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NEW OSCILLATION CRITERIA FOR A CLASS
OF HIGHER-ORDER NEUTRAL FUNCTIONAL
DYNAMIC EQUATIONS ON TIME SCALES*

Xin Wul' and Taixiang Sun?

Abstract In this paper, we study the higher-order neutral functional dy-
namic equations of the form

Luy(t) + () f(ly(0(1))"sgn(y(0(1)))) = 0, ¢ € [to,00)r,

on an arbitrary time scale T with sup T = oo, where

Luy(t) = [y(®) + r(Oy(r(0)], Livay(t) = [pi(0)| Liy(t)|* sgn(Liy(1))] >,

ai, 1 <i<n-—1and g are positive constants, p;, 1 < ¢ < n —1 and ¢ are
rd-continuous functions from [to, c0)r to [0,00) and r € C.qa(T,[0,1)). The
functions 7,6 € Cq(T,T) satisfy 7(¢t) < t and limi— oo 7(t) = lim— 00 0(8) =
oo. Criteria are established for the oscillation of solutions for both even and
odd order cases. The obtained results here generalize and improve some known
results for oscillation of the corresponding higher-order ordinary differential
equations [13], but the proof of these counterparts are quite different from
the literature. Finally, some interesting examples are given to illustrate the
versatility of our main results.
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1. Introduction

In this paper, we establish some sufficient conditions for oscillation of the following
higher-order neutral functional dynamic equation

Lay(t) + a(t) f(ly(0(1))|”sgn(y(6(t)))) = 0, t € [to, 00)r, (1.1)

where T is a time scale with sup T = oo, to € T is a constant, [tg, 00)r := [tg,00)NT
and

Luy(t) = [y(t) + r(t)y(r(t)]*,
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Lip1y(t) = [pi(t)| Liy(t)|* sgn(Liy(t)]>, i=1,2,--- ,n— 1.

By a solution of (1.1), we mean a nontrivial real-valued function y € CL, ([T}, 00)T)
with T}, € [to, 00)T, which has the property that L;y(t) € CL, ([T, 00)r) for 0 <i <n
and satisfies (1.1) on [T}, 00)r, where C}, is the space of differentiable functions
whose derivative is rd-continuous. We exclude from our consideration those solu-
tions of (1.1) which vanish identically in some neighborhoods of infinity. A solution
y(t) of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is called nonoscillatory. For more details on time scales, we
refer the reader to Bohner and Peterson [4].

Throughout this paper, we assume that the following conditions are satisfied.

(H1) q € Cra([to, o0)T,[0,00)) and ¢ # 0 on [t1,00)r for any ¢; € [tg, 00)T;

1
(H2) p;i € Cra([to, o0)T, (0,00)) satisfies ftzo (piﬁ) Y As=o00,1<i<n-1;

(H3) r€Cra([to, 00)r, [0, 1)), 7,0 € Cra(T, T), () <t and limy_soo 7(£) = limy_s o0 0(t) = 00
(Hy) f € C(R,R) satisfies f(u)/u > M for u # 0, where M is a positive constant.

It is well known that a unification theory was proposed in [12] by Stephan Hilger,
which is called time-scale calculus. Since then, a great number of theoretical issues
concerning dynamic equations on time scales have received considerable attention.
Many researchers attempt to harmonize the oscillation theory for the continuous and
the discrete. The oscillation and nonoscillation of solutions of various equations have
been investigated extensively. We refer the reader to the excellent monograph [4],
the papers [1,2,6,8-11,18,20,21,24,29-31], and the references cited therein. Saker
and O’Regan [22] established some new oscillation criteria for the second-order
neutral functional dynamic equation

p(t)([e() + rOz(7(t)]2)7] + f(t,2(0(t) =0, t€[to,00)r  (1.2)

by means of the generalized Riccati substitution. Deng et al. [5] further studied
the generalized Philos-type oscillation criteria of the second-order nonlinear neutral
delay dynamic equation

[r(D)](2(t) +p()2(9())) "~ (@(t) + p(£)a(g(t) 3] + f(t,2(7(1) =0, ~ ? 0)
1.3
by employing the generalized Riccati technique and the integral averaging technique.
When r(t) =0, 6(t) = ¢t and T = R, the dynamic equation (1.1) is the half-linear
ordinary differential equation

Loz (t) +q) f(|x()|Psgn(z(t)) =0, t >ty >0 (1.4)
with
Liz(t) = 2/(t), Liy1z(t) = [pi(t)|Liz(t)|* sgn(L;x(t))]), i=1,2,-- ,n — 1.

Jaros [13] showed that (1.4)(n = 2k) is oscillatory under some suitable assumptions.
Picking up n = 2, Baculikova [3] considered the following noncanonical differential
equation with delay argument

(rO ' ()%) + )y’ (1(t) =0, t € [to,00) (1.5)
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and established some sufficient conditions for oscillation of (1.5). Hassan [10] es-
tablished Kamenev-type oscillation criteria for the second-order nonlinear dynamic
equation

(r() (@))% + f(t,2(g(1)) =0, t € [to,00)r. (1.6)

Erbe et al. [7] extended this result to the higher-order neutral delay dynamic equa-
tion
[z(t) + p(1)x(9())]>" + g()z(7(t)) =0, ¢ € [to,00)r. (1.7)

They proved that (1.7) is oscillatory if

B (5 (6))?
4 (§)hi—1(B(E), 5)

Al =0

(1.8)
for all large enough I, s € T with 8(I) > s, where hy(¢,s) is the generalized Taylor
monomials on time scales. For more works about the oscillation criteria for higher-
order nonlinear delay dynamic equations in other cases, we refer to [14-17,19, 23,
25-28].

To the best of our knowledge, no equation such as Eq. (1.1) has been considered
for oscillation except the continuous case (1.4). The purpose of this work is to
obtain some new sufficient conditions of oscillation for Eq. (1.1), which improve and
unify some aforementioned oscillatory results on the topic. Compared with (1.2),
the investigation of the higher-order dynamic equation (1.1) is more complicated.
We should point out that the traditional methods such as the classical Riccati
technique [21, 26, 28] can not be effective for Eq. (1.1). Motivated by [10,11,22],
we will employ the generalized Riccati technique to study the oscillatory behavior
for (1.1). Additionally, the obtained Theorems 3.1,3.2,3.4,3.5 are established under
the assumptions (3.1) and (3.2), see also [25-27]. But at the end of Subsections 3.1
and 3.2, we obtain a strong result of oscillation of Eq. (1.1) without these technical
assumptions for the cases 6(t) > t and 0(t) < ¢, respectively. So we believe that our
results are interesting and meaningful.

