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BACKLUND TRANSFORMATION TO SOLVE
THE GENERALIZED (3+1)-DIMENSIONAL
KP-YTSF EQUATION AND KINKY
PERIODIC-WAVE, WRONSKIAN AND
GRAMMIAN SOLUTIONS

Xing Liit*" and Xuejiao He!

Abstract The Kadomtsev-Petviashvili equation is considered to be a ba-
sic model describing nonlinear dispersive wave in fluids, which is an integrable
equation with two spatial dimensions. The Yu-Toda-Sasa- Fukuyama equation
plays a crucial role in fluid dynamics, plasma physics and weakly dispersive me-
dia. In this paper, we investigate a generalized (3+1)-dimensional Kadomtsev-
Petviashvili-Yu-Toda-Sasa-Fukuyama equation, and multiple types of solu-
tions are derived. With symbolic computation, a class of kinky periodic-wave
solutions, determinant solutions and the bilinear Backlund transformation are
constructed. We obtain two types of determinant solutions, that is, Wron-
skian and Grammian solutions. By choosing the appropriate matrix elements
of determinants, many kinds of solutions are derived. In addition to the soli-
ton solutions, the complexiton solutions and rational solutions are given. As
illustrative examples, a few particular solutions are computed and plotted.

Keywords Kinky periodic-wave solutions, Backlund transformation, Wron-
skian solutions, Grammian solutions.
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1. Introduction

The research of nonlinear science has attracted more and more attention [13, 16,
29,30,37]. Soliton theory is an important branch of nonlinear science. Solitons are
considered to be an essential part of observing and understanding complex nonlinear
systems [5,10,17,19]. Soliton phenomena appear in many fields, such as shock wave
at sea [5], biological system [17], plasma physics [10], light propagation in optical
fiber [1,19], laser propagation [34], hydrodynamics [41]. These nonlinear phenomena
are often described with nonlinear evolution equations (NLEEs) [1,4,5,10,17,19,
34,41].

Many mathematicians and physicists have conducted a significant amount of
research on solving the NLEEs [1,4,5,10,17,19,34,41]. However, a large number of
equations of practical value can not be solved accurately, nor a unified solution be
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given. NLEEs no longer satisfy the linear superposition principle, which makes the
research of the exact solution more complex and difficult.

The emergence of soliton theory promotes the development of solving NLEEs,
which leads to new solutions constantly [11,12,18,23,35,39,42,43]. For example, Hi-
rota method [11,12], inverse scattering method [18,35], Bell polynomial method [39],
Darboux transformation [23,42], and Béacklund transformation (BT) [24,36,43] solve
a series of significant equations in physics. In addition, Wronskian and Grammian
techniques [2,38,44] are the effective approaches to construct N-soliton solutions to
NLEEs in Hirota bilinear form. The basic idea is to select the appropriate elements
and set up the determinant form of the solution, and then substituted into the bilin-
ear equation to deduce the restrictive conditions [2,6,20,38,44]. Finally, the proof
can be given by using the properties of determinant [12], Pliicker relation [2,38] and
Jacobi identity [6,20,44]. Through simplifying the soliton equation into a simple
Maya chart [14], the properties of the solution are shown directly.

Recently, the N-soliton solutions are systematically studied for nonlocal inte-
grable equations. A kind of Riemann-Hilbert problems are used to express the
matrix spectral problems, and the soliton solutions to some physical equations are
obtained [25-27]. The main idea is to apply Sokhotski-Plemelj formula to transform
the relevant Riemann-Hilbert problems into Gelfand-Levitan-Marchenko type inte-
gral equations, and then solve the equations explicitly. This new formula provides
a new way to construct soliton solutions to nonlocal real reverse-space time inte-
gra equations. Moreover, the relationship between Riemann-Hilbert problem and
nonlocal equation is deeply studied [28,31,32]. The nonlocal integrable modified
Korteweg-de Vries (mKdV) equations are reduced by two groups of reduction of the
AKNS matrix spectral problems. One is local reduction, and the other is nonlocal
reduction. According to the distribution of eigenvalues, the soliton solutions are
constructed from the non reflectionless Riemann-Hilbert problems.

The Kadomtsev-Petviashvili I (KPI) equation [21] is given by

(ur + 6uly + Upgy )z + Uyy = 0. (1.1)

In Ref. [45], lump solutions to the KPI equation with a self-consistent source are
constructed. A class of lump solutions to the KPI equation is obtained [33]. In
addition, the parameters of the lump solutions [33] are specially selected to include
the previous lump solutions obtained from the long wave limits of the soliton so-
lution. The Wronskian and Grammian determinant solutions have been given to
a variable-coefficient forced KP equation with inhomogeneous nonlinearity, disper-
sion, perturbed term and external force [44]. The N-soliton solutions to KPI can
be expressed in Wronskian and Grammian determinant [12]. The bilinear form of
KPI equation can be reduced to determinant identity [12]. Nevertheless, not all bi-
linear equations have the Wronskian and Grammian solutions, for example, B-type
Kadomtsev-Petviashvili (BKP) equation only has the Pfaffian type solutions [12].
Through the Cole-Hopf transformation

u=2(Inf),, (1.2)
the Hirota bilinear form of Eq. (1.1) is written as
(DoDy+ D+ Dy)f - f
=2(furf = fofi + foaaef = 4fanafe +3fop + fyuf = f2) =0, (1.3)
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where the binary operator D is defined by [21]

DYDyD}(f - g)

