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Abstract The main objective of this paper is to study coefficient problems for
starlike functions located in the petal shaped domain. The bounds of the first
three initial coefficients, bounds of Fekete-Szegé type inequality, estimates of
the second and third Hankel determinants for the subclass of starlike functions
are derived, all of these bounds are sharp.
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1. Introduction

Let the family of analytic functions in the unit disk 4 = {z € C: |z| < 1} be de-
scribed by the symbol H (i), and let A be the subfamily of H (U) which is defined
by

A= fEH(Z/l):f(z):erZanz” . (1.1)
n=2
Furthermore, the set S C A consists of all normalized univalent functions in /. For
two given functions g1, g2 € H (U), we say that g; is subordinate to go, written by
g1 < g2 or g1(z) < ga2(2), if a regular function v occurs in U with the restriction
v(0) = 0 and |v(z)| < 1 such that f(z) = g (v(z)) for all z € U. Moreover, if g is
univalent in U, then the following relationship holds:

91 (2) <92 (2) (2 €U) <= g1(0) = g2(0) and g1 (U) C go(U).
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Though the geometric function theory was started in 1851, due to the coefficient
conjecture proposed by Bieberbach [6] in 1916, this field emerged as a hot research
area. This conjecture was proved by de-Branges [10] in 1985. The families of starlike
functions §*, convex functions K and close-to-convex functions C are the most basic
subfamilies, which are defined as follows:

S = {feS:Re (fo/(g)> >0 (zeu)},

K::{feS:Re<w>>O (zeu)},

and

!
C:= {f € §:3g € 8 such that Re (Z‘;(S)) >0 (z GL{)}.
The general form of the class §* was studied in 1992 by Ma and Minda [24],
which is given by

S%w—{feS:”“”

f(z)

where ¢ is a regular function with positive real part, ¢ (0) = 1 and ¢’ (0) > 0.
Also, the function ¢ maps U onto a star-shaped region with respect to ¢(0) = 1
and is symmetric with the real axis. They addressed some specific results such as
distortion, growth, and covering theorems. In recent years, several subfamilies of
the set A were studied as special cases of the class $* (p).

(i) If we take ¢(z) = 11-:%; with —1 < N < M < 1, then the deduced family

S*[M,N] = &* (HMZ) is described by the functions of Janowski starlike

< p(z) (zeu)}, (1.2)

1+Nz
family established in [12].

(ii) The family 87 = S*(p(z)) with ¢(2) = v/1 + 2z was developed in [35] by Sokél
and Stankiewicz. The image of the function ¢(z) = /14 z demonstrates
that the image domain is bounded by the Bernoullis lemniscate right-half
plane specified by |w? — 1| < 1.

(iii) By selecting ¢(z) = 1+sin z, the class $*(¢(z)) leads to the family 8%, which

was explored in [9], while §& = S§* (¢*) has been discussed in [25] and later
studied in [32,34].
(iv) The family S} := S*(¢(z)) with
4 2
p(z) =1+ 3% + 522
was contributed by Sharma. In [31], it contains the function f € A such that

ZJ{PES) is located in the region bounded by the cardioid given by

(922 + 9y — 182 + 5)% — 16(922 + 9y®> — 6z + 1) = 0.
(v) The family S§; = §* (¢(z)) with

pl) =142 252
a a—z
was studied in [17], while S}  := S§* (cos(z)) and S}, = S* (cosh(z)) were

recently discussed by Raza and Bano [5], and Abdullah et al. [1], respectively.

(a=v2+1)
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(vi) If we consider p(z) = 1+ sinh™" z, the class
Sy :=8"(L+sinh™'2)
was introduced by Arora and Kumar [3].

A function f € A is in the family S} if (1.2) holds for the function ¢(z) = p(2),
where
p(z) =1 +sinh ™! 2. (1.3)

Clearly, the function p is a multivalued function and has the branch cuts about the
line segments (—ioo, —i)U (%, 100), on the imaginary axis and hence it is holomorphic
in . In a geometric point of view, the function p maps the unit disc i onto a petal
shaped region €2,, where

Q, ={w e C: |sinh (w—1)| < 1}.