The outline of this paper is as follows. In Section 2, we give some basic properties
for quasi-A-differential operators L;, ¢ = 1,2,--- ,n. In Section 3, firstly, we prove
some useful auxiliary lemmas and important estimates, which will be used in the
proof of our main results. Later, we prove the main results for the case 6(t) > ¢t
in Section 3.1 and the main results for the case 6(¢) < t in Section 3.2. At last,
we present some examples to illustrate the applicability of the main results of this

paper.

| L
imsup s [ Buttote) (Bf () (©)

t—o00 hnk

2. Basic properties for quasi-A-differential opera-
tors

In this section, we mainly show some basic properties for quasi-A-differential op-
erators L;, i = 1,2,--- ,n. For the convenience of discussion, we define Loy(t) =

y(t) +r()y(7(t)).
Lemma 2.1. Let 1 <i<n—1. Assume that there exists a T € [ty,00)T such that

Liy1y(t) <0 (or >20) on [T,o0)r, (2.1)
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and
Litay(t) 20 on [T,00)r for any T € [T, 00)r. (2.2)

Further assume that L;_1y(t) > 0 (or < 0) on [T,00)r. Then,
Liy(t) >0 (or <0) on [T,00)r. (2.3)

Proof. Suppose that (2.1) and (2.2) are satisfied. We first consider the case
where L;11y(t) < 0 for t € [T,00)r. Let L;_1y(t) > 0 on [T,00)r. We claim that
L;y(t) > 0fort € [T, 00)r by a contradiction argument. If there exists a real number
t; € [T, 00)t such that L;y(t1) < 0, using the fact that p;(t)|L;y(t)|* sgn(L;y(t)) is
non-increasing on [T, 00)t, we obtain

pi(®)| Liy ()| sgn(Liy(t)) < pi(ty)| Liy(t1)

Next, integrating Liy(t) = [pi_1(t)|Li_1y(t)|* 1 sgn(L;_1y(t))]”* from t; to t, we
have

“isgn(Liy(t1)) over [t1,00)r.

pi—1(t)|Lic1y(t)|* 1 sgn(Li—1y(t))

Zpiq(t1)|Li71y(t1)|a"’1Sgn(Liqy(h))+/ Liy(s)As

t1

L JERE
<pi—1(t) Licay(t) ™ +p; (tl)Liy(tl)/ <> o
tq pZ(S)

Owing to the assumption (Hy) and L;y(t1) < 0, we derive that L;_1y(t) is eventually
negative. This is a contradiction to L;_1y(f) > 0 on [T,00)r. Thus, we have
L;y(t) > 0 on [T, 00)r.

If L;y(t1) =0 for some real number 1 € [T, o), then p; (t)| L;iy(t)|* sgn(L;y(t)) =
0 for ¢ € [t1, 00)1 since p;(t)|L;y(t)|* sgn(L;y(t)) is nonnegative and non-increasing
on [T,00)y. Consequently, L;11y(t) = 0 for ¢t € [t1,00)y. This contradicts the
assumption (2.2). Hence, L;y(t) > 0 on [T, 00). The cases where L;1y(t) > 0 and
L;_1y(t) < 0 on [T,00)r can be processed in an analogously manner. This finishes
the proof of Lemma 2.1. O

Lemma 2.2. Let 1 <i<n-—1. Assume that (2.1) and (2.2) are satisfied. Further
assume that there exists a T € [tg,00)T such that

Liy(t) <0 (or >0) on [T,00)r. (2.4)
Then, there exists a T* € [T, 00)r such that for ¢t € [T, c0)r,
Liy(t) <0 (or >0), 0<j<i—1. (2.5)

Proof. We only consider the case L;y(t) > 0 for t € [T,00)r. If so, we deduce
that L;_1y(t) is increasing on [T,00)r. Thus, we obtain that either L;_1y(t) < 0
on [T, 00)r or there is a T* € [T, 00)r such that L;_1y(t) > 0 on [T™,00)p. If the
former holds, then Lemma 2.1 implies that L;y(¢) < 0 on [T, 00), which contradicts
to (2.4). Therefore, L;_1y(t) > 0 on [T*,00)r for some T* € [T,00)r. Using the
same arguments as above, we also have

L;y(t) >0 for all large ¢, j=9—2,i—3,---,0. (2.6)

The proof of this lemma is completed. O
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Theorem 2.1. Assume that y(t) is a nonoscillatory solution of (1.1) on [tg, 00)T.
Then, there exists a T* € [tg,00)r and an integer I € [0,n — 1]z with n + 1 is odd
such that

y(t)Ly(t) >0 on [T*,00)r for j=1,2,---,1, (2.7)

and
(=1)"My(t)Lyy(t) <0 on [T*,00)r for j=1+1,1+2,---,n— 1. (2.8)

Proof. Without loss of generality, we may assume that y(t) is eventually positive.
Then, by (Hy) — (Hy), there is a T € [tg, 0o)r such that y(¢) > 0, y(7(¢)) > 0 and
y(0(t)) > 0 for all t € [T, 00)7. By (1.1), we have

Luy(t) = —a() f(ly(6(t))1sgn(y(6(1)))) < —Ma(t)ly(8(1))|"sgn(y(6(¢))) < 0

on [T, 00)r, and L,y(t) # 0 on [T’ 00)r for any T € [T, 00)r. Noting that

Luy(t) = [pn-1()| Lu-1y(8)|*"~* sgn(Ln-1y(t))]%,

we infer that p,_1(t)|Lp—1y(t)|*~tsgn(L,—1y(t)) is non-increasing on [T, 0c0)r.
Thus, we have the following three possibilities:

(al) pn—l(t”Ln—ly(t)|an718.gn(Ln—1y(t)) >0forte [T, OO)T;

(a2) there exists a T* € (T, 00)t such that pp_1(¢)|Ln—1y(t)|* —tsgn(Ln—1y(t)) =
0 on [T™*, 00)T;

(a3) there exists a T* € (T, 00)t such that p,_1(¢)|Ln—1y(t)|*"~tsgn(L,—1y(t)) <
0 on [T*, OO)'[[‘.

If the case (a3) occurs, then that is to say, L,_1y(t) < 0 on [T%,c0)r. Lemma 2.2
implies that Loy(t) < 0 for all large t € [T*,00)r. One gets a contradiction, since
y(t) is eventually positive. Hence the case (a3) does not happen. Also, the case
(ag) is not possible since L,y(t) # 0 on [T*, c0). Thus, the case (a1) holds.

In view of Ly, 1y(t) = [pn—2(t)|Ln_2y(t)|*2sgn(L,_2y(t))]* and L, _1y(t) >
0 on [T,00)r, we infer that p,_o(t)|Ln_2y(t)|*~2sgn(L,_2y(t)) is increasing on
[T, 00)T and exactly one of the following is true:

(b1) there exists a T* € (T,00)r such that L;y(t) > 0 on [I™*,00)r for all i =
1,2, ,n—2

(b2) there exist a T* € [T, 00)r and an integer j € {1,2,---,n — 3} such that
Ljy(t) < 0on [T*, OO)']I‘.