The (3+1)-dimensional Yu-Toda-Sasa-Fukuyama (YTSF) equation [15,46] is
studied

[®(w)w, — dwy]y + 3wy, =0, ®(w) = 97 + 4w + 2w, 0 ', (1.4)

where w is a real funtion of the scaled space coordinates x, ¥, z and the scaled time
coordinate ¢, and 9;' = [dz. The (3+1)-dimensional potential YTSF equation
plays a crucial role in the interfacial waves in a two-layer liquid or the elastic quasi-
plane waves in a lattice [3]. Two types of interaction solutions to the potential
YTSF equation have been shown by using Hirota bilinear method [3]. In Ref. [40],
a new solution to the potential YTSF equation has been constructed by means of
the sub-equation method based on variable coefficient Korteweg-de Vries (KdV)
equation. The symmetry of the potential YTSF equation has been obtained by
using the direct reduction method, and the corresponding reduction equation has
been obtained in Ref. [47]. Further, the (3+1)-dimensional potential YTSF equation
with w = u, have been introduced [9]

— Qg + Uggar + YgUe, + 2Uga U, + 3uyy = 0. (1.5)
Eq. (1.5) can be transformed into [8]

(4D, D+ D}D. +3D})f - f
= 74(f:ctf*facft)+(fmmzzf*?)fzzzfz‘i’?’fzzzfmz7fxmzfz)+3(fyyf*fy2):07 (16)
with the transformation v = 2(Inf),.

In this paper, we will investigate the following generalized (341)-dimensional
Kadomtsev-Petviashvili-Yu-Toda-Sasa-Fukuyama (KP-YTSF) equation

Uzt + C1Uzzzz + 301 (uruz)r + CoUgqgar + 662“1“&% + C3Uyy = 07 (17)

with ¢; # 0 (i = 1,2, 3) are arbitrary real parameters. Under the dependent variable
transformation

u=2(Inf),, (1.8)

the bilinear representation of Eq. (1.7) can be obtained

(DyDy + 1 D3D. + oDy + csD2) f - f
:(fzt + clfwza:z + Cwawzx + CSfyy)f - fmft - 3clfwwzf:r
+ 3clfxzf$z - lerzzfz - 402fmszm + SCQfmzz - Cny2 = O, (19)

which is a combination version of the bilinear KP Eq. (1.3) and the bilinear potential
YTSF Eq. (1.6).

In this paper, we will study various types of solutions to Eq. (1.7) with dif-
ferent techniques, such as rational solutions, soliton solutions, kinky periodic-wave
solutions and complexiton solutions. In Sec.2, we will investigate the interaction
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between soliton solutions and periodic solutions. In Sec.3, based on the bilinear
form of Eq. (1.7), the Wronskian determinant solutions will be given and the soli-
ton solutions and complexiton solutions will be derived. In Sec.4, we will investigate
the Grammian solutions in a similar measure. In Sec.5, the bilinear BT will be con-
structed and a class of rational solutions will be derived from a particular solution.
Finally, the conclusions will be summarized in Sec.6.

2. Kinky periodic-wave solutions

In this section, we study the interaction solutions between soliton and periodic
waves to the generalized (3+1)-dimensional KP-YTSF Eq. (1.7). We assume the
solution f to Eq. (1.9) enjoys the form

f=e"% 46 sin (&) + dgest, (2.1)

where §; = a;x + by + mz + d;t (i = 1,2), and a;, b;, m;, d;, 0; are all real param-
eters to be determined. With symbolic computation, we substitute Eq. (2.1) into
Eq. (1.9), a set of algebraic equations about a;, b;, m;,d; and §; are obtained as

6162((1‘1102 + a:fclml - 6a§a%cz - 3a%a201m2 - 3a1a§clm1

+ G%CQ + agclmg + bfc;g — bgc;g + a1dy — asds) =0,

81(atey + alcymy — 6atascy — 3atascimy — 3ajaicimy + agcg
+ agclmg + b303 — bgc;g + a1dy — azds) =0,

5152(4a?a202 + a‘;’clmg + 3a:{a201m1 - 4a1a302 — 3a1a§clmg
— agclml + 2b1bacs + ardse + agdl) =0,

-0 (4ai’a262 + a:fclmg + 3a%a201m1 — 4a1a302 — 3a1a§clm2
—ajeymy + 2bibacy + ards + asdy) = 0,

4ageadt + dadc103my + 16acads + 16a5ci59my — b3czd?

— agdgéf + 4b?6362 +4a1d109 = 0.

By solving the algebraic equations, the relations among these parameters a;, b;, m;,
d; and 6; can be derived, which are given in Appendix A. Taking the Case 3 in
Appendix A as an example, we can obtain the solution f to Eq. (1.9)

3 _ 2 4 2
(b age1mi —2bybacs . —bics — asco + bs5cs + asds
f=ebrytmizt a2 ) 4 6y sin (aox + boy + —2 e t)
asC1
46167 — 30307 — Faxdadi 0, L edeim 2y, (2.3)
e - a2 .
w7

where ag # 0,b; # 0,01 # 0, and as, by, bs,ds, m; and ;1 are free constants. The
kinky periodic-wave solution to the Eq. (1.7) can be directly derived via transfor-
mation (1.8) as

2(—aje™8 + 81 cos (&) + daaret)

uw= () (2.4)

If 2 > 0, then
_ 2(2a1+/92 sinh (&, — 0) + azd; cos (&) 2a201 cos (&)

28y cosh (€1 — 0) + 8y sin (&) 2¢/5 cosh (& — 0) + 0y sin (&)
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with L
0= 5 In ((52)

If §5 < 0, then
2(2a1+/—0d2 cosh (&1 — 6) + a267 cos (&2) 2a58; cos (&2)

2y/—d2sinh (§1 — 0) + 41 sin (&2)  2y/=8,sinh (£; — 6) + §; sin (&)

with )
0= 5 In (—52).