From the above definition, we deduce that f € S} if and only if there exists a regular
function ¢ (z) < p(z) such that

f(z) =zexp (/OZ q(t)t_ldt> . (1.4)

If we set

1 3 5
q(z):1+sinh_1(z):1+z—823+E25—Ez7+~-,

it follows from (1.4) that
* sinh ™' (t) s 14 1, 1 5 1 4
= _— = — — — — —_ e 1.
fo(z) = zexp (/0 " dt) 24z +22 —l—gz 5% T 59E? +---, (1.5)

which will be played as an extremal function for the class Sj.

The Hankel determinant H,,, (f) (¢g,n € N:={1,2,...}) for a function f € S
of the series form (1.1) was given by Pommerenke [27,28] as follows:
an An+41 - - - Gnig-1
Ap+1 Up42 - .. Oniq

Hyn (f) =

An4g—1 Qntq - - - An42¢—2

In particular, the following determinants are known as the first-order, second-order
and third-order Hankel determinants, respectively,

1 as 2
Hon (f) = = az — a3,
a9 as
ag a3
Hopo (f) = = agay — a3,
az a4
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and
1 ag as
Hg,l (f) = l|ag a3z a4 | = a3 (a2a4 — a%) — Q4 ((14 - (12(13) + as (ag - a%) . (16)
asz a4 as

There are comparatively few observations in literature in relation to the Hankel
determinant for the function f belongs to the general family S. For the function
f € S, the best established sharp inequality is |Hz, (f)] < Av/n, where A is a
constant, which is due to Hayman [11]. Further, for the same class S, it was
obtained in [26] that

Haa ) <r (12253,

and

4 32 4+ /285
Haa ()] < 1 (qusg).

In a given family of functions, the problem of calculating the bounds, probably
sharp, of Hankel determinants attracted the interests of many researchers. For
example, the sharp bound of |Hz o (f)], for the subfamilies K, S* and R (family of
bounded turning functions) of the set S, were calculated by Janteng et al. [13,14].
These estimates are

1/8, for f € K,
Hao () <q 1, for feS™
4/9, for f € R.

For the families $* (8) (0 < 8 < 1) of starlike functions of order § and S§* (8)
(0 < B8 <1) of strongly starlike functions of order 3, the authors [7,8] showed that
|H2,2 (f)] are bounded by (1 — ﬁ)2 and (2, respectively. The exact bound for the
family §* (¢) of Ma-Minda starlike functions was investigated in [21]. For recent
applications of Ma-Minda classes, we refer the reader to [39].

It is quite clear from the formulas given in (1.6) that the calculation of |Hs 1 (f)|
is far more challenging compared with finding the bound of |H22(f)|. Babalola [4]
investigated the bounds of third order Hankel determinant for the families of IC,
S* and R in 2010. Moreover, Zaprawa [41] improved the results of Babalola by
applying a new methodology. He obtained the following bounds:

49/540, for f € C,

[Hsa (f)] <91, for f € S*,
41/60, for f € R.

He also pointed out that such limits are indeed not the best one. In 2018, Kwon et
al. [19] strengthened Zaprawa’s result for f € S* and showed that [Hs 1 (f)] < 8/9,
and this bound was further improved by Zaprawa et al. [40] in 2021. They obtained
|Hs1 (f)| < 5/9 for f € §*. In 2018, Kowalczyk et al. [16] and Lecko et al. [20]
succeeded in finding the sharp bounds of |Hs 1 (f)| for the families K and S* (1/2),
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respectively, where S* (1/2) denote the starlike functions of order 1/2. We note that
Rath et al. [30] pointed out there was an error in the proof of the corresponding
result obtained by Lecko et al. [20], they also gave a new corrected proof. These
results are given as follows:

4/135, for f € K,
1/9, for feS*(1/2).

[Hs 1 (f)] <

Moreover, Wang et al. [38] determined the third and fourth-order Hankel determi-
nants of a subclass of analytic functions.

In the present paper, our objective is to calculate the sharp bounds of the coef-
ficient inequalities, Fekete-Szegd type problem, Hankel determinants of order 2 and
3 for the class of starlike functions §; connected with petal shaped domain.

2. Preliminary results

To prove our main results, we need the following definition and lemmas.