If the case (b1) holds, then the conclusions of this lemma are obtained. If the case
(b2) holds, then there exists a smallest integer m € {1,2,--- ,n—3} with m+n is odd,
such that (—1)"™/L;y(t) < 0 on [T*,00)t for m < j < n. Noting that L,,y(t) =
[Pm—1 ()| L —1y(t)|*=1sgn(Lpm_1y(t))]® > 0, we obtain that either L,, 1y(t) <0
on [T%,00)p or Ly,—1y(t) > 0 on [T**, co)r for some T** € [T*, c0). If Lp_1y(t) >
0 on [T™*,00)r holds, then it follows from Lemma 2.2 that L;y(t) > 0 for j €
{1,2,--- ,m—=2}. If L,,,_1y(t) < 0 on [T, 00)T, then the same arguments as in the
proof L,_1y(t) > 0 imply that L,,_2y(t) > 0 on [T, c0)y. It is a contradiction to
the definition of m. We get the desired results and complete the proof. O
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3. Main results

Lemma 3.1. Assume that either

/too q(t)At = oo (3.1)
/too q(t)At < /too p2(t)At = oo, (3.2)

and (Hy) — (Hy) hold, where

1

]_ o0 n—k
—_— _1(8)As , k=1,2,--- ;n—1.
pnfk(t)/t\ Pk 1( ) :|

polt) = a(t), pult) = [

Let y(t) be a nonoscillatory solution of Eq. (1.1) on [tg,00)r. Then there exists
a sufficiently large T* € [tg,00)r, such that L,y(t) < 0 for any t € [T, 00)r.
Moreover,

y(t)Ly(t) >0, te [T, 00)r, j=0,1,---,n—1 (3.3)

holds when n € 2N, and either (3.3) holds or lim;_,o y(t) = 0 when n € 2N + 1.

Proof. Without loss of generality, we may assume that y(t) is eventually positive.
Then, by (Hy) — (Hy), there is a T € [tg, 0o)r such that y(¢) > 0, y(7(¢)) > 0 and
y(0(t)) > 0 for all t € [T, 00)r and Theorem 2.1 holds.

When n € 2N, [ must be an odd integer and Lyy(t) = [Loy(t)]® > 0 on [T, 00)r.
Consequently,

lim Loy(t) exists and is positive, or lim Loy(t) = oo. (3.4)
t—o0 t—o0
We claim that [ = n — 1 by a contradiction argument. Assume not, then

Ly_1y(t) > 0, L,—2y(t) < 0 and L,_3y(t) > 0 on [T,00)r. In view of Loy(t) =
y(t) + r(t)y(7(t)) and (3.4), we derive that there exists a T* € [T, 00) such that
y(6(t)) > c on [T, 00)t for some constant ¢ > 0. From (1.1), we have

Loy(t) = —a() f(ly(0(t))|"sgn(y(6(t)))) < =M q(t) on [T*,00)r.
If (3.1) holds, then integrating the above inequality from T™* to ¢, we obtain that
for ¢ € [T™*, 00),
t

0 < o1 () L1y < oy (T*) Lo 1y(T*)1 — McP / a(s)As,

*

which is a contradiction to assumption (3.1). Thus, I =n — 1 and (3.3) hold.
If (3.2) holds, then integrating L, y(t) = [pn_1(t)|Ln_1y(t)|*"~*sgn(L,_1y(t))]*
over [t,00)T, we get that for t € [T*, co)r,

Pt () Ly (£ < — M / 4(s)As.
t

Next, integrating L, 1y(t) = [pn_2(t)|Ln_2y(t)|**~2sgn(Ln_oy(t))]* from t to T,
t € [T*,00)T, and using the above inequality, we have

puea(1) [ Lnay(r)]* + pua(t) [~ Loy (1)) > (eMV/)mt /tT p1(s)As,
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and so

B
[Pues(®)L—sy(t)" ]2 = —Ly_ay(t) > (eM/7) i3 po(1),

*

Finally, integrating the last inequality on [T, 00)r, we obtain

(e}

00 > pua(T*) Lay(T*) = > (eM/F )iz / p2(t)At,
which contradicts (3.2). Hence | =n — 1 and (3.3) hold.

When n € 2N + 1, we infer from Theorem 2.1 that [ is an even integer. Thus,
Lyy(t) > 0 or Liy(t) < 0, which means that lim; o, Loy(t) > 0. We claim that
lim; o Loy(t) # 0 implies that [ = n — 1. By a similar argument as above, we get
a contradiction to (3.1) or (3.2). Thus, lim; o Loy(t) = 0. Noting that 0 < y(t) <
Loy(t), we find lim;_,o y(t) = 0. This ends the proof. O

Lemma 3.2. Assume that either (3.1) or (3.2) holds. Let y(t) be a nonoscillatory
solution of Eq. (1.1) which satisfies (3.3) on [T, 00)r. Then, there exists a sequence
{T;}7—y € (T, 00)r with Tj11 € (Tj,00)t, j =1,2,--- ,n—1 such that
p; () Ly ()™
Ry—j1(t, Thj—1)

and for any t € [T,,—j_1,00)T,

is non-increasing on [T,_;_1,00)r for 0<j<n-—2, (3.5)

_1

o piv1(t)Li1y(t)¥+1] =5 .
pJ(t)LJy(t) ’ 2 |: ;;rl()Q(]tJr}( ) 2) Rnfjfl(taTnfjfl)v J = Oa]-v"' an_27
n—j— sdn—j-2) |
(3.6)

where po(t) := 1 and

]M] 1As,i:0,1,~~-,n—2.

(3.7)

Ro(t,Ty) =1, Rip1(t, T} :/
0( O) z+1( Z+1) Tir _pnﬂ;l(S)

Proof. Without loss of generality, we may assume that y(t) is eventually positive.
Then, by (Hy) — (Ha), there is a T € [tg, 0o)r such that y(¢) > 0, y(7(¢)) > 0 and
y(0(t)) > 0 for all t € [T,00)p. Then, it follows from (3.3) that for ¢t € [T}, 00)r
with 17 € (T, OO)']I‘,

K — L, _ Qp—1 ﬁ
Pr—2(t) Ln—2y(t)* 2 2/ pnt (o) }y(s) 77 g
. porTt(s)

> P71 () Ln-ay(t) Ra(t, Th).

This means that
1

Pr—2(t)Ln_2y(t)*"—2 } 8 _ o1t () Ln—1y(t)Ra(t,T1) — pr—2(t) Ly—oy(t)*n—2 <0
Ryi(t,Th) n

P71 () Ri(t, Tr)Ri(o(t), T)

and pp—_2(t)L,—2y(t)*»=2 /Ry (t,T1) is non-increasing on [T7,00)r. Then, for ¢ €
[T27 OO)T g (Th OO)T?

i

e
| [p”‘Q(S)Ln—zy(s)a"-Q e B (s T
Ry (8, Tl) anlfz

Pa—s(t) L_sy(t)™ns > /
pn72 (8)

Ts



Oscillation criteria for higher-order dynamic equations 741

1

2 () L—oy(t
an—Z (1 ) 2y( )Rg(t7T2)’

Rlo‘n—2 (24:7 T]_)

which indicates that

Prs(t)Ly_sy(t)*—21%
Ry (t,T5)

1

1
05" () Loy (t) Ro(t, To) — pr—3(t) Ln—3y(t)*» 2Ry "* (t,T1) <0
= 1 — )

Pnly” (t)Ra(t, To) Ra(o(t), T2)

and p,—3(t)Lp_3y(t)*—3/Ry(t,T») is non-increasing on [Ty, 00)r. Repeating the
above process, we conclude that for t € [T},_1,00)1 C (T},—2,00)T,

t 1 ar

pl(s)Lly(S)al :| o1 Rn—Q(San—Q)

Loy(t) > As
oy(?) = /T1 [Rn—2(8,Tn—2) :

pit(s)

1

U () Lyy(t
5 P (O)Ly(t) Ry (. T0 1),

REQ@? Tn*Q)

which implies that

1 1

{ Loy(t) ]A _ 2 WLyt R (1 To1) = Loy(t) Ry (1 To—2)
R

T T <0
n=1(t Tn-) Py () Ra(t, Ta) Ro(0 (1), To)

b

and Loy(t)/R,—1(t, Ty—1) is non-increasing on [T},_1, 00)r. The proof is completed.
O

