point of A4, one has

S (s) = diSx (s + 1) + diSx(s — 1) — (2dy + p11)Sx(s) + A — B1Sx () Ix (<),
daVx (s 4+1)+da Vi (s—1) — (2da+ p2) Vi () FaSx () — B2 Vx (6) Ix (),
dsl

Vx () =
el (s) = dalx (s +1)+dslx (s —1) = (2d3+p13) Ix () + (B1Sx (6) + B2 Vix () Ix (s),
where 52
Sx(X), for ¢ > X, Vx(X), for ¢ > X,
Sx(s) =< Sx(c), force[-X,X], Vx(s)=1 Vx(c), for e [-X,X],
S7(s), for¢< —X, V7 (s), for¢ < =X,
and

Ix(X), for ¢ > X,
x(s), for¢e[-X,X],
(<€),

I~
Since 0 < Sx(s) < Sp, 0 < Vx(s) < Vg and 0 < Ix(c) < eM? for all ¢ € [-X, X],
it follows from (3.2) that

~

Ix(s) =

for ¢ < —X.

4d1 + 1

So +

A 515
1S% (6)] < E‘f‘lioe’\lxa

Cc
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Vi (o)l < Mvﬁ_&Jr@eAlx,
¢ c .
and y ) §
1T (6)] < 3+ p3 + (B1So + Bo o)e,\lx.
C
Hence,

1Sx e (j—x,xp) < C1(X), [[Vxllor—a,xp < Ci(X) and |[Ix|cr—a,x)) < C1(X),

for some constant C7(X) > 0. It follows from the proof of Lemma 2.4 in [23] that
[Sx(s+1) = Sx(n+1)| < C1(X)[s —nf and [Sx (¢ = 1) = Sx (= 1)| < C2(X)[s =]
for all ¢,n € [-X, X]. Furthermore

181Sx () Ix(s) — B1Sx (m)Ix(n)]
< |B1Sx () Ix(s) = B1Sx () Ix ()] + [B15x () Ix (1) — B1Sx (n)Ix (n)]
< B1C1(X) (|Sx(5) = Sx ()| + [Ix(s) — Ix(n)])

for all ¢,n € [-X, X]. Thus, |[Sx/|c11(—x,x7) < C(X) for some constant C(X) > 0.
Similarly,

Vxllcri-x,xp) < C(X) and ||Ix|lcrr—x,x)) < C(X).

for any X < X. O
Choosing {X,,}.7>% be an increasing sequence such that X,, > max{X, X'} and
X, = 400 as n — +oo for all n € N, where X is from Lemma 3.2. Denote
(Sn, Vi, In) € T'x, be the solution of system (3.1). For any N € N, with the help
of Lemma 3.2 and following from the standard arguments in [26], we know that
the sequences (Sy, Vi, In), (S, V., I} and (S}, V,”, I") are uniformly bounded in
[~ X, X,] for n > N. By the Arzela-Ascoli theorem, we can use a diagonal process
to extract a subsequence, denoted by {Sp, }ren, {Vn, }ren and {I,, }ren such that
Spe =8, Vo, = VoI, =1, 8, =8V, =V and I, —1I'ask— +o0

s Vg,

uniformly in any compact subinterval of R, for some functions S, V and I in C*(R).
Thus, (S,V, ) is solution for system (2.2) with

ST <S()<ST, VI <V() VT, I <IK)<I", YseR.
Up to know, we only obtain the existence of traveling wave solutions, the bounded-
ness of this solution will be proved in the following section.
4. Boundedness of traveling wave solutions
Lemma 4.1. The functions S(s), V(s) and I(s) satisfy
0<S()<Sy, 0<V(s)<Vy and I(s)>0 in R.

Proof. Firstly, to show S(¢) > 0. If there exists some ¢y such that S(sp) = 0, then
d1 J[S](s0) > 0 and S’(sp) = 0. Due to (2.2), we have

0= drJ[S](s0) + A > 0,
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which is a contradiction. Similarly, we have V(¢) > 0 in R.
Next, if there is ¢; such that I(s;) = 0 and I(¢) > 0 for ¢ < ¢;. From the third
equation of (2.2), we have

Igi+1)+1I(s1—1)=0.

Consequently, I(s;+1) = I(s¢; —1) = 0 since I(¢) > 0 in R, which is a contradiction.
Lastly, we show that S(¢) < S, if there exists ¢z such that S(s2) = Sp, one has
that
0=d1J[S](s2) — B1S(s2)I(s2) <O.

This contradiction leads to S(s) < Sp. Similarly, we have V(¢) < V; for all ¢ € R.
O
Now, we show the following four claims.
Claim I. The functions I(f(f)l) is bounded in R.
To show this claim, we denote k := (2d3 + p3)/c and U(s) := e I(s), one has
that

cU'(s) = e™cl'(s) + (s + 2d3)I(s) > 0.