Definition 2.1. Let P denote the class of functions p which are analytic in & with
Re (p(z)) > 0 and has the series representation

P(2) =14 cn2" (z€U). (2.1)
n=1
Lemma 2.1. Let p € P has the series form (2.1). Then for x,0,p € U = {z :
2] <1},

200 =ci+x(4-¢}), (2.2)
des=ci+2(d—c)ar—c(4—cf)z®+2(4—¢}) (1 - |m|2) o, (2.3)

and

8cs =ci + (4 — )z [c] (2% — 3z + 3) + 4z
2 2 2 2 (24)
— 4= )1~ o) ez = D)z + 70 — (1= |o*)p] .

It contains the well-known formula for ¢y (see [29]), the formula for ¢z due to
Libera and Zlotkiewicz [22], and the formula for ¢4 was proved in [18].

Lemma 2.2. If p € P has the series form (2.1), then

lentr — penck] < 2max {1, |2u — 1|}, (2.5)
len] <2 (n>1), (2.6)

and
|Je} — Keieg + Les| < 2|J| + |K —2J|+2|J — K + L, (2.7)

where J, K, L,y € C, and for B € [0,1] with B(2B —1) < D < B, we have
|cs — 2Beycs + Dei| < 2. (2.8)

The inequalities (2.5), (2.6), (2.7) and (2.8) in Lemma 2.2 are taken from [15],
[29], [2] and [23], respectively.
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3. Coefficient inequalities for the class S)

Firstly, we aim at finding the sharp bounds of the first three initial coefficients for
functions in the class S.

Theorem 3.1. If f € S}, then

1 1
las] <1, |as] < 3 and |ag| < 3 (3.1)

These bounds are sharp.

Proof. From the definition of the class S; along with the subordination principle,
it follows that

2f' (2) -1
=1+sinh™ " (w(2)).
f(z)
If p € P, then in term of Schwarz function w, we have
1
p(z):m:1+012+62z2+63z3+~-, (3.2)
or equivalently,
p(z)—1 1z + 022 + 32 Feg2t + -
w(z) = =

p(2)+1 24 ciztcpz2+cezd fegzt -

In view of (1.1), we easily obtain

Z;/(ij) =1+ asz + (2a3 — a%);ﬂ + (3a4 — 3asas + a‘;’)zg s

+ (4as — 203 — dasay + 4adaz —a3)2t + - - - .

By the series expansion of w (2), we get

1 1 1 1 5 1
1+4sinh™! (w(z)) =1+ Jaz+ (202 — 40?) 22+ (203 + @C? - 20102) 23

+ }c —102—ic4+3020 —lc c3 ) 2t +
27042 3 et 2 '
(3.4)
By virtue of (3.3) and (3.4), we know that
1
a9 = 501, (3.5)
1
az = 162, (3.6)
and L ) L
a4 = 603 — mc? — gpc1ce (3.7)

For ay and ag, by using (2.6) in (3.5) and (3.6), we easily obtain

1
las] <1 and |as| < 3
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The above two inequalities are sharp for the extremal function given by (1.5).
For a4, we rewrite (3.7) as

1 1 1
lag] = 8 €3 = J61¢2 — ﬁc‘? ) (3.8)

Then by using (2.7) and (3.8), we obtain

1 1
0<B=-<1, B==->D=—-——
R T 8~ 18’
and 3 1
B@2B-1)=—-——<D=——.
( )= ;< 13
Thus, all the constraints of Lemma 2.2 are satisfied, by virtue of (2.8), we obtain
the required bound

1
lag| < 3
The sharpness can be found from the following extremal function
*sinh ™ (3 1 1 1
fl(z)zexp(/o Smt()dt>z+324+182781210+~~. (3.9)
O
Now, we study the Fekete-Szegé type problem for the family S;.
Theorem 3.2. If f € S}, then
|as —’ya%‘ < max 11 |2y — 1] ¢ .
- 2’ 2
This inequality is sharp.
Proof. From (3.5) and (3.6), we may write
2 1 2
|as —ya3| = 7 [(e2 = el)|.
An application of (2.5), we obtain
9 1
laz — ya3| < gmax{l, |2y —1]}.
O

By putting v = 1, we obtain the following result.
Corollary 3.1. If f € S, then

1
|a3 —a§| < 3

This inequality is sharp with the extremal function

* sinh ™' (¢2 1 1 1
fa(z) = zexp (/0 Smt()dt> :z+§z3+§zs—mz7+~--. (3.10)
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Theorem 3.3. If f € S}, then

1
|CLQCL3 — 0,4| S —.