Lemma 3.3. Assume that either (3.1) or (3.2) holds. Let y(t) be a nonoscillatory
solution of Eq. (1.1) which satisfies (3.3) on [to,00)r. Then, there exists a constant
T € [tg,00)T such that

Loy(t) + Mq(t)[1 — r(0(t))’ Loy(0(t))? <0, for t € [T,00)r. (3.8)

Proof. Without loss of generality, we may assume that y(t) is eventually positive.
Then, by (Hy) — (Hy), there is a T' € [tg, 00)r such that y(¢) > 0, y(7(¢)) > 0 and
y(0(t)) > 0 for all t € [T, 00)r. In view of 7(¢t) < t and y(t) < Loy(t), we derive
from (3.3) that

Loy(t) = y(t) +r(t)y(7(t)) < y(t) +r(t) Loy(7(t)) < y(t) +7(t)Loy(t) on [T',00)r,

which indicates y(t) > [1 —7(¢)]Loy(t) for ¢t € [T, 00)r. By choosing T large enough,
we have, for ¢ € [T, co)r,

y(0(8)) = [1 = r(0(2))] Loy(6(1)). (3.9)

As a consequence, (3.8) holds and the proof of this lemma is thereby complete with
(1.1). O
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3.1. The case when 6(t) >t

In this subsection, we establish some sufficient oscillation conditions for (1.1) when
6(t) > t. To formulate and prove our results, we use the following notations. Given
Th—1 € (T1,00)1 C (to, 00)7 sufficiently large. For any ¢ € [T,,—1,00)r, we define

Ri(t,Ty) ]9t
[ a2,

an—10(t )5(15 1)

B(t,T1) = y(t,T1) =
_fa@T ey
ECORE 0<an1<l, P 05 T (o)
(3.10)
1 e
n—1 R _l B (t Tnf]_)
tT Tn— =11~ et Hi:l i nal , ) t - t;O )
77( » 41, 1) [ 7"( ( ))] Rln_l((f(t),Tl) [g( )]-‘r max{g( ) }
(3.11)

and for any given function ¢(t) > —1/p,_1(t)R}" " (t,T1) such that p,_1(t)¢(t) is
a A-differentiable function and a positive A-differentiable function §(t), we assume

A 1
C.T) = 30+ (1 ) ono1) 7 (o) 2T
o(o(t))pp21" (1)
and
\I/(t,Tth,l) :6(t) [Mq(t)n(ta Tlanfl) + @( Pn— 1¢) fn—1 ( (t))
Ppiit (1)

- [pn—l(t)cb(t)]A] :

Now, we state and prove the first oscillation theorem in this subsection.

Theorem 3.1. Let 3 = Hl 1 a;. Assume that either (3.1) or (3.2) is satisfied.
Furthermore, suppose that there exist a function ¢(t) satisfying ¢(t) = 0 for 0 <
ap—1 < 1 and a positive A-differentiable function §(t) such that for a sufficiently
large T* € [T),—1,00)T,

a7y ([C(s, T1)]4 ) Hom
(I+ag_y)tton— [y(s, Ty)]on—

AS>A(T*, Tl),
(3.12)

t
1imsup/ [\IJ(S,Tth—l)—

t—o00 *

where A(t,Ty) = 6(t) [1/R1(t, T1)%"=* + pn_1(t)d(t)]. Then,
(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;
(ii) every solution y(t) of Eq. (1.1) is either oscillatory or lim_, o y(t) = 0 when
n € 2N+ 1.
Proof. Assume by way of contradiction that Eq. (1.1) has a nonoscillatory so-
lution y(t) on [tg,00)r. Without loss of generality, we may assume that y(t) is
eventually positive. Then, there is a sufficiently large T € [tg,00)r such that for

t € [T,00)r, y(t) >0, y(r(t)) > 0, y(0(t)) > 0, and Lemmas 3.1-3.3 hold.
When n € 2N, by Lemma 3.1, (3.3) holds. Define a generalized Riccati substi-

tution:
Pn—1 (t)Lnfly(t)an71
(Pr—2(t) Ln—oy(t)*n-2)2n-1

w(t) = o(t) + o1 (D)e() | - (3.13)
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By the product rule, the sum rule and the quotient rule, we find

VR Poo1(O)Lo-ay(®) 1% A
=5 "0 [ G s Luaytyee 2y | OO P 0900

_ §A(t) wlo A Lny(t)
RGO A A I T e oy e e

o) Pr—1(t) L1y (t)* " [(pn_2(t) Ln_oy(t)*-2)*» 1]~

(P2 (O Lu—ay()*=)7 (P2 (o (0) Lu—ay(o(£) *n-2)"
A

za(zg((f)))w(a(t)) +0(8) [pa—1 (1)) + Ay — Ao (3.14)

By Lemma 3.3, we have for ¢ € [T, 00)r,

w1, [L y(@(t))}n?f o

A < — Mq(t)6(t)[1 — r(0(t))Hli=r [0

1< = My - (eI | 220

Loy(o(t))TTi=
(pn—2(U(t)>Ln—2y(a(t))an72)an71

Because Loy(t)/Ry,—1(t, Tr—1) is non-increasing on [T},_1, 00)T, where T,,_; is given

in Lemma 3.2, we have
Loy(t) S Roa(t, Th1)
Loy(o(t)) — Rp—1(o(t),Th-1)

As a consequence, for all t € [T),_1, 00)r,

[Loyw(t))]“?f%{Loywa)) Loy(t) }“% R (t, To1) ]“
Loy(o(®)) Loy(t) Loy(o(t)) g IO Ny

on [T,—1,00)T. (3.15)

16)
since L1y(t) = [Loy(t)]® > 0 on [T, 00)7. Using the induction method, we conclude
from Lemma 3.2 that

Loy(t) pi(8) Liy(t) 170 Poo(t)Ly_oy(t)on-2 = 2
Ry1(t,Th-1) & {Rn—2(thn—2)] =z { Ry (t,Th) }
(3.17)

on [T,—1,00)r. It then follows from (3.16) and (3.17) that for all ¢ € [T},—1,00)T,

Ry1(t, Tp_1) ]H” o

Ar < — Mq(£)3(8)[1 — r(0(t) 1= [Rn_l(cr(t),Tn_l)

R1 (O'(t),Tl)
(Pn—2(0(t))Ln—oy(o(t))@n-2)on-1
n—1 .
R G )
R (o(t),Th)

n—2 1 H::l a;
{Rn—l(a(t)a Tn—l) |:p"*2(U(t))Lﬂ*Qy(U(t))an_Q ] Hi:l 0‘1’7 } '
X

= — Mq()5(t)[1 — r(6(t) =" (3.18)

By the Potzsche chain rule, Lemma 3.1 and Lemma 3.2, we have

[(pn—2(t)Ln_2y(t)an—2 )O‘n—l]A
(pn72(O—(t))Ln72y(U(t))an—2)an71
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S n1Ln1y(t) [pn—2(t) Ln_oy(t)*"—2]"""

" Pn—2(t) Ln—2y(t)*"=2 [pp—2(0(t)) Ln—2y (o (t)) 2]
Oén_an_ly(t) |:R1(t,T1

T pn—2(t) Ln—2y(t)*m-2 | R7(t,Th

;:| y Qp—1 Z 17

and

[(pn—2(t) Ln_ay(t)*»-2)>»-1]2
(pnf2(O—(t))Lan:U(O—(t))anfz))OMH1
S 1Ly _1y(t)
" Pn—2(0(t)) Ln—2y(a(t))*n—>
Qp—1 Ly 1y(t) |:R1(t7 1)
" Pn—2()Ln—2y(t)*—> | RY(t,Th)

Noting that L,y(t) < 0and L,_1y(t) > 0, combining with the definition of 5(¢,T})
and w(t), we deduce that

:|,0<Oén1<1.