From the monotonicity of U(s), we have
I(c—1)
— <, YseR
i " "
Direct calculation yields
1
e I(s)] = —eldsl (< + 1) + ds (s = 1) + (B1S(<) + B2V ()I(<)]

> %e“l(g—i— 1). (4.1)

Integrating (4.1) over [, ¢ + 1] and using the monotonicity of e, one has
d3 s+1
I 4+1) > e™I(S) + - / e™I(s+1)ds
S
) ds s+1
>e™I()+ — / eI (¢ 4+ 1)e " ds
c S
d
— =R er(st1) [[(g) + f[(g + 1)} )

Hence,
ds

2
) e eI I(¢ 4 1). (4.2)
c

1] >
Integrating (4.2) from ¢ — % to ¢ yields
I(s+3) ( ¢ )2 3
T T2 oo L) edx veeR
I(g) d3
Similarly, integrating (4.2) over [¢,< + 3], we have

I(c+1 2
(<+1)<2(0) e2®, Vs eR.
I(§+§) d3
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Thus (1) .
Ic+1) I(s+35) I(s+1) <c> 3
= <4|—) e, VseR
1(<) 1<) I(s+3) ds
Claim IL 7 is bounded in R.

This claim is true because Claim I and the third equation of (2.2).

Choose a sequence {cg, Sk, Vi, I} of the traveling wave solutions for (1.3) in a
compact subinterval of (0,00), we have the following claim.

Claim ITI. For a sequence {s}, we have S(s;) — 0 and V(s;) — 0 as k — 400
provided that I(gx) — +o0 as k — +o0.

By way of contradiction, let ¢; be a subsequence of {x}reny with I (gx) — 400
and Si(sx) > € as k — 400 in R for all &k € N. Let ¢ > 0 be the lower bound of

{cx} and we have

2 A
S (s) < 50;_ =0y in R.

We further denote § = i, one has that
Sk(s) > %, Vs € [sx — d,5x] and VEk € N.

Thanks to Claim II, there exists some Cy > 0 such that
Iy, (sk) {/gk I;,(o) } Cod
=ex dop < e V¢ €[ — 0,6
Ik (§) p : Ik (O') [ k k}
for all £k € N. Thus

min  Ii(s) > eI (ck),
GE[sk—6, skl
which give us
min  I;(¢) = 400 as k — +oo.
SE[sk—6,5k]

Recalling the first equation of (2.2), we have

max  Si(s) < & — pre

in  Ix(s) > —o0 as k — +oo.
SE[sk—d,5k] 2 c€lsk—0,k]

Then,

250

Si() < = Yk2 K and <€ o —d,q,

for some K > 0. Thus, we have Si(sx) < —Sp, Vk > K, which is a contradiction
with S} () < do and Sk(s) > § for ¢ € [¢x — d,], & € N. Similarly, we can show
that Vi(sx) — 0 as k — +o0.

Claim IV. If limsup I(¢) = 400, then gEI—‘Poo I(s) = 4o0.

§——+oo
With a similar arguments in [2, Lemma 3.4], we know that Claim IV is true.

We are now in position to show the boundedness of I(<) by using Claim I-TV.
Lemma 4.2. I(s) is bounded in R.

Proof. Suppose that limsup I(s) = 400, then it follows from Claim III and Claim

s——+oo

IV that lim (S(s),V(s)) = (0,0). Denote 6(s) = IIL)), we have
S

—+oo (s

() = dsels " 0I5 gl 0N 9y 4 i) + B1S(S) + B2V (<)
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By using [1, Lemma 3.4], the finite limit of (s) at +oo exists and denoted by k,
which is satisfying

T(k,c):=ds(e" +e " —2) —cr—pz =0.
Clearly, Y(k,c) = 0 has a unique positive real root ko. From Lemma 2.2, we have
dz (€™ +e ™2 —2) —chy — 3 <0,

Recall the definition of A; and A, we have Ay < Kg. Since lim 6(s) = kg, then

S—+o0
there exists ¢ such that
A
I(c) > Ce(iﬁo) ¢ for all ¢>¢,
with some constant C, which contradicts with I(s) < e*1< in R and \; < k. O

Since I(s) is bounded in R, we can assume that I(¢) < C for some constant

C > 0. Then it is easy to verify that S¥ := m% and VO := uﬁ% are sub-
solutions for the first and second equations of (2.4), which means that S(s) > S°

and V(s) > V? in R. The following lemma is to show that I(s) cannot approach 0.