3
This inequality is sharp.
Proof. From (3.5), (3.6) and (3.7), we obtain

1.
‘CLQCLg — a4\ = m ’C‘f + 24ci1c0 — 2463| .
In view of (2.2) and (2.3) along with ¢; = ¢ € [0, 2], we have
1
lagas — aq] = ] ‘703 +6(4—c*)ca®—12(4—?) (1 - |x|2) z‘ .

By applying triangle inequality and replacing |z| < 1, || = b with b < 1, which
leads to

lazas — as] < ﬁ (7 +6(4—c®) (c—2)b> +12 (4 — ?)] = F (¢,b).

Now, we differentiate F' (¢, b) with respect to b, it is easy to show that F’ (¢,b) <0
on rectangle [0,2] x [0,1]. If we put b = 0, then

max{F (¢,b)} = F (c,0).

Thus, we have

1
lagas — ayq| < Tid [7¢* +12 (4 = %)) =: G(c).

By taking G'(¢) = 0, we obtain ¢ = 0 or 8/7, and G”(c¢) < 0 at ¢ = 0. Thus, G(c)
arrives at its maximum value at ¢ = 0, it follows that

1
|azas — as] <|G(O)] = 3.

Equality holds for the function given by (3.9). O
Next, we will determine the second-order Hankel determinant for f belongs to

S;.
Theorem 3.4. If f € S}, then

[Ha2 ()] <

] =

The inequality is sharp.
Proof. We can write Ha 2 (f) as

Hoo (f) = asaq — a%.
From (3.5), (3.6) and (3.7), we have

1

= 2% ‘_0411 — 6cicy + 24cic3 — 18c3] .

|a2a4 —a§|
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Without loss of generality, we can write ¢; = ¢ with 0 < ¢ < 2. In view of (2.2) and
(2.3), we obtain

5 4

|azas—a3| = 5¢ 6 (4—c®) Pz?+12 (4—?) (1—\x|2) cz—g (4—62)21‘2 .

L
288

By applying triangle inequality and replacing |z| < 1, |z| = b with b < 1, we get
‘a2a4 — CL§|

i§4 2\ 232 2 2 9_222_,
S288{2C +6(4= )" +12 (4= ) (1-b7) et 5 (4 C)b}—-aﬁ(c?b)

By differentiating ¢ (¢, b) with respect to b, we have

0¢(c,b) 1
ob _@<

¢ —8c+12) (4—c?)b.

It easily to show that ¢’ (¢,b) > 0 on [0, 1], thus, we see that ¢ (c,b) < ¢ (¢, 1).
If we put b =1, then

|a2a4—a§|§ 204—&-602 (4—02)4—%(4—02)2 =: G (c).

288

Since G1 (¢) < 0, we know that G (¢) is a decreasing function, it attains its maxi-
mum value at ¢ = 0. Therefore, we conclude that

1

[H22 ()] < 1G10)] = .

The required second Hankel determinant is sharp and it can be obtained by (3.10).
O

4. Third-order Hankel determinant for the class 8;‘

In this section, we will determine the bounds of third-order Hankel determinant for
/ belongs to S7.

Theorem 4.1. If f € S}, then

1

[Hz1 (f)] < g

Equality can be obtained by (3.9).
Proof. The third Hankel determinant can be written as follows:
Hs1 (f) = 2az2a3a4 — ag — a2 + azas — a3as.

From (3.3) and (3.4), we know that

1/1 1 5 1 1
a5 = 7 <264 — gcg + @c‘f - 478C%C2 — 60103> . (4.1)
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In view of (3.5), (3.6), (3.7) and (4.1) along with ¢; = ¢ € [0, 2], we get

Hsa (f) !

41472 ( —47¢% + 3¢t + 528¢ e — 2345 — 1296¢%¢cy

(4.2)
+ 1872ccoc3 — 97203 + 1296¢coc4 — 1152c§).