By selecting appropriate parameters, the three-dimensional plot and contour
plot of the kinky periodic-wave solution are plotted in Fig. 1.

Figure 1. The kinky periodic-wave solution via Eq. (2.4) with ¢; = —%,c2 = 0,c5 = =2, ap = by =
by =dy=1,61 =2, t=1and z = 1.

We get a class of kinky periodic-wave solutions which are different from those in
Refs. [7,22]. The form of the solution f to Eq. (1.9) is different. The relationship
between the parameters obtained in Ref. [7] is a special case of this paper.

3. N-soliton solutions, complexiton solutions and
rational solutions in the Wronskian form

3.1. Wronskian solutions
We firstly construct the Wronskian determinant solutions to Eq. (1.9), as follows
0) ,(1 N-1
O 60 .. g

0y 8 oy

W(¢17¢27"' 7¢N>: :|]7-_\1|, (3].)

8 o o
where ¢>Z(-m)(i: 1,2,--- N, m=0,1,--- ,N — 1) are defined by

(m) _ OM;
¢ = oxm

(3.2)
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The function ¢;s satisfy the linear partial differential conditions:

2 2
c3y” — 3¢ desy
¢i,y = ’Y(bi,:mcv (bi,z - 3 2¢i,z» (bi,t = - 5 ¢i,:r::nzv (33)
361 3

where v # 0 is an arbitrary parameter.

Theorem 3.1. If ¢.s satisfy the linear differential conditions in Egs. (3.3), then

the Wronskian determinant fn = \17-—\1\ defined by Eq. (3.1) is the solution to the
bilinear Eq. (1.9), and u = 2(lnfx), leads to the solution to Eq. (1.7).

Proof. According to the properties of the determinant, the derivative of fy with
respect to the independent variables x, y, z, and t can be easily calculated as

fne=IN=2,N],

fyee =|N—2,N+1|+|N—3,N —1,N|,

frwee = IN—2,N+2/+2/N-3,N—,N+1|+|N—4,N—-2,N —1,N]|,

Frooas = N —2,N +3|+3|N —3,N—1,N +2|+2|N —3,N,N +1|
+3N—4,N-2N—1,N+1|+|N—5N-3,N—-2N—1N]|,

fuy =7(N=2,N+1|—|N —3,N —1,N]),

fagy =72(IN —2,N+3]— N —3,N — 1N +2|+2|N —3,N,N + 1

~IN—4,N-2,N—1,N+1|+|N—5,N—3,N—2,N —1,N|),

2
_3 —
Frs = u‘N_ 2, N|,
361
c37? — 3¢y, —
fNV,I:Z = T(‘N727N+1| + ‘N737N7 17ND7
1
372 =3¢y, —— — —
INee= " 2 (IN =2 N 42+ 2{N =3, N =1, N+ 1[+|N —4,N =2, N =1, N|),
C1
2—3 — — _
fN,Wz63’73702(\1\1—2,]\1+3\+3|N—3,N—1,N+2|+2|N—3,N,N+1|
C1
+3N-4,N-2N—1N+1|+|N-5N—3,N—2N—1,N|),
4 2 — —_— e~
i =— C;” (IN=2,N+2|—|N=3,N—1,N+1|+|N—4,N—2,N—1,N|),
403’}/2 —_— — —
J— (IN=2,N+3|—|N—3,N,N+1|+|N—5,N—3,N—2, N—1, N|).

3
Substituting the derivatives of fy into Eq. (1.9), we have

(fact + ¢1 frawz + C2 fraze + C3fyy)f = 46372‘N —-3,N,N + 1||N - 1‘7
- fa:ft - Slexa:zfm + 3clfwzf:rz - lezf:cmz - 4C2fwwsz + 3C2f;12;z - C3f§

=457 (~|N = 2,N||[N =3,N = 1N + 1|+ |N =2,N + 1[|N = 3,N — 1, N|)
(3.4)

and further get

(DyDy+ e1D3D. + oDy + csD2) f - f
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=4c37y*(IN —1||N =3,N,N+1|— [N —2,N||[N —3,N —1,N + 1|
+IN=2,N+1||[N=3,N—1,N|) =0, (3.5)

which is exactly the Pliicker relation of determinant [12], and the identity can be
represented by Maya chart in Fig. 2.

N-2 N-1 N N+l N-2 N-1 N N+l

0|0 X 0|0
-10] |0 Xt [O] |O
+|O Ox| JO|O| |[=0

Figure 2. Maya chart of Eq. (3.5): the Pliicker relation.

3.2. N-soliton solutions, complexiton solutions and rational
solutions

Based on the linear partial differential system in Egs. (3.3), we can obtain the
N-soliton solutions to Eq. (1.7) in the form

U = Q[IHW((Z)l’ ¢27 e 7¢N)]w7 (36)
o2 30 o2 e
where ¢; = €% + €%, & = Liw +lfy + @552z — T+ €0, G = kiw + KTy +
o2 . o2 e
<,3730—13(‘2 kiz — 290 k3t + (0, and 1, ki, £9,¢0 (i =1,2,--+ , N) are free parameters.