On— 15( )B(, 1) [Pa—1(8) Lo 1y(t)0‘"71]1+T171

pr(z Il(t)(pn o(t) Ly _oy(t)on—2)an-1+1

O — 15( )B(t,T1) [pn—1(o ())any(a(t))anfl]l*ﬁ
Pa” Il(f)(pn 2(0(t)) Ln—2y(o(t))n-2)on-1+1

o 15( VB(t, Ty) { ((5((t)))) pos(o (ﬂ)(b(o(t))} 1+
P ()

Define E > 0 and F > 0 by E := w(o(t))/é(c(t)) and F := p,_1(c(t))p(o(t)) and
using the inequality

Ay >

0‘11

Y

1+ 3 <t N1
EY —(E-F)"*7 <F [<1+7)E VF}WZL
we find, for a,,_1 > 1,
A, > =100 Th) Hw(a(t))]ln’:‘ur L (i) 5 (0(8))
prr L) on
e L Ga )T o)
(1 ) P <t>>}. (3.19)

Plugging (3.18) and (3.19) into (3.14) and using the definition of ¥(¢,Ty,T,_1),
C(t,T1) and ~(t,T), we obtain

W) < — U(t, T1, Toy) + C(t, T w(o () — ~(t, T )w' T 51 (o(t)
< U1, Tooy) + (O, T s w(o () — 7(t, Ty )w' 57 (o(t).  (3.20)

For 0 < a,—1 < 1 and ¢(t) = 0, it is obvious that (3.20) also holds. Applying the
inequality
Y Bty

Aty <« T 2
Buw=Aw™ < G A

A, B >0, (3.21)
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to the inequality (3.20), we have

oy (Tl

A
wit) < VT L) o TR (g

(3.22)

Integrating (3.22) with respect to ¢ from T™ to t, where t € (T, 00)p with T* €
(max{T,T,,—1},00)T, we get

t sziil ([C(S7T1)}+)1+an_1
f pemon - e e

1
(Ra(T*,T1))

*

<w(T*) — w(t) < §(T*) T+ pnl(T*)aé(T*)} ;

which contradicts (3.12). Thus, every solution y(t) of (1.1) is oscillatory.

When n € 2N+ 1, we infer from Lemma 3.1 that (3.3) holds or lim;_, y(¢) = 0.
If (3.3) holds, similarly, then we see that Eq. (1.1) is oscillatory. Thus, we omit the
details. The proof of this theorem is completed. O

In what follows, we will use the function class X" to study oscillation of (1.1). We
say that a function Z := Z(t, s, ) belongs to the function class X, denoted by = € X,
if 2 € Cra(T,R), where " := {(¢,5,£) : 00 >t > 8 > £ > tg,t,8,L € [tg,00)1}, which
satisfies E(t,¢,¢) = 0, E(¢,¢,¢) = 0 and =Z(t,s,¢) # 0 for t > s > £, and has the
partial derivative Z%¢ on I' such that =+ is A-integrable with respect to s in T'.
We define the operator B[-; ¢, t] by

t
Blg; ¢,t] = / =2(t,5,0)g(s)As for t > s > £ >ty and g € Crq([to, o), R), (3.23)
¢

and the function (¢, s, ¢) is defined by
2R (t,5,0) = &(t, 5, 0)E(t, 5, 0). (3.24)
It is not difficult to verify that BJ-; ¢,¢] is a linear operator and satisfies
Blg®; 4.8 = —Blg” (2¢ + u€); €] for g € Ciy([to, 00)7, R). (3.25)

Theorem 3.2. Let § = H?;ll a;. Assume that either (3.1) or (3.2) is satisfied.
Furthermore, suppose that for each T € [tg, 00)T, there exists a function Z € X such
that

. a0 (28(5) )€ O, T ) o
e (Lrann)*7mos (s, T3)

;T,t} >0,

(3.26)
where the operator B is defined by (3.23) and the function & is defined by (3.24).
Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;
(i) every solution y(t) of Eq. (1.1) is either oscillatory or lim_, o y(t) = 0 when
n € 2N+ 1.

Proof. On the contrary, assume that Eq. (1.1) has a nonoscillatory solution y(t)
on [tg,00)r. Without loss of generality, we may assume that y(t) is eventually
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positive. Then, there is a sufficiently large T' € [to, co)r such that for ¢ € [T, c0)r,
y(t) > 0, y(r(t)) > 0, y(6(¢t)) > 0, and Lemmas 3.1-3.3 hold.

When n € 2N, we proceed as in the proof of Theorem 3.1 to obtain (3.20). It
then follows that

U(s,T1, Toor) < —w(s) + Cls, T)w(o(s)) — v(s, T )w' T 71 (0(s))

for all s € [max{T,T},,—1},00)r. Applying the operator B[-; T*,t|, where ¢t € [T™*, c0)r
with T* € (max{T,T,—1},00)r, and utilizing the property (3.25), we have

B[U(s,Th,Ty—1); T", 1]
<B [—wA(s) + Cls, T1)w(o(s)) =15, ToJw' 7 (0(s)) T, 1]
<B[(26(5) + ()€ (5) + Cls, T)w(o () — (s, Tr)w' "7 (0(s)); T, 1]
<B[[26(5) + u()€3(s) + Cls, Ta) s (s)) = A(s. w507 ()i Tt

It then follows from (3.21) that

a, "7 ([26(s) + pu(s)&2(s) + C(s, Th)] ) Hom
Bl (s, Ty, Tp—1); T*,t] < B | 2~ Tt
[ <S7 1, 1) ]— (1+Oén_1)1+a”*1’ya"*1(s,T1)
Taking the super limit in the above inequality, we obtain that
. a1 ([26(8) +u()€%(s) +C (s, T1)] ) Fom }
lim supB| W (s, T1, T ) — —=L ;T <0.
t_)oop (s, Th 1) (14 p_1 ) Fen-1yen-1(s, T})

This is a contradiction to (3.26). Therefore, every solution y(t) of (1.1) is oscillatory.
When n € 2N+1, we derive from Lemma 3.1 that (3.3) holds or lim;_, y(¢) = 0.
If (3.3) holds, similar to the proof of the case (i), then we can show that Eq. (1.1)
is oscillatory and hence omit its proof. The proof is thereby complete. O
If we choose E(t,s,0) = ¢(s)(t — s)(s — £), where ¢(s) € CL,([to, o), (0,0)),
then obviously, = € X and

p2(s) |, 7 (s)(t—a(s)) 7 (s)
t

R s B [ ) Rl B gy

For an application of Theorem 3.2, we obtain the following corollary.