To simplify the computation, we assume that t = 4 —¢? in (2.2), (2.3) and (2.4), by
using (2.2), (2.3) and (2.4) along with straightforward algebraic computation, we
find that

2ctcy = +
4c3c3 = & + 2cttx — cMta? + 263 (1 - |x\2) z,
4c?c3 = 8 + 2cMta + PtPa?,
8c?cy =c*ta® — 4ctx (1 - |:c|2) 2 — 4T (1 - |x|2> 22 — 3ctta?
+4c%t (1—|x|2)<1—|z\2> p+acit (1—\x|2> z+3c4tx+c6—|—4cztx2+%400203
= — A2 — Mt 2t (1— |x|2) 24222 2% 263 (1—|x\2) 243t 45,
8cs = 323 + 3c*t%2” + 3cttw + °,
16cocq =4c’ta? + 3223 + 8 + 4dctta + 43t (1 - |£L’|2) z
+4c*t (1 - \J;|2> (1 - |z\2) p+ 322 + det’x (1 - |x|2> z
+ 4%z (1 - |x\2) (1 - |z|2) p — 3ctta® — 4c*tT (1 - |x|2) 22
—4ctx (1 - |x\2) 2z — 3c*t%a® — at?az (1 - |x\2) 22 + cMta?
+ At%at — det?s? (1 - |33|2) z,
and
16¢2 =c*t?2* — dct?a? (1 - |z|2) 2 — 4?2 — 2cMta? + 4P (1 - |:L'|2)2 22
+ 8ct’x (1 - \x|2) 2+ 4Pt 4 4c3t (1 - |x|2) 2+ 4cttr + C.
By substituting these expressions into (4.2), we deduce that
1 [ 25 ¢

243
:m — ?C —+ 324t2x3 o 7t?):r,3 _ 32402751’2 . 8164t(173 + 2lc4tx2

2
+36¢ - 9c212 0t — 1892120 — 28812 (1—\x|2) 22412063 (1—|x|2) p

Hs (1)

+ 324c3tx (1— \x|2)z+32402t§ (1— |:1:|2)z2—32402t<1— |£C|2) (1— \z|2)p
— 36¢t22? (1 - |x\2> 2 — 324t%aT <1 - |x|2) 22 + 216¢t%x (1 - |x|2) z
+ 32412 (1 - |g;|2) (1 - |z\2) p}.

By noting that t = 4 — ¢2, we get

Han (f) = —

= 1573 (1 (©@) + e (e2) 2 s (e2) 2 + ¥ (e, 2) p]
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where p,z,z € U, and
v = 2t (1) {(4 _ &) (—162953 By 902:54)
—324c%2% — 81c*a® + 21t + 36c4x] ,
v (e,w) = (4= ¢2) (1= [a*) [(4 %) (216cw - 36ca?) +824c%w +120¢7],
v (e,w) = (4= ¢2) (1= Jaf*) [(4 = ) (~360% - 288) + 824¢%7]
and
(e,w,2) = (4= ) (1= [af*) (1= 27 [-824* + 8242 (4~ )]

Now, by using |z| = z,|z| = y and utilizing the fact |p| < 1, we get

s ()] <~ (01 (e,2)| + 02 (e 2)] y + [v3 (c,2) |42 + | (e, 2)])

41472 (4.3)
G(e,z,y)],

< L
— 41472
where

G (c,z,y) = g1 () + g4 (¢, x) + g2 (¢, 2) y* + (g3 (¢, ) — g4 (¢, x))

with

2 1
91 (¢, x) :?506 + (4 —c?) {(4 —c?) <162x3 + %sz?’ + 9021:4)

+324c%2? + 81c¢ta® + 212 + 36044 ,
92 (c,x) = (4 =) (1—27) [(4 = ¢?) (216cx + 36¢2”) + 324c%x + 120¢%]
g3 (c,x) = (4= c?) (1 —2?) [(4 - ¢?) (3622 + 288) + 324c%x] ,

and
ga(c,z) = (4—c?) (1 —2°) [324c® + 324z (4 — 7))

It is shown in [33] that |G(c, z, y)| achieves its maximum value 4608 on the closed
cuboid [0, 2] x [0, 1] x [0, 1]. Thus, we deduce that

|G (¢, 2, y)] <

NeY e

1
< -
[Hs1 (f)] < 11472

O
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