Taking N = 1 in Eq. (3.6), we can derive the one-soliton solution. First of all,
we have

fi=W(p1) = ¢ =€ + €,

and further substituting it into Eq. (3.6) to have

lyeft + ket SRS

u = Q(h’lfl)T =2 651 +€C1 = (ll —|—k1) + (ll — kl)tanh

Taking N = 2 in Eq. (3.6), we can obtain the two-soliton solution. Taking
o1 = €5t + e and ¢g = €52 + €2, we have

1 D10
o= W(br.d2) = | 17 = (8 e ) (1o hae®?) — (e 4 ket (e + )
¢2 ¢27w
ko — 1 lo — k log —1
— (ko — k Cl+C2(1 2 1 &6—-G 2 1 &2—Co 2 1 §1+£2*41*C2)
(ke = kr)e M z—kle +/€2—/€1€ +k2—/€1€ ’

which leads to the two-soliton solution to Eq. (1.7) via u = 2(Inf3),.
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Taking N = 3 in Eq. (3.6), we can obtain the three-soliton solution. Let ¢; =
€8t 4 €1, ¢y = €52 + €52 and ¢3 = €53 + €3, then
¢1 ¢1,z ¢l,zw
I3 :W(¢17¢2»¢3) = |2 qf)z,x ¢27xm

¢3 ¢3,m ¢3,mﬂ

_ 1+C2+(Cs (kQ—ll)(k?’_ll) 161
=(ky — ka) (ks — ko) (ky = kg)eSt 736 [ L e

(ki —lo)(ks = 13) ¢, ¢, | (s —ka)(ki=ly) ¢, o,

(k1 — k2)(ks — k2) (k3 = k) (k1 — k3)
U—bo)(ks =) (1 —ks) eppercicy | (=h2)(Us—ka)(l1=ls) e pe5-ics
(k1—Fo) (ks —k2)(k1—k3) (k1 —k2) (ks —k2) (k1 —k3)

(k1 —l2)(l3 = l2) (k1 — 13) cErtEs—Ca—Cs
(k1 — ko) (ks — ko) (ky — k3)

(I = 1) (I3 = I2) (1 — 13) brtEatts—Gi—C—Cs
(ky — kz) (ks — k2) (k1 — ks) ’

which gives rise to the three-soliton solution to Eq. (1.7) via u = 2(Inf3),.
Fig.3 show three-dimensional plots and contour plots of the one-, two-, three-
and four-soliton solutions by selecting the appropriate parameters.

v
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Figure 3. Soliton solutions to Eq. (1.7) with ¢; = —1,c0 = 1,c3 =2,z =1,¢t =1 and v = 1 (a) one-
soliton solution via Eq. (3.7): 1 = 2, k1 = 3, 5? = C? = 0; (b) two-soliton solution: I3 =1, I = —1.2,
k1 =15, ko = —1.8, 5? = Eg = C? = Cg = 0; (c) three-soliton solution: I; =1, 1> = —1.2, 13 = 0.2, k1 =

1.6, ko = —1.8, k3 = 0.6, £) = €3 = £ = ¢¥ = ¢§ = ¢§ = 0; (d) four-soliton solution: I; = 1, I = 0.4,
l3=18ls=—1,k =15, ko=—-02,kz =2, ks =-15¢60=¢)=€0=¢0==0=¢=¢ =0,
and (e), (f), (g), (h) are the corresponding contour plots.

In addition to the soliton solutions, we will construct some new type of solutions.
In terms to the following expressions

li = a1 + B, ki = ag; + Bail, (3.8)

where aq;, s, B1i, B2 are arbitrary real constants and I = 4/—1 is an imaginary
unit, & and ¢; can be rewritten as

G=6ut&ul, G=CutGil, (3.9)
where
&1 = anz +y(af; — By + 637230_130204”2 _ dooy” (af; = 3w 7))t
&2i = Bz + 2ya1Bry + 0372301 3¢ Priz — 46?2 (303,81 — B3,
(i = aggw + (a3, — B3y + 837230_13620‘2“ e (ad; — Baai B3t
Coi = Boix + 2ya2iBaiy + ey — 3¢ Baiz — dea” (303,82 — B3 )t

301 3
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Therefore, ¢; is sorted out as follows
o; = ¢S (cos &9; + I'sin 5;1) +elu (cos Co; + I'sin (;i)7 (3.10)

which satisfies the linear partial differential conditions. If we take ay; = ag;, f1; =
—f2i, then (; = & and & represents the conjugate complex number of &;. So
Eq. (3.10) can be reduced to

i = 26517 cos £, (3.11)

which results in the complexiton solution to Eq. (1.7) via u = 2[InW (¢1, p2, -+ , &N )]x-
When N =1 in Eq. (3.6), the complexiton solution to Eq. (1.7) is given by

u=2(Inf1)s = 2011 — 2611 tan &1, (3.12)
fi=W(¢p1) = eS8 cos a1

In addition, when N = 2 in Eq. (3.6), we take ¢ = 26511 cos f;l, Py = 26412 cos 552,
then we get the solution to Eq. (1.9)

fo = W (61, ) = 1 P12
¢2 ¢2,m

— 2611 cos 551 . [Qegil(an cos 5;1 — By1sin 551)]
— 26812 ¢og 552 . [26512 (12 cos 552 — B2 sin 5;2)]
= —4[(a11 — a12) cos a1 o8 Eaz + Bra cOs oy sin gz — 11 COS Eag sin oy JeS117E12)

which generates the complexiton solution to Eq. (1.7) via u = 2(Infs),.

Fig. 4 show the three-dimensional plot of the complexiton solution to Eq. (1.7)
by taking some special values of parameters.

Moreover, a kind of rational solutions to Eq. (1.7) can be given based on the
Wronskian form. We introduce a new type solution to the linear partial differential
system (3.3) as follows

(2] [2 31 deany? l c _3¢ s—3l—2n
SRS () (o (i) o)
punc s iord nll! (s — 3l — 2n)!

(j:1727"' 7N)7 (313)

ms

where [3] represents the largest integer that does not exceed the real number § and
ms is an arbitrary constant. In particular, if mg =0 (s =1,2,---,5 — 1), mj =1,
Eq. (3.13) is reduced as

b5ty () (e () ) e

nlll (5 — 30 — 2n)!