Lemma 4.3. There holds liminf I(s) > 0.
S—>+o00

Proof. The proof of this lemma is similar with that in [2]. We only need to show
that if I(s) < g for g9 > 0 is small enough, then I'(s) > 0 for all ¢ € R. If
not, we assume that there is no such 3. Then there exist a sequence of speed
¢k € (a,b), where a and b are two positive constants with a < b, a sequence of
solutions {(Sk, Vi, Ix)} with speed ¢ and 0 < S < Sp, 0 < Vi < Vp, I > 0 in R,
and a sequence of real number ¢, such that Ij(sx) — 0 as k — +oo and I} (sx) <0
for all £ € N. Up to a shift of the origin, one can assume without loss of generality
that ¢t = 0 for all £ € N. With some similar arguments in [2, Lemma 3.8], we know
that Soc = Sp and V, = Vj.
Let m(c) := L) for k € N and ¢ € R, we have

— Ix(0)
(0 = ) = 145 m (o)

From Claim II, we have that the sequence {I},/I)} is bounded in R, then 7 and 7,
are locally bounded in R. Recall the third equation in (2.2) and note that S and
Vj are bounded in C}. ,(R), which means that 7} is locally bounded. Due to Arzela-
Ascoli Theorem, up to extraction of a subsequence, 7; converge to a nonnegative
function 7o in C} (R), which is satisfy

CooThg(§) = d3 T [Tso)(s) + (8150 + B2V0) Too (§) — p3Teo(S)

in R. One can have mo(¢) > 0 in R. Indeed, if there is a ¢y such that 7o (s0) = 0,
then 7._(¢p) = 0 and

0=ds3(Teo(s0 + 1) + Too(so — 1)).

Thus 7o (S0 + 1) = Too(so — 1) = 0, it follows that 7 (sp + 7) = 0 for all 7 € Z.
(pg+2d3)s |

Recall that cooml(¢) > —(us + 2d3)7oo(s), then the map ¢ = mo(s)e” e s
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nondecreasing. Since it vanishes at ¢y + 7 for all m € Z, one can conclude that
Too = 0 in R, which is a contradiction with 7. (0) = 1.

Denote P(s) := (8) " one has that

Too($)?

cooP(c) = dgels T POdsqy 1 gl POsqy — ods 4 B1So + BV — pz. (4.3)
Using [1, Lemma 3.4], P(s) has finite limits wy and satisfy
Coow4 = d3 (ewi +e vt — 2) + 150 + B2V — 3.

By Lemma 2.2, we know that wy > 0 and 7. (£o0) are positive. Moreover, one
can have that 7/_(s) > 0 for all ¢ € R. In fact, if there exists some ¢* such that
P(s*) = infg P(s), then P(¢*) = 0. Differentiating (4.3) yields

(s +1) Tools — 1)
oo P () = ds(P(c+ 1) — P(¢ Ler Plc—1)— P(g))———=.
(9 = da(Pls +1) = PO ED (Pt — 1) - P
It follows that
P(c*)=P(*"+1)=P(c"—1).
Hence P(¢*) = P(¢* + k) for all k € Z. Then,
i%fP(g) > min{P(4o00), P(—o0)} > 0.
Furthermore,
1;(0)
/ _ : / _ . k
0< Moo (0) B kgrfoo Tk (0) n kgrfoo Ik (0)
Thus, I;(0) > 0, which contradicts with the fact that I;,(0) < 0. O

5. Convergence of the traveling wave solutions

In this section, we show the convergence of traveling wave solutions.

Theorem 5.1. If Ry > 1, then for each ¢ > ¢*, system (1.8) has a traveling wave
solution (S(s),V(s),I(s)) satisfying conditions (2.3) and (2.4).

Proof. In what following, we use (S, V,I) short for (S(<),V(s), I(s)). Define the
following four functionals

Wi(s) =cS*g (i) +cV*g <“//*> +cl*g (II*) ,
N
o (25 (52

v a5 (52

and
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where g(z) =z — 1 — Inz. The derivative of Wy (c) is calculated as follows

AWi(s) _ ( 5" ' '

1O~ (1) agisior+ (1-20) wg v+ (1- 1) daino + 260

where

2() = <1 - 5;,) (A— S — BLST) + (1 - “//

*

) (aS = BoVI — poV)
+(1- 1) @us+ vt - pa).