Corollary 3.1. Let § = H;:ll a;. Assume that either (3.1) or (3.2) is satis-
fied.  Furthermore, suppose that for each T € [tg,00)T, there exists a function
¢ € CLy([to, 00)T, (0,00)) such that

(3.27)

limsup/ P2 ()(t — 5)2(s — T)?

t—o00 T

\IJ(S, Tl; Tn—l)

a3 ([26(s) + p(5)§3(s) + C(s, Th)]+) Fon
(14 1)on iy (s, 1)

As >0,

where the function & is defined by (3.27). Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;
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(ii) every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, o y(t) = 0 when
n € 2N+ 1.

Remark 3.1. Theorem 3.2 is in a form with a high degree of generality. When
T = R, we can see that Xu and Meng [29, Theorem 2.1] is a special case of Theorem
3.2,

If the assumptions (3.1) and (3.2) do not hold, we give the following more general
theorem.

Theorem 3.3. Assume that (H,) — (Hy) hold and 8 =1} a;.

(i) Suppose that n € 2N and for each odd integer I € {1,3,--- ,n} and a suffi-
ciently large T € [tg, 00)T, there holds

. ot L Il o >
limsup M i=t+red Hp 5= 74 (¢, T) Xn—i—1(8)As > 1, (3.28)
t—o0 t
where
n—1_.
Xo(t) = q(t)[1 — r(0(1))] =1
S xr—1(s)As | "r
i(t) = Ck=1,2,- n—1—-1, 3.29
(t) PR (3.29)
and
¢ _1 TH; (s, T) o
Hl(t,T):/pl(s) “r As, Hj(t,T):/ [J’] As, j=2,--- 1.
T 7L pi—jt1(s)
(3.30)
Then, every solution y(t) of Eq. (1.1) is oscillatory;
(i1) Suppose that n € 2N+ 1,
/ Prn—1(8)As = oo, (3.31)
to

and for each even integerl € {2,4,---  n}, (3.28) holds, where p;(t) are defined
as in Lemma 8.1. Then, every solution y(t) of Eq. (1.1) is either oscillatory
or limy_, o y(t) = 0.

Proof. Suppose that Eq.(1.1) has a nonoscillatory solution y(t) on [tg, c0)r. With-
out loss of generality, we may assume that y(t) is eventually positive. Then, by
(Hy) — (Hy), there is a T € [tg, 00)T such that y(t) > 0, y(7(¢)) > 0 and y(6(t)) > 0
for all t € [T, 00)r. Moreover, by Theorem 2.1, we have for ¢ € [T, co)r, L;y(t) > 0,
j=1,2,-- 1, and (=1)"My(t)Lyy(t) <0 for j =1+ 1,1+2,-- ,n.

When n € 2N, since L,y(t) = [pn_1(t)Ln_1y(t)*—1]* < 0 and L,_1y(t) > 0,
then

Jm pr 1 (8) Ly 1y (1)1 = ¢ > 0.

Integrating both sides of (3.8) from ¢ to co, we have

n—1

¢ puct DLy 4 M [ (o)L = r(@)IT Loy 0(s) T 85 < 0
t (3.32)
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Since n+1 is odd, we know that [ must be an odd integer and Lyy(t) = [Loy(t)]> > 0
for t € [T, 00)r. It then follows from (3.32) that

Pt (t) L 1y(t)*= > M Loy(t)[Ti= o /t - a(s)[1 — r(O(s)IT= @i A, (3.33)

which implies that

*n—1

M
Pn—-1 (t)

Locaa) 2 Loy |2 [ g0 = oI s

Next, integrating L, 1y(t) = [~pn_a(t)|Ln_2y(t)|*"—2]* over [t,c0)r, where t €
[T, o)1, we obtain

P2 (t)| Ln—2y(t)[""~2

> Loy [ [f;“ a([(1 = r(B())] " A

J S
Xn—1

As.

Pn—1(8)

Thus, we have that for ¢ € [T, 0o)r,

_WLn72y(ﬂ

wmia, | MFT 2o [ [ g(u)[(1 - r(0(w)] " Au
>Loy(t) pn—2(t)/t l ra(s)

Using the definition of x;(t), we continue in this fashion to get
o0

pu(t) Lyy()™ > MH;L‘*%LOy(t)Hi:lai/ Xn—1-1(5)As (3.34)
t

on [T, 00)r. Noting that Ly 1y(t) = [pi(t)Liy(t)*]> < 0, we derive that p;(t) Lyy(t)
is decreasing on [T, 00)r. Consequently,

pr—1(t) Li—ay(t)™ Z/T[pz(S)Lzy(s)“’]o%pz(s)‘aﬁAs

1 _ 1
> [pu(t) Ly (1)) / pi(s)” ™ As.
T
Furthermore, we have

' ! 1
[pi-1(s)Li—1y(s)™ =] "= pro1(s) “1= As

pr_s(t)Li_ay(t) > /

T
t 1 A 1
2/ [pi(8)Lyy(s)™] o=t H' 7" (5, T)pi—1(s) *-1 As
T
1
2 [pu(t) Loy ()™ ] “171-1 Ha (¢, T).
Continuing in this way, we obtain

Loy(t) > Loy(t) — Loy(T) = [pi() Luy()™ "= 5 Hi(t,T), t € [T,00)r.  (3.35)
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Plugging (3.35) into (3.34) gives

anl

1 ) oo
M 1:l+1@%HlHi:1al (t,T)/ Xn—i—1(8)As <1, t € [T,00)r.
¢

Taking the limsup on both sides of the above inequality as ¢ — oo, we obtain a
contradiction to (3.28). Therefore, every solution y(t) of (1.1) is oscillatory.

Now we consider the case n € 2N + 1. First, we assume [ = 0. Then, Liy(t) =
[Loy(t)]® < 0. Consequently, lim; ., Loy(t) = v > 0. When lim; o, Loy(t) = v >
0, it follows from 0 < r(t) < 1 and lim;_, o, 6(t) = oo that there exists T** € [T, 00)r
such that y(6(t)) > i for some fi € [0,v) on [T**,00). Proceeding as in the proof
of Lemma 3.1, we obtain

et () L yy (£t < — MG / a(s)As.
t

Integrating L,,_1y(t) = [pn_2(t)| Ln_2y(t)|*—2sgn(L,_3y(t))]* over [t,c0)T, we in-
fer that for t € [T™*, c0)r,

Pn—2(t)[—Ln_2y(t)]*"* > (ﬂM%) = /too p1(s)As.

Continuing in the fashion, we have

n—1 j e}

k=i oy

|L;y(t)] > (ﬂM%f) pn—i(8)As, i =1,2,--- ,n—3,

t

and so
n—1 8 o

i=1 ay

1 H Kk
Liy(t) < — (,&Mﬁ) Pn—2(8)As on [T, o).

t
Integrating the above inequality from T%* to t € [T**, co)t, we have

n-18 ot
i=1 OL,”

Pn—1(8)As,

Loy(t) — Loy(T™) < — ([LM)%)H -

which yields lim;_, o, Loy(t) = —oo by (3.31). This is clearly impossible since y(t) <
Loy(t) and y(t) > 0 on [T,00)r. From the above discussion, we conclude that
limy 0o y(t) =0if 1 = 0.