=0 n=0

According to the above formula, we can calculate ¢;s as follows

2
- 374 — 3¢
(bl =+ 301 2,
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Figure 4. The complexiton solution to Eq. (1.7) with ¢; = 1,c0 =2,c3 =3, t=1,z=1land vy =1
(a)N =1 via Eq. (3.12): o111 = 27 511 = 1;(b)N =2 a1 = 2,(!12 = 17 ﬂll = 1,512 = 2, and (C)7 (d)
are the corresponding contour plots.

2 \2
(-+ 255022

3c
¢2 = o : + 7y, (3.15)
R 3
(x + —03730_362 z) 2 _3 Agan?
! 1
(:r+—c372_302 z)4 (:c+J—C‘°’ *Scp 2)2 2.2 2 2
¢ _ 3c1 +’7 3c1 Yy Y'Y _403’}/ .1?-}—037 —3CQZ "
4 41 2! 21 3 3c1 ’

Based on the polynomial solutions to Eq. (1.9), we can construct the rational solu-
tions to Eq. (1.7).

For N =1 in Eq. (3.6), the polynomial solutions to Eq. (1.9) are presented

cs3v? — 3es ;
361 '

fi=W(p1)=dr =2+
Therefore, the rational solutions to Eq. (1.7) can be derived as
2

c3y2—3co °
a:—f——gc1 z

u = Q(IHfl)x =
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For N =2 in Eq. (3.6), the polynomial solutions to Eq. (1.9) are given

2_
:v—s—%z 1
f2=W(¢1,¢2) = (er"J"Y;%Z :

2 -
S ) +oy @ SR,

2
2_
( c37Y 3co )

301

= 2 - Y,

which leads to the rational solutions to Eq. (1.7) as

T+ csy?—3ca
uw=2(nfy), =4 3o . (3.16)

c3y2—3co 2 2
T+ 3¢, <) — &Y

For N =3 in Eq. (3.6), the polynomial solutions to Eq. (1.9) are shown

f3 :W((bh ¢27 ¢3)

2

x4+ %z 1 0

c3v2 -3¢ 2
<z+%z> 372 —3cs
2 2
ot c373c—3cz z) , ) P e ,
1 c3y”—3ca 4c3y 3e1 c3y”—3c2

g t7 (x + =55 z) y— —5-t 37 Ty T+ g2

t,

(az 4 e’ 8 z) ’ 2 2
3c1 _ vt c3y® — 3¢ ; _ 4esy
3l 7 3¢, Y73

which gives rise to the rational solutions to Eq. (1.7) as
a~v2—3c 2
(:c + =2 z) — 27y

3 |

c1 3c1

u=2(nf3), =6

(3.17)

From the above process, we can see that if we choose different special forms for
the unknown element ¢; in the determinant, which satisfies the linear differential
conditions in Eqs. (3.3), different types of exact solutions to Eq. (1.7) can be derived.

4. N-soliton solutions and complexiton solutions in
the Grammian form

4.1. Grammian solutions

In this part, we consider another form solutions to Eq. (1.9) by using Grammian
determinant to express f as follows

xr
fnv =det(aij)i<ij<n, Qij = Cij +/ ¢ dx, (4.1)
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where ¢;; is constant, and ¢}s and 1/135 are the functions of the scaled space coordi-
nates z, y, z and the time coordinate t satisfying the following conditions:

2 2
c — 3c 4c
¢z’,y = ’Y(Zsi,xxa ¢i,z = % ¢i,x7 ¢i,t = *% ¢z’,;caca:»
2 2
c —3c 4c
wi,y = —7%‘@1-, wi,z = % %‘,z, wi,t = - ?))7 wz,mun (42)
1

In fact, the coefficients in this partial differential system are the same as those in
the above conditions (3.3).
In order to prove that fx satisfies Eq. (1.9) more simply, Pfaffian of the N-soliton
is introduced
(1,2,-+- ,2N), (4.3)

and its expansion with the first character ”1” as the datum element is

(1727"' 72N) :(172)(3747"' 72N)_(173)(2747"' 12N)
+(174)(2a3a"' 72N)7"'+(172N)(233;"' 32N*1)

:Z(_l)j(lvj)(273"" 737"' 72N)7

where j means to remove the character j and the 1-order Pfaffian (i,7) is called
an element of Pfaffian, satisfying (i,j) = —(4,4). By making use of Pfaffian, the
N-order Grammian determinant fy can be rewritten as

fn=(1,2,--- ,N,N* -+ 27 1%) = (o), (4.4)

where (4, j*) = a;; and (4, j) = (¢*,7*) = 0. To express the derivatives of the entries
(i,5*) with Pfaffian, we define

o" Nk
—@@7 (dn’J)—%

where m,n =0,1,2,3,4.

(dn7 7'*) wj? (d7m d;) = (d:naj*) = (dn’ Z) =0, (45)

Theorem 4.1. If ¢}s and ¢}s satisfy the linear differential conditions in Eqs. (4.2),
then the Grammian determinant fy = det(a;j)1<ij<n defined by Eq. (4.4) solves
the bilinear Eq. (1.9), and u = 2(Infn); leads to the solution to Eq. (1.7).