Since (S*,V*, I*) is the endemic equilibrium of system (1.3) and u1 = p + «, one

has
S* S S* Vv %
Y(s) = pS* (2_5_5*> +p2V* (3———)

—BS T [9 (i) e (SS)]
o [o () o (5i7) +o (72

Using the fact that pusV* = aS* — B V*I* and

SN L[SV, (VS s v
INS )9\ \sv) I\ ) T s Ty e

we have
-85 o5 £) 05 - 5 - 35)
e b (5) ()]
Furthermzr;;g(g) d[ [ [(Sc-0o O /S(c—o
i =i Lo (oo [La(P) o
[ o (7)o [ (P57 e
__ 01;09 (Sks_")> da+/_olddgg S(gs:a)>da
(3) (552 o).
Similarly,
i ()5 (52) o (52)
e ORCRIC)
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Now, we define a Lyapunov functional as

V() = Wi(s) + di S™Wa(s) + doaVW35(s) 4+ dsI" Wy (),

and
dV(s)
dg
) s* 5 ) R 7
=S (2_5_5*)+“2V (3_ S _V*_S*V>
T /s S T /s SV v
—ousr o (5 )+ ()| [o (5 )+ (57 )+ (52)
1

9
o L) (5 (52 ()

oy (72 (157

Recall that g(z) > 0 for all x > 0, then the map ¢ — V(<) is non-increasing.
Choosing {< }x>0 as an increasing sequence with ¢, > 0 and ¢, — +00 as k — +oo.
Let

{Sk(s) = S(c + k) w0, {Vi(s) =V(s+k)tu>o and {Ix(s) = I(s + <) }r>o0-

Since S, V and I have bounded derivatives, then the sequences of functions {S% ()},
{Vi(s)} and {Ix(s)} converge in C7%.(R) as k — +oo by Arzela-Ascoli theorem, up
to extraction of a subsequence, we assume that the sequences {Si (<)}, {Vx(<)} and
{Ix(s)} convergence to some nonnegative C'™ functions S, Voo and I. Since
lime,_o I(s) = 0, so we need to consider the process of approaching negative
infinity for Wy(s) if it is bounded from below. Thanks to Lemma (4.3), we can
obtain that Wy(<) is bounded from below and V(S,V, I)(s) is bounded from below,
then there exists constant My and some large k such that

Mo < V(Sk, Vi, L) (<) = V(S, V. I)(s + <) < V(S, V. I)(<).
Hence, there exists some ¢ € R such that . 1113 V(Sk, Vi, I)(s) = §, Vs € R. Using
c—>+ 00
Lebegue dominated convergence theorem, one has that

lim V(Sk, Vi, i) (S) = V(S00s Voos Iso)(s), s €R.
k— 400

Thus, V(Sco, Voo, Io)(s) = 6. Recall that i—‘: =0ifand only if S = S5*, V =V*
and I = I*, it follows that (Sec, Voo, Io) = (S*, V*, I*). O

At the last part of this section, we explain the existence of traveling wave so-
lutions under ¢ = ¢* by an approximation technique used in [2, Section 4]. To use
the methods in [2], we need to verify Lemma 4.1 and Lemma 4.2 in [2]. In fact,
these two lemmas are still true for our model, because it only need to focus on the
I,-equation in (2.2). As we can see, the I,-equation in our paper still meets the
inequality proposed on line 3 of [2, Page 2350]. Then other parts of the proofs for
critical traveling wave solutions in [2] are still work for our model. Hence, we finish
this section with the following remark.

Remark 5.1. For the case ¢ = ¢*, we can obtain the existence of traveling wave
solutions by using a similar approximation technique used in [2, Section 4]. The
traveling wave solutions for ¢ = ¢* also satisfy (2.3) and (2.4) since the Lyapunov
functional is independent of c.
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6. Discussion

In this paper, we proposed a discrete diffusive vaccination epidemic model (i.e.,
system (1.3)). Employing Schauder’s fixed point theorem and Lyapunov functional,
we obtain the existence of nontrivial positive traveling wave solutions, which is
connecting two different equilibrium. Our research examines the conditions (i.e.
basic reproduction number) under which an infectious disease can spread, even this
disease has a vaccine.

Now we finish this section with some explanations from the perspective of epi-
demiology. Assume that (\,¢&) is a root of A(X,¢) = 0, by some calculations, we
obtain € 4é

¢ ¢
6<% a5~ B

here we have used the fact that

de dé d¢
— — d — .
> 0, dﬁg>0 an d§Ro>O

A\ ) =dsle? + e — 2] — eA + (B1So + B Vo) — s,

where V = ﬁ and po = § + u. Mathematically, ¢ is a decreasing on §, while ¢

is an increasing function on ds, 51 and (3. From the biological point of view, this
indicates the following three scenarios:

I. The more successful the vaccination, the slower the disease spreads;
II. The faster the infected individuals move, the faster the disease spreads;

III. The more effective the infections are, the faster the disease spreads.

Accordingly, a good understanding of the movement of the infected individuals
and the vaccination rate of susceptible individuals could be important in disease
control strategy. In fact, as in the ordinary differential equation case in [11], the
basic reproduction number Ry is decreasing on 4, while Ry is increasing on (1
and 3. Compared with [11], our study proposes a new explanation, which is to
control the movement of the infected individuals. Another important thing is the
effectiveness of vaccination 4 is important than the vaccination rate «, which explain
the importance of complete vaccination.
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