If I > 2, then Liy(t) = [Loy(t)]® > 0. As in the proof of the case n € 2N, we
deduce that every solution y(t) of (1.1) is oscillatory and the proof of this theorem
is thereby complete. O

If ] =n — 1, then we have the following result.

Corollary 3.2. Let § = H?:_ll a;. Assume that (Hy) — (Hy) hold and either (3.1)
or (3.2) is satisfied. If

lim sup MREE% & (t,Tn,l)/ q(s)[1 — 7"(9(5))]1_[?:_11 YiAs > 1 (3.36)
t—o00 t

for sufficiently large T,,—1 € [Tp,00)1. Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;

(i1) every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, o y(t) = 0 when
n € 2N+ 1.
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3.2. The case when 0(t) <t

In this subsection, we establish some sufficient oscillation conditions for (1.1) when
0(t) < t. We first introduce the following notations. Given T,_1 > T1 > to
sufficiently large. For any t € [T,,_1,00)T, we define

RHElai

~ n—1 . _1 1 (H(t) n—l)
t n—1) =1 —r(0(t T2 a2 é , 7
n(t, Ty, Th1) = [ r(0(1))] (o), 1)

(3.37)

and for any given function ¢(t) > —1/p,_1(t)R{" "' (t,T1) such that p,_1(t)¢(t)
is a A-differentiable function and a positive A-differentiable function §(¢), and we
assume

\I/(t,Tl,Tn_l) :6(t) [Mq(t)ﬁ(t, Tl,Tn—l) —+ M

Pt (1)

(Par9) "5 (0(t)

- [pn_l(tw(t)]A] :

Now, we state and prove the parallel oscillation theorems in this subsection.

Theorem 3.4. Let § = H?;ll a; and 62(t) > 0 on [tg,00)r. Assume that either
(3.1) or (3.2) is satisfied. Furthermore, assume that there exist a function ¢(t)
satisfying ¢(t) = 0 for 0 < ap—1 < 1 and a positive A-differentiable function §(t)
such that for a sufficiently large T* € [T},—1,00)T,

‘Ts Qs (O T
li (s, Ty, Th_1) — n—l - L A
l?ii‘ip/ { e e o A o 1 o ° (3.39)
>A(T*, Ty),

where A(t,Ty) = 6(t) [1/R1(t, T1)%"=* + pr_1(t)d(t)]. Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;

(ii) every solution y(t) of Fq. (1.1) is either oscillatory or lim;_, y(t) = 0 when
n € 2N + 1.

Proof. Assume by way of contradiction that Eq. (1.1) has a nonoscillatory so-
lution y(t) on [tp,oc0)r. Without loss of generality, we may assume that y(t) is
eventually positive. Then, there is a sufficiently large T € [to, c0)r such that for
te[T,00)T, y(t) >0, y(r(t)) >0, y(6(t)) > 0, and Lemmas 3.1-3.3 hold.

When n € 2N, by Lemma 3.1, (3.3) holds. Define the function w(t) by (3.13).
In view of (3.17) and

Loy(0() |5 [ Rt (0(1), o) |15
[Loy(a(t))] Z {Rnl(g(t)jnl) ; (3.39)
we find
H?:_f Qg
Ay < —Mq()6(#)[1 — r(0())TTi= @ R,23 7 (01), Tooa) (3.40)

Ry (o (1), T1)
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Substituting (3.19) and (3.40) into (3.14) and using the definition of W (¢, T, T)_1),
C(t,T1) and ~(t,T}), we infer that

wA(t) < =V (t, Ty, Tu 1) + C(t, TV )w(o(t)) — ’y(t,Tl)wHﬁl—l(U(t)). (3.41)

For 0 < a1 < 1 and ¢(¢) = 0, obviously, (3.41) also holds. Proceeding as in the
proof of Theorem 3.1, we have

T 0 (Ol T e
fore g - s e

*

<w(T*) — w(t) < 6(T™)

e T,
which contradicts the assumption (3.38). Therefore, every solution y(¢) of (1.1) is
oscillatory.

When n € 2N+ 1, we deduce from Lemma 3.1 that (3.3) holds or lim;_, y(t) =
0. If (3.3) holds, then as shown in the proof of the case when n is even, we see that
Eq. (1.1) is oscillatory. This ends the proof of this theorem. O

Theorem 3.5. Let f = H?;ll a; and 02(t) > 0 on [tg,00)r. Assume that either
(3.1) or (3.2) is satisfied. Furthermore, assume that for each T € [tg,00)T, there
exists a function = € X such that

. ~ Oéii?([Qf(S) + pu(8)€2(s) + C(s,T1)] ) Hom—
1 (s, Ty, Tp_1)—
I?LS;}PB (S, 1 1) (1+an71)0‘”’1’70‘"*1(S,Tl)

;T,t] >0,

(3.42)
where the operator B and the function & are defined as in (3.23) and (3.24). Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;

(ii) every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, o y(t) = 0 when
n € 2N+ 1.

Proof. Based on (3.41), the proof is similar to Theorem 3.2 and hence is omitted.
O

Corollary 3.3. Let § = H?;ll a; and 02(t) > 0 for t € [tg,o0)r. Assume that
either (3.1) or (3.2) is satisfied. Furthermore, assume that for each T € [tg,0)T,
there exists a function ¢ € Cly([to,00)T, (0,00)) such that

limsup/ ©*(s)(t — )% (s = T)* | W(s,T1, Tr_1)

t—o0 T

a7 ([26(08) + u(s)E3(s) + C(s, T4 ) Hom

As >0,
(T F @nn)ar 72 (5, 1)

where the function & is given by (3.27). Then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;

(ii) every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, o y(t) = 0 when
n € 2N+ 1.

Theorem 3.6. Let 0°(t) >0 and 8 =117 'a;.
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(i) Suppose that n € 2N and for each odd integer I € {1,3,--- ,n} and a suffi-
ciently large T € [tg, 00)T, there holds

n— 1 l i o0
lim sup M™M= 77 HI=1 % (6(1), T) / Xn—1-1(5)As > 1, (3.43)
t—o0 t

where x;(t)(i =0,--- ,n—101—1) and H;(t,T)(i = 1,---,1) are defined as in
(3.29) and (3.30). Then, every solution y(t) of Eq. (1.1) is oscillatory;

(ii) Suppose that n € 2N + 1, (3.31) and (3.43) hold for each even integer | €
{2,4,--- ,n}, where p;(t)(i = 1,--- ,n) are defined as in Lemma 3.1. Then,
every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, - y(t) = 0.