Proof. According to the definition of Pfaffian entries (i,j*) = a,;; and the lin-
ear partial differential conditions in Eqgs. (4.2), the derivatives of a;; can be easily
computed

0 * s ek
7y % = iy = (do,dg,4,57%),

a xT
s = [ i+ o do
= 7(9252'.,:61!}]' - ¢i1/)j,z) = 7[(d03 d>1ka Za]*) - (dla dSa iaj*)]a

8 T
&aij Z/ ¢z’,z7/)j + ¢z‘¢j,z dx
2 2
374 — 3¢ 37 — 3¢ . s
= Py = d ad 3 by )
301 (bwj 361 <0 OZJ)
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13} v dezry?
g% = / Qb + Gy dr = _%((bi,wij — GiaVjz + GiVjax)
46372 * o ex * o ek * o ek
= - 3 [(do’dQ?Z’j )_(dl,d17l,j )+(d27d0727] )]

Through using the properties of the Pfaffian, the derivatives of the fn with respect
to independent variables x, y, z and ¢ can be not difficult to calculated as

fN,:v = (dO’d3’°)7

fN,xm = (dlvd?;v.) + (do,di,'),

IN gz = (da,d, @) + 2(d1,d7, ®) + (do, d5, @),

INwaza = (d3, d, ®) + 3(d2, d7, ®) + 3(d1, d3, ®) + (do, d3, ®) + 2(do, dgy, d1, d7, @),
Ny = V[(do, d7, @) — (d1, dg, ®)],

INyy = V[—(d2, d7, 0) + (do, d3, @) + (d3, d5, @) — (du, d3, @)] + 2(do, d5, dy, d , @),

e = ST g ),

e = T2 g0 4 o, ),

Fmes = W[(dz,d&-) +2(dy, d}, #) + (do, dy o),

Fvnns = T () 430, 0 0) 430, 0) o )
+2(do, dg, dy, d7, ®)],

I = —40?2 ((do, 5, @) — (dv,d?, ) + (do, di), @),

Pt = T e, )+ (g ) — (o o). (46)

Substituting the above results into Eq. (1.9), we have

(fot + 1 fawzz + Cofanan + 3fyy) [ = 4e3y?(do, di, du, di, @)(e),
— foft = 3¢1 fanzfo + 3¢t faz for — 1 f2 foan — 4Ca fraafo + 3c2fiy — 3],
=4cz7?[~(do, d, ) (d1, di, ®) + (do, d7, ®)(d1,dg, ®)]
and further derive
(DyDy+ e1D3D. + oDy + csD2) f - f
=dezy*[(do, dg, dv, di, @) (e) — (do, dy, @) (d1, d7, @) + (do, di, @) (d1, dg, )] = 0, (4.7)
which is exactly the Jacobi identity of determinant [12], and the identity can be
represented by Maya chart in Fig. 5.
The Jacobi identity is a special case of Pfaffian identity [12]. Because the number

of indexes with * and without * in the two Pfaffian (dy, d, ), (d§, d}, ) is not equal,
the two Pfaffian are all zero. O

4.2. N-soliton solutions and complexiton solutions

If we select the appropriate elements in the determinant and satisfy the linear
partial differential conditions, we can get different forms of solutions to Eq. (1.9).
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dy dy dy d] dy dy dy d;
O|O|0|O]| x
—-[O|O X O|0
—10 O| X 0|0 =0

Figure 5. Maya chart of Eq. (4.7): the Jacobi identity.

In particular, the linear partial differential system in Eqs. (4.2) have the following
form of solution

(bi = efi’ ,(/)’L = e<ia

2
37° — 3 4
& = Lix+2y + Cﬂ3c1 “n - Cﬂ Bt+¢,

2
- 4
Ci = iz — vk2y + %kz 037 20T k3t 4 0, (4.8)

where 1;, k;, &) and (9 (i = 1,2,---, N) are arbitrary parameters.
When N =1 in Eq. (4.4), the one-soliton solution to Eq. (1.7) can be given.

Taking c1; = 1, ¢1 = €& and ; = ', we have

=(1,1") =1+ ——es 70 4.
fl (7 ) +l1+k‘1€ ) ( 9)

which leads to the one-soliton solution to Eq. (1.7) as

28514'(:1
1+ l1-‘:1-k1 eS¢

—2(nf1), — Ik )+ (1 1) tanh[ = p GGt e 1k1)] (4.10)

When N = 2 in Eq. (4.4), the two-soliton solution to Eq. (1.7) can be given.
Taking c11 = caa = 1, c12 = 21 = 0, ¢; = €5 ,1p; = €% (j = 1,2), we have

£y = (172’ o, 1*) _ 14+ [P e§1+€1 mefl"r@z
lz-‘r 6§2+Cl 1 + lz-ﬁl-ké €£2+C2
O SR _l eto (4.11)
l1 + kq lo + ko
(ll - 12)(k1 - k2) 6£1+C1+§2+C2,

T T k) Us k) (b 1 k) (s & F)

which results in the two-soliton solution to Eq. (1.7) via u = 2(Inf3),
When N = 3 in Eq. (4.4), the three-soliton solution to Eq. (1.7) can be given.

Taking c11 = cao = ¢33 = 1, the rest of ¢;; = 0(i,j = 1,2,3), and ¢; = €% ,¢); =
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e%(j =1,2,3), we have

1 + 1 + 1 +
1+ e eb1t+G mefl G2 We& Cs
" * * * 1 1 . 1
fs =(1,2,3,3%,2%,1%) = e ef2 G 1 4 s eb2tC2 FEy eb21¢s

1 &3+C1 _ 1 &3+Ce _ 1 &3+(s
otk © R P L+ age

= 14em +e"2+e’73+b1267“'“72 +b13e"1+”3 +b23€n2+n3 —|—b12b136236771+772+"3,

where
) 1
m=&+G+61, Mm=E&+C+d, m=E&+(+d, = ;
l; + k;
and
(=) (k1 — ko) (= I3) (k1 — k3) (I = I3) (k2 — k3)
bia = b1z = bes =

(ll +k‘2)(l2 +k‘1)’ (11 +k3)(l3+k‘1)’ (lg +k’3)(13+k2)7

which gives rise to the three-soliton solution to Eq. (1.7) via u = 2(Inf3),.

Similarly, we can derive the four-soliton solution to Eq. (1.7). In order to il-
lustrate the soliton solutions more vividly, the one-, two-, three- and four-soliton
solutions and the contours are plotted in Fig. 6 by choosing the appropriate pa-
rameters. As an example, if ¢; = —i,cz =0,c3 = —%, Eq. (1.9) is reduced to the
(341)-dimensional YTSF (1.6).

5. Bilinear BT and rational solutions

5.1. Bilinear BT

BT is an effective tool to solve the exact solution to the NLEEs [24, 36,43]. It
establishes the relationship between the solution to one NLEE and another known
NLEE or the relationship between two different solutions to the same NLEE, and
then derives the new solution from the known solution. Here we construct the

bilinear BT between one solution f and another solution f’ to the bilinear KP-
YTSF Eq. (1.9). Fist of all, we consider

P :=[(DyD¢ + c1D}D, + c2Dy + csDL) f' - f']f?
— f?[(DeDy + 1 D3D. + 2Dy + ¢sD) f - f]. (5.1)
It can be observed from the above equation that if P = 0, then f satisfies Eq. (1.9)
if and only if f’ satisfies Eq. (1.9). By means of the bilinear operation identities, a
series of bilinear equation of the interaction between the variables f and f’ can be
derived from P = 0.

Based on the exchange formula, the following bilinear operation identities are
obtain

(Dyf" - )2 = (Dyf - F)f? = 2Dy (Dyf' - f) - fF,
(DaDof' - [))f? = (DaDif - ) = 2Do(Def"- ) - £ ',
Dy(D3f" - f) - ff = Dal(DuDyf" - f) - ff' + (Dyf - f) - (Duf'- )],
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(a) one-soliton solution via Eq. (4.10): I = 2, (b) two-soliton solution: 11 =2, lo =3, k1 =1,
ki =1, 51*(1:0 k2 =2, 51*52*41 42:0

(c) three-soliton solutlon l1_2 l2_3 l3— s (d) four-soliton solution: I; =1, lo = 2, I3 =

k1=1, ka =2, ks =3, 51—52—53—C1—C2— 0.5, l4 = 167 k‘1 = 2, k2 —37 k‘3 = 1.5, k4 =

¢g =0 2.6, 51—52:53—54=C1242—43—C4:
0

(g) the corresponding contour plots (h) the corresponding contour plots

Figure 6. Soliton solutions to Eq. (1.7) with z =1, ¢t =1 and v = 1.
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(Daf"- )2 = (Daf - 1)f? =2Do(D3f - f) - [f = 6D (D2f" - ) - (Daf" - f),
2DD.f - f')f* = 2(D3D, f - /) f*
—3D9c(D§:f,'f)'(sz,'f)‘FDz(Dif,'f)'ff/_SDz(Dfrf,'f)'(Dxf/'f)-

(5.2)

The above five identities are substituted into Eq. (5.1), which can also be rewritten
as

2P =AD,(Dyf" f)-f f'+3c1De(D2D. f'- ) ff' =61 Do (Do D f' - f)-(Daf' - )
=3c1 Do (D f-[)-(Dof"- f)+erDo(D3 f'- f)-ff' =31 Do (D f" - f)-(Dof' - f)
+4ca Dy (DS f)-f ' =12¢2 Do (D3 f'- f)- (Do f' - f)+4csDy(Dy f'-f)-f f'
+4¢3D,[(Dy Dy f'- f)- ' +(Dy f'- f)-(Daf' - £)] = 4esDy (D3 f'- f)-f f

=D,[(4D;+3c1 D2D,+4co D2 +4c3 D, Dy +4cs M Dy+cida Do+ X3) f - f1- ff

—2D,[(3¢1 DD, + 6c2D2 — 23Dy + Ay D) f' - f]1- (Dof' - f)
+4e3Dy[(Dy — D2 — MDDy + c1Xs D, + X)) f - f]- £
—3c1DL[(D2+ X7+ XsD.)f - f1- (Dof' - f)
—3c1D.[(D2 — Av 4 X Do) - f1- (Do f' - f)
+c1D,[(D2 — XDy — 4esAsDy + Aio) f' - f1- ff's (5.3)

where \;(i = 1,2,---,10) are all arbitrary parameters. At present, the bilinear BT
for Eq. (1.9) is constructed as follows

Bif' - f =(4Dy+3e1D2D, +4ca D2 +4c3 Dy Dy +4cz A1 Dy+ci1da D, +23) f- f =0,
Bof' - f = (301D D, +602D27203D +MD,)f' - f =0,

Bsf'- f=(Dy—D; — Dy +c1AsD, + Xg)f - f =0,

Byf'- fZ(Di‘F)W-F)\S Of =0,

Bsf' - f = (D2 =X+ XDy)f' - f=0,

Bef'- f = (D} — XoDy — 4cshsDy + Mo) f' - f =0,

(5.4)
which is composed of six bilinear equations about f and f’ and includes ten arbitrary
parameters. In the above calculation, the parameters \;(i = 3,4,6,8,9,10) are
equal to 0 via D, f - f = 0 and the parameters A\;(j = 1,2,5,7) are equal to 0 via
Du(Dyf'- f)- £ = Dy(Duf'- ) - FF".