Proof. Suppose that Eq.(1.1) has a nonoscillatory solution y(t) on [tg, c0)r. With-
out loss of generality, we may assume that y(t) is eventually positive. Then, by
(Hy) — (Hy), there is a T € [tg, 00)T such that y(t) > 0, y(7(¢)) > 0 and y(6(t)) > 0
for all ¢ € [T, co)r. Moreover, by Theorem 2.1, we have for ¢ € [T, 0o)r, L;y(t) > 0,
j=1,2,-- 1, and (—1)"My(t)Ly(t) <O0for j=1+1,1+2,---,n

When n € 2N, | must be an odd integer and Lyy(t) = [Loy(t)]® > 0 for t €
[T,00)r. Thus, (3.32) holds. Then, it follows from 2 (t) > 0 that

Pt (8) L 1y(£)*n= > M Loy (6(t)) =" / ()@ = () A,

Proceeding as in the proof of (3.34), we have

"= 1

p(O() Ly (0(1))™ > M™i=r22 Loy (611 »Hé:lai/ Xn—1-1(s)As. (3.44)
t
On the other hand, (3.35) leads to

Loy(0(t)) > [p1(0(t)) Luy(6(1))™] =27 Hi(6(1). T), t € [T, o0)s. (3.45)
Substituting (3.45) into (3.44) gives

M ey HHl 1% (g = A
i (0(t),T) Xn-1-1(s)As < 1.
t

This contradicts (3.43). Therefore, every solution y(¢) of (1.1) is oscillatory.
When n € 2N + 1, proceeding as in the proof of Theorem 3.3, we can conclude
that lim;_, o, y(¢t) = 0 if { = 0. Similar to the proof of the case when n € 2N, we can
infer that every solution y(t) of (1.1) is oscillatory. Hence, the proof of this theorem
is completed. O

Corollary 3.4. Let 8 = ]\ 1 a; and 02(t) > 0 for t € [tg,00)r. Assume that
(Hy) — (Hy) hold and either (3.1) or (3.2) is satisfied. If

n—1 . S n—

lim sup Mer?j? i (G(t),Tn_l)/ q(s)[1 — 1"(9(5))]H¢:11 Y As > 1, (3.46)
t—o0 t

for a sufficiently large T,,—1 € [Ty, 00)T, then,

(i) every solution y(t) of Eq. (1.1) is oscillatory when n € 2N;

(ii) every solution y(t) of Eq. (1.1) is either oscillatory or lim;_, o y(t) = 0 when
n € 2N+ 1.
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4. Examples

Example 4.1. Let h, M be positive constants, a,_1 > 1, and the time scale
T = hZ. Consider the dynamic equation

Lyy(t) + a(t) f(1y(0())|7sgn(y(6(t)))) = 0, t € [2h, 00)r, (4.1)

where p,—1(t) = 1, pi(t) = t,a; = 1(1 < i < n-—2), 7(t) = 0(t) =t —h and
a(t) = -
It is clear that conditions (Hz) and (3.2) hold, since

/ ( 1 ) As = / As =

to Pn-1(8) to
o) 1 oy ‘

/ () As-/ —“As=00, 1<i<n-2
o \Pi(s) to S

from [4, Theorem 1.75] and
Au} As

oo oo 1 o0 oo 1 an171
AL = - —A
[Trose= U1 ]
t* oo
Z/ 1As/ %Au: 00
0 S o ul/on—1

for some constant t* € [tg, 00)r. Note that

for t > Ty := 2T = 22T}, then

t ! P Ri(s,Tp)] vz
— < = A Ro(t,T5) = — 7 A
23 Ty s < Bty ) /T2|:pn—2(5):| ’
t t
R T;
MAS< As <t
T2 s T2

for t > Ty := 23T,. By using the induction method, we can derive that

t
2n—1

< Rnfl(t, Tnfl) <t, for t>1T, = QTLTO

Picking up 6(t) = 14+ and ¢(¢) = 0 in Theorem 3.4, then we have §°(t) = —ﬁ <
0 and [C(t,T1)]+ = maX{*m_ht%lh)w(t), 0} = 0. Furthermore, pick r(t) = %7 % and
choose T* = max{T,, + h,T + 3h}, then for ¢ > T*,
1 < 1 (t- h)”‘” 1
2no¢n_1+1 — Qnap—1 (t+h)

L e[, 2y
<[Z4Z Pl SNLYS B z
(2+h> I G ’

<n(t,T1,Th-1)
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M1 = 1 1
e <UL Tyn) = (14 5 ) M ii(t, Ty, T
nan—1+1 to(t) = & T, To-) ( * t) to(t)n( b Tn-1)

2\t 1
<2M (14 — _
= ( +h) to(t)

Consequently, for M > 2(nthen—1+2 /(T*)en-1-1 e conclude that
>2 (14 2\ M
> h T
AN b
>S2M (14 — limsup/ ——As
h t—00 . s0(8)

e a,™ ([C(s, T0)]y) Fom
/ [\Il(s,Tl,Tn—l) - (1+ app_q)ltom1 [y(s, Ty)]en— ]As

> lim sup
t—o0

M b
>———lim —A
2nan-1+1 ltﬁsolip/f* so(s) s

M 2an,—1+1
= o(r*
Inam —1+17% > (T*)an—l > ( ) |:

s

1 * *
W + P (T7)p(T )} .

By Theorem 3.4, every solution y(t) of Eq. (4.1) is oscillatory when n € 2N,
and every solution y(t) of Eq. (4.1) is either oscillatory or lim; . y(t) = 0 when
n € 2N+ 1.

Example 4.2. Let T = ¢%Z, M > 0, ¢ > 1, a;(1 <i <n-—1) be constants, a1 > 2,
and M(q — 1)(]("_2)0‘”*1/2 > ¢q®—1/2 — 1. Consider the delay q-difference equation

Loy () + a(t) f(Jy(02) | sgn(y(0(1)))) =0, t€q?, t>q, (4.2)

where a; =1(1 <i<n—2), 7(t) <t and 0(t) = qt. Here,

1_("n71 Hn—1

Q(t):t_ 2 pnfl(t):t 2 and pl(t):t7 712172,7”—2

The conditions (H3) and (3.2) hold, since

o0 1 an171 oo
/ () As = / ilAs = 00,
to Pn-1(8) ¢

0o 82
/ ( ) ASZ/ —“As=o00, 1<i<n-2
to pZ(S) to S

from [4, Theorem 1.75] and

[eS) > 1 o) 1 0 1 ﬁ
pa2(t)At :/ - / { .t / ! Av] Au p As
/to 2(1) to S { s Lu—2 w vit—z

o 1 Anp—1 t* 1 [e'e] 1
> agf / -As —Au =0
qT —1 to S = u

for some constant t* € [tg, c0)T.
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Note that

i< = [ [BOT]T

Pn—1 (5)

:/tAs_(fH\/ V) < (Va+ 1)V,

T, S2

for t > Ty := (/g + 1)*T1, then

t t
WVt < \/q %A3<R2(t,Tg):/ Fuls Th)
T

Ty S2

As

s
b1
SWaHY [ A< (Va+ 1V
T, S2
for t > T3 := (\/q+ 1)4Ty. By using the induction method, we can derive that

(V@)" 'Vt < Ry (t,Ta1) < (Va+1)" A,
for t>T,:=(y/q+1)*" VT = (/g + 1)*"T1.

Pick up r(t) = 1—2 — 1. Thus, for M > (¢®~/2—1)/(q—1)g" =2 -1/2 we have

Q

oo

lim sup MRHl LY, T (s)[1 — T(Q(S))}H?:_f @i Ag

0
t—o0 t
(n—1)a,_1
Mq—=2 a > 1
7q711msupt 21/ —=—As
20n-1 t—00 t slit—=—
(n—2)a, 1
Mlg—1)g = —
— q 7L2 1 _ 1

>1.

By Corollary 3.2, every solution y(t) of Eq. (4.2) is oscillatory when n € 2N,
and every solution y(t) of Eq. (4.2) is either oscillatory or lim; . y(t) = 0 when
n € 2N+ 1.
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