2. Rational solutions

If a simple function f = 1 is taken into the bilinear BT of Eq. (1.9), then Eq. (5.4)
can be reduced to a linear partial differential system

Aft +3C1frps +4Co frpy +4c3fry, +4csAfy + cidafl + X3 f' =0,

3c1fy, +6c2fr, —2c3f, + Aafr =0,

fo = fow = Mfr + s+ Xef =0, (5.5)
foa + 2 + 2. =0, frp = Mf 4+ Xofy =0,

frww — Xafy —4cssfy + Ao f =0,
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which makes it easier to get a new solution f.
Next, we take into account of a class of rational solutions to Eq. (1.9), so let f
be a first-order polynomial function

/= a1z + asy + azz — aut, (5.6)

where a1, as, az, aq are all arbitrary constants. By substituting f’ into Eq. (5.5) and
taking A3 = A\g = A7 = A1jp = 0 in Eq. (5.5), we get

(—azc1Xs + a1hr)?es

as = 7@301)\5 + a1/\1, Ay = a 5 (57)
1
Ao = _4(—&301)\5 + al)\1)03)\5, Ay = 2(—&301)\5 + al)\1)037 (58)
a1 ai
and
As =0, Xo=0. (5.9)

Hence, the first-order polynomial solution to Eq. (1.9) is derived

(—azc1Xs + a1h)?es
ai

[ =a1z + (—azci s + a1 )y + azz — t. (5.10)
Based on the dependent variable transformation (1.8), the following rational solu-
tion to Eq. (1.7) is given

2(11
= 7’
where ay,as, A\1, A5 are arbitrary constants. By selecting a; = 1.8,a3 = 4, A\ = 2
and A5 = 1.5, this rational solution and the contour are plotted in Fig. 7.

u=2(nf"), (5.11)

Figure 7. Plot of the rational solution and the contour via Eq. (5.11) with ¢; = 1,c2 = —2, 2 =1 and
t=3.

6. Conclusions

In this paper, we have used four methods to investigate exact solutions to Eq. (1.7),
and obtained different types of solutions, such as rational solutions, soliton solutions,
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kinky periodic-wave solutions and complexiton solutions. Fist of all, we have inves-
tigated the interaction between soliton and periodic solution, and a class of kinky
periodic-wave solutions has been obtained. Based on the bilinear form of Eq. (1.7),
the Wronskian determinant solutions have been given. With symbolic computa-
tion, the soliton solutions, complexiton solutions and rational solutions have been
derived. We have also investigated the Grammian solutions to Eq. (1.9) in a similar
measure. By selecting appropriate parameters, we have plotted three-dimensional
plot of a few particular solutions and corresponding contour maps with Maple. The
results show that determinant technique is an important means to solve NLEEs.
Furthermore, the bilinear BT of Eq. (1.9) has been constructed, which consists of
six bilinear equations and ten free parameters. Based on the bilinear BT, a class
of rational solutions have been derived from a particular solution. It is proved that
we can get new solutions from some known solutions to Eq. (1.9) according to BT.
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Appendix A

Using Maple, we get three groups of solutions about the relations among parameters
a;, bi, mg, dl and 61 .
Case 1

1
 2a1(a36?+6a265+2a265) (a2 +a2)
+32aSa3ca02432a ascady —atbacsd? +2a3agbibycsdt —3a2adbicsd?

+ 3a%a3bic30? — 6ajasbibacsdi + agbicsdt — 12abic3dy + 16a1bacsdy

- 32&?@21)11)26352 - 4(1%1)%0352),

dq (aSa3cad? +Tatasead? +3a2aSca6? —3a5cd?

1
dy = 20756020, 2020, (—4a3025%+6a‘1‘a20252—12a%a30262—2a30262 + agbgc;;é%
+ 12a1b1bac3ds — 6a2b§63(52 + 2&2()56352),
-1
my (3aja3cad? 4 6atascad? + 3aScad?

" 2a101 (a30? + 6a20 + 2a205)(a? + a2)
+ 12a(150252 + 24a‘11a30252 + 12@%@%0252 - a?b%c;:,é% + 2a1a2b1b2036%
— a%bf@,df + 4&%1)36352 — 8ajasbibaczds + 4a§b36362),

mgz(),
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with
ay # 0,ag # 0,a36% 4 64365 + 24365 # 0,

where a1, as, by, b, 01 and do are free constants.

Case 2
di — 1 8 2 8 4aSat 4a8a3 6atal
1= ﬁ(alagq + ajazcims + 4ajaqgco + 4ajascims + bajagcs
2a105(af + a3)

4 5 2 8 2 7 10 9 672 5
+ 6ajascima+4ajasca+4ajascimatas ca+ascime — ajbyer + 2ajazbibacs
— 3ajasbics + 6ataibics — 12a3a3bibacs 4 2atasbics — atasbics
5 67,2
+ 2a1a2b1b263 - 3a2b163),

—c3(afb3 — 2a2a3b3 + 8aia3biby — 4a3b? + a3b3)

dy =
2, 2 J
az(af + a3)?
-1
2 4 4 4 2
mp = (3a8a3cy + alagcimy + batases + datascimsy + alases
2aia3c(a? + a2)?
1azcilay + a3
—a2acimg — aSey — abeimyg — atbies + 2a3asbibocs — alaibics
2 22 3 472
+ 3ajazbscs — Bajasbibacs + 3asbics),
452
5y = 20503
= 93 2.2 4>
3a7 — 6Gaja; — a;
with

ar #0, az #0, 3a] —6ata3 — a3 # 0,

where a1, as, b1, ba, mo and &1 are free constants.

Case 3
4 =0, dy = a%clml — 2b1bgc;>,7
ag
—b%c;g — a‘2102 + b%Cg + agdg 4b%5% - 3b§5% - %angCS%
mz = 3 ’ 52 = 2 )
ayC1 4b1
with

QQ#O, b1#07 51#()’

where as, by, bs, d2, m1 and &1 are free constants.
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